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Proximal-Resolvent Methods for
Mixed Variational Inequalities

MUHAMMAD ASLAM NOOR AND KHALIDA INAYAT NOOR
Mathematics Department,
COMSATS Institute of Information Technology, Islamabad, Pakistan
email: noormaslam@hotmail.com

email: khalidanoor@hotmail.com

ABSTRACT

It is well-known that the mixed variational inequalities are equivalent to the fixed
point problem. We use this alternative equivalent formulation to suggest and analyze
some new proximal resolvent methods for solving mixed variational inequalities. We
also study the convergence of these new methods under some mild conditions. These
new iterative methods include the projection, extragradient and proximal methods as
special cases. Results obtained in this paper represent a refinement and improvement
of the previously known results.

RESUMEN

Es bien conocido que las desigualdades variacionales mescladas son equivalentes a prob-
lemas de punto fijo. Nosotros usamos esta formulacion alternativa equivalente para sug-
erir y analizar nuevos métodos resolventes proximales para resolver desigualdes varia-
cionales mesclasdas. También estudiamos la convergencia de estos nuevos métodos bajo
algunas condiciones blandas. Estos nuevos métodos iterativos incluyen como casos es-
peciales la prejeccién, métodos extragradiente y proximales. Los resultados en este
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articulo representam un refinamiento y perfeccionamiento de resultados previamente

conocidos.

Key words and phrases: Variational inequalities, resolvent method, fixed point, prozimal meth-
ods, convergence.

Math. Subj. Class.: £9J40, 90C30.

1. Introduction

Variational inequalities, which were introduced and considered by Stampacchia [26] in 1964, have
had a great impact and influence in the development of almost all branches of pure and applied
sciences. It has been shown that the variational inequalities provide a simple, unified, natural, novel
and general framework to study a wide class of problems arising in various branches of pure and
applied sciences. The ideas and techniques of variational inequalities are being used in a variety
of diverse fields and proved to innovative and productive, see [1-26] and the references therein.
In recent years, variational inequalities have been extended and generalized in several directions.
A useful and important generalization of variational inequalities is called the mixed variational
inequality or variational inequality of the second kind containing the nonlinear term. Due to the
presence of the nonlinear term, the projection method and its variant forms including the Wiener-
Hopf equations can not be extended for solving the mixed variational inequality. To overcome
these drawbacks, some iterative methods have been developed and investigated for solving mixed
variational inequalities using the technique of auxiliary principle technique, the origin of which
can be traced back to Lions and Stampacchia [10] and Glowinski, Lions and Tremolieres [7]. This
technique has been used by several researchers to develop implicit and explicit methods for solving
the mixed variational inequalities and the equilibrium problems, see [14-23] and the references
therein. We would like to mention that, if the nonlinear term in the mixed variational inequalities is
a proper, convex and lower-semicontinuous, then it has been shown [14] that the mixed variational
inequalities are equivalent to the fixed point problem. This alternative equivalent formulation
has been used to suggest and analyze several iterative methods for solving the mixed variational
inequalities. The convergence of these resolvent iterative methods requires that the underlying
operator is strong monotone and Lipschitz continuous. Secondly it is very difficult to evaluate
the resolvent of the operator. These facts have motived to modify the resolvent iterative method.
Noor [16-20] used the technique of updating the solution to suggest and analyze some modified
extraresolvent type method. The extraresolvent method overcomes this difficulty by using the
technique of updating the solution, which modified the resolvent method by performing additional
step and resolvent at each step according to double resolvent formula. It is worth mentioning that
the convergence of the extraresolvent method requires that the solution exists and the operator to
be monotone and Lipschitz continuous. When the operator is not Lipschitz continuous or when
the Lipschitz continuous is not known, the extraresolvent method and its variant forms require
an Armijo-like line search procedure to compute the step size with a new resolvent needed for
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each trial, which leads to expensive computation. To overcome these draw backs, many authors
have suggested and proposed some modified methods for solving mixed variational inequalities.
We also note that if the nonlinear term involving the mixed variational inequalities is an indicator
function of a convex set in the Hilbert space, then the mixed variational inequalities are equivalent
to the classical variational inequalities. He at el. [9] and Noor [19] have considered a class of
modified proximal-extragradient methods for solving the classical variational inequalities, which
uses a better step-size rule (inexactness criteria) and includes the proximal and the extragradient
methods as a special cases. They have shown the convergence of this approximate proximal method
requires either monotonicity or pseudomonotonicity. It has been shown [9] that these proximal-
extragradient methods are numerically efficient and robust. It is worth mentioning that there are
no such methods for solving the mixed variational inequalities. Inspired and motivated by the
research going in this dynamic field, we suggest some new proximal-resolvent methods for solving
the mixed variational inequalities. We show that the convergence of our methods requires only
the pseudomonotonicity, which is a weaker condition than monotonicity. Results obtained in this
paper include the results of He et al [9] and Noor [19] as special cases and improve the convergence
criteria of methods of He et al [9]. Our results can also be viewed as a significant extension and
generalization of the previously known methods for solving the mixed variational inequalities and
related optimization problems.

2. Formulation

Let K be a nonempty closed and convex set in a real Hilbert space H, whose inner product
and norm are denoted by (-,-) and ||.|| respectively. Let T': H — H be a nonlinear operator
and S be a nonexpansive operator. Let Pg be the projection of H onto the convex set K. Let
¢ : H— RU{oo} be a continuous function. It is well known that the subdifferential dp(.) of a
proper, convex and lower-semicontinuous function ¢ is a maximal monotone operator.

We consider the problem of finding w € H such that
(Tu,v —u) + p(v) —p(u) 20, Vvel, (1)

which is known as the mixed variational inequality introduced or variational inequality of the
second type, see Glowinski, Lions and Tremolieres [7] and Lions and Stampacchia [10]..

We note that, if the function ¢ in the mixed variational inequality is a proper, convex and
lower-semicontinuous, then problem (1) is equivalent to finding u € H such that

0 € Tu+ dp(u), (2)

which is known as the problem of finding a zero of sum of two (or more ) monotone operators.
Here O¢p is the subdifferential of the function . It is well known that a large class of problems
arising in industry, ecology, finance, economics, transportation, network analysis and optimization
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can be formulated and studied in the framework of (1) and (2), see [3-6, 15-24] and the references
therein.

If ¢ is an indicator function of a closed convex set K in H, that is,

0, if veK;

400, otherwise.
then the mixed variational inequalities (1) are equivalent to finding v € K such that
(Tu,v—u) >0, YvekK, (3)

which is known as the classical variational inequality, introduced and studied by Stampacchia
[26] in 1964. For the numerical methods, formulations and applications of the mixed variational
inequalities, readers are advised to see [1-25] and the references therein.

We now recall some well known concepts and results.

Definition 2.1[3]. For any maximal operator T, the resolvent operator associated with 7', for any
p > 0, is defined as

Jr(w) = (I + pT) " (u), Vu € H.

It is well known that an operator T' is maximal monotone if and only if its resolvent operator Jr
is defined everywhere. It is single-valued and nonexpansive. that is,

|Jru — Jpo|| < |lu—v|, Vu,ve H.

If (.) is a proper, convex and lower-semicontinuous function, then its subdifferential d¢(.) is a

maximal monotone operator. In this case, we can define the resolvent operator
Jo(u) = I+ pT) *(v), YueH

associated with the subdifferential 0p(.). The resolvent operator J, has the following useful char-
acterization, see[3,20].

Lemma 2.1. For a given z € H, u € H satisfies the inequality
(u—2z,v=u)+pp(v) — pp(u) 20, VveH (4)
if and only if u = J,(z, where J, = (I + pdp)~! is the resolvent operator.
It is well-known that the resolvent operator J, is a nonexpansive operator, that is,
1o (u) = Jo ()| < flu—vll, Vu,ve H.

Lemma 2.1 plays a very important and significant role in the analysis of the mixed variational

inequalities. If the proper, convex and semi-lowercontinuous function ¢ is an indicator function
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of a closed convex set K in H, then J, = Pk, is the projection operator from H onto the closed
convex set K. In this case, Lemma 2.1 reduces to the following well known result, which is known
as the projection Lemma.

Lemma 2.2 . Let K be a closed convex set K in H. Then, for a given z € H, u € K satisfies
the inequality

(u—z,v—u) >0, WYweK,
if and only if
u = Pgz,

where Pk is the projection of H onto the closed convex set K. It is also known that the projection
operator Pk is nonexpansive. For the applications of Lemma 2.2, see [1-25].

Definition 2.2. VYu,v € H, the operator T': H — H with respect the function ¢ is said to be

pseudomonotone, if
(Tu,v —u) + (v) — p(u) >0 implies (Tv,v—u)+ ¢(v) —p(u) > 0.

Note that monotonicity implies pseudomonotonicity but the converse is not true [5].

3. Main results

In this section, we use the projection technique to suggest some iterative methods for solving the
variational inequalities. For this purpose, we need the following result, which can be proved by
invoking Lemma 2.1.

Lemma 3.1. The function u € H is a solution of the mixed variational inequality (1) if and only
if u € H satisfies the relation

u = Jy[u— pTul, (5)
where p > 0 is a constant and J,u = (I + pdp)~*(u) is the resolvent operator.

Lemma 3.1 implies that problems (1) and (5) are equivalent. This alternative formulation
is very important from the numerical analysis point of view and has played a significant part
in suggesting several numerical methods for solving variational inequalities and complementarity
problems, see [1-7,10-20].

We now define the projection residue vector by the relation
Ru)=u—Jyu—pTul=uv—y, y=J,u—pTul.

Invoking Lemma 3.1, one can easily show that u € H is a solution of (1) if and only if u € H is a
zero of the equation

R(u) = 0.
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For a positive constant «, we consider
u=1u—aR(u) =u—afu—Jyu—pTul},

which is another fixed point problem. We use alternative fixed point formulation to suggest and
analyze the following iterative method for solving the mixed variational inequality (1).
Algorithm 3.1. For a given ug € H, compute the approximate solution u, 41 by the iterative

scheme

Un+1 = Jga[un_'YnR(unJrl)]

= Jw[un_’yn{un_Jw[un_pTun-i-l]}]’ n=20,1,2,...,
or equivalently
Yn = J«p[un - pTun+1]
Up+1 = Jcp[un_’)/n{un_yn}]a n=20,1,2,...

which can be considered as a proximal point method and appears to be a new one.

If ¢ is the indicator function of a closed convex set K, then J, = Pk, the projection of H onto
K. Consequently, Algorithm 3.1 collapse to the following algorithm for solving classical variational
inequalities (3).

Algorithm 3.2. For a given ug € H, compute the approximate solution u, 41 by the iterative
scheme

Unt1 = Prlup — 1 R(unt1)]
= PK[Un—’Yn{Un—PK[Un—pT’LLn+1]}], n:O,l,Z,...,
or equivalently
Yn = PK [un - PTUn-H]
Unt1 = Prlun —vo{un —wn}], n=01,2,...
which can be considered as a proximal-extragradient method.
Note that for v, = 1, Algorithm 3.1 reduces to:

Algorithm 3.3. For a given ug € H, compute the approximate solution u, 41 by the iterative
scheme

Un+41 :Jap[un_pTunJrl], n:O,1,2

which is known as the proximal method and convergence requires only pseudomonotonicity, see
Noor [20]. In recent years, proximal methods have been considered and studied extensively. Several
conditions have been studied which are easy to implement, see [9, 17-20].
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We now use the technique of updating the solution to rewrite the fixed-point formulation (5)

as:

y = Jplu—pTul (6)
u = Jply—pTyl,
which can be written as
u = Jy[Jolu— pTu] — pTJ,[u — pTu]],

which is another fixed point formulation of the mixed variational inequalities (1). Here we use this
equivalent alternative formulation to suggest the following method for solving mixed variational
inequalities (1).

Algorithm 3.4. For a given ug € H, find the approximate solution u, 41 by the iterative schemes:
Un = Joltun — pTUpi1]
Unt1 = Jo[yn —pTyn], n=0,1,2,...
Algorithm 3.5. For a given ug € H, find the approximate solution u, 41 by the iterative schemes:
Unt1 = Jo[Jpun — pTUuny1] — pT T [uy — pTUn41]], n=0,1,2,...

Algorithms 3.4 and Algorithm 3.5 are called the two-step or predictor-corrector implicit iterative
resolvent methods for solving the mixed variational inequalities (1) and appear to be new ones.

If ¢ is the indicator function of a closed convex set K, then Algorithm 3.5 is equivalent to the
following implicit projection iterative method for solving the classical variational inequalities (3),
which are mainly due to Noor [16-18].

Algorithm 3.6. For a given ug € H, find the approximate solution u, 41 by the iterative schemes:
Unt1 = Pr[Px[un — pTUn11] — pT Pi [ — pTuny1]], n=0,1,2,...

Now we look at Algorithm 3.4 from a different angle. Consider y defined by (6) as an approx-
imate solution of the mixed variational inequality (1) and define

w = Jolu—(u—y)
z = u—plw.
We use this formulation to suggest the following iterative method

Algorithm 3.7. For a given ug € H, calculate the approximate solution u,+1 by the iterative
schemes;

Yn = Jap [Un - pTun+1]
Wwn = Js&[un - W(un - yn)]

Upt1 = 2Zn = Up — pLTwy, n=0,1,2,...
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which is called the modified extraresolvent method and appears to be a new one.

Note that for v = 1, Algorithm 3.7 reduces to

Algorithm 3.8. For a given ug € H, compute the approximate solution u,4+1 by the iterative

scheme

Yn = Jolun — pTun 1]
Un+1 = Up —pTyn, n=20,1,2,...

which is called the extraresolvent method for solving the mixed variational inequality (1).

For a positive constant «, consider

u=u—alu—2z).

Here the positive constant o can be viewed as a step length along the direction —(u — z).

We use this fixed-point formulation to suggest the following iterative method.

Algorithm 3.9. For a given ug € H, compute the following iterative schemes:

Un = Jplun — ppTUni1]
wy, = Jy [Un = Yn(Un — Yn)]
2y = Jolun — ppTwy,]
Unt1 = Un — (U — 2Zn), n=0,1,2,...

[[zn = wnll® + lun — 2n[|* = A(wn)

2l|un — zn||?

where

A(wy,)

’/(Hzn_wnH2+Hun_znl|2)a v<l1

= v{2(wn — Zn, Wy — Up + pnTwy + pn‘ﬁl(wn» = [lwn — Zn||2}

(10)

Here A(w,,) is known as the inexactness criteria which can be viewed as stepsize and ¢'(.) is the

differential of the convex function (.

For a =1 and z,, = wy,, Algorithm 3.9 is exactly Algorithm 3.8. If y = w, then Algorithm 3.9

reduces to:

Algorithm 3.10. For a given uec H, compute the approximate solution u,4; by the iterative

schemes
Yn = Jap[un - pnTunJrl]
Wn = Jga [un - 7(“’” - yn)]
Unt1 = 2n = Up — Uy — Wy), n=0,1,2,...

[t = ynll* + llun — wall* = Alyn)
2||Un _wn”2
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which is an approximate extraresolvent method for solving (1).

Remark 3.1. Algorithms 3.5-3.10 are called the approximate proximal extraresolvent methods,
which are new ones. We would like to point out that if the nonlinear term ¢ in the mixed variational
inequality (1) is an indicator function of a closed convex set K, then the resolvent J, = Pk is the
projection operator of H onto the closed convex set K. Consequently, Algorithms 3.1-3.10 reduce
to Algorithms for variational inequalities (3) which appear to be new ones for the variational
inequalities (3). In a similar way, one can obtain several new and known algorithms as special
cases of Algorithm 3.9. This shows that Algorithm 3.9 is more flexible and unifies several recently
proposed (implicit or explicit ) algorithms for solving the mixed variational inequalities.

We now study the convergence analysis of Algorithm 3.9. The analysis is in the spirit of He,
Yang and Yuan [9] and Noor [19]. To convey the idea and for the sake of completeness, we include
the details.

Theorem 3.1. Let the operator T" be pseudomonotone. If u € K be a solution of the mixed
variational inequality (1) and w, 11 be the approximate solution obtained from Algorithm 3.9, then

(1-v)?

1 {lun = wall* + llun — 2%} (11)

lunt1(e) = ull* < flun —ul|* —
Proof. Let u € K be a solution of (1). Then
(Tu,v—u) + (V) —p(u) >0, YveK,
implies that
(Tv,v = u) +¢(v) = p(u) 20, (12)
since T is pseudomonotone.
Taking v = w, in (12), we have
(Twn, wn — u) + p(wn) — ¢(u) =0,
which can be written as
(Twy, 2, — u) > (TWn, 2, — wy) + (u) — @(wy). (13)
Taking z = [up, — pnTwy], u =z, and v =wu in (4), we have
(tn = pnTwn = Zn, tn = u) + prp(u) = pnip(zn) = 0,
from which we have
(tn = zn, un — ) > (un = u, ppTwn) + prip(2n) = pp(u). (14)
From (13) and (14), we have

Y

> po(Twn + @' (Wn), 2 — wh). (15)

<un — ZnyRn — wn)

V
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Consider

un —ull? = fungr(e) —ul® = lun — ul® = [lun — a(un — 2n) — ul?
lln — u||2 — lun — v — alu, — Zn)||2
= 20(Up — U, Uy, — Zp) —oz2|\un—zn||2
= 2a|\un—zn|\2+2a<zn — Uy Uy, — Zn) —a2||un—zn||2. (16)
Combining (10), (15) and (16), we obtain

lun = ull® = [lunt1(a) = ull* > ofllzn = wnll® + lun = 2a* = D(wa)} = &®[lun = zal?, (17)

which is a quadratic in a and has a maximum at

o Nz = wal? + lun — 2nll* = A(wn)
— 18
un — wn]? (18)
From (10), (17) and (18), we have the required result (11). O

Theorem 3.2. Let H be a finite dimensional subspace. If u € K be a solution of (1) and w11
be the approximate solution obtained from Algorithm 3.9, then lim,, o (uy,) = u.

Proof. Let u € H be a solution of (1). From (11), it follows that the sequence {|lu — uy]||} is
nonincreasing and consequently {u,} is bounded. Furthermore, we have

Z {Hzn wnll* + lun = zn*} < fluo — ul®,
n=1
which implies that
lm ||z, —wy|| = 0 (19)
lm |ju, —z,]] = 0. (20)

Thus we see that the sequences {w,} and {z,} are also bounded. Also from (19) and (20), we

have
[R(wn)l = [lwn— J«p[wn — pTwy]|| = |lwn — 20 + 25 — J«p[wn — pTwy]||
< lwy = zall + HJsa[un — pTwy] — J«p[wn — pTwy]||
< wn = 2ol + Jup — wa|l = 0.
Thus
lim R(w,)=0. (21)

Let @ be a cluster point of { w,} and the subsequence {w,,} converges to @. Since R(u) is a
continuous function of w, it follows that

lim R(wy,,) = R(a) =0,

n——:aoo
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which shows that @ is a solution of the mixed variational inequality (1). From (19) and (20), we

know that lim,, o0 (yn,) = @ = lim,,—,(2y, ). Hence from (11), we have
[nsr = all* < flun —all?,  Vn >0,

which shows that the sequence {u,} converges to i, the required result. O

Conclusion. In this paper, we have suggested and analyzed some new proximal extraresolvent
methods for pseudomonotone mixed variational inequalities and related optimization problems.
The convergence of the new methods require only the pseudomonotonicity of the operator, which
is a weaker condition than monotonicity. It has been shown [9] that a special case of Algorithm
3.9 is numerically efficient and robust in solving traffic equilibrium problems. The results obtained
are encouraging. The comparison of these new methods with the other methods is an interesting
open problem for further research.

Acknowledgement. I wish to express my deepest gratitude to Prof. Dr. Claudio Cuevas,
Editor-in-Chief, Cubo Journal, for this invitation. I am also grateful to Dr. S. M. Junaid Zaidi,
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ABSTRACT

Various L, form Poincaré type inequalities [1], forward and reverse, are given for a
Linear Differential Operator L, involving its related initial value problem solution ¥,
Ly, the associated Green’s function H and initial conditions at point zy € R.

RESUMEN

Varias L, desigualdes de tipo Poincaré [1], hacia adelante o atrds, son dadas para un
operador diferencial linear L, envolviendo la solucién y de un problema de valor inicial
asociado, Ly, la funcién Green asociada H y las condiciones iniciales en un punto
zo € R.

Key words and phrases: Poincaré inequality, linear differential operator.
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1. Background

Here we follow [2], pp. 145-154.

Let [a,b] C R, a;(x),7=0,1,...,n—1 (n € N), h(z) be continuous functions on [a,b] and
let L=D"+a,_1(z) D" ' +...4ag (x) be a fixed linear differential operator on C™ ([a,b]) . Let
y1 (x),...,yn (x) be a set of linear independent solutions to Ly = 0. Here the associated Green’s

functions for L is

v (t) Yn (1)
v (1) Yn (£)
A S S O
x n (T
1 (o.1) = 2 nle) 1 (1)
y1 (t) Yn (1)
y1 (1) Yn ()
n—2 n—2
O w0
A O SV SN O
which is a continuous function on [a, b]* .
Consider a fixed x¢ € [a,b], then
y(x) = / H (z,t)h(t)dt, Vz € la,b], (2)
xo
is the unique solution to the initial value problem
Ly=h; y9(z0)=0, i=0,1,...,n—1. (3)
Next we assume all of the above.
2. Results
We present the following Poincaré type inequalities.
Theorem 1. Let zy < b and x € [x9,b], and p, ¢ > 1: %—i—%:l;u>0.
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Then

b x V/P 1/v
1 |y|L,<zo,b>s</ ([ eore) dx> LT (@
o o

When v = q we have

/p 1/q
2) Mllz, (200 (/ (/ Ith|Pdt) dx) 1LYl L, w0.0) - (5)

When v =p = q = 2 we get

/2

9 10l o0 < (/ ([ xtdt)d) 120010 ©)

Proof. From (2) we have

ly ()] g/m \H (x,t)] |k ()| dt <

</Ij |H(:1:,t)|pdt>1/p </Ij |h(t)|th)1/q <

x 1/p b 1/q
([eora) ([ morae) . (7)
xo o
That is
v/p
= ([ 1 r i) Ll ®
Therefore
/p
/ ly (@) de < ( / ( / H (1) |Pdt) :c) 1LY, o 9)
proving the claim. O
We continue with
Theorem 2. Let ¢ > a and x € [a,x0], andp,q>1:%+%:1;l/>0.
Then
1/v

zo zo v/p
1y ||y|Ly<a,ms(/ ([ i wora) d:c) 1290, o0 (10)

When v = q we have

xo xo q/p /4
) Wl < ([ ([ 1@ OP ) o) 1l - ()
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When v =p = q = 2 we get
zo Zo ) 1/2
9 Wl = ([ ([ @000) ) 10l (12

Proof. From (2) we have

ly ()] < /I |H (x,t)] |k (t)] dt <

(/: |H(:v,t)|pdt)1/p (/I |h(t)|th)1/q <

zo 1/p zo 1/q
(/ |H(:v,t)|pdt) (/ |h(t)|th) . (13)
That is
v/p
s ([ 1w ora) I e, (1)
Therefore
o v/p
[ ([T i @ora) a1 ... (15)
proving the claim. O

Extreme cases follow

Proposition 3. Here zo < b, x € [x9,b], and p=1, g = 0

b . v 1/v
1) il ooy < < / ( / |H<a:,t>|dt) da:> 129l o - (16)
o o

When v = 1 we have

b T
2) 19llz, o < (/ </ |H(Iat)|dt> dfc) 1LY L (o.b) - (17)
o o

Proof. From (2) we have

Then

ly (z)| < /m |H ()| |h (t)| dt <

( / [H (x,0)] dt) 12115 ooty - (18)
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That is 5
< ([ 1 L) 1l - (19)
and
INCIEE ( [ ([ i) d:c) 1201 e (20
proving the claim. O
We continue with
Proposition 4. Here g > a, x € [a,x0], and p=1, ¢ = 00
Then
o o v 1/v
D Wl < ([ ([ @01 do) 12 (21)
When v =1 we get
o o
) Wl < ([ ([ 1 @01 d) N2l o (22)
Proof. From (2) we have
o
i< [ @Okl <
o
([ 1 01t Wl o (2
That is
xo v
= (71 0la) 12 . 24
and
xo 5 o o v 5
[ @< ([ (i wola) a) i, (25)
proving the claim. O
Next we give reverse Poincaré type inequalities.
Theorem 5. Let zg < b, x € [29,b], and 0 <p <1,¢<0: %+%=1,V>0.
Assume H (x,t) > 0 for xg <t <z, and Ly = h is of fized sign and nowhere zero.
Then
b = v/p 1/v
D Wl ([ ([ roya) a) ii - (20
o o
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When v = p we get

b " 1/p
2) |y||Lp<zo,b>z</ ([ ey a) d:c) 12z ey
o o

When v = 1 we obtain

b x 1/p
3) 19lly, o) = </ </ (H(a:,t))pdt> da:) 1Yl 1, o -
o o

Proof. By (2) we have

ly ()] :/ H (z,t)|h(t)] dt, for all zp < x < b.
Zo

From (29) by reverse Holder’s inequality we obtain

)= ([ (:c,t))pdt>l/p (/ |h(t)|th)l/q

> I(H(x,t))pdt v b|h(t)|th !
([ areara)” ([ mara)

for all zg < x <b.

I.e. it holds

@) > (

zo

for all zg <z < b, and

~/mi ly (2)|” dz > </zi (/wj 08 dt> N dx) Pz teon

proving the claim.

We continue with

q

3

z v/p
[ oya) inl .

Theorem 6. Letx0>a,x€[a,x0],and0<p<1,q<0:%+%:1,V>0.

CUBO
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(27)

(28)

(29)

(31)

(32)

Assume H (x,t) <0 for x <t <mg, and Ly = h is of fized sign and nowhere zero.

Then

D 19l 0y = </ (/ (—H (2,1)) dt) " dx)

1/v

HLyHLq(a,zo) :
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When v = p we get

When v = 1 we have

Proof. From (2) we have

for all a < z < xg.

L.e. it holds

for all a < z < z¢, and

proving the claim.

19
2) Wi = ([ ([ @0 dt)ar) AT (31)
3) Mol am) 2 ( ([ creara) v d:c> 1217 (33)
Iy @)] = /mjﬂw,wh(t)dt\—
/:O H(x,t)h (1) dt‘ _
/;0 (—H (,6) h () dt‘ _
/;0 (—H (x,t)) |k (t)| dt. (36)
From (36) by reverse Holder’s inequality we obtain
ez ([ ey dt)l/p ([ <t>|th)1/q
> (/m (—H (2,1))" dt)l/p (/m h (t)|th>l/q. (37)
perz ([ cueora) N (3%)
[ ( [ ([ creora) " dx> I (39)
O

Received: December 2007. Revised: April 2008.
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ABSTRACT

We consider a semilinear elliptic equation, with a right hand side nonlinearity which
may grow linearly. Throughout we assume a double resonance at infinity in the spectral
interval [A1, A2]. In this paper, we can also have resonance at zero or even double
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resonance in the order interval [Ay,, Apmt1], m > 2. Using Morse theory and in particular

critical groups, we prove two multiplicity theorems.

RESUMEN

Nosotros consideramos una ecuaciéon semilinear eliptica con una no-linealidad la cual
puede crecer linealmente. Asumimos una doble resonancia en infinito en el intervalo
espectral [A1, A2]. En este articulo, podemos también tener resonancia en cero o incluso
doble resonancia en el intervalo ordenado [A,, Am1], m > 2. Usando teoria de Morse
y en particular grupos criticos, provamos dos teoremas de mulplicidad.

Key words and phrases: Double resonance, C-condition, critical groups, critical point of moun-
tain pass-type, Poincare-Hopf formula.

Math. Subj. Class.: 35J20, 35J25.

1 Introduction

Let Z C RN be a bounded domain with a C2-boundary 9Z. We consider the following semilinear
elliptic problem:

—Azx(z) = \Mx(z) + f(2,2(z)) a.e. on Z, (1.1)
.I'|az =0. '
Here A\; > 0 is the principal eigenvalue of (=4, H3(Z)). Assume that
| llim f&e) = 0 uniformly for a.a. z € Z. (1.2)
x| —o00 T

The problem (1.1) is resonant at infinity with respect to the principal eigenvalue A\; > 0. Res-
onant problems, were first studied by Landesman-Lazer [7], who assumed a bounded nonlinearity
and introduced the well-known sufficient asymptotic solvability conditions, which carry their name
(the LL-conditions for short). We can be more general and instead of (1.2), assume only that

lim inf —f(z, z) —f(z, z)

and limsup
|z|— 00 x x

|| — o0

belong in the interval [0, A2 — A1] uniformly for a.a. z € Z, with Ao (A2 > A1) being the
second eigenvalue of (—A, H}(Z)). In this more general setting, the nonlinearity f(z,z) need
not be bounded. This more general situation was examined by Berestycki-De Figueiredo [2],
Landesman-Robinson-Rumbos [8], Nkashama [11], Robinson [13],[14], Rumbos [15] and Su [16].
From these works, Berestycki-De Figueiredo [2], Nkashama [11], Robinson [13] and Rumbos [15],
prove existence theorems in a double resonance setting (i.e. asymptotically at +oo, we have
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complete interaction of the ”slope” @ with both ends of the spectral interval [0, A\ — A;]; see

Berestycki-De Figueiredo [2] who coined the term ”double resonance” and Robinson [13]) or in a
one-sided resonance setting (i.e. the ”slope” @ is not allowed to cross Ay — A\1; see Nkashama
[11] and Rumbos [15]). Multiplicity results were proved by Landesman-Robinson-Rumbos [8] (one-

sided resonant problems) and by Robinson [14] and Su [16] (doubly resonant problems).

In this paper, we extend the work of Landesman-Robinson-Rumbos [8] and partially extend
and complement the works of Robinson [14] and Su [16], by covering cases which are not included
in their multiplicity results.

2 Mathematical background

We start by recalling some basic facts about the following weighted linear eigenvalue problem:

{ —Au(z) = dm(2)u(z) ae. on Z, }

. (2.1)
u|aZ =0, NeR.

Here m € L™®(Z)y = {m € L*>®(Z) : m(z) > 0 ae. on Z}, m # 0 (the weight function). By an
cigenvalue of (2.1), we mean a real number A, for which problem (2.1) has a nontrivial solution
u € HY(Z). Tt is well-known (see for example Gasinski-Papageorgiou [5]), that problem (2.1) (or
equivalently that (—A, H}(Z), m)), has a sequence e (m)}r>1 of distinct eigenvalues, Ai(m) >0
and Ay (m) — +o0 as k — +00. Moreover, i (m) > 0 is simple (i.e. the corresponding eigenspace
E()\1) is one-dimensional). Also we can find an orthonormal basis {un}n>1 C HY(Z)NC>(Z) for
the Hilbert space L?(Z) consisting of eigenfunctions corresponding to the eigenvalues {:\\k (m)}e>1-
Note that {u,},>1 is also an orthogonal basis for the Hilbert space HE(Z). Moreover, since by
hypothesis Z is a C2-manifold, then u,, € C%(Z) for all n > 1. For every k > 1, by E(\;) we
denote the eigenspace corresponding to the eigenvalue Xk(m). This space has the so-called ”unique
continuation property”, namely, if u € F (X;@) is such that it vanishes on a set of positive measure,
then u(z) = 0 for all z € Z. We set

We have the orthogonal direct sum decomposition

H&(Z) = Fk D ﬁkJrl.

Using these spaces, we can have useful variational characterizations of the eigenvalues {X;C (m) }e>1
using the Rayleigh quotient. Namely we have:

cu € Hy(Z),u#0]. (2.2)
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In (2.2) the minimum is attained on E(X;)\{0}. By u; € C2(Z), we denote the principal
eigenfunction satisfying |’ 7 muidz = 1. For k > 2, we have

SR B -../ S
Ak(m) = max —— U € Hp,u#0 (2.3)
fzmu dz
[ DElE s -
:mm[w:ueﬂk,u#o. (24)

In (2.3) (resp.(2.4)), the maximum (resp.minimum) is attained on E(:\\k) From these varia-
tional characterizations of the eigenvalues and the unique continuation property of the eigenspaces
E(A\), we see that the eigenvalues {\x(m)}r>1 have the following strict monotonicity property:

PIf my, mg € L°(Z) 4, mi(z) < ma(z) a.e. on Z and my # mo, then Xk(mg) < :\\k(ml) for all
k>1"

If m = 1, then we simply write g, for all £ > 1 and we have the full-spectrum of (—=A, H}(Z2)).

Let H be a Hilbert space and ¢ € C'(H). We say that ¢ satisfies the ” Cerami condition” (the
C-condition for short), if the following is true:”every sequence {zy},>1 € H such that |p(z, )| <
M for some M; > 0, all n > 1 and (1 + ||,|])¢'(z,) — 0 in H* as n — oo, has a strongly

convergent subsequence”.

This condition is a weakened version of the well-known Palais-Smale condition (P.S-condition
for short). Bartolo-Benci-Fortunato [1], showed that the C-condition suffices to prove a deformation
theorem and from this produce minimax expressions for the critical values of the functional ¢.

For every c € R, let

¢ ={z € X :p<c} (the sublevel set at ¢ of ),
K={z€xz:¢ (xr) =0} (the set of critical points of ¢)
and K. ={z € K : p(x) = c} (the critical points of ¢ at level ¢).

If X is a Hausdorff topological space and Y a subspace of it, for every integer n > 0, by
H,(X,Y) we denote the n'"-relative singular homology group with integer coefficients. The critical
groups of ¢ at an isolated critical point 2o € H with ¢(xg) = ¢, are defined by

Culpsx0) = Hn(" N U, (9 NU)\{20}),

where U is a neighborhood of z( such that K Np“NU = {x¢}. By the excision property of singular
homology theory, we see that the above definition of critical groups, is independent of U (see for
example Mawhin-Willem [10]).

Suppose that —oco < inf p(K). Choose ¢ < inf ¢(K). The critical groups at infinity, are defined
by
Cr(p,00) = H,(H, ¢°) for all k> 0.
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If K is finite, then the Morse-type numbers of ¢, are defined by

My, = Z rankCy (¢, ).
zeK

The Betti-type numbers of ¢, are defined by

B = rankCy (¢, 00).

By Morse theory (see Chang [4] and Mawhin-Willem [10]), we have

m

Z(_l)m—kMk > i(_l)m_kﬁk
k=0 k=0
and Y (—=1)FMi = (—1)*B.

k>0 k>0

From the first relation, we deduce that g < My for all £ > 0. Therefore, if 8; # 0 for some
k > 0, then ¢ must have a critical point « € H and the critical group C(p, x) is nontrivial. The
second relation (the equality), is known as the ”Poincare-Hopf formula”. Finally, if K = {zo},
then C (¢, 00) = Ci (g, zo) for all k > 0.

3 Multiplicity of solutions

The hypotheses on the nonlinearity f(z,z) are the following;:

H(f): f: Z xR — R is a function such that f(z,0) =0 a.e. on Z and

(i) for all z € R, z — f(z,z) is measurable;

(ii) for almost all z € Z, f(z,-) € C*(R);

(iil) |f1(z,2)] < c(L+|2]"), r < g5, > 0.

(iv) 0 < l\u\n inf @ < lim sup @ < A2 — A1 uniformly for a.a. z € Z;

(v) suppose that ||x,| — oo,

0 —_ ~
(i) if w — 1, z, = 2% +7, with 20 € E(\1) = H1, T, € Ha, then there exist 71 > 0

Hmn

and ni > 1 such that

/ f(z,20(2))28(2)dz > v, for all n > ny;
z

(ii) if Hf}” — 1, z, = 2% + 7, with 20 € E(\2), T,, € W = E(A\2)~, then there exist
v2 > 0 and n > 1 such that

/Z(f(z,:cn(z)) — (A2 = A\)xn(2))22(2)dz < —7o for all n > ny;
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(vi) if F(z,z) = fox f(z, s)ds, then there exist n € L>°(Z) and ¢ > 0, such that n(z) < 0 a.e.
on Z with strict inequality on a set of positive measure and

F(z,z) < @xz for a.a. z € Z and all |z| <.

Remark 3.1. Hypothesis H(f)(iv) implies that asymptotically at oo, we have double resonance.
Hypothesis H(f)(v) is a generalized LL-condition. Similar conditions can be found in the works
of Landesman-Robinson-Rumbos [8], Robinson [13],[14] and Su [16]. Consider a C?-function x —
F(z) which in a neighborhood of zero equals x* — sinx?, while for |z| large (say |z| > M > 0),
F(z) = cx|?,¢ > 0. If f(z) = F'(z), then f € CY(R) satisfies hypothesis H(f) above. To verify
the generalized LL-condition in hypothesis H(f)(v), we use Lemma 2.1 of Su-Tang [17]. Similarly
we can consider if near the origin, F(z) = %:CQ —tan"ta? or F(x) = —cosx®. This second case is
interesting because then f(z) = 2wsina® and f'(z) = 2sinx®+4x2cosx?. So f'(0) = 0. This example,
which is covered by hypotheses H(f), illustrates that our framework of analysis incorporates also
problems with resonance at zero with respect to Ay > 0 (double-double resonance). This is not
possible in the setting of Landesman-Robinson-Rumbos [8] (see Theorem 2 in [8]). Also such a
potential function is not covered by the multiplicity results of Robinson [14] (theorem 2) and Su

[16] (Theorem 2).
We consider the Euler functional for problem (1.1), ¢ : Hi(Z) — R defined by

olx) = %||Dw||§ — %HIH% —/ F(z,2(2))dz for all z € Hé(Z).
z

It is well-known that ¢ € C%(Hg(Z)) and if by (-,-) we denote the duality brackets for the
pair (H3(Z), H-Y(Z) = H}(Z)*), we have

@ @) = [ (D5 Dz = [ ayds— [ ot
and go”(x)(u,v):/Z(Du,Dv)RNdz—)\1/Zuvdz—/Zf’(z,:v(z))u(z)v(z)dz

for all z,y,u,v € H}(Z).
Proposition 3.2. If hypotheses H(f) hold then ¢ satisfies the C-condition.

Proof. Let {zy}n>1 C HY(Z) be a sequence such that

(14 [[zall)¢' (zn) — 0 as n — oco.

We will show that {z,},>1 C H}(Z) is bounded. We argue indirectly. Suppose that
{Zn}n>1 € H}(Z) is unbounded. We may assume that ||z,|| — oco. Let y, = e n = L

By passing to a suitable subsequence if necessary, we may assume that

Yn =y in Hy(Z), yn —y in L*(Z), yn(2) — y(z) a.e. on Z
and |y, (2)| < k(z) a.e. on Z, for all n > 1, with ke L*(Z),.
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Hypotheses H(f)(i7i) and (iv), imply that

|f(z,2)| <a(z) +c|z| foraa. z€ Z, allz € R, with a € L>®(Z)4+,c> 0,

:>|f(z|,;1cn|(z))| < |ax(z? + clyn(2)| for aa. z€ Z, all n>1, (3.1)
é{w} - LQ(Z) is bounded.
lzall ) o1

Thus we may assume that

f(,xn()) ih in L2

(Z) as n — oo.
0|

For every € > 0 and n > 1, we set

Ch,={2€Z:2,(2) >0, —sgng\g—)\l—i—s}
and C,, ={z€Z:z,(2) <0, —sgf(ZL(n)z))</\2—)\1+s}
’ Tn (2

Note that z,(z) — 400 a.e. on {y > 0} and z,(z) — —o0 a.e. on {y < 0}. Then by virtue of
hypothesis H(f)(iv), we have

Xct, (2) = Xqy>01(2) and xc- (2) = Xqy<o}(2) a.e. on Z.

e,mn

Using the dominated convergent theorem, we see that

11— Xc;n)wﬂm({po}) —0
fCan())
and /(1 - Xc;n)WHH({zKO}) — 0 as n — oo.

It follows that

Xe (-)M “ hoin L({y > 0})

sl
and Xcm(')w Zhin L({y <0}) as n — oc.

From the definitions of the sets C,, and CZ,, we have

—eyn(2) < f(2|,;62|(2)) = f(i’nx(zgz))yn(z) < (A2 =X +e)yn(z) a.e. on C;fn

and

—eyn(z) 2 f(T;C:fz)) = f(Z:(zgz))yn(z) > (A2 = M +€)yn(2)ae. on C_,,.
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Passing to the limit as n — oo, using Mazur’s lemma and recalling that € > 0 is arbitrary, we
obtain

0 <h(z) < (A2 —M)y(z) a.e. on {y >0} (3.2)
and 0> h(z) > (A2 — A1)y(2) a.e. on {y < 0}.
Moreover, from (3.1) it is clear that

h(z) =0 a.e. on {y=0}. (3.4)

From (3.2), (3.3) and (3.4), it follows that
h(z) = g(2)y(z) a.e. on Z,
where g € L>(Z)4, 0 < g(z) < X2 — A1 a.e. on Z.

Recall that by (-,-) we denote the duality brackets for the pair (Hg(Z), H=1(Z)).
Let A€ L(H}(Z),H 1(Z)) be defined by

(A(z),y) = / (D, Dy)gndz for all x,y € HY(Z).
z

Also let N : L?(Z) — L2(Z) be the Nemitskii operator corresponding to the nonlinearity

f(z,x), ie.
N(z)(-) = f(-,2(-)) for all x € L*(Z).

Because of (3.1), by Krasnoselskii’s theorem, we know that N is continuous and bounded.
Moreover, exploiting the compact embedding of H}(Z) into L?(Z), we see that N is completely
continuous (hence compact too) as a map from H}(Z) into L?(Z) (see for example Gasinski-
Papageorgiou [5], pp.267-268). We have

&' (zn) = A(zy) — Mz — N(z) for all n > 1.

From the choice of the sequence {z, },>1 C H(Z), we know that

(o (xn),v)] < &, forall ve H}(Z) with &, | 0,

N n n
;»‘<A(yn)_A1yn_ (@) 3l < En forall > 1. (3.5)
[ [zl
Let v=1y, —y € HY(Z), n > 1. Then
N(x, En
Ao =) =M [ vnlon — )tz — [ T, —yps] < Zoral w21 @6)
z z llznl [
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Evidently

N(zn
/yn(yn—y)dz—>0 and / (z )(yn—y)—>0 as n — 00.
z z |lnl

So from (3.6), we infer that
(A(n), yn —y) — 0. (3.7)

We have A(y,) = A(y) in H=(Z). From (3.7) it follows that

(A(Yn)syn) — (AY),y),
= Dynll2 — [ Dyll2-

Also Dy,, = Dy in L?(Z,RY). Since the Hilbert space L?(Z, RY) has the Kadec-Klee property,
we deduce that

Dy, — Dy in L*(Z,RY) =y, —y in HYZ), ie. |y|=1, y#0.

We return to (3.5) and we pass to the limit as n — co. We obtain

(A(y) — My — gy,v) =0 for all v e HY(Z),
=A(y) =\ +g)y in H'(Z),
= — Ay(z) = (M +9(2))y(z) ae. on Z, yloz = 0. (3.8)
We distinguish three cases for problem (3.8) depending on where the function g € L>®(Z)4
stands in the interval [0, Ao — A1].

Case 1: g(z) =0 a.e. on Z.
Then from (3.8), we have

— Ay(z) = \y(z) ae. on Z, ylogz =0,
=y € E(M), y #0.

We consider the orthogonal direct sum decomposition H}(Z) = E(\1) & ﬁg, ﬁQ =E(\)*.

Then for every n > 1, we have

T, =20 +2, and 20 € BE(\), 2, € H,.

We have y,, = y° + Uy, with

.TO ~ &'\n Iy
y2:|—”€E()\1) and yn:—HeHg for all n > 1.
In

|| I
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Since y € E(A1), |ly|]| = 1, we have

nll
0|

[
— 1 as n — oo.

Recall that

}(A(xn),w - /\1/ Tpvdz —/ N(zn)vdz| < e, forall ve Hy(Z).
z z

Let v =129 € H}(Z). We have

1D =M - [ femalat )] < e
z
:>/ f(z,20(2))22(2)dz < &, (see (2.2)) for all n > 1. (3.9)
z
But by virtue of hypothesis H(f)(v)
0<m < / f(z,a( (2)dz for all n > ny. (3.10)

Comparing (3.9) and (3.10), we reach a contradiction.
Case 2: g(z) = A2 — A1 a.e. on Z.

In this case, from (3.8) we have

— Ay(z) = Aay(2) a.e. on Z, y|0Z =0,
=y € E(\2), y #0.

Now we consider the orthogonal direct sum decomposition Hi(Z) = E(\2) ® W, with W =
E()\Q)l. Then
T, =20 + 2, with 20 € E(\2), 2, € W, n > 1.

Since y € E(Az2), |ly|]| = 1, we have

e

— 1 as n — oo. (3.11)

We have

An7 _/\ nd_ sy 4n dgn
(A(za), ) /x /Zf(zw(Z))v(Z) d<e
for all v € Hy(Z), with €, |0
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Let v = 2. Then

D313~ Ml — [ fmne)ad (21| < e
Z
118 = Ml = [ (7vzaleh) = O = Aen()a? )] < e
Z

:>/Z(f(z,:vn(z)) — (X2 = M)xn(2)22(2)dz > —¢,, (see (2.3) and (2.4)). (3.12)
But again hypothesis H(f)(v) implies

0> —np > /Z(f(z,xn(z)) ~ (A2 = M)Za(2))e(2)dz for all n > ny. (3.13)

Comparing (3.12) and (3.13) we reach a contradiction.
Case 3: 0 < g(2) < Ao — A1 ae. on Z with g 20, g # Ao — A1.
Note that
A <A +g(z) <X ae on Z

and the inequalities are strict on sets (in general different) of positive measure. Exploiting the
strict monotonicity property of the eigenvalues of (—A, H}(Z), m) on the weight function m (see
Section 2), we have

~

ML+ g) < A(M) =
and :\\2(/\1 + g) > 3\\2(/\2)

1
1.
Combining this with (2.2), we see that y = 0, a contradiction to the fact that ||y| = 1.

So in all these cases we have reached a contradiction. This means that {z,},>1 is bounded
and so we may assume (at least for a subsequence) that

T, S x in Hy(Z), x, — x in L*(Z), 2,(2) — 2(2) ae. on Z

and |z, (2)] < k(2) a.e. on Z forall n>1, with k€ L*(Z),.

Recall that
Alzy), Tn — ) — - — T — .
‘( (n),x x) /\1/ (T x)dz / f(z,20(2))(xn — x)dz| < &4

Since
/ Zp (2 — 2)dz — 0 and / f(z,20(2))(xy — 2)(2)dz — 0 as n — oo,
z z

we obtain
(A(zn),xp —x) — 0 as n — oo.

We know that A(z,,) — A(z) in H='(Z). So as before, via the Kadec-Klee property of H}(Z),
we conclude that x, — x in H}(Z). This proves that ¢ satisfies the C-condition. O
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In the sequel, we will need the following simple lemma:

Lemma 3.3. If 8 € L*>°(Z), B(z) < \1 a.e. on Z and the inequality is strict on a set of positive

measure, then there exists & > 0 such that
Y(z) = ||Dzxl|3 —/ B(2)x(2)%dz > & ||Dx||3 for all x € H)(Z).
z

Proof. From (2.2), we see that 1 > 0. Suppose that the lemma is not true. Exploiting the 2-
homogeneity of 1, we can find {z, },>1 € Hg(Z) such that

|Dzpll2 =1 forall n>1 and ¢(x,) | 0 as n — oo.

By Poincare’s inequality {z,}n>1 € Hg(Z) is bounded. So we may assume that

T, S x in Hy(Z), x, — x in L*(Z), 2,(2) — 2(2) ae. on Z

and |z, (2)] < k() a.e. on Z forall n>1, with k€ L*(Z),.
From the weak lower semicontinuity of the norm functional, we have
| Dz||3 < liminf || D, |3,

while from the dominated convergence theorem, we have

/Zﬁ(Z)xn(z)zdz — /Zﬁ(z)w(z)de as n — oo.
Hence

P(z) <liminfy(z,) =0, (3.14)

n—oo

Dz < / B(2)e(2)2dz < M2,
Z

D2 = M]3 (see (2.2)).

=z =0 or x=2du; with u; € E(\1).

If x =0, then ||Dz,||2 — 0, a contradiction to the fact that ||Dzy,|2 =1 for all n > 1.

If © = fwuy, then |z(z)] > 0 for all z € Z and so from the first inequality in (3.9) and the

hypothesis on 3, we have
D3 < Aull]|3,

a contradiction to (2.2). O

Using this lemma, we prove the following proposition.

Proposition 3.4. If hypotheses H(f) hold, then the origin is a local minimizer of .
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Proof. Let § > 0 be as in hypothesis H(f)(vi) and consider the closed ball

—Cfl) —
By’ = {x € 4@ : el cyz) < 0.

1

By virtue of hypothesis H(f)(vi), for every x € E(;C“, we have
F(z,z(2)) < @1‘(2’)2 for a.a. z € Z. (3.15)

ol
Thus, for all x € B(;CU, we have

1 A
o(o) = 1Dal} = Lol - [ Flza(2)ds
Z

1 1
> §||Dx||§ ~3 /Z()\l +n(2)x(2)%dz (see (3.15))
> %HD:CH% (apply Lemma 3.3 with g = A\ + 1 € L>®(Z))

>0 = ¢(0). (3.16)

From (3.16) we see that = = 0 is a local C} (Z)-minimizer of . But then from Brezis-Nirenberg
[3], we have that z = 0 is a local H}(Z)-minimizer of ¢. O

We may assume that the origin is an isolated critical point of ¢ or otherwise we have a sequence
of nontrivial solutions for problems (1.1). Then from the description of the critical groups at an
isolated local minimizer (see Chang [4], p.33 and Mawhin-Willem [10], p.175), we have:

Corollary 3.5. If hypotheses H(f) hold, then Cy(p,0) = dx,0Z for all k > 0.

In the next proposition, we produce the first nontrivial solution for problem (1.1).

Proposition 3.6. If hypotheses H(f) hold then problem (1.1) has a nontrivial solution xo € C}(Z)

and xqg is a critical point of ¢ of mountain pass-type.

Proof. Recall that x = 0 is an isolated local minimum of ¢. So we can find py > 0 such that

<p|aBPO > 0. (3.17)

Let u; € C}(Z) be the L?(Z)-normalized principal eigenfunction of (=4, H}(Z)) and let
t > 0. For 0 < y < t, via the mean value theorem, we have

t

F(z,tu1(2)) = F(z, Boui(z)) + ; f(z, pui(2))ui(z)dp a.e. on Z. (3.18)

Integrating over Z and using Fubini’s theorem, we obtain

/ZF(z,tul(z))dz_/ZF(z,ﬁoul(z))dz—l-/zi/zf(z,uul(z))uul(z)dzdu.
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Choosing §p > 0 large, because of hypothesis H(f)(v), we have

/ f(z, pur(2))pur (2)dz > v > 0 for all p € [Bo,t]. (3.19)
z

From (3.18) and (3.19), we obtain

t

/ F(z,tui(2))dz > / F(z, Bour(z))dz + ﬂdu for [y > 0 large,
z z H
é/ F(z,tuy(2))dz > / F(z, Boui(z))dz + v1(Int — Infy). (3.20)
z z
So from (3.20) it follows that

—/ F(z,tu1(2))dz — —oc0 as t — +oo.
z

Hence
o(tuy) = — /Z F(z,tu1(2))dz — —o0 as t — 400 (see (2.2)).

Therefore for ¢t > 0 large, we have

p(tur) < ¢(0) =0< aljlglf p=c

PO

This fact together with Proposition 3.2, permit the use of the mountain pass theorem (see Bartolo-
Benci-Fortunato [1]), which gives zo € Hg(Z) such that

¢ (29) =0 and p(0) =0 < ¢ < ¢(z0). (3.21)
From (3.21), we deduce that zg # 0. From the equality in (3.21), we have

A(.’L‘o) = MZo + N(.”L‘o),
= — Axo(z) = Mzo(2) + f(z,20(2)) a.e. on Z, xglaz = 0.

Thus 2o € H}(Z) is a nontrivial solution of problem (1.1) and from regularity theory (see for
example Gasinski-Papageorgiou [5], pp.737-738), we have 2o € C3(Z). Let d = ¢(z0) and assume
without loss of generality that K is discrete (otherwise we have a whole sequence of nontrivial
solutions for problem (1.1)). Then invoking Theorem 1 of Hofer [6], we can say that zo € C}(Z)
is a critical point of ¢ which is of mountain pass-type. O

From the description of the critical groups for a critical point of a mountain pass-type (see
Chang [4], p.91 and Mawhin-Willem [10], pp.195-196), we have:

Corollary 3.7. If hypotheses H(f) hold and zo € C}(Z) is the nontrivial solution of (1.1) obtained
in Proposition 3.6, then Cy(p, o) = dk1Z for all k > 0.
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In the next proposition, we determine the critical groups of ¢ at infinity.

To do this, we will need the following slight generalization of Lemma 2.4 of Perera-Schechter
[12].

Lemma 3.8. If H is a Hilbert space, {¢i}iepo,1) is a one-parameter family of C*(H)-functions
such that ©; and ¢ are both locally Lipschitz in uw € H and there exists R > 0 such that

inf[(1 + [lul) [y ()] - £ € [0,1], [[u]| > R] > 0
and infley(u) 1 ¢t € [0,1], ||u]| < R] > —o0,

then Ci(po,00) = Ci(p1,00) for all k > 0.

Proof. Let & < inf[p;(u) : t € [0,1], |ul < R]. Let h(t;u) (t € [0,1],u € ¢f) be the flow generated
by the Cauchy problem

Oppr(h(t)

MO = = o

(h(t)) a.e. on Ry, h(0) =u.
We have

D (1)) = (@ ((0), h(1)) + (D) = O for all 10,

=¢:(h(t)) = po(u) for all ¢ > 0.

Since u € ¢§, we have ¢ (h(t)) < & and so ||h(t)|| > R for all ¢ > 0. This then by virtue of the
hypothesis of the lemma, implies that this flow exists for all ¢ > 0 (see Bartolo-Benci-Fortunato

[1)).
It can be reversed, if we replace ¢; with ¢1_;. Therefore h(1) is a homeomorphism of (pg and
<p§ and so
Ci(po, 00) = Hi(H, ) = Hy(H, g5) = Ci(p1,00).

Proposition 3.9. If hypotheses H(f)(i) — (v) hold, then Ci(p,00) = dp1Z for all k > 0.
Proof. Let 0 < o < Ay — A1 and consider the following one-parameter C?-functions on the Hilbert
space H(Z) :

A +o
2

pr(x) = %HDIH% - |3 — t/Z(F(z,:zr(z)) —ox(2))dz for all x € Hy(Z).

We claim that we can find R > 0 such that

inf[(1+ [[ul)ll} ()] : t € [0,1], [Jull > R] > 0. (3.22)
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Suppose that this is not possible. Then we can find ¢, — t € [0,1] and ||u,| — oo such that

u
fle

@) (un) — 0in HY(Z) as n — co. Let y, = =1, n = 1. By passing to a suitable subsequence if

necessary, we may assume that

yn =y in HH(Z), yn —y in LX(Z), yn(z) — y(2) ae. on Z,
and |y, (2)| < k(z) fora.a. z€ Z, all n>1, with ke L*(2).

We have
/
‘(ﬁpﬂ" (uﬁl),v) <eg, forall ve HéZ), with &, | 0 (see (3.22))
U
={A(yn),v) — (A1 +0) | ypvdz —t, vdz +t,o | ypvdz| < e, (3.23)
z z x|l z

From the proof of Proposition 3.2, we know that

L h=gy in L*2)

with g € L®(Z)+, 0 < g(z) < Ay — A1 a.e. on Z. Moreover, arguing as in that proof, we can also
show that

yn —y in Hi(Z), hence |ly|| =1, ie. y#0.

So, if we pass to the limit as n — oo in (3.23), we obtain

(A(y), vy = (M —i—a)/ yvdz—i—t/ (g + o)yvdz for all v € HY(Z),
z z

=Aly) =M+ 1 —-t)o+tg)y. (3.24)

As in the proof of Proposition 3.2, we consider three distinct possibilities for the weight
function m = A\ + (1 —t)o +tg € L>®(Z)+.

Case 1: t=1and g =0.
From (3.24), we have

Aly) = M (y),
= — Ay(z) = My(z) ae. on Z, yloz =0,
=y € E(\1), y#0.

So, if u,, = ul + 4, with u2 € E(\1), U, € H, = E(A)*, n > 1, then

[

[[un]|

— 1 as n — oo. (3.25)
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We have
‘(A(un),w -+ 0)/ upvdz — tn/ N (un)vdz + tno/ upvdz| < ey
for all v € H}(Z). ’ ’ ’
Let v = ul € E(\1). We obtain
‘UMM?%M+®W&§—%éfQWM@W%@M+%ﬂW%§S%- (3.26)

Since u? € E(\1), we know that [[Dul||2 = A\i|[u’|3. Also because of (3.25) and hypothesis
H(f)(v), we have

/ f(z,un(2)ul(2)dz > v, for all n > ng.
z

Then from (3.26), we obtain

(1 —tp)o|[ul||3 + thyr < en for all n > ny,

=ty < &y forall n>ny.
Since t,, — t =1 and &, | 0, in the limit as n — oo, we obtain

O<’71§07

a contradiction.
Case 2: t=1and g = Ay — A.
From (3.24), we have

A(y) = )\an
= — Ay(z) = Ay(z) ae. on Z, yloz =0,
=y € E(X), y#0.

Now we write u, = u® + 4, with 9 € E(\2) and U, € W = E(\2)1. We have

A

— 1 as n — oo. (3.27)
Recall that

<eép

(A(up),v) — (A1 + cr)/

upvdz — tn/ N(up)vdz + tncr/ upvdz
z z z

for all v € HY(Z).
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Let v = ul € E(\2). We obtain

IDug 13 = tadallunlls — (1 —tn)(M + o) [Jup |13

(3.28)
—tn [7(f(z,un(2)) = (A2 = M)un(2))up (2)dz| < en.
Note that ¢, 2 + (1 — t,,)(A\1 + o) < A2 and so
0 < [[Dup i3 = (tada + (1 = tn) (A1 + o) up 13- (3.29)
In addition because of (3.27) and hypothesis H(f)(v), we have
/Z(f(z, Un(2)) — (A2 — A)un (2))ul (2)dz < —y2 < 0 for all n > ns. (3.30)
Using (3.29) and (3.30) in (3.28), we obtain
tpye < e, for all n > no.
Passing to the limit as n — oo and recalling that t,, — 1 and € | 0, we get
0 <y <0,
again a contradiction.
Case3:t#1or0<g(z) <Ay — A1 a.e. on Z with g #0 and g # Ay — \1.
From (3.24), we have
Ay) = (a +8y, y #0 with £=(1~t)o +1g € L*(2)4,
= — Ay(z) = (M +£(2))y(z) ae. on Z, ylaz =0. (3.31)
Note that since ¢ # 1 or (g # 0 and g # A2 — A1), we have
M <A +E(Z) <A aeon Z, A\ #£M +E and Ay # A\ + &
Hence from the strict monotonicity of the eigenvalues on the weight function, we infer that
MO+ <A(A) =1 and Aa(A\1 +&). (3.32)

Using (3.32) in (3.31), we infer that y = 0, a contradiction to the fact that ||y| = 1.

So in all three cases we have reached a contradiction and this means that there exists R > 0
for which (3.22) is valid.

Also it is clear, that due to hypotheses H(f)(ii), (iv), we have

inflp(u) : ¢ € 10,1], ||ul]] < R] > —oc.
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So we can apply Lemma 3.8 and have that
Cr(¢0,00) = Ci(p,00) for all k> 0. (3.33)

Note that

1 AM+o
oo(e) = 31Dal - 2

=3 llz||3 and ¢1(z) = @(x) for all z € Hy(Z).

Since 0 < o < A2 — A1, the only critical point of ¢q is u = 0. Hence
Cr (0, 0) = Ci(p,0) for all k> 0. (3.34)
Moreover, from Proposition 2.3 of Su [16], we have
C(¢0,0) = 6517 for all k > 0. (3.35)
From (3.33), (3.34) and (3.35), we conclude that

Cr(p,00) = 01 Z for all k > 0.

Now we are ready for the first multiplicity theorem.
Theorem 3.10. If hypotheses H(f) hold, then problem (1.1) has at least two nontrivial solutions
Xo, Vo € C& (7)

Proof. One nontrivial solution zo € C§(Z), exists by virtue of Proposition 3.6.

Suppose that {0, 2o} are the only critical points of ¢. Then using Corollaries 3.5, 3.7, 3.9 and
the Poincare-Hopf formula, we have

-1+ (D' = (D",

a contradiction. So there exists a third critical point vy # xg, vo # 0. Evidently vy is a solution of
(1.1) and by regularity theory, we have vy € C3(2). O

We have another multiplicity result by modifying hypothesis H(f)(vi). So the new hypotheses
on the nonlinearity f(z,x) are the following:

H(f): f: Z xR — R is a function such that f(z,0) = 0 a.e. on Z, hypotheses H(f)'(i) — (v) are
the same as hypotheses H(f)(i) — (v) respectively and

(vi) there exist m > 2 and § > 0 such that

f(z,2)

A — M < < Amt1 — A1 foraa. z€ Z and all 0< |z| <4.
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Remark 3.11. Hypotheses H(f) (iv) and (vi) imply that we can have double resonance both at

infinity and at zero. A double-double resonance situation.

Theorem 3.12. If hypotheses H(f)" hold, then problem (1.1) has at least two nontrivial solutions
To,v0 € C3(2).

Proof. Because of hypothesis H(f)'(vi) and Proposition 1.1 of Li-Perera-Su [9], we have

Ck(9,0) = 6k,dZ, (3.36)

where d =sum of multiplicities of {\;}}, = dimH,, > 2, since m > 2.

Also from Proposition 3.9, we know that
Cr(p,00) = 0p,1Z. (3.37)
So there exists a critical point g of ¢ such that

Ci(p,m0) # 0. (3.38)

Comparing this with (3.36), we infer that o # 0. Moreover, due to (3.38) z¢ is of mountain pass
type and so
Cl ((p, IQ) = 61@,12- (339)

If {0, zo } are the only critical points of ¢, then from (3.36), (3.37) and (3.39) and the Poincare-Hopf

formula, we have

D+ (=Dt = (-1,
=(-1)¥ =0, a contradiction.

So there exists a second nontrivial critical point vy of . Evidently zq, vo € Hg(Z) are nontrivial
solutions of problem (1.1). From regularity theory, we conclude that xq,vg € C3(Z). O
Remark 3.13. Theorem 3.12 above partially extends Theorem 3 of Robinson [14] and also Theorem
2 of Su [16].

Received: February 2008. Revised: April 2008.
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ABSTRACT

The Ravenel spectra T'(m) for non-negative integers m interpolate between the sphere
spectrum and the Brown-Peterson spectrum. Let Lo denote the Bousfield-Ravenel
localization functor with respect to vy !BP. In this paper, we determine the homotopy
groups 7 (LoT(m) : Z/2) = [Ma, LoT(m)], for m > 1, where M> denotes the modulo
two Moore spectrum.

RESUMEN

El espectro de Ravenel T'(m) para enteros no negativos m interpola entre el espectro
esferico y el espectro de Brown-Peterson. Denotemos por Lo el funtor de localizacién
de Bousfield-Ravenel con respecto a vy !BP. En este articulo, determinamos el grupo
de homotopia (LT (m) : Z/2) = [Ma, LoT(m)]. para m > 1, donde My denota el
espectro de Moor modulo dos.
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1 Introduction

Let S(2) denote the stable homotopy category of 2-local spectra, and BP € S(3) denote the Brown-
Peterson ring spectrum. Then, BP, = m,(BP) = Z)[v1,v2,...] and BP,(BP) = n.(BP ANBP) =
BP,[t1,t2,...], which form a Hopf algebroid. The Adams-Novikov spectral sequence for computing
the homotopy groups . (X) of a spectrum X has the Eo-term E3(X) = Extyp (pp)(BPx, BP.(X)).
Let La: 2y — S(2) be the Bousfield-Ravenel localization functor with respect to ’U;lBP. Then,
the Ep-term Ej(L2S°) for the sphere spectrum S° is determined in [12], but the homotopy
groups m.(L2SY) stay undetermined. The Ravenel spectrum T'(m) for m > 0 is a ring spec-
trum characterized by BP.(T(m)) = BP.[t1,ta,...tm] C BP.(BP) as a BP,(BP)-comodule.
The spectrum T'(m) interpolates between the sphere spectrum and the Brown-Peterson spec-
trum, and so the homotopy groups m.(L2T(m)) seem accessible if m is sufficiently large. Indeed,
(LT (00)) = mx (L2 BP) is determined by Ravenel [8]. Let M}, denote the mod k Moore spectrum
defined by the cofiber sequence

S0 2,60 4 a2 8t (1.1)

For m = 1, T(1) A My is the Mahowald spectrum X (1) and the homotopy groups of Ly X (1) are
determined in [11]. But even the homotopy groups of LyT(1) A My are too complicated to be
determined completely (cf. [2], [3]). Consider a spectrum T'(m)/(v{) defined as a cofiber of the
self-map v¢: $22T(m) — T(m) defined by the generator vy € ma(T'(m)). We use the notation:

Vin(0) =T(m) A Mz and Vi, (1) = T'(m)/(v$) A Mo, (1.2)

and abbreviate V;,,(1)1 to Vi, (1). In this paper, we consider the case where m > 1, and deter-
mine 7. (LaV;, (1)) and 7. (L2V;,(0)). The Adams-Novikov Es-term E3(LoV,,(1)) for m > 1 is
determined by Ravenel [10] as follows:

E5(LaVi (1)) = K (2)« @ A(h1,0, ha1, hoo, ho1) (1.3)

it i
72m+1+]+ _9i+

(LaVi (1)) and K, (2)s = v5 ' Z/2[v2,v3, . . . , Upmt2]. We show
that V;,,(1) is a T'(m)-module spectrum with Ms-action, and then that all additive generators of

for generators h; ; € E,

the Es-term are permanent cycles and the extension problem of the spectral sequence is trivial.
Theorem 1.4. Ty (LQVm(l)) = Km(Q)* (%9 /\(hl.,(); h1,17 h270, hgyl) as a Z/Z—module.

Let a: X8My — M denote the Adams map such that BP,(a) = v{, and K$ denote a cofiber
of a®. Then, we show that V,,(1)se = T(m) A K§ in Lemma 2.4 and denote the telescope of
Vie(Da 2 B V(i = Vin(1)aara = -+ by Vi (1)se. By the vi-Bockstein spectral sequence,
we determine the Adams-Novikov Ea-term Ej(L2V,,(1)s), whose structure is given in [4] without
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proof. Here we give a proof of it. Consider the integers e,, and a,, defined by

1 n=20

n—1 3 -1 =3k+1
en = 8 and a, = Okt " + (1.5)
7 6es+1 n =3k + 2
12ef41 n = 3k + 3.
We introduce modules
Em(2)x = 03 Zgy[v1,va, ..., Vmyal,
Q(k) = En-1(2)./(2,01")[zr+1[{zr/v1"),

where 7, € Ep,(2). is an element defined in (4.1) such that z, = v2,, modulo (2,v;), and
xn/vi" € EY(L2Vin(1)s) by Proposition 4.3. We also introduce homology classes ¢ and ¢, of
E3 (Vi (0)), which correspond to elements vy, 2h1 1 and vzlig(l € E}(LaVy, (1)) for n = 3k+1 with

m

I € {1,2,3}, respectively, where (; corresponds to hy o if I =1, and hg ;o if I = 2,3.

Proposition 1.6. (c¢f. [4]) The Ex-term of Adams-Novikov spectral sequence for computing
T (L2Vim (1) oo) is isomorphic to the direct sum of Q(0) ® A(h1,0, k2,0, h2,1) and the tensor product
of AN(¢) and

Epn-1(2)/(2,07°) & P Q%) ® At Cira)

k>0

as a Z/2[v1]-module.

By noticing that x,, € EY(LaV;,(1)a,) survives to m.(L2Viu(1)a, ) in Lemma 5.1, we see that
all additive generators of Proposition 1.6 are permanent cycles.

Theorem 1.7. The homotopy groups m.(LaVin(1)so) are isomorphic to the Adams-Novikov Fs-
term given in Proposition 1.6.

Consider the cofiber sequence
Vi (0) 5 077 13, (0) 25 Vi (1) 0 — ZVi (0) (1.8)
for the localization map 7. Here, we introduce algebras
Em(1)s = Z/2[v1,v2, ..., umy1] and K (1) = v] k(1)

Ravenel showed the following

Proposition 1.9. (cf. [10]) The homotopy groups m.(vy 'V;n(0)) are isomorphic to K,(1). ®
/\(h170).
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There is a relation between h; ¢ and ¢, which is shown in section four:

Lemma 1.10. The induced homomorphism p,. from p in (1.8) assigns hy o/v] € E(v] 'V, (0)) to
¢/v]7? € B3 (LaVin(1)oo).

Observing the correspondence in the Adams-Novikov Es-terms, we obtain

Corollary 1.11. The homotopy groups m.(L2Vy, (0)) are isomorphic to the direct sum of S~1Q(0)®
A(h1,0, ha,0, h2,1) and the tensor product of A(C) and

Fn (1) @ S e (1)2/(2,05°,05°) @ @D 57 Q) @ A(Cr1s Grv2)
k>0

as a Z/2[v1]-module.

In the next section, we observe about an action of the Moore spectrum Ms on V,,(1); and
a ring structure of V;,,(1)4, in order to study the Adams-Novikov differential and the extension
problem of the spectral sequence in the following sections. We prove Theorem 1.4 in section three.
Section four is devoted to show Proposition 1.6. We end by proving Theorem 1.7 in the last section.

2 The spectrum T (m) A K}

We work in the stable homotopy category of spectra localized at the prime two. Let BP denote
the Brown-Peterson spectrum. Then, we have the Adams-Novikov spectral sequence

Ey'(X) = Exty' (A, BP.(X)) = m.(X).
Here (A,T") is the associated Hopf algebroid such that
(A,T) = (BP., BP.(BP)) = (Z)[v1,v2,...], BP:[t1,t2,...])
for the Hazewinkel generators vy, € BPar+1_g and the generators ty € BPor+1_o(BP).
Let My, and K} for k = 2,4 and t > 0 denote spectra defined by the cofiber sequences
§0 250 L An L8t and SHM 2 My b K 2 wse

Here o denotes the Adams map such that BP,(a) = vi. Note that M, and K} are ring spectra
(¢f. [5]). The Ravenel spectrum T'(m) is characterized by BP.(T(m)) = Alt1,...,tm] C T as
I'-comodules, and is a ring spectrum, whose multiplication and unit map we denote by u and ¢, re-
spectively. Throughout the paper, we fix a positive integer m. Let (A,T),) = (A, T/ (t1,t2, ..., tm))
be the Hopf algebroid associated with (A,T"), and consider a spectrum X such that BP,(X) =
M ®a Alty, ..., ty] for a T-comodule M. Then, we have an isomorphism

B3 (X) = Bxti (A, M) (2.1)
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by the change of rings theorem (c¢f. [10]). By observing the reduced cobar complex for the Ext

group, we have

Lemma 2.2. The Ey-term has the vanishing line of the slope 1/(qm — 1) if M is (—1)-connected.

Hereafter, we put

which is the degree of u; = vyq1 and s1 = ty,q1. This shows mo(T'(m)) = BPy = Zgy{v1} if
m > 0. Let T(m)/(v}) for an integer a > 0 denote the cofiber of ¢: ¥8¢T(m) — T(m), where
01 : 28T (m) — T(m) is the composite

v AT (m) n
—

o1 X¥T(m) = S® AT (m) T(m)AT(m) —— T(m).

Lemma 2.4. For k=24 and a > 0, T(m)/(vi*) A My = T(m) A K. In particular, T(m)AK$ A
My =T(m)/(vi*) A My A My =T (m) A Ma A K§.

Proof. Since 7g(T(m)AMy) = BPs/(k) = Z/k{v},viva} by Lemma 2.2, we see that v} A My, = 1A
ai € wg(T(m)AMy). Indeed, both of these elements are assigned to v{ € BPs(T (m)AM,;) under the
homomorphism induced from the unit map of BP. It extends to v AM}y, = tAa : My, — T(m)AMj,
since [My, T(m) A Myls = ws(T'(m) A My). Indeed, mg(T(m) A My) = BPy/(k) = 0. We further
extend it to a self-map A = 0F A My, = T'(m) A : T(m) A My — T(m) A My, by the ring structure
of T(m). Now the cofiber of A% is T'(m)/(vi*) A My, = T(m) A K2.

This lemma implies
Vin(Daa = T(m) AN K3 (2.5)

for the spectrum V;,(1)4, in (1.2).

Lemma 2.6. Let F' denote one of the spectra My, and K} for k = 2,4 and a > 0. Then, there
is a pairing vp : FANF — T(m) A F such that veo (F Nip) =tANF: F — T(m)AF form > 0.
Here ip : S° — F denotes the inclusion to the bottom cell.

Proof. The pairing for F = M, or K{ is the composite L AFAF)(T(m)App) for the multiplication
pr of the ring spectrum of F' (see [5]).

For F = MQ, we see that Wo(T(m)/\Mg) = BP()/(Q) = Z/2 and 7T1(T(m)/\M2) = BPl/(2) =0
by Lemma 2.2, and so [Ma,T'(m) A Mz]o = Z/2.
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Note that My A My = My V ¥ M,. Then, by Lemma 2.4,

Tm)ANMxANK§ = T(m)/(vi*) AMaAMy = T(m)/(vi%) A (Mg V X M)
= T(m)/(vi*) A My Vv XT(m)/(vi*) A My = T(m)AK$VET(m) A K.

We also see that T'(m) A K§ A K§ =T (m)/(vi*) A K§ A My =T(m)/(vi%) A (K§V XKS), and so
T(m)ANK§ANK§ANMy=T(m)ANK$ANKSVET(m)ANK$ANKS. Then,
T(m) AN MaAKGAKGAMy = TmMAKSAKIAMs VvV ET(m)AKSAKGA M,
= TM)ANKZAKSV ET(m)AKIANKS NV ET(m)ANK§ANKSNAMs.
Let pg : KiNK§ — K%l denote the multiplication of the ring spectrum K§, and v be the composite
T(m)Av

T(m) A Ma A My Tlmynase, T(m) AT (m) A M, HAN T(m) A Ma. Then the desired pairing is a

composite
L incAK3 swite
K¢ AKS LB iy A KgAK 02 Tlm) A My A KE A KS A My 2280

T (m)A\M- ]
IO 1) A Mo AKS P T(m) K.

O

T(m)AMyAMaAKIAKSS T(m) A Mo AKSAKS

Corollary 2.7. The spectra V,,(0) and Vi (1)aq for a > 0 are ring spectra.

We say that a spectrum X has Ms-action, if there is a pairing px : X A My — X such that
ox (X Ni) =idx. Herei: S — Mj is the inclusion of (1.1) and idy : X — X denotes the identity

map.
Lemma 2.8. V,,,(1); has Msy-action.

Proof. Since T'(m) is an associative ring spectrum, T'(m)/(v}) is a T'(m)-module spectrum. The
T(m)/(vi)Av
action @y, (1), is defined by the composite V;,(1);AMs = T(m)/(vi)AMaAM> AN

T(m)/(w) AT(m)AMy — T(m)/(v) AMz = Vi (1):. O

Since V,, (1) is a T'(m)-module spectrum, it implies the following

Corollary 2.9. V,,(1); is a Vi, (0)-module spectrum.

3 The homotopy groups of LV, (1)

Note that if BP,(X) is (2,v;)-nil, then BP,(L2X) = vy ' BP,(X), since Ly is smashing (cf. [8],
[9]). Therefore, the Adams-Novikov Fao-term Ej(LaVi, (1)) is Exty (A, vy *BP./(2,v8)[t1, ..+, tm]),
which is isomorphic to

E3(LyVi (1)) = Extf (4,03 'BP./(2,0}))
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by (2.1). Consider a spectrum

Ep(2) = vy 'BP(m +2)

for the Johnson-Wilson spectrum BP{m + 2). Then we obtain a Hopf algebroid

(Em(2)4, 2m(2)) = (03 ' Zigy[v1,v2, - . ., Vmta), Em(2) @4 T @4 Eny(2).).

Since

v BP )T 2" B(2)2)J @4 T

for an invariant regular ideal J = (2°,v§) is a faithfully flat extension, we have an isomorphism
Extr, (A, BPy/J) 2 Exts, (o) (Em(2)x, Em(2)«/J)

by a theorem of Hopkins’ (¢f. [1, Th. 3.3]). Note that m + 2 is the smallest number n, for which
1
vy 'BP./J Bz vy "BP(n)./J @a Ty, is a faithfully flat extension. We use the abbreviation

H*M = Ext}, | (o) (Bm(2)., M) (3.1)

for a X,,(2)-comodule M. We compute the Ext group H*M by the reduced cobar complex
(NZ*Em oM (cf. [10]). Since the differentials of the cobar complex are defined by the right unit
NR * Em(2)s — X, (2) and the diagonal A : X,,(2) — £,(2) ®g,,(2). Xm(2), we write down here
some formulas on them based on the Hazewinkel and the Quillen formulas:

Vp = 2€n — 22;11 gkvik_k € Q ® A= Q[€15627 .. ']a

T]R(én) = ZZ:O gktilik S Q & I'= Q ® A[tl,tg, .. ] and (32)
b i itj

i AW ) =3 ke it ®1 T € QT @4T.

Hereafter, we put v3 = 1 and use the following notation:
Ui = Um+44 and S; = thri'

Since the structure maps preserve degrees, we may recover ve’s from its degrees. Then, we obtain
the following two lemmas immediately from (3.2) by a routine computation:

Lemma 3.3. The right unit ng : A — ', /(2) acts as follows:

(vn) vp forn<m+1,
nr(u2) = wug+vis +U%m+181,
(u3) = wug+sl+s+vir; mod (2, v%m”),
(ug) = ug+sd+ss+uv3sd+02" sy mod (2,v,)

forry = s% + vlu25%.

This yields the relations in ¥,,(2):

+2

st+s = v mod (2,02 ) and s34 so +vsst + v§m+151 =0 mod (2,vy). (3.4)
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Lemma 3.5. The diagonal A behaves on the generators s; as follows:

A(s1) = s1®01+1® s,
A(sg) = $2®0141® s+ v181 ® 81,
A(s3) = s301+1®s3+v2s7®@s7 mod (2,v,).

Lemma 3.6. Let z denote an element defined by v+ +v§s‘f—|—v§m+2 52 = v1z. Then the cochains

T,z € QlEm(2)Em(2>*/(2) are cocycles. Besides, z = uzs3 modulo (v3).

Proof. Since v; € Q%M(Q)Em@)*/@) and s1 € lem@)Em(Q)*/@) are both cocycles, so is
by the relation vir; = st + s1 € $,,(2) in (3.4). Furthermore, vz € (Nl%m(z)Em(2)*/(2) is
a cocycle. It follows similarly from its definition that z is a cocycle. By the definition of ry,
41 = 85 + 85+ viugs? = viugs? +v3si0 + v§m+2s% modulo (2,v?) by (3.4). O

We now work as [6].

Lemma 3.7. ub € E9(V,,(1)) and ubhao € E3(Vyn(1)) for each t > 0 are permanent cycles.
Proof. For t = 1, the lemma is seen by Lemma 2.2. Consider the cofiber sequence ¥2V;,(0) 2
Vi (0) 4, V(1) 4, Y3V (0). Put d(ub) = vik; € ﬁlzm(Q)Em(Q)*/@) by virtue of Lemma 3.3,
and let k; € E3(V,,(0)) be the homology class of the cocycle k. Then, k1 = hy1, viki = 0
and ki1 = (k1,v1, k). Indeed, (ki,v1,k:) is the class of k\nr(ub) + ugk] = d(ub™)/v, = k.
Besides, d(ub) = k; for the connecting homomorphism associated to the cofiber sequence. Let
& € mg,,—1(Vin(0)) denote the homotopy element detected by k1. Then, v1&; = & v = 0.

Suppose now that u}, € ES(V,,(1)) is a permanent cycle. Then, k; is a permanent cycle that
detects the element & = jiub by the Geometric Boundary Theorem. Since v1&; = 0, the Toda
bracket {&1,v1, &} is defined, which is detected by the Massey product (ki,v1, kt). Note here that
the Toda bracket is defined since V;,,(0) is a ring spectrum. It follows that k11 is a permanent cycle
and detects a homotopy element, which we denote by & 1. Since the Massey product (vq, k1, v1) is
zero in the Ey-term E%4(V,,(0)), we see that {vy,&;,v1} = 0 by Lemma 2.2. Now we compute

vi{&1,v1,& = {v1,&1, 01} = 0, and &4 is pulled back to ué“ under the map 7.

Turn to ubha . In this case a similar argument works. For the connecting homomorphism
8, 6(ubha0) = (h3 g, v1, k), which detects a homotopy element {ng,v1,&}, where 7 denotes an
element detected by hi o. Applying v1 shows {vi,n3,v1}& = 0. Indeed, {vi,n3,v1} is detected by
Bty (0)) for s > 2. O

Lemma 3.8. The elements h1,h11 € E3(V,(0)) and ho 1 € EX(L2V,,(0)) are permanent cycles.

Proof. hj,hi 1 are seen immediately by Lemma 2.2.
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The cobar module ﬁiﬁ’i&qm%BP*/(Z) is generated by v3sP* and vas¥* by degree reason. The
first generator cobounds v2sy ® s1 ® 51, and we obtain Ey % t0(V,(0)) = Z/2{vshto}. Put
ds(ha,1) = avahi € Ey 0y, (0)) for a € Z/2. Let w be an element fit in d(s3) = vas? ®
52 +vjw by virtue of Lemma 3.5. Then, d(w) = 0 in the cobar complex Q%m(z)Em(Q)*/(Q), and
we see that s7! cobounds s2 ® s1 @ s1 + viw? ® s2 + (11 ® $1 4+ 51 @711 + V171 @ 711) ® 82 (in
which we set vy = 1). It follows that ds(he1) = avehiy = 0 € E3(LaVi(0)) as desired. Indeed,
vaht o = v1ghi o = 0, since vahi § = v1g for an element g and v1hf j = 0 by d(s2) = v1s1 ® s1.

O

Proof of Theorem 1.4. Every element x € E5(LaV;,(1)) is decomposed as x = a'z"” for 2/ €
Z/2[uz) @A (h2y) and 2" € Kp—1(2)x®@A(h1,0, P11, ha,1). Note that Ky, —1(2)«®@A(h1,0, k1,1, h2,1) C
E3(L2V,(0)). Since 2’ (resp. ') is a permanent cycle of the Adams-Novikov spectral sequence
for computing 7. (L2Vp, (1)) (resp. mx(L2Vin(0))) by Lemma 3.7 (resp. 3.8), we obtain that the
element x is a permanent cycle from Corollary 2.9. We see that the extension problem is trivial
by Lemma 2.8. Indeed, Z/2 = mo(Ms) acts on m,(LaVp,(1)). O

4 The elements z,

We introduce the integer b,, for n > 0 by

0 n=0(3),
and the elements z,, € E,,(2). defined by
0 n<0orn=2(3)
2 b To n=1
Tp =T, _1 +V]"Yn—1, Wwhere y, = i 4.1
! 1 n=t Y To + vivizd + vivi Hxl n=3 (4.1)
Tp—2Yn—3 n=0,1(3) and n > 4.
We also consider cocycles z, € ¥,,(2):
s%nﬂ n=0,1
Zn = 2" n=23 (4.2)

Tn—32Zpn—3 N > 3.

Proposition 4.3. For the differential d : Q%m(2)Em(2)*/(2) — Ol

Em(2)Em(2)*/(2) of the cobar

complex,

d(xy) = v]" 2n.
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Proof. For n = 0 and 1, it is immediate from Lemma 3.3, and the cases for n = 2 and 3 follow
from the computation d(z2) = d(uj + viug) = vis$ + vis? = v8r? by (3.4). For n = 4,

m+3
d(zy) = d(ad+ vy + vzovgx% + 022" T ay)
+
38 + 032 4 oo st + vte? 2" st = 0322 = v212; mod (2,0v3%)

by the definition of z.

Suppose inductively that d(zsr+1) = v7* ™ T35—223,—2 mod (2, vf““”) for k > 0.

2 _ 2a3k+1 .2 2a3p1+4
dngkJrl) = U 1731% zzsk o mod (2,v] )
A3k+2— — 3k+2
d(vy Yakp1) = d(vy T3k—1Y3k—2)
_ aszg4+2—3 2 3 agkt2—3+aszkp—1
= ) x3k—1(v125,_o + Vi 23k—1) mod (2,v) )
2 ..
and the sum shows d(x3g12) = v{** 23512361 mod (2, vfa’”# ). Similarly,
4 — daspy2,.4 4 dazp+o2+8
dg%kﬂ) = U x31§7123k71 mod (2, v, )
a3k44— — a3k+4—
d(vy Yskt+3) = d(v) X T3k41Y3k) .
A3k+4— 6.2 8 A3k+4— a3k+1
vy @31 (V925 + v¥2364+1) mod (2, vy )

3 +2
111%k+4 )

and we have d(73ky4) = 07> 2351123641 mod (2,v , which completes the induction. [

Proof of Lemma 1.10. It suffices to show that hy o/v] € E3(LaVin(1)so) equals ¢/v1 2. The
element hj o/v] is represented by s;/v]. We make a computation in the cobar complex

duz/v]*?) = si/v] = s1/v] + /vl
d(v UQ/U 1) = U351/U1
d(w3" Cun/v]) = Ugmﬁ % v
( /1) ri/ol !
by Lemma 3.3 and Proposition 4.3. The sum yields the homologous relation s /v ~ z/v]™? by
Lemma 3.6, and so hio/v] = ¢/v] 7% in EY(LaVi(1)o0). O

Proof of Proposition 1.6. We consider the v;-Bockstein spectral sequence given by the short
exact sequence 0 — Ep(2)«(Vin(1)) 2 Em(2)«(Vin(Doo) 2 Em(2)«(Vin(1)ao) — 0 for ¢ given
by ¢(x) = x/vi. Let B* denote the Z/2[v1]-module of the proposition. Then, it is easy to
see that B® contains the image of ¢.: E5(LaV,, (1)) — E5(L2Vi(1)s) and that Proposition 4.3
defines a homomorphism f: B* — E5(L2V;(1)s). We also consider the composite 0 = § o
f: B® — E3™(LaVin(1)), where 6: E5(LaVin(1)oo) — E3t(LaV;,(1)) denotes the connecting
homomorphism associated to the short exact sequence. By [7, Remark 3.11], it suffices to show
the sequence

* U1

0 — Coker 8 25 B* 2% B* % 1m 9 —0 (4.4)
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is exact.

We decompose Ej (L2V,,(1)) into the direct sum of Mc = K, —1(2).[ud]{uz} @A (h10, haoo, h21),
M; = Kp1(2)s[u3[{h11} ® A(h1o, hao, h21) and N @ A(C) = Km—1(2)«[u3] @ A(h1o, hao, ha1, C).
We notice that for non-negative integers n and r with r < 8, there exist uniquely non-negative
integers ¢t and ¢ such that n = 8%t 4 re,. By this fact, we decompose summands of IV as follows:

Kn—1(2)[u]
= Kn-1(2)« ® @psy T Km—1(2)«[Tr1]
Km71(2)*[ug]h10

Do ((963!1+2Km71(2)*[$3q+3]a &) x3q+3Km71(2)*[x3q+4]b) C3q44 D Kim—1(2)[23¢+2] (3941 ) ,
Ko (2). 1]z !
= Do (xfiq”Kmﬂ(2)*[133%4](3%5 @ (903(1+1Km71(2)*[963q+2]d ® Kim—1(2)+[T3q+3] ) C3q+2) ,
K1 (2). [ !
= D,>0 ($:3q+1Km71(2)*[$3q+2] @ $3q+2Km71(2)*[ﬂ73q+3]f @ Km71(2)*[$3q+4]A) C3¢+3,

A

Kom—1(2)+[u3]hioh2o

D=0 (Kmﬂ(2)*[x:;q+3]g“3q+4§3q+2 @ 239+3Km—1(2)«[T3g+4]C3a+4C30+5

a

& Kon1(2)[@35:2) G162 ),
d
Kom—1(2)+[u3]h2oh21

Dz0 | Em—1(2)«[r3q+4]Csq+5Cs0+5 @(xfquKm1(2)*[$3q+215@K’n1(2)*[903q+3] )C3q+2€3q+3>7
f

c

Kon—1(2)«[u3]hiohar
DBzo ((Kmfl<2>*[:c3q+31w3q+23@-’<m4<2>*[$3q+4]

Km-1(2)« [ug]hmhzohm

= Dis1 Km—1(2)«[Tr41]CChr1Crt2 -
B

Here, My and M’ N for modules M and M’ mean that M and M’ are isomorphic under a
Bockstein differential d,. for some r so that d,.(M) = M’, which is seen by Proposition 4.3. Let
N¢ (resp. Np) be the direct sum of single (resp. double) underlined submodules of N, and put
M = Q(0) @ A(h1,0,h20,h21), N = @0 Q(k) © A(Crs1,Chra). Then we have the three exact

sequences

) (3g+4C3q+3 D Kim—1(2)«[¥34+2]C39+130+3 ) ;

b e

0= Mc B MA2M— M —0, 0=NeZ2N2N-—-N, -0 and
0= Km-1(2)x = Em-1(2)+/(2,0°) = En-1(2)+/(2,v7°) — 0,

the direct sum of which yields the sequence (4.4). O

5 The Adams-Novikov E.-term for m.(LyT(m) A Ms)

We first show that all elements of the Adams-Novikov Ea-term for 7, (L2V;,(1)so) are permanent
cycles. Take an element z/v! € E9(LaViy(1)oo). Then z € EY(L2Vyy(1);). Thus, if z = y? /vt for
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some y € EY(LaV,,(1)4), then z is a permanent cycle. So it is sufficient to show that ds(x,) =
0 € E3(LaVin(1),,) for each n > 0. We consider the integer

2 nz0(3)
70 n=0(3)

so that Vi, (1)a,, +¢, 18 a ring spectrum by Corollary 2.7.
Lemma 5.1.  d3(z,) =0 € E3(LaV,,(1)a,) for n > 0.

Proof. For n = 0, it is shown in Lemma 3.7.

Suppose that ds(z,) = € € E3(L2Vyu(1)a,) for n > 0. Send this to E3(LaVp(1)a, ,), and we
see that & = d3(x,) = d3(z2_,) € E3(LaVin(1)a, ). Then, the map v;" " : E3(LaVin(1)a, ,) —
E3(LoyVim(1)ay_,1e,_,) assigns 0" '€ to 02" ¢ = da((vi" '2n_1)?), which is zero, since
V7" 21 € EY(LaVin(1)a,_y4e,_,) and Vi, (1)a, _,4e, , is a ring spectrum. It follows that
€ =" T for some ¢ € E3(LaVin(1)a,—a,_1+e,_,)- Note that this works even if n = 1,
though V;,(1) is not a ring spectrum. Consider the commutative diagram

Vin(1) Vin (1) * Vin(1)
v v v
Vie W —at1 —s V(D1 —— Vie(1)a —2 Vi (D a1

P
Va0 — s Vin(Da, ——— Vin(1)a —2— V(1)

(¢ = ap—1 — €p—1) in which rows and columns are cofiber sequences. Let (z) € m.(X) denote
a homotopy element detected by x € Ej(X). Noticing that x, € ES(LaViy(1)a, _,—c,_,) is
a permanent cycle, we see that j,,((z,)) = @{" " 1) and 5/ ((x,)) = (€), and so
pa((Of e VY = (¢7). Since (Cn) € u(LaVin(1)) by Theorem 1.4, we obtain (&) = 0,
and (x,) is in the image under the map i,,. It follows that there is a permanent cycle z, €
EY(L2V(1)a,), whose leading term is x,, such that i,,((z))) = (2,) € mu(L2Vin(D)a, -, )-
The lemma now follows by replacing x,, by /.. O

Received: February 2008. Revised: April 2008.
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ABSTRACT

We provide the extension of Dupire’s PDE, as the partial integro-differential equations
of market prices of call options with many maturities and strike prices for jump diffusion
model.

RESUMEN

Nosotros damos la extensién de Dupire PDE, como las ecuaciones parciales integro-
diferenciales de precios de mercado de opciones de llamada con muchos vencimientos y
golpe de precios para modelos de difusién con saltos.
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1 Introduction

Let (2, F, P) be a probability space. On the space (2, F, P) we set a standard Brownian motion
W = {Wi}iepo, 1) from Wy = 0 and a Poission random measure N (dtdx) on (0,7]x R with intensity
measure dtv(dx), where T € (0,00) and the measure v on R satisfies

/ (1+e**) A 2%v(dz) < cc. (1)
R

We consider a risk-neutral price process {7 }+¢cjo,7] of a risk asset satisfing

dsy = o(t,SY)SydWy + (r — 6)Sydt;
S = z€(0,00),

where r > 0 denotes the interest rate and § > 0 the dividend rate. The function o : [0,T]x (0, 00) —
[0,00) has the Lipschiz condition and is often called the volatility of the asset’s price. According
to the well-known discussion of option pricing model, if for each T, K € (0, 00) we have a unique
solusion u(t, z, T, K) to the parabolic equation and boundary condition

ou 1 2 2 0%u ou B '
5 + ia(t,:c) 5 + (r— 5)x% —ru=0, (t,z)€[0,T) x (0,00);
uw(t, 2, T,K)|t=r = (z — K)T, x € (0,00),

then a price of a call option with maturity T and strike price K is given by
u(t,r, T, K)|—o = e "T B[(S% — K)*].

Dupire[1] found that w(t,z,T, K) as a function of (T, K) satisfies the following dual equation to
the last parabolic equation:

ou 0%u ou
5 = 8K2_(T_5)K8—K_6u7 (T,K) € (t,00) x (0,00).

But his approach is not enough mathematically. There are some works justifing rigorously his idea,

1
5o(T. K)’K?

for example, Klebaner[4] etc. Klebaner[4] gives the last equation by the Meyer-Tanaka formula.
On the other hand, there are also works on option pricing model for jump-diffusion processes, for
example, geometric Lévy processes by Fujiwara and Miyahara[2]. Recently, Jourdain[3] provides
the extension of Dupire’s work for jump-diffusion processes by stochastic flow approch.

Now, we consider the following risk-neutral evolusion { X{ };¢[o, ] for the underlying risk asset’s

prices:
t ¢
Xy = a:—i—/ a(u,Xff)Xfdeu—l-(r—d)/ X du
0 0

+/ XZ_ (e — 1){N(dudz) — duv(dz)}, t€[0,T]
(0,t] xR
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where a(t, z) : [0,T] % (0,00) — [0, 00) satisfies the Lipschiz condition and has the second derivative
with respect to . Then {X[},cj0,7) has the extended diffusion operator(see Yoshida[5] p.408)

(Af)a) = galt,)af" () + (r — 6y (2)

+ [ Flee) = 1) = (€ = af @pd2).
R
For each maturity T and strike price K we denote
C(z,T,K) = ¢ "TE[(XF — K)] (2)

by a call option price with an asset price z. In particular, in the case a(-,-) = a the last definition
(2) is justified by Fujiwara and Miyahara[2]. If we moreover assume that a(-, -) belongs to the class

V=<f:10,T] x(0,00) = R| sup Z|x 7 (t,r)| < oo
(t,2)€[0,T]x(0,00) 1.

then Jourdain[3] provides the following equation of (7', K):

—g—g +ArC =0, (T,K) € (0,00) x (0,00),

where

(Arf)K) = sa(T, KK f"(K) - (r = 0K f/(K) ~ 61 (K)
+ [ L) = £0) (e = DES ) enide),
R

Here notice that the assumption a(-,-) € V satisfies the Lipschiz condition. In this note we provide
the same result of the above without a(-,-) € V by using not only stochastic flow approch but also

another one.

2 Main result

We fix z € (0,00) as follows. We have the following main theorem.

Theorem 2.1. C(x,T,K) as a function of (T, K) satisfies

—‘Z—g +ArC =0, (T,K) € (0,00) x (0, 00)

in weak sense; that is,
(o] o0 a
| [T cwrm{Gea a0 + arotr. ) farai o, v € (0,507,
where
/ / BT, K) A (T, K)dTdE = / / Agth(T, K)o(T, K)dTdK,
0 0 0 0

Vo,V € C3°((0,00)%).
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2.1 Lemmas

Lemma 2.1. It follows that
0<C(x, T,K) < e Tx, (T,K) € (0,00) x (0,00). (3)

For every () € C3((0, 00))
B = [ Ol TR)G IR, T € (0,50) (1)

holds.

Remark 2.1. It follows from (3) that C(x,T,K) as a function of (T, K) is locally integrable on
(0,00) x (0,00). Thus the right-hand side of (4) is well-defined.

proof: By (2) we have
0<e?C(2,T,K) < E[X%].

Moreover, since {ef(r";)tXt””}te[oyT} is a nonnegative local martingale with initial value x, the
right-hand side of the last inequality is

< e(rfé)TI'
Hence we get (3). Finally, we compute from (2) that the right-hand side of (4) is

— /OOO e "TE[(XE - K)T¢" (K)dK

= ¢TE UOOO(X% — K)""(K)dK
= e "TEp(X7)).

Hence we get (4).

Before we moreover introduce lemmas, for every ¢(-,-) € C5°((0, 00)) we set a family {®r}h0
of all functions

(I)h(Tv x) = %{E[QO(Tv XIzUrh)] - E[‘P(Tv X%)]}v (Tv K) € (Ov OO) X (07 OO)

Lemma 2.2.

3

oo 0o oo 9 ©
1 — rT
limp, o /O ®,(T, z)dT = /0 /O " C (. T, K) 5stees (T, K)dTdE.

proof: First, we set C(z,T,K) = ¢"TC(x,T, K). By using (4), we have

/°° @h(T’x)dT:/w {/OO C(x,T+hK)—Cx,T,K) % (T7K)dK} o
0 0 0

h 0K?
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where h > 0. Moreover we compute that the right-hand side of the last equality is

< | r°Cx,T+hK)—C(z,T,K) d*p
T,K)dT % dK
I i o1 )

o oo 1 32<p 32(,0

and so we have

> RO e 1 /0% 0%
/0 <I>h(T7x)dT—/0 /0 C(ZC,T,K)E <8K2(T_h’K)_8K2(T7K))deK'

Then, by using the dominated convergence theorem, ¢(-,-) € Cg°((0,00)%) and (3) imply that the
right-hand side of the last equality converges to

[e'e] oo 6390
—/O /0 Clo, T, K) 575 (T, K)dTdK

as h | 0. Hence we get the desired result.

We denote by the following operator depended on time ¢ € [0, c0) :
= . 1 2 " 9 2 /
(Af)@) = galt,2)af"(@) + {5 (alt;2)"a?) + (r = )z} f'(2)
62
{3’ + 0 -2) | 1@
+/ e** f(ze?) — (2¢* — 1) f(z) — (e* — Daf'(x)v(dz2).
R
Lemma 2.3.

oo 00 [e%s} N 2
limp o / &y (T, 2)dT = / / Tz, T, K) <AT%(T, K)> dTdK.
0 0 0

proof: First, we divide A. into two parts as follows:

(Af)@) = {a(-,xfx?f"(x)+<r—6>xf’<x>

N~

4 /|| f(ze?) - f(x) — 2af(x)(d2)
- / (€ —1— 2)af ()w(dz) - / f@) + (e 1)wf’(w)V(d2)}
|z]<1 |z]>1

4 /|Z|>1f(weZ)V(d2)
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Since ¢(-,-) € C5°((0,00)?) we can choose subintervals I; = [ay, 81] and I, = [ag, 82] of (0, 00)
such that supp ¢ C I1 x Is. We pick § > 0 and set I = {zlay <z < (146} and L= {z]|age ! <
z < fre}. We denote by || f ||y = supger|f(2)], where I' is a compact subset of (0, 00)? and
f € C(T) = {f is a real-valued continuous function on I'}. Then observe that A%p(T,-) belongs
to C2((0,00)), since ¢(-,-) € C3°((0,00)?) and a(T,-) has the second derivative, and

1 0%
|A%p(T, K)| < §Ha2 ||c(f1x12)H zaKg l I)lhxlz(T,K)
2
o) | K22 2, )111x12(T,K)
2
6 dp
2 2
K + K 1, ~(T.K
[ LG KGR (0K
b et |KGE N en(TE)
||<1 C(lelg)
EEIE ||c<,1xlz)1m (T, K)
+/||>1|e5—1|u< 2 | K22 2 s (T )
z|> 2

L, o, 2 0%
{§| a ||c(f1xlz)H K 0K? HC(11><12)

+(|r_5|+/ eZ—l—zu<dZ>+/ le* = 1] <dz))||K ||
|z|<1 [z|>1

IN

C(Il XIQ)

0%p dp
K>~ y K—XZ >1
+/|Zl<1z v K2 g + Kol el 2 >|w|c<hxm}

X 1[1><f2(T7 K)
= (Cpx 111Xf2(T’K)’ Yu € fl,

where C; < oo holds since ¢(-,-) € C5°((0,00)?), (1), and a(-, -) is continuous. Moreover, it is easy

/ o (T, Ke*)v(dz)

where C5 is a positive constant not depending on 7" and K. Therefore the inequality of the

that we have

< Colp (T),

observation and the last inequality imply
|[Aup(T,K)| < (Cy+ Co)1,(T), Yue€ L.

Here, fix T and by using Appendix 3.2 it follows from (-, -) € C°((0, 00)*) that

T+h
() = ¢ [ Pl )X

1

T+h
- L / ElAup(T, X2)]du,
h’ T
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for all 0 < h < 4. Then the last two inequality and equality imply

limp 0®x(T,2) = E[Are(T, X7);
|(I>h(T, I)| < (Cl + 02)111 (T), 0 <Vh <.

According to the dominated convergence theorem, the last two results imply
limy, 0 / By (T, 2)dT = / E[Aro(T, X2)|dT. (5)
0 0

On the other hand, by using (4) we have from the above observation

oo 2
e TEAYAT X)) = [ O TR 5 (A (T ) (KK
0
Moreover we have
TE[[ eT Xpewld) = [ e BT Xfe ()
|z[=1 |z1>1

N /||>1/00 O, T, K)%(w(T, Ke*))dKv(dz)

oo 2
— / Oz, T, K) / ¢ 0 (T, Ke*)u(dz)dK,
0 2>1 0K

where the second line of the last equality holds by (4). Therefore the last two equalities imply

e " TE[Arp(T, X%)] / C(x,T,K) 8‘9 (A%p(T, K))

8?
+/||>162 8;; (T, Ke*)v(dz) VK,

and so by computing the right-hand side of the last equality we have

2

e "M E[Arp(T, X7)] = /OOO C(z, T, K)(Ar 0y (T K))dK.

0K?

Hence (5) and the last equality imply the desired result.

2.2 Proof of Theorem 2.1

First, pick any (T, K) € Cg°((0,00)%). According to Lemma 2.2 and 2.3, for all o(T,K) €

C5°((0,00)°) such that "™ g;ﬁ =1, we have

/OO/OOGTTC(:Z? T,K) ﬂ(T K)+ A 82—%”(T K)$dTdK =0
0 0 sy Ly 6T(’“)K2 ’ T6K2 ’ — Y
and so

/OOO /OOO C(z,T,K) {g—;ﬁ(T, K) + Apy(T, K)} dTdK =0
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holds. On the other hand, we can compute the integral by parts

/ b / Oow(z: K)Aro(T, K)dTdK = / h / b Ar (T, K)p(T, K)dTdK,
0 0 0 0
Yo, Vih € C5°((0,00)7).

Hence the last two equalities imply the desired conclusion.

3 Appendix

Appendix 3.1. Let X C R4, where d is a positive integer, be a domain and C*(X), where
k=0,1,2,---,00, be a class of all real-valued functions on X which have continuous partial
derivatives of order < k if k < oo; of order < o< if k = co. Let C¥(X) be a class of all functions
which belong to CF(X) and compact supports.

Appendix 3.2. (Dynkin’s formula)
For every f € C3((0,0)),
B = 10+ B | (A0, (t.2) € 0.00) x (0.0

holds.
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ABSTRACT

In this paper, we study the two-sector CES economy with sector-specific externality
(feedback effects). We characterize the equilibrium paths in the case that allows neg-
ative externality, and show how the degree of externality may generate equilibrium
cycles around the steady state.

RESUMEN

En este artculo estudiamos economia de dos-sector CES con externalidad de sector-
especifico (efecto de retroalimentacin). Nosotros caracterizamos la trajectoria de equi-

TThis paper has been written while Alain Venditti was visiting the Institute of Economic Research of Kyoto
University. He thanks Professor Kazuo Nishimura and all the staff of the Institute for their kind invitation.
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librio en el caso que permite externalidad negativa, e demonstramos como el grado de
externalidad puede generar ciclos de equilibrio alrededor del estado regular.

Key words and phrases: Difference equations, monlinear dynamics, bifurcation, two-periodic

cycle, multiple equilibria.

Math. Subj. Class.: 37G10, 39A11, 91B50, 91B62, 91B6/, 91BG66.

1 Introduction

The aim of this paper is to show the existence of equilibrium cycles around the steady state in the
two-sector model with CES production function and sector specific externality.! A representative
agent has concrete expectations on the level of externality and make a decision assuming that the
externality is not affected by his own choice of decision variables. However, externalities come from
the average values of capital and labor on the market. Therefore, if a representative agent chooses
values of decision variables, externalities also vary as everybody also takes the same decision.

Over the last decade, an important literature has focused on the existence of locally inde-
terminate equilibria in dynamic general equilibrium economies with technological external effects.
Local indeterminacy means that there exists a continuum of equilibria starting from the same
initial condition, all of which converging to the same steady state. It is now well-known that local
indeterminacy is a sufficient condition for the existence of endogenous fluctuations generated by
purely extrinsic belief shocks which do not affect the fundamentals, i.e. the preferences and tech-
nologies.? Indeed, in presence of local indeterminacy, by randomizing beliefs over the continuum
of equilibrium paths, one may construct equilibria defined with respect to shocks on expectations,
and thus provide an alternative to technology or taste shocks to get propagation mechanisms and

to explain macroeconomic volatility.

Benhabib and Nishimura [3, 4] proved that indeterminacy may arise in a continuous time
economy in which the production functions from the social perspective have constant return to
scale. Benhabib, Nishimura and Venditti [5] studied the two-sector model with sector specific
external effects in discrete time framework. They provided conditions in which indeterminacy may
occur even if the production function is decreasing return to scale from the social perspective.
Nishimura and Venditti [7] study the interplay between the elasticity of capital-labor substitution
and the rate of depreciation of capital, and its influence on the local behavior of equilibrium paths
in a neighborhood of the steady state. However, in all these contributions, the existence of local
bifurcations as the degree of externalities is modified is not discussed.

In this paper, we study the model in Nishimura and Venditti [7], focusing on the external
effect of capital-labor ratio in the pure capital good sector and characterize the equilibrium paths

IExternal effects are feedbacks from the other agents in the economy who also face identical maximizing problems.
See Benhabib and Farmer [2] for a survey.
2See Cass and Shell [6].
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in the case that allows negative externality, which was not discussed in their paper. We will focus
on the existence of flip bifurcation, i.e. of period-two equilibrium cycles, through the existence of
local indeterminacy.

In Section 2 we describe the model. We discuss the existence of a steady state and give the
local characterization of the equilibrium paths around the steady state in Section 3. Section 4
contains some concluding comments.

2 The model

We consider a two-sector model with an infinitely-lived representative agent. We assume that its
single period linear utility function is given by

u(er) = ¢

We assume that the consumption good, ¢, and capital good are produced with a Constant Elasticity
of Substitution (CES) production functions.

1

o= KL sy (1)
_a
— — P

v = B + oLyl +e| 2)
where p., p, > —1 and e; represents the time-dependent externality (feedback effects) in the
capital good sector. Let the elasticity of capital-labor substitution in each sector be o, = ﬁ >0

and oy = ﬁ > 0. We assume that the externalities are as follows:

Y

e=bK, —bL,[", (3)

where b > 0, and I_(y and f/y represents the economy-wide average values. The representative agent
takes these economy-wide average values as given.

_1
Definition 1 We call y = {ﬁle_py + ByLy vy e} " the production function from the private

_a
perspective, and y = [(61 +0) K, " + (8, — D) L;py] " the production function from the social

perspective.

In the rest of the paper we will assume that oy + g = 8 + 85 = 1 so that the consumption
good sector does not have externalities. Notice then that denoting Bl =, +band @2 = f5—0b, we
get also Bl + @2 = 1. The investment good sector has externalities but the technology is linearly
homogeneous, i.e. has constant returns, from the social perspective.
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Remark 1 Notice that the externality (3) may be expressed as follows

<§9'”_4. 0

Now consider the production function from the social perspective as given in Definition 1. Dividing
both sides by L,, we get denoting k, = K, /L, and § = y/L,

e = bji;py

1

g= B +0k," + (B —b)] 7 (5)
From equations (4) and (5) we derive that the externality is given in terms of the capital-labor

ratio in the investment good sector.

The aggregate capital is divided between sectors,
ki = Kot + Ky,
and the labor endowment is normalized to one and divided between sectors,
Let+ Ly = 1.

The capital accumulation equation is

kt+1 = UYt,

as the capital depreciates completely in one period. To simplify we assume that both technologies
are characterized by the same properties of substitution, i.e. p, = p, = p.

The consumer optimization problem will be given by

D=

max Z(St (o1 K"+ asL’]
=0

_1
st oy = [B1K," + 8oL, +e] *

1= Lct + Lyt (6)
ki =Ko+ Ky
Yt = kt+1

ko, {et}fio given

where ¢ € (0, 1) is the discount factor. p:, r+, and w; respectively denote the price of capital goods,
the rental rate of the capital goods and the wage rate of labor at time ¢ > 03. For any sequences
{e} 2 o of external effects that the representative agent considers given, the Lagrangian at time

3We normalize the price of consumption goods to one.



CU(BO) Equilibrium Cycles in a Two-Sector Economy ... 69
10, 3 (2008

t > 0 is defined as follows:

_1 _ _ _1
Ly = [aK " +asLl ] * +p [[ﬁlef + 8oLyl +e] T — ki .
7
+ 1y (ke — Kot — Kyt) +we (1 — Lo — Lyt
Then the first order conditions derived from the Lagrangian are as follows:
8£t o Ct .
oK. =aq <Kct>—rt—0, (8)
8£t . Ct o
—aLct = (g (L—ct) — Wy = 07 (9)
0Ly Yt
= 2 ) —r,=0 10
0K, Pt (Kyt Tt ) (10)
0Ly Yt
= 2 ) —w; =0. 11
o =i ()~ wy (1)

From the above first order conditions, we derive the following equation,

(061/042> _ (Kct/Lct>1+p (12)
61/62 Kyt/Lyt .

If oy /e > (<) 81/ 04, the consumption (capital) good sector is capital intensive from the private

perspective.

For any value of (k, v:), solving the first order conditions with respect to Ke, Kyi, Let, Lyt
gives these inputs as functions of capital stock at time ¢ and ¢ + 1, and external effect, namely:

Ko = Ke(ke, ys,er), Lo = Le (e, ys,et),

Kyt = Ky (kta Yt, et) P Lyt = Ly (kt, Yt, et) .

For any given sequence {et}fi o» we define the efficient production frontier as follows:

D=

T* (kta ktJrlv et) = O[ch (kta Yt, et)ip + aQLC (ktv Yt, et)ip:|

Using the envelope theorem we derive the equilibrium prices,*
Ty (ks key1ser) = —pi, (13)
Ty (kes keyrser) =7 (14)

9Ly _ 0T oLy

4See Takayama for the envelope theorem, pp160-165. Using the envelope theorem, we get = ok

aT i .
BhiT This is equivalent to (13) and (14).
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Next we solve the intertemporal problem (6). In this model, lifetime utility function becomes

U= Z&tT* (ke, key1,eq) .
t=0

From the first order conditions with respect to k;11, we obtain the FEuler equation
T (i, kivrse) + 0T (ke1, kg, eev1) = 0. (15)
The solution of equation (15) also has to satisfy the following transversality condition

lim 8"k Ty (i, ke, eq) = 0. (16)

t——+oo

We denote the solution of this problem {k;}$°,. This path depends on the choice of sequence
{e1},2 - If the sequence {es},-, satisfies

et = be (kt, Yt et)ip - bLy (kh Yt, et)ip ) (17)

then {/Aft},?io is called an equilibrium path. Along an equilibrium path, the expectations of the
. o . o0 .
representative agent on the externalities {e;},”, are realized.

Definition 2 {k:}$2, is an equilibrium path if {k:}$2, satisfies (15), (16) and (17).

Solving the equation (17) for e;, we derive e; that is given as a function of (k;, k¢+1), namely
er = € (k¢, ket1). Let us substitute é (kq, ki+1) into equations (13) and (14) and define the equilib-
rium prices as

pe = pe (ke kegr)
Tt = T¢ (kt, kt+1) .

Then the Euler equation (15) evaluated at {k:}$2,, is
=p (ke, k1) + 07 (Kigr, kig2) = 0. (18)
We have the following lemma.

Lemma 1 The partial derivatives of T (ki, ki11,e¢) with respect to ki and ki1 are given by

e (e’ =
a1 + as (_zigj) ° 71;:—117 _—(g;fg)

. 1+p
Ty (iykegr, @ (ki k) = Do fepeliohe) (L)

1 [

Ty (ki, kg, € (ke kip1)) = o

where

1+p 1+p
ki—K Lyt (Kye,k
9= gl ko) = (K e 0.0] | 25 = (rrbititem)  (Bettes) ™)
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and

|=

k0 — bYK P “r
Lyt (Kyt, key1) = (%) _

3 Steady state

Definition 3 A steady state is defined by ki = ki1 = y¢ = k* and is given by the solution of
Ty (k*, k*,e*) + 0Ty (k*, k*,e*) = 0 with e* = é (k*, k*).

In the rest of the paper we assume the following restriction on parameters’ values that guar-
antees all the steady state values are positive.

Assumption 1 The parameters 6, 3, b and p satisfy

(551)% < fy+b.
We obtain the steady state value.

Proposition 1 In this model, there exists a unique stationary capital stock k* such that:

B 1 P
v = {1 (2) ™ @) [1- o]} [regmrE]” (19

To study local behavior of the equilibrium path around the steady state k£*, we linearize the
Euler equation (15) at the steady state k* and obtain the following characteristic equation

5T12)\2 =+ [5T11 =+ TQQ] A+ 15 = 0,

or

T | Tao 5
5A2+{6—+—]/\+—_0. 20
T2 Tio T2 (20)

As shown in Nishimura and Venditti [7], the expressions of the characteristic roots are as follows:

Proposition 2 The characteristic roots of Equation (20) are

)\1 - 1 1 (2]‘)
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The roots of the characteristic equation determine the local behavior of the equilibrium paths.
The sign of \; is determined by factor intensity differences from the private perspective.®

We now characterize the equilibrium paths in this model. In particular we can show that
the local behavior of equilibrium path around the steady state changes according to the degree of
external effect in the capital good sector.

Definition 4 A steady state k* is called locally indeterminate if there exists € such that for any
ko € (k* —e,k* +¢), there are infinitely many equilibrium paths converging to the steady state.

As there is one pre-determined variable, the capital stock, local indeterminacy occurs if the
stable manifold has two dimension, i.e. if the two characteristic roots are within the unit circle. We
will also present conditions for local determinacy (for saddle-point stability) in which there exists
a unique equilibrium path. Such a configuration occurs if the stable manifold has one dimension,
i.e. if one root is outside the unit circle while the other is inside.

When the investment good is capital intensive, local indeterminacy and flip bifurcation cannot

occur.

Proposition 3 Suppose that the capital good sector is capital intensive from the private perspec-
tive, i.e. asfy > a185. Then the characteristic roots A1 and A2(b) are positive with A\ > 1.

Next we present our results assuming that the capital good is labor intensive from the private
perspective, i.e. asf; —a18y < 0. Equilibrium period-two cycles may occur in this case through
a flip bifurcation. We will also get local indeterminacy of equilibria. By rewriting equation (21),
the characteristic roots are

Moo= _(5ﬁ2)ﬁ {(z_)—_(g_)—} (22)
: b

(68,) T [ﬁ%f (z—;)l_p - %Jlr (ﬁ_;)l_”}

Ao(b) = —

To get A1 € (—1,0), we need however to suppose a slightly stronger condition than simply ensuring
the capital good sector to be labor intensive from the private perspective. The capital intensity
difference a1 85 — 23, needs to be large enough and the discount factor has to be close enough to
1.

1

Proposition 4 Assume that (04162)?19 - (agﬁl)ﬁ > agy"” and 0 € (d3,1) with

—1—p

63 = By [(B1/82) 7 — (aafaz) 7| " <1,

S5If az31 — a185 > 0, the capital good sector is capital intensive from the private perspective.
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Then there exist b(5) > 0 and b(8) > b(8) such that the steady state is saddle point for b € (0,b(9)),
undergoes a flip bifurcation when b =b(3), becomes locally indeterminate for b € (b(8),b(6)) and
is again saddle-point stable for (b(8),+oc). Generically, there exist period-two cycles in a left
(right) neighborhood of b(8) that are locally indeterminate (saddle-point stable).

Next we still assume that the capital good is labor intensive from the private perspective with
asf3; — a1y < 0, but make A; an unstable root, i.e. Ay < —1. As a result local indeterminacy
cannot occur but period-two cycles may still exist through a flip bifurcation. Two cases need to

1

be considered: (a10,) ™7 — (261) ™7 > 0377 and 8 € (0,83), as well as (a10,) ™7 — (0261) 77 <
1

a,”. The following result is proved along the same lines as Proposition 4.

Proposition 5 Suppose that the capital goods sector is labor intensive from the private perspective
and let

1t+p

0y = 52% [(ﬁl/ﬁz)ﬁp - (al/a2)ﬁp ’
Assume also that one of the following sets of conditions hold:
i) (18,) ™7 — (a2f) ™ > af and 6 € (0,07 with 6* = min{dy, 61},
ii) (18) 77 — (020,)™7 < a3??, p> 0 and § € (0,64),

Then there exist b(6) > 0 and b(§) > b(8) such that the steady state is totally unstable for
b € (0,b(0)), undergoes a flip bifurcation when b = b(d), becomes saddle-point stable for b €
(b(5) ,b(8)) and is again totally unstable for (b(5),+00). Generically, there exist period-two cy-
cles in a left (right) neighborhood of b(0) that are locally saddle-point stable (unstable).

Remark 2 Consider the production function from the social perspective as given in Definition 1
and recall from (5) that we can write it as follows

1

5= (B + 0k + (B -b)] (23)

According to b Z f3,, the following inequality holds: for any n > 1,

oI=
oI=

(B +0) (k)" + (B =0)] " 2 [(By+ ) (aky) 00 (B )]

= (B +b)k,?+ (By—b)]”

D=

If b is larger than f3,, the function § exhibits increasing returns while if b is smaller than 3, the
function gy exhibits decreasing returns.

As we consider in Proposition 5 values of § close to zero, the role of b on the local stability
properties of the steady state is multiple. Indeed, starting from a low amount of externalities,
an increase of b contributes to saddle-point stability and the existence of cycles through a flip
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bifurcation. But then if b is increased too much, total instability occurs since the returns to scale

becomes increasing as shown in the previous Remark.

4 Concluding remarks

In this paper we have characterized the local dynamics of equilibrium paths depending on the size
of external effects b. We have shown that when the consumption good is capital intensive, the
effect of b on the local dynamics of equilibrium path depends on the value of the discount factor.
If the discount factor is close enough to one and the capital intensity difference is large enough,
local indeterminacy occurs for intermediary values of b while saddle-point stability is obtained
when b is low enough or large enough. On the contrary, if the discount factor is low enough, local
indeterminacy cannot occur. But the existence of equilibrium cycles and saddle-point stability
require intermediary values of b while total instability is obtained when b is low enough or large

enough.

5 Appendix

5.1 Proof of Lemma 1

We shall derive the first partial derivatives of T (k, kt11, ;) along an equilibrium path. The first
order conditions derived from the Lagrangian are as below:

a ( “ ) — 7 =0, (AL.1)

Ket
Qs <£;) —wy =0, (A1.2)
e (Ky—;) —r =0, (A1.3)
pis (Ly—;) —w, = 0. (A1.4)
In the equilibrium the equation (2) is rewritten as
Ly = <ytp — (ﬁiljbb) KWP) K . (AL5)

From the first order conditions (A1.1)-(A1.4),

a1, _ (Kct)1+p (ﬁ)lﬂ
QZﬁl Lct Kyt '
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Substituting K¢ = k¢ — Ky, Lys =1 — L¢; into the equation,

i (K} (L) o
a3 1—Ly Ky,

By solving equations (A1.5) and (A1.6) with respect to K,; and substituting v, = ki+1, we have
K, = g(ki, ki+1). From the equation (Al.1),

1+p
Kct e
T = [al—i—ag(Lct)} .

Using the equation (A1.6) we have

1+p
1+p -

06152)T <g(kt7kt+1))p ’

a1 + P

! ? (04251 Lct

And then from (A1.5) r; can be rewritten as the following equation by substituting (

()"

glki kep) \P _
Lyt

ﬁz_b Bz_b ’
2 i
14p gkt kiq1) ’
) (=) @ir
rn=a |ag+a — Al.7
B 2(a261 Bo—b  By—b (LD
Moreover from the equation (A1.3), we have
1+p
re (g (ke kt+1)>
pp=— | ——m= . A18
' By ( Yt ( )
Therefore we get T7 and T5 from the envelope theorem which gives
Th=r, To=-p.
|

5.2 Proof of Proposition 1

By definition k* satisfies T (k*, k*, e*) + 0Ty (k*, k*,e*) = 0 with e* = é (k*,k*). In the steady
state, g* = g (k*, k™) and y* = k*. Using Lemma 1, the Euler equation is

£\ 1+p

r (g

—— (L) +ér=0.
By (y*)

P
6Substitute the equation (A1.5) into (Lit) .
Yy
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Thus

)

g* = (08,)T7 k*. (A2.1)

As y* = k* at the steady state, the equation (A1.5) becomes,

L= (B +0) (08)7
Ly =k* . A22
Using K = k* — K and L = 1 — L,
. &\
By —0
K* =k (1 - (551)1%)) . (A2.4)
Then equation (A1.6) can be rewritten as follows;
(K§>1+p(L_Z)l+p_a162 (A25)
L g sy

Substituting these input demand functions into the above equation and solving with respect to k*,

we can get

1
P

1+ (0‘1_52> 57 (1 - (%ﬁﬁ)] [1 — (81 1) (58

k* =
a3y By —b

Then k* is well defined if and only if

5.3 Proof of Proposition 2

We give some lemmas in order to derive the characteristic roots.

Lemma 2 At the steady state the following holds

_1+p
g1 = AKca

1+p
Ly

g A+p) L+ +p) | yt=r
2 A 52_1)5
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where

L\ B, + bgflfp
Lc 62 -b .

Proof. From equation (A2.5) we get

itp LN —1—p
10, — gl TP (y_p — (B4 +b)g_p>7 _ (y_p — (B4 —i—b)g_P);
ap, 0T Py : By =0 -

Totally differentiating this equation, we have the following relationship,

y=r — (B + b)g_p)_l By+b i,

[(1+p)g_l+(1+P)(k_9)_1+(1+p)( By —b By = b

raepfie (L +b>w)*}” (=Gt t) ™ Sty

By —b By —b By —b
- _ — -1 _1-p
_ ko) dk y = (Bi+b)g P) v
(1+p) (k- ) +<1+,o>< e ol
1y 1 14p
(y "= (B +b)9p)_P (y”—(51+b)9”)_” y P
“1“’){1 (5 } By~ 5"
(A3.1.1)
Notice from equation (A1.5)
Ly ="? p_éflfbb)g - (A3.1.2)
and (A2.5)
0\ _K: g7\
() ()

Then substituting these equations and dy; = dk:41 into (A3.1.1) gives

1+p

C

1+p 1+ L\ Bitb oo
Tp+ Kp+<(1+p)L{;+(1+p)y— LRSI

RHS =

Li+p 1—p
dky + | (14 p) Ly + (14 p) —— dkiy1,

LHS =

c

where we denote

1+p 1+4p L7\ By+b i
A=—F 1+p) L0+ (1 D P
g % +<( +p) LY+ (1+p) L) B,—b ;
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and we derive

14+p p Ller ylip
Adg = 7. dky + (1—|—p)Ly+(1—|—p) ﬁz—bdkt“
Therefore "
14p (A+p) LY+ +p) -] e
dg = dk ‘ ' dk
9= Ak, A 3, —p
|
Lemma 3 At the steady state the following holds
K. L,
= 12y
g1y = (9 — gz@/)g( I. K )
with g, K., Ly, L. respectively given by equations (A2.1) — (A2.4).
Proof. From equation (A1.5) we get
—p  Bitb 1 y "o
L’ K;* = .
(574 S g) o =
Substituting this equation into go,
1
[(L+p) LG + (1 p) S (Ly P + G2 K0)y
g2 = A
Using the expression of A we derive
_  +pLy, (+p g
PY=IT TN L. A K,
Then,
(1+p) Ly K.
— = 1—-—— A3.2.1
9= 924 =79 ) ( )
1+p
= . A3.2.2
N ( )
From equations (A3.2.1) and (A3.2.2), we finally get
-1
—(a—an Y (1~ KLy
91y = (9 — 929) p ( I. Ky)
|

W) () L)
Vlg(k*, k*) g )
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Vo W, k%) g [B(Ba=b KLy . (i)’g_@ﬂ
Via (k*7 k*) Bry Ba L. g +(62 ) L, Yy ’

Vaor (K%, k*) _ Vao (K*, k*) Viu (k*, k)
Vig (k*, k*)  Vig (k*, k*) Vig (k*, k*)’
where g, K¢, Ly, L. are given by equations (A2.1) — (A2.4), respectively.

Proof. Let V (k¢, kiy1) denote T (ki, kiy1,é (key, kiy1)) for i =1, 2. By definition,

* o 8T1 . 87’

Viy = ok, Ok,

Vv - 6T1 - or
2T Ok Okt
* - 8T2 - 8p

‘/21 - a—kt - aktv
. 0T dp

V‘22 = =

Okir Ok

Computing the these equations, we have

P
. or —2 142y a1\ g\’ 1
Vllza—]%:—(l—i—p)all”?"”ﬂ 62_b<a25j v) g

ar 1 0y al@)lin (g) (gzy—g)
V= = — (14 p)a; P ( g ,
2 Okyya L+p)e By —b \ a2 Yy vy
9 10 1+4+p 1+p
o _ 1 0or (g) +(1+p)L(g> uy
Ok, By Ok \y B1 \y g
op _ 1 or (3)1+p+(1+p)L (g)”p (gzy—g)
Okip1 By Ok \y b1 \y vy

From equation (A1.7),
r\ T 18\ [ g \”
- g — 1F2 g -~
()7 [ (57 (1) ]

Substituting the above equation into Vi, and using (A3.1.2) and (A3.1.3) we obtain
9\’ n 04132 azf \ Kz Ly - y \” -
Vii=—QQ+p)r|=] = <+ = ,
H (+o) <3/> g | o <a152> L g e <Lu)

4 =215 <°‘251> Kely g, <i)p.
9 a1y ) LE g* L,

where
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We can calculate V5, V75, and V5 as we did previously,
1+p P
* " (9 g1 9 —1
a=-uen () 5b- ) o]
a=-0ragly) v

P _
v1*2=—<1+p>r(§) (M)A

yg
1+p P
« r (g g2y — g g 1
=g (2) (550 - () 4
. )ﬁl y yg y
Then we get
Vi _ 9y
Vis,  Gay—g’

Vs g { (g)”}
2 _ 74 g (< ,
Vi b1y Y

We shall now prove Proposition 2. From Lemma 4 the characteristic polynomial may be

Vi Ve
GO\ = [ A+ ) [or+22).
) (W)( TV

Then the characteristic roots are

rewritten as

\%¢ Vi
M=t =22 (A3.3.1)
Via %
We can calculate “;1:1 and “;22 by substituting the following relationship
12 12

(1+p) L, K,
— — 1— Z¥2¢
97929 = "xg, 9 L. g )

and we obtain the first root by substituting all the above equations into the expressions given in
Lemma 4

Alz_ 1 1

o ()"~ ()]
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Moreover we can rewrite A by using these equations,

A =B, (a2m>w (0B — .

(0%)) 04152

From Lemma 4, we finally have the second characteristic root,

(552)1%’3 {ﬁé—f (Z_;)Tl” _ ﬁi;lrb (ﬁ_;)ﬁ]
5 .

Ay = —

5.4 Proof of Proposition 3

Notice from (21) that A; > 0. Denoting”
1 a1 1 q-l-p
61= 6" [(81/82) 5 — (aufa) 7] > 1

then we obtain A\ = (61/6)ﬁ > 1 for 0 < § < 1. Since (8; +b)/B; > 1 and (8, —b)/B5 < 1,
A2(b) is always positive. [

5.5 Proof of Proposition 4

_1
If (01 By) T — (aiafBy) 77 > ad*? and § € (83, 1), then —1 < Ay < 0. The size of A (b) is determined
in the following way. Notice that A2(b) is increasing in b. For b = 0, A (0) = 1/6A\1 < —1 by the
above hypothesis and for b = 5, A2 (8,) = (38,) % .

(i) If =1 < p < 0, A2 (B,) < 1. Therefore there exist b(8) € (0, 35) and b(5) > 35 such that
A2 < —1forbe (0,b(5), =1 <Az <1foranybe (b(5),b(0)) and A > 1 for any b > b (6).

(ii) If p = 0, A2 (B,) = 1. Therefore Ay (b) < —1 for b € (0,8, —2a2), —1 < A2 (b) < 1 for
b e (B, — 202, 85) and A (b) > 1 for b > G,.

(iii) If p > 0, A2 (B5) > 1. Therefore there exist b (§) and b (d) in (0, B5) such that A (b) < —1
for b€ (0,b(6)), —1 < Az2(b) <1forbe (b(5),b(5)), and Az (b) > 1 for b > b(d).

In each of these three cases, when b = b(6), A2(b) = —1 and Ny (b)[p—p(s) > 0. It follows that
b = b(9) is a flip bifurcation value. The result follows from the flip bifurcation Theorem (see Ruelle
[8])- u

Received: April 2008. Revised: May 2008.

_1 1 q=1=p
"Note that §1 = as [(a251)1+/) — (a18y) 1+p > (&(21—%1) = 6_11 > 1.
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ABSTRACT

We use some special convergent Hadamard gap series to provide examples of complete
minimal surfaces of many different conformal types between two parallel planes in three
dimensional Euclidean space.

RESUMEN

Nosotros usamos algunas series convergentes especiales de Hadamard para dar ejemplo
de superficies minimas completas de varios diferentes tipos conforme entre dos planos
paralelos en espacios euclideanos de dimension tres.
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1 Introduction

In [7] F. Xavier and L. P. M.Jorge established the existence of complete non-planar minimal surfaces
between two parallel planes in R3. Their technique consisted of an artful use of Runge’s Theorem
to prove the existence of holomorphic functions on the unit disc D with the right properties they
needed. Later their method was adapted by others to produce new surfaces as above with new
features, like having cylindrical type as in [6] or being non-orientable as in [3].

Another way for rendering complete minimal surfaces between two parallel planes in R3 was
developed in [1]. This method consisted mainly in proving the existence of bounded holomorphic

functions h in D, given by lacunary power series, and such that / |h'(2)|?|dz| = oo for all divergent
8!
paths v in the unit disc.

In this paper we intend to show the flexibility of the second method by producing examples
of complete minimal surfaces between two parallel planes in R? of the following conformal types:

1. A disc with finitely many points removed.
2. Any annulus, 0 < r < |z| < R.
3. Any annulus as above with finitely many points removed.

This work is organized as follows: In §2 we give some definitions and prove the lemmas that
will be needed in the other sections. In the three remaining sections we describe the examples of
the types above.

Remark 1.1 This work was written about fourteen years ago and circulated as a preprint for some
time. Meanwhile N.Nadirashvili proved in [4] the existence of bounded complete minimal surfaces
in R3.

2 Some definitions and lemmas

Lacunary power series were defined in [1] with the restriction that they would have radius of
convergence 1. This is just a mild technical point. Here we use any positive real number R as
radius of convergence and make the necessary changes for having an analogue of Theorem 2 of [1].

o0

Definition 2.1 A convergent power series Z arz™ is lacunary if there exists a real number ¢ > 1

k=0
such that *+1 >qforallk=0,1,....
o0
Lemma 2.2 Let h(z) = Z apz™ be a lacunary power series of radius of convergence R > 0, and
k=0

suppose that the following three conditions hold:
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o0
a) Z |ag|R™ converges.
k=0

. . M1 N
b) lim R™|ay|mind ——= , —2 % = 0.
k—o0 Nk Nek—1

c) ZRQ"k|ak|2nk diverges.
k=0
Then h is bounded in D = {z € C;|z| < R}, and for all divergent paths v in Dg, one has

that /|h’(z)|2|dz| ~ 0.
Y

Proof. The change of variable z = Rw together with (a) show that h is bounded. The same
change of variable and Theorem 2 of [1] finish the proof. |

Lemma 2.3 If h satisfies the conditions of the above lemma in Dg, H(z) = h(z~1) is a bounded
holomorphic function in Ag = {z € C;|z| > R™'}, and for all divergent paths y in Ag tending to

a point of |z| = R~! one has that / |H (2)?|dz| = oo.
g

Proof. The change of variable z = w™! and Lemma 2.2 prove this assertion. [

Now, given r,R € R, 0 < r < R, let Qg be the annulus r < |z| < R.

oo o0
Lemma 2.4 Suppose that hi(z) = Zakznk and ha(z) = Zbkzm’“ are lacunary power series
k=0 k=0

that satisfy the conditions of Lemma 2.2, and have radii of convergence R and r—' respectively,

with 0 < r < R. Suppose further that hy(z) and hy(z~') do not vanish in |z| = r and |z = R

respectively. Then, for all divergent paths v in Qg one has that / by (2)2|(ha(z~ 1)) ||d2| = oc.
8!

Proof. A divergent path in Q. either approach |z| = r or |z| = R. Suppose that v is a divergent

path that approaches |z| = r. Since hll is holomorphic in a neighborhood of that circle and does

not vanish at any point of it, it follows that there is a perhaps smaller neighborhood U of |z| = r

having compact closure U, and such that infU{|h/1(z)|2} = A > 0. Consequently, if 4 denotes the
zeyN

portion of 7 inside U one has that
/ 11 (2) Pl (R (=) Pldz| = 4° / |(ha(="1)) [Pldz] = 00
v ¥
by Lemma2.3. The rest of the proof follows in a similar way. ]

In the next sections we will use mainly the Weierstrass representation for minimal surfaces in
R3 (see [5]) and the three lemmas above.
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3 Minimal immersions of a disc with finitely many points

removed
Let Q = D — {a1,a2,...,a,}, where Dg is the open disc of radius R centered at the origin and
a1,a9,. . . ,a, are distinct points of Dg.

Theorem 3.1 There exist complete minimal immersions M of Q between two parallel planes of
R3. Furthermore the ends of M corresponding to the points ai,as,...,a, are all planar and have

index one.

Proof. To avoid notational inconveniences we will prove separately the casesn =1and n > 1. In
the first case we take Q = Dg — {a}, for some a € Dg. Using the Weierstrass representation, set

f(z) = (2 —a)™% and g(2) = (z — a)*I'(2)

where h is any function as in Lemma 2.2. Clearly the data above defines a minimal immersion M
of Q in R3. Moreover, M is also complete for the metric is given by

Az)ldz| = ${]z — a| 7> + |z — a*|W/ (2)[*}]dz,

and because z3(z) = Re(h(z)), it follows from the properties of h that the third coordinate of M
is bounded.

The end corresponding to a is of course planar because fg is holomorphic at that point and
have index one because f has a pole of order two at a and fg? vanishes at that same point. For
information on the behavior of ends of complete minimal surfaces see [2]. |

Now we consider the case n > 1. In the Weierstrass representation for M set

F&) = F) expd S AR () | and () = K(F(2)

where h is a function as in Lemma 1.1, F(z) = H (z — a;)? the functions F} satisfy (z—aj)QFJ/- () =
j=1
F(z), and the A; are constants to be chosen so that

/ f(2)dz = 0 for all closed curves o in €.

Since fg and fg? have holomorphic extensions to all of |z| < R, it follows that this will be
enough to exclude the possibility of real periods appearing in the Weierstrass representation of
M. An easy computation shows that the choice A4; = F;/ (aj)(F; (aj))72,j = 1,...,n solves the
problem.
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Observe that the metric A(z)|dz| on M is given by

2X(2)ldz| = {|F ()|~ + [F(2)||0'(2) "} |dz],

exp {Xn: Aka(z)}
k=1

and since there is a positive real C' such that > C, z € Q, it follows

exp {iAka(z)}

k=1
from the properties of h and that f has poles of order 2 at the a; that M is complete. Also,

x3(z) = Re/ h/(z) exp{z A;F;(z)}dz is bounded in . This can be seen in the following way:
j=1

exp {Z Aka(z)} and its derivatives as well as h are all bounded holomorphic functions in

k=1
Q. As a matter of fact they are bounded in Dg, so, by integration by parts, it follows that

/h/ (2) exp{ZAij (2)}dz is bounded in Dg, so z3 is also bounded.
j=1
By an argument similar to the one done in the case n = 1 we conclude that the ends corre-

sponding to the points a; are all planar and have index one. [

4 Complete minimal annuli between two parallel planes in R?

All the examples of complete minimal annuli in [6] have the conformal type of an annulus of the
form R™! < |z] < R. Here we give examples of all possible annuli 0 < r < |2| < R < oo.

Theorem 4.1 Given any annulus Qg there is a complete minimal immersion of it in R3 with

one coordinate bounded.

Proof. Take any two functions h; and hg as in Lemma 1.3, say hi(z) = Zakz"k and ho(z) =

k=0
oo

Z a;2™, with radii of convergence R and r~! respectively, and such that all the nj and m; are

1=0
simultaneously either even or odd. Then in the Weierstrass representation we set in Dg .,

f(z)=1 and g(z) = hy(2)Hy(2),

where Ha(z) = ha(271). Because f is constant, and g is an even function where defined, it follows
that for all closed curves vy in Qg , one has that

Lfdz_Lfgdz_Afgzdz_O.
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Thus, the minimal surface so obtained is in fact well defined. Furthermore, since the metric A(z)|dz|

is given by

27(2)|dz] = (1++ b (=) P Ho(2)[ ) |dz]
it follows from Lemma 1.3 that it is complete. It remains to prove only that one of the coordinates
of that immersion is bounded.

Since x3(z) = Re/gdz = Re/hll (2)Hy(2)dz, it is enough to prove that [ gdz is a bounded
holomorphic function in Qg ,. Consider p € R such that r < p < R and define the sets

A1 = Qg N{z € C such that |z| < p} and Ay = Qg N {z € C such that |z| > p}.

We then observe that hll (z), its derivatives and Hs are bounded in A; and the same happens to Hé,
its derivatives and h; in As. So, by integration by parts we can conclude that [ gdz is bounded

in both A; and Ag, hence in Qg . ]

5 The case of a annulus with finitely many points removed

Let A = {a1,...,a,} be a set of distinct points of Qg , such that A((—A4) = 0, and set Q =
Qp, — A.

Theorem 5.1 There is a complete minimal immersion of 0 between two parallel planes of R3.

Furthermore, the ends corresponding to ai,...,ay, are planar.

Proof. First suppose n =1 and take Q = Qg , — {a} with a € Qg . Consider holomorphic func-
tions hy and hs as in Theorem 3.1, and define the surface M using the Weierstrass representation
by taking

f(z)=(2=a)® and g(2) = (z — )’y (2)Hy(2),
keeping the notation of Theorem 3.1. Then f is holomorphic in a neighborhood of |z| < r, and has

residue zero at a, so / fdz =0, for all closed curves o inside €.

Because fg = h}H, is an even holomorphic function in Qg it follows that / fgdz = 0 for

all closed curves o in 2 too.

Now we must make one more choice in order to have / fg?dz = 0 for all closed curves o in Q.
The idea is to start with h; and he having no low powers in their power series expansions. Since
F(2)g2(2) = (2 — a)2(hy(2))2(Hy(2))? is holomorphlc in 2, by expanding (z — a)?, it is clear that
the only term that may cause problems is —2az(h’(2))2(Hy(2))? because the other two terms are
even functions. Hence if the functions h; and ho are chosen to satisfy Theorem 3.1 and have the
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form

o0 k i k
hi(z) = Zakzl+22 and ho(z) = Z bpzt T2
k=1 k=1

there is no term in z~! in the Laurent expansion of z(h(z))2(Hy(z))?. Hence, for all closed curves
o in (, /ngdz = 0 as wanted. Besides, as in Theorem 2.1, the end corresponding to the point a

is planar ‘and have index one.
In order to study the case n > 1 define the following holomorphic functions in Q: F(z) =

H (z —a;)?, Fr(2) = (z — ar)"2F(2) and G,(2) = 2Fy(2)Fi(—2) for k = 1,...,n, and finally

j=1
n
H(z) = Z A;G,;(z), where the constants A; are to be determined so that, if the immersion M of
=1

) is defined in terms of the Weierstrass representation by setting

F2) = (P exp HE:) and g(2) = F()exp { - 5H) [ 1)),

then f has residue zero at all the points a;. As before, the functions h; and ho are chosen
satisfying the conditions of Lemma 1.3 and the exponents are chosen so that / f (z)g(z)zdz =0,

lz|=p
forr < p < R.

It must be pointed out that once these constants A; are determined the rest is done quite
easily as follows: First we observe that H is an even holomorphic function in {2g ., and the same

happens to hll and Hé, thus fg is an even holomorphic function in Qg , and so / fgdz =0 for all

closed curves o in g, as wanted.

Furthermore,
2\(2)|dz| = |F(2)| " exp H(2)| + |F(2)||hy (2)]? | Ha (),

hence, repeating the reasoning in the proof of Theorem 2.1 we conclude that A(z)|dz| is complete
and z3 is bounded.

Now we determine the constants A;. First, we observe that all the poles of f have order two

and that for j =1,...,n, (z — a;)%f(z) = % , thus
Ee -0 = " [ ORe - Fe)
exp H(z) /
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So, the residue of f at a; is zero if and only if

Fj(ay) {iAkaij(aj)Fk(—aj)} — Fj(a;) =0.

Since Fi(a;) = 0 for k # j, Fj(a;), Fj(—a;) # 0 and a; # —ayg, for 1 < j, k < n, it follows

that CLijQ(aj)Fj(—CLj)Aj — Fl

;(aj) =0, for each j, 1 < j < n, hence

A= s
? 7 a;F2(a;)Fi(—ay)

yforj=1,...,n.

To finish the proof it is enough to show that we can choose h; and hg in such a way that
/ f(2)g(2)?dz =0, for r < p < R.
lz|=p

Since f(2)g%(z) = F(2)[h}(2)Hy(2)]?, and F has degree 2n, if we define
© k > k
hy (Z) — Z akzl+2n+22 and hQ(Z) _ Z bkzl+2n+22
k=1 k=1

we are done. Also the observations about the ends in the other cases are valid here without change.
]

The assumption that (—A) N A = () is not really needed. It is just a technical difficulty that

can be easily overcome as follows:

Corollary 5.2 If A is any finite subset of Qg , there is a complete minimal immersion of Q0 =
Qg — A between two parallel planes of R3. Furthermore, the ends corresponding to the points of
A are planar.

Proof. Induction on the number of elements of A shows that there exists a transformation
T — Ql,

where 7(z) = 2% for some positive integer p and Q' satisfies the condition of Theorem 5.1.

It is clear that (7, ) is an unramified covering of Q' and by Theorem 5.1, there is a complete
minimal immersion X of Q between two parallel planes of R3. So Xor is also a complete minimal
immersion of {) in R? with the same properties as before. ]

Received: February 2008. Revised: June 2008.
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ABSTRACT

We state four facts about dual pairs of graphs drawn in a plane. These facts pertain
respectively to finite non-oriented, infinite non-oriented, finite oriented, and infinite
oriented graphs. We do not include proofs of the former two facts (although we have
them), but show that these facts are “evident” in some naive sense. Then we deduce
the latter two facts from the former two ones. All of these facts can be used to obtain
upper estimations for critical values of two-dimensional percolation models and we
present three references and one example to illustrate this.

RESUMEN

Nosotros establecemos cuatro hechos acerca de pares duales de grafos en el plano.
Estos hechos se relacionan respectivamente con grafos finito no-orientado, infinito no-
orientado, finito orientado y infinito orientado. Nosotros no incluimos demostraciones
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de los dos anteriores hechos (aunque tenemos estas) pero demostramos que estos he-
chos son “evidentes” en algun sentido ingenuo. Entonces deducimos los dos ultimos
hechos desde los dos anteriores. Todos estos hechos pueden ser usados para obtener
estimativas por arriba para valores criticos de modelos de infiltraciéon en dimensién dos
y presentamos tres referencias y un ejemplo para ilustrar esto.

Key words and phrases: Percolation, critical values, oriented planar graphs, duality.

Math. Subj. Class.: 05C10, 60K35, 82B43, 94C15.

1 Introduction

We state four facts about dual pairs of graphs drawn in a plane. These facts pertain respectively to
finite non-oriented, infinite non-oriented, finite oriented, and infinite oriented graphs. All of these
facts can be used to obtain upper estimations for critical values of two-dimensional percolation
models and we present three references and one example to illustrate this. We call the former two
facts the “main lemma” and the latter two facts “theorem”. We do not prove the main lemma
although we have a proof in [L.2002]; instead we show that it is “evident” in some naive sense.
Then we deduce our theorem from the main lemma.

We consider graphs with a finite or countable sets V' of vertices and E of edges. Every edge
connects two vertices, which are called its ends (and which may coincide). One and the same
pair of vertices may be connected by several edges. A finite path is a finite sequence “ vertex-
edge-vertex-edge-. . . -edge-vertex” in which every edge connects the vertices between which it is
placed in this sequence and in which some vertices and/or edges may coincide. An infinite path

”

is an infinite sequence “vertex-edge-vertex-edge-...” with the same properties.. A path is called
self-avoiding if all the vertices in its sequence are different. A contour is a finite path in which the
initial and final vertices coincide. A contour is self-avoiding if all its vertices are different except, of
course, the first and last vertices, which coincide. We say that a graph G is connected if every two
vertices of G are connected by a path in GG. All the graphs considered in this paper are assumed
to be connected unless stated otherwise. We assume that every vertex is an end of only a finite
number of edges. Therefore, if one of the sets V or FE is finite, the other is finite also. If V and E

are finite, we call G finite, otherwise G is infinite.

We consider non-oriented and oriented percolation models on graphs depending on the way
in which we attribute certain states to their edges. In the non-oriented model each edge of a graph
can be open or closed, independently of all the other edges. In the oriented model we distinguish
two directions of each edge, and every edge can be open or closed in each direction independently
of the state of the other direction of the same edge and states of all the other edges. Henceforth
we shall write simply graphs instead of percolation models on graphs when it does not produce
confusion. A path in a non-oriented graph is open if all its edges are open. A path in an oriented
graph is open in a certain direction if all its edges are open in this direction. In a non-oriented
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graph a contour is open if all its edges are open. In an oriented graph a contour is open in a certain
direction if all its edges are open in this direction.

Now let us speak about drawing graphs in a plane IR?. A curve is a continuous function
f :[0,1] — IR?. The points f(0) and f(1) are called the ends of this curve. A curve is called
self-avoiding if

Vo,y € [0,1] = z#y= f(x) # f(y).

A curve is called polygonal if it is piecewise affine, that is there are
O=to<t1 <...t, =1

such that f(t) is an affine function of ¢ in every segment [tz_1,tx], ¥ = 1,...n. The points
f(tr), 0 <k < n, are called corners and the sets

{f) | teer <t <tp}, k=1,....,n

are called pieces. Henceforth we consider only polygonal curves. This approach is not unusual.
We say that a graph G is drawn in a plane if the following conditions are satisfied:

1. Each vertex v of G is represented by a point P(v) in the plane, so that different vertices are

represented by different points. We denote the set of points representing all vertices of G by
P(V).

2. Each edge e of G is represented by a polygonal curve f., where:

a) f.(0) and f.(1) represent the ends of this edge.
b) The curve f. is self-avoiding, except when e is a loop, in which case f.(0) = fc(1).

3. If e; # e; are two differents edges, the corresponding curves have no common points, except
common ends, which represent common ends of e; and e; when they have such ones.

4. Each bounded subset of the plane intersects only a finite (or empty) set of curves representing
edges.

A closed curve is a polygonal function f from a circle S to IR%. A Jordan curve is a closed
self-avoiding curve, which means that the values of this function are different for different elements
of S'. According to the well-known Jordan theorem, any Jordan curve separates the remaining
part of the plane into two open regions, one bounded, the other unbounded, so that it intersects
any curve whose ends belong to different regions.

Notice that every finite path of a graph drawn in a plane is represented by a curve and every
contour is represented by a closed curve, which are self-avoiding if and only if the original path,
respectively contour is self-avoiding.

Given a graph G drawn in a plane, we call P(G) the union of representations of its edges.
Since P(G) is closed, its complement is open. Connected components of this complement are called
faces of G.
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We say that two connected graphs G and G’ drawn in the same plane are dual if they satisfy
the following conditions. (Here and elsewhere we may write simply vertices and edges, while in

fact we mean their representations in the plane.)

1. There is a 1-to-1 correspondence between the faces of G and vertices of G’ called duality,
such that each face of G contains its dual vertex of G'.

2. There is a 1-to-1 correspondence between the vertices of G and faces of G’, called duality,
such that each vertex of G is in the dual face of G’.

3. There is a 1-to-1 correspondence between the edges of G and edges of G’ called duality, such
that representation of each edge of each graph crosses the representation of its dual edge of
the dual graph only in one point, which is not a corner or end of any of them. Representations
of edges of G and G’, which are not dual, have no common points.

This kind of duality is well-known and described in many textbooks. Observe that this kind
of duality is a symmetric relationship, that is, if G’ is dual of G, then G is dual of G’. Of course,
if a graph is finite, its dual is finite too.

Now from duality of graphs drawn in a plane we go to dualities of percolation models on these
graphs. The rules (1) and (2) are the central point of our definitions.

Rule for a dual pair of non-oriented graphs (G, G'):

Every edge of graph G’ is open if and only if the dual edge of graph } (1)
G is closed.

Given a non-oriented graph G, we say that:

a) vertices a and (8 are reachable from each other if there is an open finite self-avoiding path
connecting them.

b) vertex a and oo are reachable from each other if there is an open infinite self-avoiding path
which starts at a.

Main Lemma. Let (G, G’) be a dual pair of non-oriented graphs, satisfying the rule (1).
Then:

a) If G is finite: Two vertices o and [ are not reachable from each other in G if and only if
there is an open self-avoiding contour in G’, whose representation in the plane leaves P(«)
and P(f) in different regions.

b) If G is infinite: A vertex a and oo are not reachable from each other in G if and only if
there is an open self-avoiding contour in G’, whose representation leaves the point P(«) in
the bounded region.

The main lemma is “evident” in the same sense, in which all the basic topological facts are
evident (Jordan’s theorem, for example). We have a proof of it in [L.2002], but do not include it
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here. Let us notice that it is possible to turn the non-oriented percolation model into a graph by
eliminating all closed edges. The resulting graph may be disconnected and the main lemma boils

”

down to the following “evident” statements:

a) Two vertices of a finite graph drawn in a plane are not connected with a path in this graph if
and only if there is a face containing a Jordan curve separating the representations of these
vertices.

b) A vertex of an infinite graph drawn in a plane is not connected with infinity (i.e. there is no
infinite self-avoiding path in this graph starting at this vertex) if and only if there is a face
containing a Jordan curve surrounding the representation of this vertex.

Rule for a dual pair of oriented graphs (G, G'):

Given dual edges e and €', for each direction of e the corresponding

direction of €' is the direction from right to left when we go along e in

the given direction. Every edge of the graph G’ is open in a certain (2)
direction if and only if the dual edge of the graph G is closed in the

corresponding direction.

Observe that in the case of oriented graphs the symmetry of duality becomes more complicated:
given a direction of an edge ¢’ of G’, the corresponding direction of e is from left to right when we
go along ¢’ in this direction.

Given an oriented graph G, we say that:

a) vertex (3 is reachable from vertex « if there is a a self-avoiding path connecting o and 3, open
in the direction from «a to (3.

b) oo is reachable from a vertex « if there is an infinite self-avoiding path which begins at « and
is open in the direction away from a.

Theorem. Let (G, G’) be a dual pair of oriented graphs, satisfying the rule (2). Then:

a) If G is finite: A vertex [ is not reachable from another vertex « in G if and only if there
is a self-avoiding contour in G’, open in such a direction that its representation in the plane
leaves P(«) on the left side and P(3) on the right side.

b) If G is infinite: oo is not reachable from a vertex « in G if and only if there is an open
self-avoiding contour in G’, whose representation in the plane leaves the point P(«) in the
finite area and surrounds it in the counter-clock direction.

Let us assume that the main lemma is proved and prove the theorem.

Proof in case a). Let (G, G’) be a dual pair of oriented finite graphs. Let us call a good path
a self-avoiding path in the graph G connecting « and [, open in the direction from « for 3. A
good contour is a self-avoiding contour in the graph G’, which is open in such a direction that its
representation is a closed curve that leaves the point P(a) on the left side and P(/) on the right
side.
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In one direction. Let us suppose that there is a good path in G and there is a good contour C' in
G’ and obtain a contradiction. Let us denote H* and C* the representations of H and C in the
plane respectively. By our assumption, P(a) and P(f) are at different sides of C*. From Jordan
theorem, C* and H™* have at least one common point. Let Q* be the first point of intersection
between C* and H* when we move along H* starting at P(a). So @* belongs to representations
of two dual edges, e of G and ¢’ of G’. The edge ¢’ belongs to the contour C' and is open in the
direction of C. Therefore the ends of e are on the opposite sides of C* and the direction of €’ in
the direction of C corresponds to the direction of e from the left side to the right side of C'. Since
P(a) is on the left side when we move along C' in the counter-clock direction, the edge e of the
path H is open in the direction from left to right of C. So both e and €’ are open in dual directions,

which contradicts rule (2).

In the other direction. Let us assume that there is no good path in the graph G and prove that
there is a good contour in the graph G’. Let us classify vertices of G into three types as follows:

1) A vertex v of G is type 1 if there is an open path from « to v.
2) A vertex v is type 2 if there is a path from v to S without vertices type 1.

3) A vertex v is type & if it is neither type 1, nor type 2.

Notice that every vertex of G has exactly one type. Given a dual pair (G, G’), every face of
G’ is given the same type as the type of the corresponding vertex of G.

Let us introduce a dual pair (G, @I) of non-oriented graphs, which have the same vertices and
edges as G and G’, and their representations in the plane. Let any edge of the graph G be open
if and only if both ends of this edge are type 2 in G or both are not type 2 in G. After that, all
the edges of G are declared open or closed according to rule (1). Since a is type 1 in G and § is
type 2 in G, every path in G connecting o and 3 has a closed edge. Therefore 3 is not reachable
from « in G. Hence, from the finite case of main lemma, there is an open self-avoiding contour
C in the graph é’, whose representation in the plane separates P(«) and P(8). Let us denote
e}, ey, ..., e the edges of that contour. All these edges are open, so all of their duals e1, ea, ..., e,
in G are closed. Therefore every edge e; connects a vertex not type 2 with a vertex type 2 of G.
Let us denote these vertices uy,usg, ..., u, and vy, vs,...,v, respectively. Let us prove that all the
vertices ui,us,...,u, are type 1. Suppose that a vertex uy is not type 1. We know that uy is
connected with a vertex vy by an edge and that vy is type 2. There is a path from vy to 8 without
vertices type 1, so there is a path from uj to 8 without vertices type 1, so uy is type 2. This is a
contradiction. So every u; is type 1, therefore every e; is closed in G in the direction from w; to
v; because otherwise v; would be type 1. Therefore all e; should be open in G’ in such a direction
that the faces u; are on the left side and the faces v; are on the right side of them. Notice that
no vertex type 2 can be inside the contour C. Therefore u; are inside of our contour C' and v; are
outside of C' because v; are type 2. Thus C' is a self-avoiding contour, which separates P(«) from
P(3) and is open in such a direction that it leaves P(«) on the left side and P(3) on the right side.
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Proof in case b). Let (G, G’) be a dual pair of infinite oriented graphs. A good path is a self-
avoiding infinite path in G, which begins in « and is open in this direction. A good contour is a
self-avoiding contour in the graph G’, which is open in that direction, whose representation in the
plane goes around P(«a) in the counter-clock direction.

In one direction. Let us suppose that there is a good path H in G and a good contour C in G’
and obtain a contradiction. Let us denote H* and C* the representations of H and C' in the plane
respectively. Due to the condition 4 of definition of graph drawn in a plane, there is only a finite
set of vertices of G inside C*. Hence, since H is self-avoiding and infinite, it contains a vertex
B3, whose representation is in the exterior of C*. So P(a) and P(f) are in different regions of
R? \ C*. Hence, from Jordan theorem, C* and H* have at least one common point. Let @* be the
first point of intersection of C* with H* when we go along H* starting at P(a). So @Q* belongs
to representations of two dual edges, one of G and the other of G’. By the rule (2), these edges
cannot be open at the same time in corresponding directions. But they are: the edge of H is open
from inside to outside of the contour C* and the edge of C' is open in the counter-clock direction.
This makes a contradiction.

In the other direction. Let us assume that there is no good path and prove that there is a good
contour. Let us classify vertices of G into three types as follows (this classification is similar to
that in the finite case, but not exactly the same):

1) A vertex v of G is type 1 if there is an open path from « to v.
2) A vertex v is type 2 if there is a path from v to oo without vertices type 1.

3) A vertex v is type 3 if it is neither type 1, nor type 2.

Notice that every vertex of G has exactly one type. Given a dual pair (G, G’), every face of
G’ is given the same type as the type of the corresponding vertex of G.

As before, let us use a dual pair (G, 6/) of non-oriented graphs, which have the same vertices
and edges and the same representations in the plane as G and G’. Let any edge of the graph G be
open if and only if the ends of that edge are both type 2 or both of another type in G. After that,
let the edges of G be open or closed according to the rule (1). Since there is no good path in G,
the set of vertices type 1 in G is finite. Therefore every self-avoiding path in G beginning at o has
a finite number of vertices type 1. So for each infinite self-avoinding path in G, starting at «, there
is a last vertex w type 1, all the subsequent vertices being type 2. According to the definition of G,
the edge of G, which connects w with its successor in this path, is closed. So oo is not reachable

from a in G. Therefore, due to the infinite case of main lemma, in the dual graph G there is an

!/

open self-avoiding contour C, whose representation surrounds P(a). Let us denote €}, €5, ..., e/,

the edges of that contour. Since all these edges are open, all their duals ej,es,...,e, in G are
closed. According to the definition of the graph G, each edge e; of G connects a vertex not type
2 with a vertex type 2 in G. Let us denote these vertices ui, ug, ..., u, and vi, v, ..., Uy
respectively. Like in the finite case, we can prove that each u; is type 1. So e; has to be closed
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in G in the direction from u; to v;, because otherwise v; would have type 1. So all e/ should be
open in G’ in such a direction that the faces u; are on the left side and the faces v; are on the
right side of them. As before, no vertex of type 2 can be inside the contour C*. Therefore, every
u; is inside of C* and v; is outside of it because v; is type 2. So C is a self-avoiding contour in G,
whose representation surrounds P(«a), which is open in a direction, which leaves P(«) on the left
side, that is in the counter-clock direction. |

Our proofs are over. Let us present examples of use of our main lemma and theorem to obtain
upper estimations of critical values in percolation. As usual, we denote IL? the non-oriented graph
in which the set of vertices is Z* and two vertices are connected with an edge if the Euclidean
distance between them is 1. An example of application of an assertion similar to the item b) of
main lemma to the case when G = IL? is on pp. 15-19 of Grimmett’s book [G.1999]. Also there is
an example on pp. 6-13 of [T.2001]. An example of application of an assertion similar to the item
a) of our theorem to a special class of cellular automata (a discrete analog of contact processes) is
in [T.1968]. An example of application of the item b) of our theorem is in [T.2001] on pp. 16-20.
It remains to present an example of use of item a) of the main lemma. Let us consider a finite
rectangular part of the graph IL? with the width W and height H. It is shown on the figure 1 with
W =8 and H = 6.

y 1

Figure 1.

Notice that we are using a rectangular coordinate system Oxy with the origin at the left-lower
corner of the picture. Let us suppose that all the leftmost vertices with = 0 are identified with «
(say, one of them is « and the vertical edges connecting them are always open). All the rightmost
vertices with = W are identified with § (say, one of them is § and the vertical edges connecting
them are always open). All the other edges are open with probability € and closed with probability
1 — € independently from each other. Let us estimate the probability that o and 3 are reachable
from each other. It is easy to prove that, if H < const - W and € is small enough, say € < 1/3, this
probability tends to zero when W — oco. To estimate the same probability for large € is not so
easy; we shall do it using the item a) of main lemma. According to it, a and [ are not reachable
from each other if and only if there is a contour in the dual picture, separating « from (. This
contour must contain the vertice dual of the unbounded face of the original graph. Cutting this
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contour at this vertex, we obtain a path connecting the upper and lower sides of the dual graph,
which is similar to the original one. Let us denote § = 1 — €. Thus the probability that o and 3
are not reachable from each other does not exceed

W (30) W
k=H

If W < const - H and € > 2/3, this quantity tends to zero when H — co. Thus the probability
that « and § are reachable from each other behaves differently for small vs. large values of € when
W= H — .

Now let us discuss some previous publications. Whitney [W.1932, W.1933] proved some state-
ments about dual graphs. His theorem 4 on page 77 of [W.1933] is similar to the finite case of our
main lemma, but it gives only a criterion whether a graph is connected or not and is not concerned
whether two particular vertices are connected.

Our main lemma is often believed to be “well-known”, but we cannot refer the reader to a
source, where it is proved or even stated beyond a few special cases. We believe that this is not
acceptable because mathematics is a general rigorous science and all important mathematical facts
should be stated and proved in a general form.

Hammersley had some idea of duality when he wrote [H.1959], which provided the first upper
estimation of a critical value in percolation. However, no general definition of duality was stated and
no rule similar to our rule (1) was declared there. The most fundamental book on percolation
is Grimmett’s [G.1999]. On pages 16-18 and 283-287 he explains this kind of duality and its
application to obtain an upper estimation of a critical value. However, he does all this only for
the graph IL? and without a proof. Instead of going into topological details, [G.1999] refers the
reader to the page 386 of [K.1982], the first page of Appendix “Some results for planar graphs”,
without specifying, which result of that Appendix is to be used. However, [K.1982] deals mostly
with periodic, therefore, infinite case and mostly with site percolation and matching pairs.

Finally, about duality of oriented graphs. According to our knowledge, our theorem and the
very definition of duality of oriented graphs have never been mentioned in print except [T.1968,
T.2001], in both cases without a proof, and [L..2002], unpublished.

Although our theorem allows to obtain upper estimations in oriented percolation models,
these estimations can be obtained by other means also, albeit not so easily. Let us present some
examples. Shnirman [S.1968] proved non-ergodicity of Stavskaya process (a discrete-time contact
process) without using duality. He considered the sequence of distributions for all natural ¢ and
proved by induction that all of them satisfy a certain infinite system of inequalities. His method
was so complicated that it almost never was used again except [T.1972]. Durrett [D.1984] obtained
an upper estimation of critical value in a few oriented percolation models, as a corollary of his study
of a certain contact process. Liggett [1..1995] obtained upper estimations of critical values in some
percolation models as by-products of his study of a certain growth model. For our example Liggett
proves that the critical value does not exceed 2/3. Durrett’s and Liggett’s numerical estimations
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are better than that which we obtained in [T.2001], which was an educational text designed just

to illustrate some ideas. However, the duality approach seems more general and can be amplified
to obtain better estimations.
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ABSTRACT

We study the flip crossed products of the C*-algebras by almost commuting isometries
and obtain some results on their structure, K-theory, and continuity.

RESUMEN

Estudiamos el produto flip crossed de una C*-algebra mediante isometrias casi com-
mutando y obtenemos algunos resultados sobre su estructura, K-teoria, y continuidad.

Key words and phrases: C*-algebra, Continuous field, K-theory, Isometry.
Math. Subj. Class.: 46L05, 46L80.



104 Takahiro Sudo CUBO
10, 3 (2008)

Introduction

Recall that the soft torus A. of Exel [3] (for any € € [0, 2] the closed interval) is defined to be the
universal C*-algebra generated by almost commuting two unitaries u. ; and u. 2 in the sense that
lue 2ue1 — ue1ue ]| < e. Its K-theory is computed in [3] by showing that it can be represented
as a crossed product by Z and applying the Pimsner-Voiculescu six-term exact sequense for the
crossed product. It is shown by Exel [4] that there exists a continuous field of C*-algebras on [0, 2]
with fibers the soft tori varying continuously. Furthermore, K-theory and continuity of the crossed
products of A, by the flip (a Zs-action) are considered by Elliott, Exel and Loring [2].

On the other hand, we [8] began to study continuous fields of C*-algebras by almost commuting
isometries and obtained some similar results (but different in some senses) on their structure, K-
theory and continuity as those by Exel. In this paper we consider those properties for the flip
crossed products of the C*-algebras generated by almost commuting isometries.

Refer to [1], [5], and [9] for some basics in C*-algebras and K-theory.

1 The flip crossed products by isometries

The Toeplitz algebra is defined to be the universal C*-algebra generated by a (non-unitary) isom-
etry, and it is denoted by §, which is also the semigroup C*-algebra C*(N) of the semigroup N of
natural numbers. The C*-algebra C(T) of all continuous functions on the 1-torus T is the universal
C*-algebra generated by a unitary, which is also the group C*-algebra C*(Z) of the group Z of
integers. There is a canonical quotient map from § to C(T) by universality, whose kernel is iso-
morphic to the C*-algebra K of all compact operators on a separable infinite dimensional Hilbert
space (cf. [5]).

Definition 1.1 For ¢ € [0, 2], the soft Toeplitz tensor product denoted by §F ®. §F is defined to be
the universal C*-algebra generated by two isometries s 1, Sc 2 such that |[sc25:1 — Se18¢2|| < €
(e-commuting). Let 7 : § ®. § — A, be the canonical onto #-homomorphism sending the isometry
generators to the unitary generators.

Remark. Refer to [8], in which super-softness is further defined and assumed, but it should be
unnecessary from the universality argument (as given below). Instead, in fact, another norm
estimate of the form ||sc 257 1 — 8% 52| < € (e-+-commuting) may be required, but we omit such
an estimate in what follows. If not assuming the estimate, § ®. § should be replaced with C*(N?).,
where C*(N?) is the semigroup C*-algebra of N? (in what follows).

Definition 1.2 The flip on § ®. § is the (non-unital) endomorphism o defined by o(sc,;) = st ;

for j = 1,2. Since o2 is the identity on § ®. §, we denote by (F ®:F) Xo Zo the crossed product
of §F ®. § by the action o of the order 2 cyclic group Zs, i.e., a flip crossed product.
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Definition 1.3 Fore € [0, 2], we define E. to be the universal C*-algebra generated by an isometry

t; and the elements ¢,+1; = u™t1(u*)" for n € N, where u is an isometry, such that ||ut; —tul| < e.
Let a. be the endomorphism of E. defined by ac(t,) = tn11 = ut,u* for n € N. Let E. x, N
be the semigroup crossed product of E. by the action a. of the additive semigroup N of natural
numbers.

Remark. Note that § ®2 F (or C*(N?)y) is isomorphic to the unital full free product § *c §, which
is also isomorphic to the full semigroup C*-algebra C*(N % N) of the free semigroup N« N. As in
the above remark, another estimate ||ut} — tju|| < ¢ may be required accordingly.

It is shown in [8] that § ®. § = E. X4, N, where the map ¢ from §®.§ to E. o, N is defined
by ¢(se,1) = t1 and ¢(se,2) = u, and its inverse ¢ is given by (tny1) = s 95:1(sk )" forn € N
and n =0 and ¥ (u) = s¢ 2.

Proposition 1.4 For ¢ € [0,2], we have the following isomorphism:
(F®eT) Xo Zo 2 B Xgip (NxZs),

where N x Zs is the free product of N and Zo, and the action 8 on E. is given by B(t,) = t& for
n € N.

Proof. The crossed product (F ®c §F) X, Zo is the universal C*-algebra generated by isometries
Se1, Se,2 and a unitary p such that |[s; 25:1 — S-18:2]] < € and psc jp* = s.; (j = 1,2) with
p? =1, while E. X4_.5 (N * Zg) is the C*-algebra generated by isometries t1, « and a unitary v
such that |Juty — tiul| < e and tp41 = utpu® = uty (u*)” for n € N, and vt1v* = ¢7 and vuv* = u*
with v2 = 1. The isomorphism between them is given by sending s. 1, sc .2, and p to t1,u, and v

respectively (cf. [2]). 0

Theorem 1.5 For 0 < e < 2, we obtain the K-theory isomorphisms:
Ko((§ ®:§) %0 L2) 2 Z°,  Ki((F ®c ) o L2) 2 0.

Moreover, K;((§ ®:F) X6 Z2) 2 K;((FRF) %o Z2) for j =0,1.

Proof. Since § ®: § = E: x4, N and a. is a corner endomorphism on E,, note that E. x,, N is
isomorphic to a corner of (E. ® K) X rgid Z, i.e., p((E: ® K) X ,rgia Z)p for a certain projection
p, where p’ is the dual action of the circle action on E. x,. N and id is the identity action
on K (this is a variation of [6], and see also [7]). Hence, (F. X, N) %, Zg is isomorphic to
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P((E: @ K) X pr@id Z)p Xo Za. Therefore,

Kj((Be Xa. N) X Za) 2 K;j(p((E: ® K) X pngid Z)p X6 L2)
=~ K7 (p((B- ® K) X ppgia Z)p)
=~ K2 (p((B: ©K) X pp0i Z)p @ K)
=~ K7 (((B: ® K) X ppgia Z) ® K)
= Ki(B: ® K) Xprgia Z % L),

where K ng (+) is the equivariant K-theory, and note that p((E£. ® K) x s gia Z)p is stably isomorphic
to (E: ® K) X ,nrgia Z, and

(Be ® K) Xpneid Z X Lo =

~

(Es ® K) ><1a'é>'=a'®id (ZZ * ZQ)

(Ea Xoé*a’ (Zg * Zg)) X K

since Z X Zo = Zy * Ly, where o.(1) = p2(1)a(1) (cf. [2]). Set F. = E. Xg1uo (Za * Z3). There
exists the following six-term exact sequence (A) (cf. [2]):

Ko(E.) —— Ko(E-: o Z3) @ Ko(EBe xg Zz) —— Ko(F:)

I |

Kl(Fs) — Kl(Es Ndé Zg)@Kl(EE A& ZQ) — Kl(Es)

Consider the following exact sequence: 0 — J. — E. — 7(FE.) = B. — 0, where 7 is the canonical
quotient map from E. to the quotient 7(E.) = B., where B, is the universal C*-algebra generated
by unitaries un4+1 = w™v(w*)™ for n € N and n = 0, where 7(tp41) = m(uw)"7w(t1)7(u*)” = Upi1
with v = 7(t1) and w = 7(u). As shown in [8], K-theory groups of J. are the same as those of K.
Since this quotient is invariant under the action 8 = o or o, we have the following exact sequence:

(B): 0—3.%XgZy— E.xgZo— w(E;)XgZy—0
and J. g Zs = J. ® C*(Zsy) and the group C*-algebra C*(Zs) is isomorphic to C? via the Fourier
transform.

As shown in [2], it is deduced that 7(E.) x5 Z2 is homotopy equivalent to the crossed product
C(T) xp Za, where 3'(2) = 27! for z € T. It follows that K;(m(E:) xg Z2) is isomorphic to
K;(C(T) xp Zs2). Since the points {£1} in T is fixed under the action 8, we have

0— Co(T \ {:l:l}) N g ZQ — O(T) A ZQ — @20*(22) — O,

where Co(T \ {£1}) is the C*-algebra of all continuous functions on T\ {£1} vanishing at infinity,
and Co(T \ {£1}) x5 Zs = Co(R) ® (C? xg Zz) = Cy(R) ® Ms(C) and C*(Zz) = C2. Hence the
following six-term exact sequence is obtained:

0 —— KQ(C(T) X 31 Zg) E— Z4

I !

0 «—— Kl(C(T) X 31 Zg) — Z,
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where K;(Co(R) ® M3(C)) = K;+1(C) (mod 2) and K;($?C?) = @*K;(C). It follows that
Ko(C(T) % Z2) = 7% and K1(C(T) % Za) =0 (cf. [2]).

Therefore, for the above exact sequence (B), we obtain the diagram:

Z2 e KQ(EE X3 Zg) —_— Z3

I l

0 «—— Ki(E. xgZy) «— 0,
where K;(K ® C*(Z3)) = K;(C?). Hence we obtain Ko(E. xgZs) = Z° and K1(E. xgZ3) =0
This implies that the diagram (A) is

7 Il — Ky(F.)

I l

Ki(Fp) —— 080 — 0

where it is shown in [8] that Ko(E.) = Z and K;(E.) = 0. It follows that Ko(F.) = Z° and
Ki(F.) 20. It follows from this and the first part shown above that Ko((§F ®: §) X Z2) = Z° and
1((& ®s S) Ao ZQ) - O

The second claim follows from the case ¢ = 0 and the same argument as above. Note that
F®F = F xiq N, where id is the trivial action. O

Corollary 1.6 For 0 < e < 2, the natural onto *-homomorphism e from (F Q: §) X Za to
(T ®F) x5 Zs sending se,j to so; (j = 1,2) induces the isomorphism between their K-groups.

Proposition 1.7 There exists a continuous field of C*-algebras on the closed interval [0,2] such
that its fibers are (F ®: §) Xy Lo for e € [0,2], and for any a € (F Q2 §) Xy Za, the sections
[0,2] 2 e+ @(a) € (FR:F) Xy Za are continuous, where pe : (FR2F) XNy Za — (FReF) Xo L2 is
the natural onto *-homomorphism sending s ; to sc; (7 =0,1).

Proof. As shown before, (§ ®: §) Xo Za = (E; Mo, N) Xy Zy. Furthermore, this is isomorphic to
P((Ee ® K) % prgia Z)p X Zz. Hence it follows that

((Be ¥a. N) x5 Z2) @ K= (p((Ee ® K) Xprgid Z)p X Z2) @ K
p((E ® K) pr@id Z)p @ K) Xoeia Z2
(e ® K) Xprgid Z) ® K) Xoeid Z2
(Be @ K®K) X prgideid Z) Nogid L2
(E- ®K) pA®id Z) X Lo

) ol*xo®id (Z2 * ZZ)

1R IR

1%

(
(
(
(
(
(Ee

IR

It is deduced from [2] that there exists a continuous field of C*-algebras on [0, 2] such that its fibers
are (Ee ® K) %o woid (Z2 * Zg) for € € [0,2], and for any b € (Fz ® K) X4140mid (Z2 * Z2), the
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sections [0,2] 3 € — ¢(b) € (E: ®K) X0 vowid (Z2 % Zy) are continuous, where v, is the unique onto
s-homomorphism from (E; ® K) X gt wo@id (Zy % Z2) to (E: @ K) X ot xo®id (Zy % Z2). Cutting down
this continuous field by cutting down the fibers from ((E: o, N) X5 Z2) @ K to (E: Mo, N) X, Zo
by minimal projections, we obtain the desired continuous field. O

2 The flip crossed products by n isometries

The n-fold tensor product ®"§ of § is the universal C*-algebra generated by mutually commuting
and *x-commuting n isometries, while the universal C*-algebra generated by mutually commuting
n isometries is just the semigroup C*-algebra C*(N™) of the semigroup N™. The C*-algebra C(T")
of all continuous functions on the n-torus T™ is the universal C*-algebra generated by mutually
commuting n unitaries, which is also the group C*-algebra C*(Z") of the group Z™. There is a
canonical quotient map from ®"F to C(T") =2 ®™C(T) by universality,

Definition 2.1 For ¢ € [0, 2], the soft Toeplitz n-tensor product denoted by ®F is defined to be
the universal C*-algebra generated by n isometries s. ; (1 < j < n) such that ||s. xSe,; — Se,jSe k]| <
e (1 <4,k <n).

Remark. Note that, in fact, the norm estimates of the form ||s ks? ; — 8% ;8[| < € may be further
required (and in what follows). If not assuming these estimates, ®7F should be replaced with
C*(N™). in the same sense (and in what follows).

Definition 2.2 The flip on ®7F is the (non-unital) endomorphism o defined by o(s. ;) = sk . for

€,J
1 < j < n. Since o2 is the identity on ®"F, we denote by (®1F) X, Zz the crossed product of @7F

by the action o of Zs.

Definition 2.3 For € € [0, 2], we define EI™ to be the universal C*-algebra generated by n isome-
tries tgj) (1 < j < m) and the partial isometries tg}rl = u”tgj)(u*)" for n € N, where u is an
isometry such that [lut/”) — tPu| < e and [[t{7¢9) — i) < ¢ (1 <,k < m). Let ac be
the endomorphism of EI" defined by o ( ${>) = tgj_l = utu* for n € N. Let E™ %, N be the

semigroup crossed product of EI" by the action a. of N.

Remark. Note that ®5F (or C*(N"™)2) is isomorphic to the unital full free product *g§, which is
also isomorphic to the full semigroup C*-algebra C*(x"N) of the free semigroup *"N. As in the
above remark, the additional estimates ||u(t§j))* - (tgj))*uH < e and Htgk)(tgj))* - (tgj))*tgk)ﬂ <e
may be required accordingly.

It is shown as in [8] that ®™T1F & E™ x,_N as in the case in Section 1.

Proposition 2.4 For e € [0,2], we have

(REF) %6 Lz 2 B Mo up (N * La),
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where the action 3 on EI" is given by ﬁ(t%j)) = (t%j))* forneNand1 <j<m.

Proof. This is shown as in the proof of Proposition 1.4 similarly. O

Theorem 2.5 For 0 < e < 2, we obtain (inductively)
Ko(@'18) %0 Z2) = 22774, Ky((@115) %0 Z2) 0.

Moreover, K;((@"1F) %y Zo) 2 K;((@™F) x4 Zs) for j =0,1.

Proof. Since @ T1F = E™ x4 N, note that E™ x4, N is isomorphic to a corner of (E"®K) X 51 giaZ,
ie., p((B" ® K) X,pgia Z)p for a certain projection p, where p/ is the dual action of the circle
action on EM™ x,_ N and id is the identity action on K (this is a variation of [6], and see also [7]).
Hence, (E™ Xa, N) X Zg is isomorphic to p((E" ® K) X yrgida Z)p Mo Zz. Therefore,
KG((EX %o, N) %g Zo) = Kj(p((E" @ K) X ppgia Z)p 2o ZLo)
=~ K2 (p((EP @ K) Xpp@ia Z)p)
=~ K (p((E" © K) Xppaia Z)p ® K)
= K7 (B @ K) %y 014 Z) © K)
= K;((EF @ K) Xppeia Z X L),
where p((E* ® K) X psgia Z)p is stably isomorphic to (E!" ® K) Xy gid Z, and
(E;n ® K) X pr@id Lo X g =2 (E;n & K) X prxo®id (ZQ * ZQ)
= (E;n Xphxo (Zg * Zg)) QR K

since Z x Zy = 7o x L (cf. [2]). Set F" = EI" X ynuo (Zg * Zg). There exists the following six-term
exact sequence (A)y, (cf. [2]):

Ko(E;n) —_— Ko(E;n X]Pé\ ZQ)@KO(E;TL Ao ZQ) —_— Ko(FEm)
Ky (F") e Ky(BI Xpp L) © Ky (B %o Zo) —— Ki(E).
We now have the following exact sequence:
000" X2y — E' \Zy — m(EM) xZs — 0,

where the map m is sending isometries of EI* to unitaries with the same norm estimates by
universality, and J7 is the kernel of 7, and the action of Zs is given by p or o. Furthermore, it
follows that J" x Zy = J* @ C*(Z2) and the K-theory of J7" is the same as that of K.

It is deduced that w(ET*) x Zs is homotopy equivalent to C(T™) x, Z2, where 3(z;) = (zj_l)
for (z;) € T™. Since the points (£1,---,+1) € T™ are fixed under «, we have

0— Co(T™\ (£1,--- ,£1)) x Zy — C(T™) % Zy — &> C*(Zy) — 0,
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where Cy(X) is the C*-algebra of all continuous functions on a locally compact Hausdorff space X
vanishing at infinity (in what follows). Set X,,+1 = T™ \ (£1,---,%1). By considering invariant
subspaces in X,,4+1 under (3, we obtain a finite composition series {Sj};-”:l of Co(Xim+1) X Z2 such
that £0 = {O}, Sj = CQ(Xj) X Zg, and

£5/Lj-1 = @m I Gy (T \ {£1})™ 7+ % Zo,
where ,,Cy,—j+1 mean the combinations. Furthermore,
CQ((T \ {:l:l})m_‘j+1) X Zg = Co(Rm_jJrl) ® (C(Hm_‘j+1{:|:i}) X Zg)

and C(ITM 71 44}) x Zg = @M I+ (C2 % Zy) = @™+ My (C), where T\ {#1} is homeomorphic
to iRU (—%)R so that the above isomorphisms are deduced from considering orbits under 3 in this
identification. Set C'(m, j) = mCrm—jt1(m — j 4+ 1). Thus, the following six-term exact sequences
are obtained:

Ko(£j-1) —— Ko(£)) —— Kpn—jr1(8™9C)

I l

K2 (0CmIC) —— Ki(g;) «— Ki(L-1).
Now consider the case m = 2. Then
0 — Co(T2\ (£1,%1)) x Zy — C(T2) x Zy — &2 C*(Z) — 0.

Furthermore, 0— Co(Xl) NZQ — CO(XQ) ><1Z2 — Oo(XQ\Xl) NZQ — O, where XQ = T2\(:|:1, :|:1),
X1 = (T \ {£1})?, and Cp(X2 \ X1) X Zz is isomorphic to &?Co(T \ {£1}) x Zs. We have the

following six-term exact sequence:

Zz _— Ko(CO(Xg) NZQ) — 0

I l

Zz — Kl(CO(Xg) NZQ) — O,
which implies Ko(co(XQ) bl ZQ) =~ (0 and Kl(CO(XQ) X ZQ) = (. Thus,

0 —— Ko(C(T?) x Zy) —— 72’

I l

0 —— Ki(C(T?) x Zy) «— 0,
which implies Ko(C(T2) % Zy) = Z2" and K;(C(T?) x Zs) = 0. Therefore,

72 —— Ko(E% % Zy) — 7%

I !

0 «—— Ki{(E2%Zy) «—— 0.
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It follows that Ko(E2 x Zy) = Z2° 2 and K (E2 x Zs) = 0. Therefore,
7, L 7@Prrgytyr Ko(F2)
I I
Ki(F2) «——  0&0 «——— 0.
Hence, it follows that Ko(F2) = Z2'+3 and K, (F2) = 0.
Next consider the case m = 3. Then
0 — Co(T3\ (£1, £1, £1)) x Zy — C(T?) x Zy — & C*(Zs) — 0.

Furthermore, 0 — Co(Xg) X Zg — Co(X3) X Z2 — CQ(X3 \ Xg) X Zg — O, where X3 = Tg\
(£1,41,+1), and

0— Co(Xl) X Zg — CQ(XQ) X Zg — CQ(XQ\Xl) X Z2 — O,

where X7 = (T \ {£1})3. We have the following six-term exact sequence:
O E— Ko(co(XQ) NZQ) _— ZG
0 «——— Kl(co(XQ) NZQ) — Zg,
which implies Ko(Co(X2) % Zg) = Z3 and K1(Co(X2) % Zz) = 0. Furthermore,
Z3 _— Ko(CO(X3) NZQ) — 0
Z3 — Kl(CO(X3) NZQ) — O,
which implies Ko(CO(Xg) X ZQ) =~ (0 and Kl(CO(Xg) X ZQ) = 0. Thus,
0 —— Ko(C(T?) % Zy) — Z*'
0 —— Ki(C(T?) % Zy) — 0,
which implies Ko(C(T?) % Zy) = Z2* and K1 (C(T?) x Zs) = 0. Therefore,
72— Ko(E3 % Zy) —— 7%
0 —— K\(E? % Zy) — 0.
It follows that Ko(E® x Zy) = 722 and K (E? x Zs) = 0. Therefore,
Z —— 77272 Ko (F3)

| l

Ki(F3) «—— 060 — 0
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Hence, it follows that Ko(F3) = 22°+3 and K, (F3) 0.

Next consider the case m = 4. Then
0 — Co(T*\ (£1, 1, £1,£1)) 1 Zy — CO(T) % Zy — 02" C*(Zs) — 0.

Furthermore, 0 — Co(Xg) X Zg — Co(X4) X Z2 — CQ(X4 \ X3) X Zg — O, where X4 = T4\
(£1, 41, +1,+1), and

0— Co(Xl) X Zg — CQ(XQ) X Zg — CQ(XQ\Xl) X Z2 — O,

where X7 = (T \ {£1})*. We have the following six-term exact sequence:
Z4 _— KQ(C()(XQ) NZQ) — 0
Zl2 — Kl(CO(Xg) NZQ) — O,
which implies Ko(Co(X2) % Z2) =2 0 and K;(Co(X2) x Zg) = Z8. Furthermore,
0 —— KQ(CQ(Xg) X Zg) _— Zl2
0 —— Kl(CQ(Xg) ><1Z2) — ZS,
which implies Ko(Co(X3) % Zg) = Z* and K1(Co(X3) % Zz) = 0. Furthermore,
Z4 _— Ko(CO(X4) NZQ) — 0
Z* —— Kl(CO(X4) NZQ) — 0,
which implies Ko(co(X4) X ZQ) =~ (0 and Kl(CO(X4) X ZQ) =~ (. Thus,
0 —— Ko(C(T*) x Zy) —— 72
0 «—— K;i(C(T*) x Z3) +—— 0,
which implies Ko(C(T*) % Zy) = Z2” and K1 (C(T*) x Zs) = 0. Therefore,
72— Ko(E* % Zy) —— 7%
0 —— Ky(E*%Zy) — 0.
It follows that Ko(E* x Zy) = Z2° 2 and K (E* x Zs) = 0. Therefore,
—— P e —— Ko(F2)

l

Z
Ky(F) —— 060 — 0.



Sg(]?og The Flip Crossed Products of the C*-Algebras ... 113

Hence, it follows that Ko(F2) =2 Z2°+3 and K, (F4) 0.

The case for m general can be treated by the step by step argument as shown above. The
argument for K-theory is inductive in a sense that it involves essentially suspensions and direct
sums inductively. The second claim follows from considering the case € = 0 and the same argument
as above. O

Corollary 2.6 For 0 < ¢ < 2, the natural onto x-homomorphism . o from (®2”+1S) Xg Lo to
(@M F) x4 Zo sending s j to so; (1 < j < m + 1) induces the isomorphism between their
K-groups.

Proposition 2.7 There exists a continuous field of C*-algebras on the closed interval [0,2] such
that fibers are (2T 1F) X, Zs for e € [0,2], and for any a € (R5'F) x4 Za, the sections [0,2] >
£ p:(a) € (RTIF) 1, Zy are continuous, where p. : (®72”+1S) Mo Lo — (RMFTIF) X, Zo is the

natural onto *-homomorphism sending so2 j to scj (1 <j<m-+1).

Proof. As shown before, (2™1F) x4, Zy = (E™ X4, N) x4 Zy. Furthermore, this is isomorphic to
P((E ® K) Xpngid Z)p Xo Zz2. Hence it follows that

IR

((E;n X, N) NUZQ)@)K Em®K) pL®id Z)p% Zg)@K

E ® K) X pr®id Z)p ® K) No®id Zo

p(
p(
(BT @ K) X preid Z) @ K) Xogid Z2
(B @ K@ K) X pneideid Z) Xogid L2
(E" ® K) x pA®id Z) X Lo

E™ ©K) % psronia (Za * Zo).

(
(

1R IR

1

(
(
(
(
(
=(

It is deduced from [2] that there exists a continuous field of C*-algebras on [0, 2] such that fibers
are (E" ® K) Xprwowia (Z2 * Z2) for € € [0,2], and for any b € (EJ* ® K) X ppwopia (Z2 * Z2),
the sections [0,2] 3 € +— 1.(b) € (E" ® K) X prsowid (Z2 * Zz) are continuous, where 1. is the
unique onto *-homomorphism from (E3" ® K) X ppwo@id (Z2 * Z2) to (EI* @ K) X prsowid (Za * Za).
Cutting down this continuous field by cutting down the fibers from ((EI" x4, N) X, Z2) @ K to
(E? Xqo, N) X5 Zz by minimal projections, we obtain the desired continuous field. |
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ABSTRACT

In this paper, using geometric properties of the field rotation parameters, we present
a solution of Smale’s Thirteenth Problem on the maximum number of limit cycles
for Liénard’s polynomial system, generalize the obtained results for special classes of
polynomial systems, and complete the global qualitative analysis of a piecewise linear
dynamical system approximating a Liénard-type polynomial system with an arbitrary
number of finite singularities.

RESUMEN

En este articulo, usando propriedades geometricas del campo de rotaciéon de parametros,
nosotros presentamos una solucién del problema trece de Smale sobre el niimero maximo
de ciclos limite para el sistema polinomial de Liénard, generalizamos los resultados
obtenidos para clases especiales de sistemas polinomiales, y completamos el analisis
cualitativo global de un sistema dinamico linear por pedazos aproximando un sistema
polinomial de tipo Liérnard con un nimero arbitrario finito de singularidades.
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1 Introduction

We consider planar dynamical systems

j?:Pn(xvy)a y:Qn(Iay)v (11)

where P, (x,y) and @Q,(z,y) are polynomials with real coefficients in the real variables z, y and
not greater than n degree. First of all, we consider a special case of (1.1): a classical Liénard’s
polynomial system of the form

E=y, y=-—a+pmy+pey?+psy o+ ok y? + poger v (1.2)

The main problem of qualitative theory of such systems is Hilbert’s Sixteenth Problem on the
maximum number and relative position of their limit cycles, i.e., closed isolated trajectories of
(1.1). This problem was formulated as one of the fundamental problems for mathematicians of
the XX century, however it has not been solved even in the simplest (quadratic, cubic, etc.) cases
of the polynomial systems. In this paper, we suggest a new geometric approach to solving the
problem in the case of Liénard’s system (1.2). In this special case, it is considered as Smale’s
Thirteenth Problem becoming one of the main problems for mathematicians of the XXI century
[16], [20].

In Section 2 of this paper, applying a canonical system with field rotation parameters and using
geometric properties of the spirals filling the interior and exterior domains of limit cycles, we present
a solution of Smale’s Thirteenth Problem for Liénard’s polynomial system (1.2). In Section 3, by
means of the same geometric approach, we generalize the obtained result and present a solution
of Hilbert’s sixteenth problem on the maximum number of limit cycles surrounding a singular
point for an arbitrary polynomial system. In Section 4, we consider generalized Liénard’s cubic
system with three finite singularities, for which the developed geometric approach can complete
its global qualitative analysis: in particular, it easily solves the problem on the maximum number
of limit cycles in their different distribution. In this section, we give also an alternative proof of
the main theorem for the generalized Liénard’s system applying the Wintner—Perko termination
principle for multiple limit cycles. In Section 5, by means of the same principle, we complete the
global qualitative analysis of a piecewise linear dynamical system approximating a Liénard-type
polynomial system with an arbitrary number of finite singularities.
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2 Liénard’s polynomial system

System (1.2) and more general Liénard’s systems have been studied in numerous works (see, for
example, [2], [16], [17], [19], [20]). It is easy to see that (1.2) has the only finite singularity: an
anti-saddle at the origin. At infinity, system (1.2) for k£ > 1 has two singular points: a node at the
“ends” of the y-axis and a saddle at the “ends” of the z-axis. For studying the infinite singularities,
the methods applied in [2] for Rayleigh’s and van der Pol’s equations and also Erugin’s two-isocline
method developed in [10] can be used. Following [10], we will study limit cycle bifurcations of (1.2)
by means of a canonical system containing only the field rotation parameters of (1.2). It is valid
the following theorem.

Theorem 2.1. Liénard’s polynomial system (1.2) with limit cycles can be reduced to the canonical
form
g=y=P y=-c+my+y’+umy’+. . +yF +pn v =0, (2.1)

where (1, p3, ..., takt1 are field rotation parameters of (2.1).
Proof. Vanish all odd parameters of (1.2),
t=y, y=—z+py’+payt+.. . +pry” (2.2)

and consider the corresponding equation

dy —x+u2y2+u4y4—|—...+uzky2k
- = y = F(z,y). (2.3)

Since F(z,—y) = —F(x,y), the direction field of (2.3) (and the vector field of (2.2) as well) is
symmetric with respect to the z-axis. It follows that for arbitrary values of the parameters puo,
L4, ..., Mok system (2.2) has a center at the origin and cannot have a limit cycle surrounding this
point. Therefore, without loss of generality, all even parameters of system (1.2) can be supposed
to be equal, for example, to one: po = pa = ... = pop = 1 (they could be also supposed to be
equal to zero).

To prove that the rest (odd) parameters rotate the vector field of (2.1), let us calculate the
following determinants:

Ay, = PQy, — QF), =y? >0,
Ay = PQ, — QP =y* >0,

A

H2k+1 =

By definition of a field rotation parameter [4], for increasing each of the parameters 1, s, .. .,
tok+1, under the fixed others, the vector field of system (2.1) is rotated in positive direction
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(counterclockwise) in the whole phase plane; and, conversely, for decreasing each of these param-
eters, the vector field of (2.1) is rotated in negative direction (clockwise).

Thus, for studying limit cycle bifurcations of (1.2), it is sufficient to consider canonical system
(2.1) containing only its odd parameters, p1, us, ..., fok+1, which rotate the vector field of (2.1).
The theorem is proved. O

By means of canonical system (2.1), let us study global limit cycle bifurcations of (1.2) and

prove the following theorem.
Theorem 2.2. Liénard’s polynomial system (1.2) has at most k limit cycles.

Proof. According to Theorem 2.1, for the study of limit cycle bifurcations of system (1.2), it is
sufficient to consider canonical system (2.1) containing only the field rotation parameters of (1.2):

M1y B3y - oy H2k+1-

Vanish all these parameters:

t=y, y=-zxz+1y>+y+... +y>*. (2.4)
System (2.4) is symmetric with respect to the x-axis and has a center at the origin. Let us input
successively the field rotation parameters into this system beginning with the parameters at the
highest degrees of y and alternating with their signs. So, begin with the parameter o1 and let,
for definiteness, pop+1 > 0:

T =y, y:—x+y2+y4+...+y2k+u2k+1y2k+1. (2.5)

In this case, the vector field of (2.5) is rotated in positive direction (counterclockwise) turning the

origin into a nonrough unstable focus.
Fix piog+1 and input the parameter por—1 < 0 into (2.5):

2k—1

=y, y=—-c+y +y'+.. . +pm1y +y% 4 o y?R L (2.6)

Then the vector field of (2.6) is rotated in opposite direction (clockwise) and the focus immediately
changes the character of its stability (since its degree of nonroughness decreases and the sign of
the field rotation parameter at the lower degree of y changes) generating a stable limit cycle.
Under further decreasing psx—1, this limit cycle will expand infinitely, not disappearing at infinity
(because of the parameter pog+1 at the higher degree of y).

Denote the limit cycle by 17, the domain outside the cycle by D;, the domain inside the cycle
by D5 and consider logical possibilities of the appearance of other (semi-stable) limit cycles from a
“trajectory concentration” surrounding the origin. It is clear that, under decreasing the parameter
l2k—1, @ semi-stable limit cycle cannot appear in the domain Ds, since the focus spirals filling this
domain will untwist and the distance between their coils will increase because of the vector field

rotation.
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By contradiction, we can also prove that a semi-stable limit cycle cannot appear in the domain
D;. Suppose it appears in this domain for some values of the parameters u3, , ; > 0 and pu3,_; <O0.
Return to initial system (2.4) and change the inputting order for the field rotation parameters.
Input first the parameter pop—1 < 0:

g=y, y=-z+y7+y"+. . +pmor v+ (2.7)

Fix it under pop—1 = pdj,_,. The vector field of (2.7) is rotated clockwise and the origin turns into
a nonrough stable focus. Inputting the parameter usg+1 > 0 into (2.7), we get again system (2.6),
the vector field of which is rotated counterclockwise. Under this rotation, a stable limit cycle I}
will immediately appear from infinity, more precisely, from a separatrix cycle of the Poincaré circle
form containing infinite singularities of the saddle and node types [2]. This cycle will contract,
the outside spirals winding onto the cycle will untwist and the distance between their coils will
increase under increasing pzx+1 to the value p3, ;. It follows that there are no values of u3,_; <0
and p3,,, > 0, for which a semi-stable limit cycle could appear in the domain D;.

This contradiction proves the uniqueness of a limit cycle surrounding the origin in system (2.6)
for any values of the parameters por—1 and pop41 of different signs. Obviously, if these parameters
have the same sign, system (2.6) has no limit cycles surrounding the origin at all.

Let system (2.6) have the unique limit cycle I'. Fix the parameters pog1 >0, por—1 <0 and
input the third parameter, por—3 > 0, into this system:

g=y, y=-a+y+. A pe-sy? Py oy (2.8)

The vector field of (2.8) is rotated counterclockwise, the focus at the origin changes the character of
its stability and the second (unstable) limit cycle, Iy, immediately appears from this point. Under
further increasing por—3, the limit cycle I's will join with It forming a semi-stable limit cycle, I'9,
which will disappear in a “trajectory concentration” surrounding the origin. Can another semi-
stable limit cycle appear around the origin in addition to I75? It is clear that such a limit cycle
cannot appear either in the domain D; bounded on the inside by the cycle It or in the domain
D3 bounded by the origin and I's because of the increasing distance between the spiral coils filling
these domains under increasing the parameter pog_3.

To prove impossibility of the appearance of a semi-stable limit cycle in the domain Ds bounded
by the cycles IT and I'y (before their joining), suppose the contrary, i.e., for some set of values of
the parameters, u3, ; > 0, p5;, <0, and p3;, 5 > 0, such a semi-stable cycle exists. Return to
system (2.4) again and input first the parameters pog_3 > 0 and pog41 > 0:

P=y, y=-c+y 4.+ pop_gy? T +y? 2

+y?F 4 pogg1 v (2.9)

Both parameters act in a similar way: they rotate the vector field of (2.9) counterclockwise turning
the origin into a nonrough unstable focus.

Fix these parameters under piox—3 = p3; 3, fl2k+1 = M5y, 1 and input the parameter pog—1 < 0
into (2.9) getting again system (2.8). Since, by our assumption, this system has two limit cycles
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for pox—1 > ph, ,, there exists some value of the parameter, pd2 | (ud,_, < pas_, < 0), for
which a semi-stable limit cycle, I'a, appears in system (2.8) and then splits into a stable cycle,
T1, and an unstable cycle, I's, under further decreasing por_1. The formed domain Dy bounded
by the limit cycles I7, I'; and filled by the spirals will enlarge since, on the properties of a field
rotation parameter, the interior unstable limit cycle I's will contract and the exterior stable limit
cycle I will expand under decreasing por—1. The distance between the spirals of the domain Do
will naturally increase, what will prevent the appearance of a semi-stable limit cycle in this domain
for pop—1 < u%i_l.

Thus, there are no such values of the parameters, u3,,; > 0, 3, <0, and p3, 5 > 0, for
which system (2.8) would have an additional semi-stable limit cycle. Obviously, there are no other
values of the parameters piog+1, pog—1, and uor—s for which system (2.8) would have more than
two limit cycles surrounding the origin. Therefore, two is the maximum number of limit cycles for
system (2.8). This result agrees with [19], where it was proved for the first time that the maximum
number of limit cycles for Liénard’s system of the form

t=y, y=-r+my+pusy’+psy’ (2.10)
was equal to two.

Suppose that system (2.8) has two limit cycles, Iy and T's (this is always possible if pog1 >
—pog—1 > pok—3 > 0), fix the parameters pog11, tog—1, pok—s3 and consider a more general system
than (2.8) (and (2.10)) inputting the fourth parameter, por—5 < 0, into (2.8):

T = Y, y: —x+y2+...+,u2k,5 y2k75 —I—y2k74—|— e+ U2kl y2k+1. (211)

Under decreasing po—5, the vector field of (2.11) will be rotated clockwise and the focus at the
origin will immediately change the character of its stability generating the third (stable) limit
cycle, I's. Under further decreasing pior—5, I's will join with I's forming a semi-stable limit cycle,
T3, which will disappear in a “trajectory concentration” surrounding the origin; the cycle Iy will
expand infinitely tending to the Poincaré circle at infinity.

Let system (2.11) have three limit cycles: Iy, T's, I's. Could an additional semi-stable limit
cycle appear under decreasing po—s, after splitting of which system (2.11) would have five limit
cycles around the origin? It is clear that such a limit cycle cannot appear either in the domain
Dy bounded by the cycles I and I's or in the domain D4 bounded by the origin and I's because
of the increasing distance between the spiral coils filling these domains under decreasing por_s.
Consider two other domains: D; bounded on the inside by the cycle I7 and D3 bounded by the
cycles I's and I's. As before, we will prove impossibility of the appearance of a semi-stable limit
cycle in these domains by contradiction.

Suppose that for some set of values of the parameters p3,, , > 0, u3;,_; <0, uz,_5 >0, and
Kap_s < 0, such a semi-stable cycle exists. Return to system (2.4) again, input first the parameters
pok—s5 < 0, por—1 < 0 and then the parameter pogy1 > 0:

g=y, y=-a+y>+ . Hpee-sy? 0 Aoy Ty pae T (2.12)
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Fix the parameters por_5, pox—1 under the values u3, -, 3, ,, respectively. Under increasing
Hok+1, the node at infinity will change the character of its stability, the separatrix behavior of the
infinite saddle will be also changed and a stable limit cycle, I, will immediately appear from the
Poincaré circle at infinity [2]. Fix pog41 under the value p3,  ; and input the parameter pog—3 > 0
into (2.12) getting system (2.11).

Since, by our assumption, (2.11) has three limit cycles for pop—3 < p3;_5, there exists some
value of the parameter ,ugz_3 (0< M%z_3 < 3y _5) for which a semi-stable limit cycle, I's3, appears
in this system and then splits into an unstable cycle, I's, and a stable cycle, I's, under further
increasing pior—3. The formed domain D3 bounded by the limit cycles I'g, I's and also the domain
D; bounded on the inside by the limit cycle I will enlarge and the spirals filling these domains
will untwist excluding a possibility of the appearance of a semi-stable limit cycle there.

All other combinations of the parameters pok11, pok—1, fok—3, and pop_5 are considered in
a similar way. It follows that system (2.11) has at most three limit cycles. If we continue the
procedure of successive inputting the odd parameters, pag—7,..., U3, p1, into system (2.4), it is
possible first to obtain k limit cycles (pogt1 > —pok—1 >> flok—3 > —flok—5 > pog—7 > ...) and
then to conclude that canonical system (2.1) (i. e., Liénard’s polynomial system (1.2) as well) has
at most k limit cycles. The theorem is proved. O

3 An arbitrary polynomial system

Let us consider an arbitrary polynomial system

¢:Pn(x7yaula"-auk)7 y:Qn(‘T’yaMl,--ka)a (31)

where P,, and @,, are polynomials in the real variables x, y and not greater than n degree containing
k field rotation parameters, 1, ..., ux, and having an anti-saddle at the origin. Generalizing the
main result of the previous section, we will prove the following theorem.

Theorem 3.1. Polynomial system (3.1) containing k field rotation parameters and having a
singular point of the center type at the origin for the zero values of these parameters can have at

most k — 1 limit cycles surrounding the origin.

Proof. Vanish all parameters of (3.1) and suppose that the obtained system

l':Pn(ZC,y,O,,O), y:Qn($1y70770) (32)

has a singular point of the center type at the origin. Let us input successively the field rotation
parameters, (i1,..., iii, into this system.

Suppose, for example, that ;1 > 0 and that the vector field of the system

':.C:Pn(xayhulvoa"'vo)a y:Qn(Iayvﬂlvoa"'vo) (33)
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is rotated counterclockwise turning the origin into a stable focus under increasing p;.

Fix p1 and input the parameter ps into (3.3) changing it so that the field of the system

i':Pn(xayuMhM?aou"'ao)u y:Qn($7y7M17M2707"'70) (34)

would be rotated in opposite direction (clockwise). Let be so for us < 0. Then, for some value of
this parameter, a limit cycle will appear in system (3.4). There are three logical possibilities for
such a bifurcation: 1) the limit cycle appears from the focus at the origin; 2) it can also appear from
some separatrix cycle surrounding the origin; 3) the limit cycle appears from a so-called “trajectory
concentration”. In the last case, the limit cycle is semi-stable and, under further decreasing po,
it splits into two limit cycles (stable and unstable), one of which then disappears at (or tends
to) the origin and the other disappears on (or tends to) some separatrix cycle surrounding this
point. But since the stability character of both a singular point and a separatrix cycle is quite
easily controlled [10], this logical possibility can be excluded. Let us choose one of the two other
possibilities: for example, the first one, the so-called Andronov—Hopf bifurcation. Suppose that, for
some value of g, the focus at the origin becomes non-rough, changes the character of its stability
and generates a stable limit cycle, T7.

Under further decreasing po, three new logical possibilities can arise: 1) the limit cycle Ty
disappears on some separatrix cycle surrounding the origin; 2) a separatrix cycle can be formed
earlier than I disappears on it, then it generates one more (unstable) limit cycle, I'e, which joins
with I7 forming a semi-stable limit cycle, I75, disappearing in a “trajectory concentration” under
further decreasing puo; 3) in the domain D outside the cycle I7 or in the domain Dy inside I3,
a semi-stable limit cycle appears from a “trajectory concentration” and then splits into two limit
cycles (logically, the appearance of such semi-stable limit cycles can be repeated).

Let us consider the third case. It is clear that, under decreasing us, a semi-stable limit cycle
cannot appear in the domain D5, since the focus spirals filling this domain will untwist and the
distance between their coils will increase because of the vector field rotation. By contradiction, we
can prove that a semi-stable limit cycle cannot appear in the domain D;. Suppose it appears in
this domain for some values of the parameters pi > 0 and p} < 0. Return to initial system (3.2)
and change the inputting order for the field rotation parameters. Input first the parameter s < 0:

Zb:Pn(xayvﬂ270a---70)a y:Qn(Iayvﬂanv"'ao)' (35)

Fix it under pus = pj. The vector field of (3.5) is rotated clockwise and the origin turns into a
unstable focus. Inputting the parameter p; > 0 into (3.5), we get again system (3.4), the vector
field of which is rotated counterclockwise. Under this rotation, a stable limit cycle, I, will appear
from some separatrix cycle. The limit cycle I} will contract, the outside spirals winding onto this
cycle will untwist and the distance between their coils will increase under increasing p1 to the value
pi. It follows that there are no values of p5 < 0 and pj > 0, for which a semi-stable limit cycle
could appear in the domain D;.

The second logical possibility can be excluded by controlling the stability character of the
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separatrix cycle [10]. Thus, only the first possibility is valid, i.e., system (3.4) has at most one
limit cycle.

Let system (3.4) have the unique limit cycle Ih. Fix the parameters g3 > 0, po < 0 and
input the third parameter, us > 0, into this system supposing that ps rotates its vector field
counterclockwise:

i::Pn(:r’y?/‘[’l?l‘[’Q?l‘[’g)O?"'50)7 y:Qn(xaynulaHQa,u3507"'50)' (36)

Here we can have two basic possibilities: 1) the limit cycle It disappears at the origin; 2) the second
(unstable) limit cycle, I's, appears from the origin and, under further increasing the parameter s,
the cycle I'; joins with I} forming a semi-stable limit cycle, I'2, which disappears in a “trajectory
concentration” surrounding the origin. Besides, we can also suggest that: 3) in the domain Do
bounded by the origin and I3, a semi-stable limit cycle, I'23, appears from a “trajectory concentra-
tion”, splits into an unstable cycle, I's, and a stable cycle, I's, and then the cycles 17, I'y disappear
through a semi-stable limit cycle, I2, and the cycle I's disappears through the Andronov—Hopf
bifurcation; 4) a semi-stable limit cycle, I's4, appears in the domain Dy bounded by the cycles I,
I'; and, for some set of values of the parameters, uf, us, 13, system (3.6) has at least four limit
cycles.

Let us consider the last, fourth, case. It is clear that a semi-stable limit cycle cannot appear
either in the domain D; bounded on the inside by the cycle I} or in the domain D3 bounded by
the origin and I'y because of the increasing distance between the spiral coils filling these domains
under increasing the parameter pus. To prove impossibility of the appearance of a semi-stable limit
cycle in the domain Ds, suppose the contrary, i. e., for some set of values of the parameters, ] > 0,
s < 0, and pi > 0, such a semi-stable cycle exists. Return to system (3.2) again and input first
the parameters ps > 0, pug > 0:

'r:Pn(Iayvﬂlvﬂ:iaOv"'aO)v y:Qn(Iayvﬂlau3507"'50)' (37)

Fix these parameters under pug = p3, g1 = pf and input the parameter po < 0 into (3.7) getting
again system (3.6). Since, by our assumption, this system has two limit cycles for ps > u3, there
exists some value of the parameter, ui? (u3 < pi? < 0), for which a semi-stable limit cycle, Iz,
appears in system (3.6) and then splits into a stable cycle, I, and an unstable cycle, I'y, under
further decreasing po. The formed domain Dy bounded by the limit cycles It, I's and filled by
the spirals will enlarge, since, on the properties of a field rotation parameter, the interior unstable
limit cycle I'y will contract and the exterior stable limit cycle I7 will expand under decreasing ps.
The distance between the spirals of the domain D5 will naturally increase, what will prevent the
appearance of a semi-stable limit cycle in this domain for us < pi?.

Thus, there are no such values of the parameters, uj > 0, p5 < 0, pz > 0, for which system
(3.6) would have an additional semi-stable limit cycle. Therefore, the fourth case cannot be realized.
The third case is considered absolutely similarly. It follows from the first two cases that system
(3.6) can have at most two limit cycles.
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Suppose that system (3.6) has two limit cycles, It and T's, fix the parameters 1 > 0, po < 0,
ps > 0 and input the fourth parameter, py < 0, into this system supposing that py rotates its
vector field clockwise:

:b:Pn(xuyaﬂlu'"7”4707"'70)7 y:Qn(xuyaﬂlu'"7”4707"'70)' (38)

The most interesting logical possibility here is that when the third (stable) limit cycle, I's, appears
from the origin and then, under preservation of the cycles I and I's, in the domain D3 bounded
on the inside by the cycle I's and on the outside by the cycle I's, a semi-stable limit cycle, I'y5,
appears and then splits into a stable cycle, Iy, and an unstable cycle, T's, i.e., when system (3.8)
for some set of values of the parameters, u7, p3, 13, iy, has at least five limit cycles. Logically, such
a semi-stable limit cycle could also appear in the domain D; bounded on the inside by the cycle
I, since, under decreasing pu4, the spirals of the trajectories of (3.8) will twist and the distance
between their coils will decrease. On the other hand, in the domain D2 bounded on the inside by
the cycle I's and on the outside by the cycle I7 and also in the domain D4 bounded by the origin
and I's, a semi-stable limit cycle cannot appear, since, under decreasing ji4, the spirals will untwist
and the distance between their coils will increase. To prove impossibility of the appearance of a
semi-stable limit cycle in the domains D3 and D1, suppose the contrary, i. e., for some set of values
of the parameters, i > 0, p5 <0, p3 > 0, and pj < 0, such a semi-stable cycle exists. Return to
system (3.2) again, input first the parameters py < 0, uo < 0 and then the parameter py > 0:

':b:Pn(xaynulvlu27ﬂ4voa'"70)5 y:Qn(xaynulaHQa,uﬁlaOv"'50)' (39)

Fix the parameters 4, po under the values pj, p3s, respectively. Under increasing p1, a separatrix
cycle is formed around the origin generating a stable limit cycle, It. Fix p; under the value pj and
input the parameter pus > 0 into (3.9) getting system (3.8).

Since, by our assumption, system (3.8) has three limit cycles for us < pj, there exists some
value of the parameter p33 (0 < p2® < p3}) for which a semi-stable limit cycle, a3, appears in this
system and then splits into an unstable cycle, I's, and a stable cycle, I's, under further increasing
3. The formed domain D3 bounded by the limit cycles I's, I's and also the domain D; bounded
on the inside by the limit cycle I1 will enlarge and the spirals filling these domains will untwist
excluding a possibility of the appearance of a semi-stable limit cycle there.

All other combinations of the parameters p1, uo, t3, and uy are considered in a similar way. It
follows that system (3.8) has at most three limit cycles. If we continue the procedure of successive
inputting the field rotation parameters, s, e, .- ., fk, into system (3.2), it is possible to conclude
that system (3.1) can have at most k — 1 limit cycles surrounding the origin. The theorem is
proved. O
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4 Generalized liénard’s cubic system

In [13], we considered generalized Liénard’s cubic system of the form:
=y, y=-c+N—p)y+3/2)2*+pry—(1/2) 2> +az?y. (4.1)

This system has three finite singularities: a saddle (1,0) and two antisaddles — (0, 0) and (2,0). At
infinity system (4.1) can have either the only nilpotent singular point of fourth order with two closed
elliptic and four hyperbolic domains or two singular points: one of them is a hyperbolic saddle and
the other is a triple nilpotent singular point with two elliptic and two hyperbolic domains. We
studied global bifurcations of limit and separatrix cycles of (4.1), found possible distributions of its
limit cycles and carried out a classification of its separatrix cycles. We proved also the following
theorems.

Theorem 4.1. The foci of system (4.1) can be at most of second order.
Theorem 4.2. System (4.1) has at least three limit cycles.

Using the results obtained in [13] and applying the approach developed in this paper, we can
easily prove a much stronger theorem.

Theorem 4.3. System (4.1) has at most three limit cycles with the following their distributions:
((1,1),1),((1,2),0), ((2,1),0), ((1,0),2), ((0,1),2), where the first two numbers denote the numbers
of limit cycles surrounding each of two anti-saddles and the third one denotes the number of limit

cycles surrounding simultaneously all three finite singularities.

Theorem 4.3 agrees, for example, with the earlier results by Iliev and Perko [15], but it does
not agree with a quite recent result by Dumortier and Li [5] published in the same journal. The
authors of both papers use very similar methods: small perturbations of a Hamiltonian system.
In [15], the zeros of the Melnikov functions are studied and, in particular, it is proved that at
most two limit cycles can bifurcate from either the interior or exterior period annulus of the
Hamiltonian under small parameter perturbations giving a generalized Liénard system. In [5],
zeros of the Abelian integrals are studied and it is “proved” that at most four limit cycles can
bifurcate from the exterior period annulus. Thus, Dumortier and Li “obtain” a configuration of
four big limit cycles surrounding three finite singularities together with the fifth small limit cycle
which surrounds one of the anti-saddles.

The result by Dumortier and Li [5] also does not agree with the Wintner—Perko termination
principle for multiple limit cycles [10], [18]. Applying the method as developed in [3], [7]-[13],
we can show that system (4.1) cannot have either a multiplicity-three limit cycle or more than
three limit cycles in any configuration. That will be another proof of Theorem 4.3 (the same
approach can be applied to proving Theorems 2.2 and 3.1 as well). But first let us formulate the
Wintner—Perko termination principle [18] for the polynomial system

x = f(mv iu’)7 (42H)
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where z € R*; p € R"; f € R? (f is a polynomial vector function).

Theorem 4.4 (Wintner—Perko termination principle). Any one-parameter family of multi-
plicity-m limit cycles of relatively prime polynomial system (4.2y,) can be extended in a unique way
to a maximal one-parameter family of multiplicity-m limit cycles of (4.2y,) which is either open or
cyclic.

If it is open, then it terminates either as the parameter or the limit cycles become unbounded;
or, the family terminates either at a singular point of (4.2y), which is typically a fine focus of mul-
tiplicity m, or on a (compound) separatriz cycle of (4.2y,), which is also typically of multiplicity m.

The proof of this principle for general polynomial system (4.2y) with a vector parameter
p € R™ parallels the proof of the planar termination principle for the system

T = P('rvya A)v y = Q('rvya A) (42)\)

with a single parameter A € R (see [10], [18]), since there is no loss of generality in assuming that
system (4.2y) is parameterized by a single parameter J; i.e., we can assume that there exists an
analytic mapping p()) of R into R" such that (4.2y) can be written as (4.2 y(x)) or even (4.2)
and then we can repeat everything, what had been done for system (4.2y) in [18]. In particular,
if A\ is a field rotation parameter of (4.2y), the following Perko’s theorem on monotonic families of
limit cycles is valid.

Theorem 4.5. If Ly is a nonsingular multiple limit cycle of (4.2¢), then Lo belongs to a one-
parameter family of limit cycles of (4.2)); furthermore:

1) if the multiplicity of Lo is odd, then the family either expands or contracts monotonically

as A increases through Ao;

2) if the multiplicity of Lo is even, then Lo bifurcates into a stable and an unstable limit cycle
as A varies from Ao in one sense and Lg disappears as A varies from g in the opposite sense; 1. e.,

there is a fold bifurcation at Ag.

Proof of Theorem 4.3. The proof is carried out by contradiction. Suppose that system (4.1)
with three field rotation parameters, A\, u, and «, has three limit cycles around, for example, the
origin (the case when limit cycles surround another focus is considered in a similar way). Then we
get into some domain in the space of these parameters which is bounded by two fold bifurcation
surfaces forming a cusp bifurcation surface of multiplicity-three limit cycles.

The corresponding maximal one-parameter family of multiplicity-three limit cycles cannot be
cyclic, otherwise there will be at least one point corresponding to the limit cycle of multiplicity
four (or even higher) in the parameter space. Extending the bifurcation curve of multiplicity-
four limit cycles through this point and parameterizing the corresponding maximal one-parameter
family of multiplicity-four limit cycles by a field rotation parameter, according to Theorem 4.5, we
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will obtain a monotonic curve which, by the Wintner—Perko termination principle (Theorem 4.4),
terminates either at the origin or on some separatrix cycle surrounding the origin. Since we know
absolutely precisely at least the cyclicity of the singular point (Theorem 4.1) which is equal to
two, we have got a contradiction with the termination principle stating that the multiplicity of
limit cycles cannot be higher than the multiplicity (cyclicity) of the singular point in which they
terminate.

If the maximal one-parameter family of multiplicity-three limit cycles is not cyclic, on the same
principle (Theorem 4.4), this again contradicts to Theorem 4.1 not admitting the multiplicity of
limit cycles higher than two. Moreover, it also follows from the termination principle that either
the ordinary separatrix loop or the eight-loop cannot have the multiplicity (cyclicity) higher than
two (in that way, it can be proved that the cyclicity of three other separatrix cycles [13] is at most
two). Therefore, according to the same principle, there are no more than two limit cycles in the
exterior domain surrounding all three finite singularities of (4.1). Thus, system (4.1) cannot have
either a multiplicity-three limit cycle or more than three limit cycles in any configuration. The
theorem is proved. O

5 A piecewise linear dynamical system

Consider a Liénard-type dynamical system
z=y—o), y=F—ax—y, a>0, >0, (5.1)

where () is a piecewise linear function containing k dropping sections and approximating an
arbitrary polynomial of degree 2k 4+ 1. The line 8 — ax — y = 0 and the curve y = ¢(z) can
be considered as the isoclines of zero and infinity, respectively, for the corresponding equation.
Such systems and equations may occur, for example, when tunnel diode circuits and some other
problems are studied (see [1], [2], [6], [14]).

Suppose that the ascending sections of system (5.1) have an inclination k1 > 0 and the
descending (dropping) sections have an inclination ks < 0. Then the phase plane of (5.1) can be
divided onto 2k 4 1 parts in every of which (5.1) is a linear system: the ascending sections are in
k + 1 strip regions (I, I11I,V,... 2K 4 1) and the descending sections are in other k such regions
(II,IV,VI,...,2K). The parameters ki1, k2, and also a can be considered as rotation parameters
for the sewed vector field of (5.1) (see [2], [10]).

System (5.1) can have an odd number of simple singular points: 1,3,5,...,2k+ 1. If (5.1) has
the only singular point, this point will be always an antisaddle (center, focus or node). A focus
(node) will be always stable in odd regions and unstable in even regions if ko > 1. If system (5.1)
has 2k + 1 singularities, then k of them are saddles (they are in even regions) and k + 1 others
are antisaddles (foci or nodes) which are always stable (they are in odd regions). The pieces of
the straight lines 8 = xo;— 1 + y2;,—1 and 8 = xo;a +y2; (1 =1,2,..., k), where (x2;—1,y2:—1) and
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(2, y2i) are the coordinates of the upper and lower corner points of the curve (z), respectively,

form a discriminant curve separating the domains in the plane («, ), where a < ko, with different
numbers of singular points. The points of the discriminant curve correspond to the sewed singular-
ities of saddle-focus or saddle-node type (a < k2) and its corner points correspond to the unstable
equilibrium segments (a = ko) which coincide with the dropping sections of the curve y = ¢(z).

In the case when ko < 1, closed trajectories cannot exist and only bifurcations of singular
points are possible in system (5.1). Therefore, we will consider further only the case when ko > 1
and (k1 — 1)? < 4ko giving various bifurcations and, first of all, the bifurcations of limit cycles.
Studying all such bifurcations (local and global), we will give a proof of the following theorem.

Theorem 5.1. System (5.1) with k dropping sections and 2k + 1 singular points can have at most
k+ 2 limit cycles, k + 1 of which surround the foci one by one and the last, (k + 2)-th, limit cycle
surrounds all of the singular points of (5.1).

Proof of Theorem 5.1. To prove the theorem, we will study both local and global bifurcations
of limit cycles. The limit cycle of system (5.1) will be called small if it belongs to at most two
adjoining regions; the cycle will be called big if it belongs to at least three adjoining regions.

5.1 Local bifurcations

Following [1], we will study first stability of the singular points on the line of sewing. Suppose that
the straight line 8 — ax — y = 0 passes through the corner point (z1,%1) of the curve y = ¢(z) on
the boundary of regions I, IT and that o > (k2 + 1)?/4. Then the region I (II) will be filled by
the pieces of trajectories of the stable (unstable) focus.

Introduce positive coordinates Sy (lower (x1,y1)) and S; (upper (z1,y1)) on the line of sewing
of regions I and II; So (lower (z2,y2)) and S3 (upper (x2,y2)) on the line of sewing of regions
II and III, etc. The maps Sy — 51 along the trajectories of region I and S; — Sy along the
trajectories of region II are written as follows:

Sl = Soeﬂ'gl/wl, 5’0 = Slemm/wg’ (52)

where 0;, w; (i = 1,2) are the real and imaginary parts of the roots of the characteristic equation
for a singular point of regions I, I, respectively.

The singular point (x1,%;) will be a sewed center (Sy = Sp) iff o1 /w; + 02 /ws = 0, i.e., when
a=a* = (1—ky/ka)/(ka — k1 +2). The sewed focus (z1,y1) will be stable (Sy < Sp) when a > o*
and unstable (Sp > Sp) when o < o*.

Consider the return map Sy — Sp along the trajectories of regions I and II. For region I, we
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will have
Sy = Sini(jln (w1 coswimy — oy sinwim —wie” 717 = §oC(11),
5 (5.3)
S = Sho (w1 coswiTy + o1 sinwyT — w1 = dox (1),

where dg is the distance from the boundary of regions I, I to the singular point; ¢ and x are
monotonic functions. The return map along the trajectories of region I has a similar form.

Calculation of the first derivative for the return map gives

dS’O S0 2(0171+0272)

-0 _ =0 o1T1+02T: 5.4
5, ~ 5 ° ; (5-4)
where 7; (i = 1, 2) is motion time along the trajectories of regions I, IT, respectively; o; = (1+k;)/2

(i=1,2).

Studying the return map Sy — Sp by means of (5.4), we prove that at most one limit cycle
can exist in regions I and IT (see also [1]). The same result can be obtained for regions 171 and
IV,..., 2K — 1 and 2K.

Consider now the map Sy = f(Sp) sewed of two pieces: Sy = £(Sp) along the trajectories in
regions I, I1,..., 2K and Sy = ¥(Sp) along the trajectories in all regions, I, I1,..., 2K, 2K + 1.
The map Sy — S7 in region I is given by (5.3). The maps S; — S3, S5 — S5,..., Sak—1 — Sop_2
(Sok—1 — Sak+1, Sok+1 — Sok, Sok — Sok—2), Sok—2 — Sok—4, ..., S2 — Sp have similar forms.

The derivatives for the functions £(Sp), ¥(Sp) are given by the following expressions, respec-
tively:

d_SO — i 62(0'1(Tl+T;+737+~~~+72k—1)+0'2(7'2++7';+~~~+7'2+k72+7'27k72)) (5.5)
dSo  So ’

% = i 62(01(71+T;+TI;+”'+T2k+1)+U2(T;+T;+"'+T;C+T27c))7 (5.6)
dSy  So
where 71, Tor_1, Tok41 are motion times in regions I, 2K — 1, 2K + 1 and 75 (73;), T;;H (Tai41)5

t=1,2,...,k, are motion times in the upper (lower) parts of regions I1,I1I,... 2K, respectively.

Studying the return map Sy = f(Sp) by means of (5.5) and (5.6), we prove that at most two
limit cycles can be generated by the boundary of the domain filled by closed trajectories of (5.1)
and that these two limit cycles can be only outside the boundary.

Suppose that a part of the straight line § — ax — y = 0 coincides with a dropping section of
(5.1), for example, with the first one (o = k2). The dropping section of (5.1) will be an unstable
equilibrium segment and regions I, I1 (because of the condition (k1 — 1)? < 4ky) will be filled by
trajectories of the stable foci. It is easy to obtain an explicit expression for the map of the half-line
So into itself:

Sy = 8o 2™ /91 4 §(kg — 1)(1 4 €71/91), (5.7)

where ¢ is the width of regions /1.
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This map has the only stable fixed point, and we can show that two stable foci surrounded by
unstable limit cycles (one by one) are generated from the ends of the equilibrium segment under
the rotation of the line 8 — ax — y = 0 (see also [1]).

The simplest type of separatrix cycles of (5.1) is a so-called eight-loop formed by two ordinary
saddle loops. In the case of 2k 4+ 1 simple singular points, a separatrix cycle can contain k + 1
saddle loops, the first and the last of which are ordinary loops with one rough saddle on each and
the k — 1 others are separatrix digons with two rough saddles on each. Such a separatrix cycle
will be called nondegenerate. In the cases when the straight line 8 — ax — y = 0 passes through
the corner points of the curve y = (x), we will have degenerate separatrix cycles of lips-type
containing one or two sewed saddle-nodes. It is clear that the bifurcations of separatrix cycles do
not depend on the parameter 8 (see [1]). The separatrix cycles can be formed or destroyed only
under a variation of the parameter .. The character of their stability will be determined by the
sign of the saddle quantities which are always positive in our case, when the saddles are inside or
on the boundary of even regions II, IV,..., 2K and kg > 1 (the corresponding theorems are valid
for the piecewise linear dynamical systems as well [2]). It follows that the separatrix cycles of (5.1)
are always unstable (inside and outside) and, under a variation of «, a nondegenerate separatrix
cycle can generate at most k£ + 1 small unstable limit cycles inside its loops (digons) or the only
big unstable limit cycle outside it.

5.2 Global bifurcations

Now we are able to consider the global bifurcations of limit cycles. Suppose again that the zero
isocline §— ax: — y = 0 passes through the corner point (21, y1) of the infinite isocline y = ¢(z) and
that a > o*. In this case, the only singular point in the phase plane is a sewed stable focus and
all trajectories of (5.1) tend to it when ¢t — +oo. For decreasing « (k2 < a < o*), the sewed focus
becomes unstable and a stable limit cycle is generated from the boundary curve of the domain
filled by closed trajectories (immediately after passing the value a* by the parameter «).

For o = ko, the first dropping section of (5.1) will coincide with a part of the straight line
08 —axr —y = 0 and an unstable equilibrium segment will appear inside the stable limit cycle.
If we rotate the line 8 — ax — y = 0 around an interior point of the segment (changing both
of the parameters, @ and (), two unstable limit cycles surrounding stable foci (one by one) will
be generated from the ends (x1,y;) and (x2,y2) of the equilibrium segment. Under the further
rotation of the line § — ax —y = 0, it will pass first through the next corner point, (z4,y4), and
then, successively, through the points (zg, ys), - - ., (Z2k, y2x ). Every time, the corner point becomes
a sewed saddle-node generating an unstable limit cycle surrounding a stable focus. So, we will get
a piecewise linear system with 2k + 1 singular points having at least £ + 1 small unstable limit
cycles surrounding the stable foci (one by one) inside a big stable limit cycle, k + 2, surrounding
all of the singular points.

Under the further rotation of the zero isocline, all k£ + 1 small limit cycles simultaneously
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disappear in a separatrix cycle consisting of k£ 4 1 loops (digons), this separatrix cycle generates a
big (unstable) limit cycle which combines with another big (stable) limit cycle of (5.1) forming a
semi-stable (double) limit cycle which finally disappears in a so-called trajectory condensation.

Let us prove that system (5.1) cannot have more than &k + 2 limit cycles. The proof is carried
out by contradiction by means of the Wintner—Perko termination principle [2], [10], [18]. Since a
small limit cycle is always unique in the corresponding strip regions, suppose that system (5.1)
with three field rotation parameters, k1, ko, and «, has three big limit cycles. Then we get into
some domain in the space of these parameters which is bounded by two fold bifurcation surfaces
forming a cusp bifurcation surface of multiplicity-three limit cycles [10], [18].

The corresponding maximal one-parameter family of multiplicity-three limit cycles cannot be
cyclic, otherwise there will be at least one point corresponding to the limit cycle of multiplicity four
(or even higher) in the parameter space. Extending the bifurcation curve of multiplicity-four limit
cycles through this point and parameterizing the corresponding maximal one-parameter family of
multiplicity-four limit cycles by a field rotation parameter, for example, by the parameter o, we will
obtain a monotonic curve which, by the Wintner—Perko termination principle, terminates either
at the boundary curve of the domain filled by closed trajectories of (5.1) or on some degenerate
separatrix cycle of (5.1) [10], [18].

Since we know at least the cyclicity of the boundary curve which is equal to two, we have
got a contradiction with the termination principle stating that the multiplicity of limit cycles
cannot be higher than the multiplicity (cyclicity) of the end bifurcation points in which they
terminate [10], [18].

If the maximal one-parameter family of multiplicity-three limit cycles is not cyclic, using
the same principle, this again contradicts with the cyclicity result for the boundary curve not
admitting the multiplicity of limit cycles to be higher than two. Moreover, it also follows from the
termination principle that the degenerate separatrix cycles of (5.1) cannot have the multiplicity
(cyclicity) higher than two. Therefore, according to the same principle, there are no more than
two big limit cycles in the exterior domain outside the boundary curve of (5.1).

The same results can be obtained by means of the new geometric methods developed in [12].
The phase portraits and bifurcation diagrams for system (5.1) will be similar to that which were
constructed in [1], [2]. Thus, system (5.1) with 2k + 1 singular points cannot have more than
k + 2 limit cycles, i.e., k + 2 is the maximum number of limit cycles of such system and the
obtained distribution (k4 1 small limit cycles plus a big limit cycle) is the only possibility for their
distribution. The theorem is proved. O

Received: May 2008. Revised: June 2008.
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ABSTRACT

Applying a theorem of Reich on Dirichlet series satisfying difference-differential equa-
tions, we show that the Fibonacci zeta-function satisfies no algebraic differential equa-
tion.

RESUMEN

Aplicando el Teorema de Reich sobre series de Dirichlet satisfaziendo ecuaciones diferen-
ciales-diferencias, nosotros mostramos que la funcién zeta de Fibonacci satisfaze una

ecuacion diferencial no algebraica.
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1 Introduction

The Fibonacci numbers are recursively defined by
FOZO, Fi =1 and Fn+2:Fn+1+Fn for REN.

In number theory one can often obtain arithmetic information by studying a generating function of
a given number theoretical object. In the case of Fibonacci numbers this is usually the correspond-
ing Lambert series; however, in the recent past also the generating Dirichlet series was studied; this
function is more interesting with respect to its analytic properties. Let s be a complex variable.
For Re s > 0 the Fibonacci zeta-function is defined by

CF(S) = Z ngv

nGN

and by analytic continuation throughout the complex plane except for simple poles at s = —2k +
7i(2n + k)/log ¢ for n € Z,k € Ny, where ¢ is the golden ratio; this was first proved by Navas
[6] (and relies mainly on Binet’s formula). In [1], Elsner et al. obtained several results on the
algebraic independence of the values taken by (¢ on the positive integers, e.g. (r(2),¢r(4), (r(6)
are algebraically independent.

In this note we show that the Fibonacci zeta-function (¢(s) is hypertranscendental, i.e., it
satisfies no non-trivial algebraic differential equation (that is no finite collection of derivatives of
¢r) is algebraically dependent over the field of rational functions). Actually, we shall prove a
slightly stronger statement by applying Reich’s theorem on Dirichlet series satisfying holomorphic
difference—differential equations. In order to state this result denote by D the set of all ordinary
Dirichlet series f(s) =Y.~ a,n™* satisfying the following two assumptions:

e the abscissa of absoulte convergence is finite: o,(f) < 0o,

e the set of all divisors of indices n with a,, # 0 contains infinitely many prime numbers.

Furthermore, we introduce the following abbreviation: for a non-negative integer v we write

) = (F(s), F/(5), - fO(5)).

Reich [9] proved the following theorem: Assume that f € D. Let hg < h1 < ... < hy, be
any real numbers, vo,v1,...,Vm be any non-negative integers, and let o9 > oq(f) — ho. Put
k= Z;-n:o(uj +1). If® : C* - C is continuous and the difference-differential equation

D(f) (s + ho), f (s + ha)s o, f ) (s 4 n)) = 0

holds for all s with Res > o¢, then ® vanishes identically. To apply this result to the Fibonacci
zeta-function it suffices to show that the set of all Fibonacci numbers F}, is not generated by finitely
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many primes. However, this follows immediately from Lucas’ theorem
ng(qu Fn) = Fgcd(m,n)

(see [5]), since the right-hand side is equal to F; = 1 for any pair m, n of relatively coprime integers.
Thus we obtain:

Theorem 1. Given any real numbers hg < hy < ... < hy,, any non-negative integers vy, V1, . . ., Vm,
and any og > —hg, if © : C* = C is continuous and the difference-differential equation

O (s + ho), " (s + 1)y, GV (s + ) = 0

holds for all s with Res > 0, then ® vanishes identically.

Notice that the proof does not use the meromorphic continuation of ¢¢(s) to C, obtained by Navas.
The statement of the theorem can easily be extended to other Dirichlet series built from linear
recursive sequences. Here we only need that such sequences are divisible by infinitely many prime
numbers which is true except for degenerate cases when the characteristic polynomial has two roots
whose quotient is a root of unity; since roots are counted with multiplicities, this also includes the
case of repeated roots. This was first shown by Pdlya [8] and has been rediscovered by several
mathematicians (see [2, 10] for some history).

We conclude with a few historical remarks on hypertranscendence and an interesting question.
In 1887, Holder [4] proved that the Gamma-function is hypertranscendental. In his challenging
lecture at the International Congress for Mathematicians in Paris 1900, Hilbert [3] asked in problem
18 for a description of classes of functions definable by differential equations. In this context
Hilbert stated that the Riemann zeta-function {(s) is hypertranscendental; the first published proof
was written down by Stadigh in his dissertation (cf. Ostrowski [7]). The idea is to deduce the
hypertranscendence of {(s) from Holder’s theorem and the fact that the Gamma-function appears
in the functional equation for zeta. Besides, Hilbert [3] asked for a proof of the hypertranscendence
for the more general series Y.~ "n~*. This problem was solved by Ostrowski [7] as a particular
case of a more general theorem which also applies to the case when there is no functional equation
at hand; his argument relies on a comparison of the differential independence with the linear
independence of its frequencies. Reich’s theorem [9], which we have used to prove Theorem 1,
may be regarded as the most general and powerful extension of this method. A different way for
proving hypertranscendence was found by Voronin. In [11], he developped a new technique to
study the joint value distribution of Dirichlet L-functions to pairwise inequivalent characters and
their derivatives; in [12], he extended the method in order to prove his famous universality theorem
for the Riemann zeta-function: Let 0 < r < % and suppose that g(s) is a non-vanishing continuous

function on the disk |s| < r which is analytic in the interior. Then, for any e > 0,

1
liminffmeas {T €[0,7] : max|¢ (s+ 2 +ir) —g(s)| < e} > 0.

T—oo BES
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Voronin’s results imply the hypertranscendence of these Dirichlet series. It is natural to ask whether

the Fibonacci zeta-function shares this or some other universality property: is it true or false that
any (suitable) analytic function g(s) can be uniformly approzimated by certain shifts of (r(s)?

Acknowledgements. The author wants to thank the anonymous referee for her or his remarks
and references to clarify to which extent the statement of the theorem can be generalized.
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RESUMEN

El objetivo de este articulo es introducir las nociones de espacios (¢, j)-v-T1, (¢,7)y-Ra,
(i,7)-vT2 v (i,7)-7-US, aplicaciones (¢, j)-abiertas y (i, j)-vy-irresolutas.

Key words and phrases: (i,j)-v-open set, (i,7)-v-T1 space, (i,)-y-Rispace, (i,5)-y-US space,
(i, 7)-v-open mapping, and (i, j)-y-irresolute mapping.

Math. Subj. Class.: 54C55.

1 Introduction

In 1982, Mashhour et al. [11] introduced the notion of preopen sets, also called locally dense
sets by Corson and Michael [4]. The class of preopen sets properly contains the class of open sets.
As the intersection of two preopen sets may fail to be preopen, the class of preopen sets does not
always form a topology. In a submaximal space i.e. a topological space X in which every dense
subset is open, collection of all preopen sets form a topology. Indeed, many notions in Topology
can be defined in terms of preopen sets (see [3], [5], [8], [12] and [13]). In 1987, Andrijevic [2] offered
a new class of open sets called ~y-open sets by utilizing preopen sets. Recently, Abd El Monsef
et al. [1] have applied preopen sets in connection with the topological applications of rough set
measures in information systems. Moreover, it has been shown in [6] that the notion preopen
sets is important with respect to the digital topology. Many researchers also used the notion of
preopen sets in fuzzy topological spaces which Professor El-Naschie has recently shown in [7] the
importance of the notion of fuzzy topology which may be relevent to quantam particle physics in
connection with string theory and e*theory.

In a bitopological space (X, 71,72), the y-open set is generalized in the form of (4, j)-y-open
set, i, j = 1,2 and i # j [14] and these sets are used to define the separation axiom (i, j)-vy-Tp [14].

In this paper we define (¢, j)v-T1, (4, )-v-R1, (i,7)-v-T2 and (4, j)-y-US spaces and show that
(i,4)-7-US axiom is stronger than (4, j)-v-T1 axiom and is weaker than (i, j)-v-T> axiom.

We recall some definitions and concepts which are useful in the following sections.

2 Preliminaries

In a topological space (X, 7), the interior and the closure of a subset A are denoted by int(A) and
cl(A), respectively.

Definition 1 A subset A of X is called pre-open set [11] if A C int(cl(A)).
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Definition 2 A subset A of a topological space (X, 7) is called a v-set [2] if ANS € PO(X) for
each S € PO(X).

In the above definition, PO(X) is the family of all pre-open sets in X. The family of all vy-sets
in X is denoted by yO(X).

In the following sections by a space X, we mean a bitopological space (X, 71, 72).

Definition 3 A subset A of X is called (i, §)-pre-open [9] if A C 1;-int(7;-cl(A)).

Definition 4 A subset A of X is called (i,7)-v-open [14], if AN B is (i,7)-pre-open for every
(i,4)-pre-open set B in X.

We denote the family of (i, j)-y-open sets in X by (i, )-yO(X).

Theorem 5 [14] The family of all (i,j)-v-open sets in X forms a topology on X.

Definition 6 A subset A C X is called (i,j)-y-closed [14] if its complement, A¢ in X is (i,7)-y-

open.

Definition 7 For any A C X

(i) (i,7)-y-closure of A [14] is the intersection of all the (i,])-y-closed sets containing A and
is written as (i,7)-y-cl(A).

(i) (i,7)-y-kernal of A [14] is the intersection of all the (i,j)-v-open sets containing A and is
written as (i, j)-y-ker(A).

Definition 8 A space X is called (i,7)-v-To[14] if for x, y € X, x # y, there exists U € (i,7)-
~O(X) such that U contains only one of x and y but not the other where i, j = 1,2, i # j.

Definition 9 A map f:(X,71,72) — (Y,01,02) is called pairwise ~y-continuous (briefly
p.y-continuous)[14] if the inverse image of each o;-open set of Y is (i, j)-v-open in X fori, j=1,2
and i # j.

In the following section the (i, j)-v-open sets are used to define some separation axioms.
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3 Some separation axioms

In this section we define the (i, j)-v-T1, (4, §)-7-R1, (i, 7)-7-T2 and (i, j)-v-U S spaces and study

some characterizations.

Definition 10 A space X is called (i,7)-y-Th if for z, y in X, x # y, there exist U, V € (i,7)-
~YO(X) such thatx €U,y ¢V andy eV, x ¢ V.

Definition 11 A space X is said to be (i,7)-y-Ry if for x, y in X, v # y with (i,7)-y-cl({z}) #
(4, 7)-vcl({y}), there exist disjoint (i,7)-y-open sets U, V such that (i,7)-y-cl({z}) C U and (3, j)-
v-cd(fy}) C V.

Theorem 12 A space X is (i,7)-v-T1 if and only if the singletons in X are (i,7)-v-closed sets.
Proof. Proof is evident since the family (¢, j)-vyO(X) is a topology. ]

Theorem 13 A space X is (i, j)-v-Ry if and only if (i, §)-y-ker({z}) # (4, j)-v-ker({y}) for any z,
y in X , there exist disjoint (i, j)-y-open sets U and V such that y-cl({z}) C U and v-cl({y}) C V.

Definition 14 A space X is said to be (i,j)-y-To if for any two distinct points x, y in X, there
exist disjoint (i,7)-y-open sets U, V such that x € U and y € V.

Theorem 15 A space X is (i,7)-v-Ta if and only if it is (i, 5)-v-To and (i,7)-y-R1.

Proof. Necessity. If X is (i, j)-y-T% then it is (4, j)-y-T1 and then (4, j)-v-Tp. Since X is (4, J)-
~-T1, by Theorem 12, (i, j)-y-cl({z}) = {z} and (4, j)-y-cl({y}) = {y} for any two distinct points
x, y in X. Therefore, (i,j)-v-cl({z}) # (i,7)-v-cl({y}) for any two distinct points z, y in X and
hence X is (¢, 5)-y-Rs.

Sufficiency. If X is (4, j)-v-Tp and if z, y are two distinct points in X, there exists an (i, j)-
~v-open set U containing only one of x and y but not the other. Let z € U and y ¢ U, say. Then
y & (i,7)-v-ker({z}) and so (¢, )-y-ker({z}) # (i,j)y-ker({y}) for any two distinct points z, y in
X. Since X is (4, )-v-R1, by Theorem 13, there exist disjoint (i, j)-y-open sets U and V such that
(i, j)-yel({z}) C U and (i,5)-v-cl({y}) C V. Thusx € U and y € V and UNV = ). Hence X is
(i, 7)-v-To. |

Definition 16 A net {x,:a € D, >} is said to be bitopologically converges to a point © € X,
denoted by {xq:a0 € D, >} L if the net is eventually in every (i,j)-y-open set containing x, i,

J=12,i#].
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Theorem 17 If a map f:(X,71,72) — (Y,01,02) is p.y-continuous then for each x € X and

each net {xq:a € D, >} in X, bitopologically ~-converging to x the image net {f(xq):a € D, >} is
bitopologically ~y-convergent to f(x) inY.

Proof. Let V C Y be g;-open in Y containing f(x), i = 1,2. The bitopologically y-convergence of
the net {z,:a € D, >} in X implies that there exists g € D such that for all « > ag, z, € f71(V).
Therefore, f(z4) € V for all @ > ag. Hence the net {f(zo):a € D,>} 5 f(x). |

Definition 18 A space X is said to be (i, j)-y-US if every bitopologically ~y-convergent net {xq:a €
D, >} in X is bitopologically ~-convergent to a unique pioint in X.

Proposition 19 Fvery (i,j)v-Ts> space is (i,5)-y-US.

Proof. If possible, let the net {z,:a € D, >} in a (4, j)7-T2 space X be bitopologically v-convergent
to two distinct points x, y in X. Then the net is eventually in every (i, j)-y-open set containing x
and also in every (i, j)-y-open set containing y. This contradicts that X is (¢, j)-v-T. ]

Proposition 20 Every (i,7)-v-US space is (i,5)-v-T1.

Proof. Let z, y € X, x #y. If ,, = x for every x in the net {z,:a € D, >} then it is evident
that the net is bitopologically ~-convergent to x. Since X is (4,7)-v-US, the net {z,:a € D, >}
cannot be bitopologically y-convergent to y and hence there exists an (4, j)-y-open set containing
y but not x. A similar argument gives an (¢, j)-y-open set containing = but not y. Hence X is

(i,j)—’}/—Tl. ]
Remark 21 The following diagram holds for a space X as shown in the Proposition 19 and 20.

(4,9)-v-T2 space = (i,5)-v-US space = (i,7)-y-T1 space

Theorem 22 A space X is (i,7)-v-T2 if and only if it is (i,7)-y-R1 and (i,5)-y-US.

Proof. If X is (4,5)-y-Ts, then it is (4,j)-y-R1, by Theorem 15 and by Proposition 19, X is
(i, j)-7-US.

Conversely, if X is (¢,7)-v-R1 and (i, j)-7-US then by Proposition 20, X is (¢, j)-v-T1. Thus
X is (4,4)y-T1 and (4, j)-y-R1. Hence by Theorem 15, X is (i, j)-v-T5. |
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4 Some bitopolgical - mappings

In this section we define (i, j)-y-open mappings and (i, j)-y-irresolute mappings.

Definition 23 A map f:(X,71,72) — (Y,01,02) is called (i,j)-y-open if the image of each 7;-
open set in X is (i,7)-y-open inY, i, j =1,2, 1 # j.

Recall that a map f:(X,71,72) — (Y, 01,02) is called (i, j)-pre-open if for each 7;-open set in
Xu f(U) is (z’,j)-pre-open, iu j = 17 27 i 7é j

Remark 24 Every (i,j)-y-open map is (i,j)-pre-open but the converse is not true in general as
shown in the following example.

Example 25 Let X = {a,b,c}, 71 = {0,{b,c}, X}, Y = {a,b,c}, o1 = {0,{a}, X} and o2 =
{0,{a,b}, X}. Define a map f:X — Y as follows f(a) =0, f(b) =a, f(c) =c. Then f is (1,2)-
pre-open but not (1,2)-y-open since f({b,c}) = {a, c} which is (1, 2)-pre-open but not (1,2)-y-open.

Recall that a space X is said to be pairwise Hausdorfl[12] if for =, y € X, & # y, there exist
opensets U, V, U € 71, V € 79 such that x € U and y € V.

Theorem 26 Let f:(X,71,72) — (Y,01,02) be a bijective (i,j)-y-open map.If X be pairwise
Hausdorff, then Y s (i,7)-v-Tx.

Proof. Let y; and y» be two distinct points in Y. Since f is bijective there exist x; and x5 in X
such that f(x1) # f(a2). The space X is pairwise Hausdorfl and so there exist disjoint sets U, V,
U e 7, and V € 79 such that 1 € Uand 22 € V. Then f(z1) € f(U) and f(x2) € f(V), f(U)
and f(V) are (i, j)-y-open sets and f(U)N f(V)=0. Thus Y is (¢, j)-v-To. [

Definition 27 A map f:(X,71,72) — (Y,01,02) is called (i, j)-y-irresolute if the inverse image
of every (i,j)-v-open set in'Y is (i,7)-y-open in X, i, j =1,2, i # j.

Theorem 28 If f:(X,71,72) — (Y,01,02) is an (i, )-y-irresolute bijective mapping and if Y is
a (i,7)-y-To space then, X is (i,7)-v-Ts.

Proof. Let x1, x2 be two distinct points in X. Then there exist y1, y2 in Y such that f(z1) =
y1 and f(2z2) = y2 and y; # yo. Since Y is (i, j)-v-T, there exist disjoint (i, j)-y-open sets U, V
such that y; € U and y2 € V. As f is (i, j)-y-irresolute, f~1(U) and f~(V) are (i, j)-y-open sets
in X containing x1 and x5 respectively. Hence X is (i, j)-v-To. [
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Theorem 29 Let f:(X,71,72) — (Y,01,02) and g:(Y,01,02) — (Z, 01, 03) be two maps. Then
(i) If f is (i, j)-y-irresolute and g is p.y-continuous then, g o f is p.y-continuous

(i) If both [ and g are (i,7)-vy-irresolute then, g o f is (i,j)-y-irresolute.

Proof. Obvious. [ ]
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equilibrium solution. We classify the pathwise limiting behaviour of solutions; solution
either tends to a non-trivial, non-equilibrium and random limit, or the solution hits
zero in finite time. In the first case, the exact rate of decay can always be computed.
These results can be inferred from the square integrability of the time dependent factor,
and the asymptotic behaviour of the corresponding autonomous stochastic equation,
where the time dependent multiplier is unity.

RESUMEN

Este articulo considera el comportamiento asintdtico de una ecuacién diferencial esto-
castica escalar no-auténoma la cual tiene cero desviacion y cujo término de difusion
es un producto de una funcién de equilibrio. Nosotros clasificamos el comportamiento
limite por caminos de las soluciones; la solucién atiende a un no equilibrio y limite ran-
don no trivial, o la solucién encuentra cero en tiempo finito. En el primer caso, las tasas
de decaimiento siempre pueden ser calculadas. Estos resultados pueden ser inferidos de
la integrabilidad al cuadrado del factor dependiente del tiempo, y el comportamiento
asintotico de la correspondiente ecuacién estocatica auténoma, donde el multiplicador
dependiente del tiempo es la unidad.

Key words and phrases: Brownian motion, almost sure asymptotic stability, asymptotic con-

stancy, stochastic differential equation, nonautonomous, Feller’s test, explosions.

Math. Subj. Class.: 60H10, 93F15.

1 Introduction

This note considers the asymptotic behaviour of solutions of the “separable” stochastic differential
equation
dX(t) = o(t)g(X(t)) dB(t). (1.1)

A solution of this equation with initial condition ¢ is denoted by X (-,£). It is presumed that zero
is a point equilibrium, so X (¢,0) = 0 is a solution of (1.1). A standard deterministic change of

time scale reduces this equation to an autonomous equation

dX(t) = g(X(t))dB(t), (1.2)
from which it can be shown that the condition that o € L%([0, 00); R) largely determines whether
the solution tends to the equilibrium or to a non—trivial and non—equilibrium limit. Another feature
which is examined is the relationship between the process X hitting zero in a finite amount of time,
or tending to zero as t — oo (in the case when X remains strictly positive) and the corresponding
properties of X. As will be seen, a complete picture of the dynamics of (1.1) can be deduced in
terms of conditions on g and o.
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Even though the time—change technique employed is well-known, some novel features appear in
the analysis. First, we are unaware of an extensive literature concerning the pathwise convergence
of solutions of stochastic differential equations to non—equilibrium limits. Second, we determine
here sharp upper and lower estimates in terms of the rate at which the noise intensity fades on
the almost sure rate of convergence of the solution to this non—equilibrium limit, in the case when
o € L?([0,00); R). This requires a delicate use of the law of the iterated logarithm, partly correcting
an error on the asymptotic behaviour of a tail martingale established in [1] and used in [2]. Finally,
in the case where o ¢ L?([0,00); R), the results here, taken in conjunction with work in [3, 4] would
enable exact almost sure rates of convergence to zero of solutions of (1.1) to be established.

2 Existence of solutions

In this paper we deal with highly nonlinear stochastic differential equations, SDE, whose solutions
can hit zero at finite time, due to the non-Lipshitz behavior of the diffusion coefficients. Moreover,
for non-autonomous equations, it is convenient for the completeness of our exposition, to state
carefully and to prove an existence result. This result is a corollary of well-known existence result
and martingale time changing theorem.

Let (Q,F, (F(t))i>0,P) be a complete probability space with filtration (F(t));>0 satisfying
the usual conditions (i.e. it is increasing and right continuous while F(0) contains all P-null
sets). Let (B(t))i>0 be a scalar standard Brownian motion, defined on the probability space
(Q,F, (F(t))i>0,P). Since we will consider equations with deterministic initial conditions, it is
enough to work with the natural filtration of B: that is F(t) = FZ(t) where FE(t) = o(B(s) :
0<s<t).

Suppose that the function o obeys
o € C([0,00); R). (2.1)

We define the local martingale M = {M (t),0 <t < oo, FE(t)} by

M(t):/o o(s)dB(s), t>0, (2.2)

with square variation (M) given by

Let T™ be given by

where we define T* = oo if o ¢ L?([0, 00); R).
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Define also, for each 0 < s < T*, the FB—stopping time
T(s) =inf{t > 0: (M)(t) > s}. (2.4)

By the martingale time change theorem, there exists a standard Brownian motion {B(t), 0<t<
T*;G(t)}, such that

B(s) = M(T(s)), G(s)=F"(T(s)), 0<s<T",
and moreover

M(t) = B(M)(1)), FP(t)=G((M)(1), t=0.
In what follows we presume that g : R — R obeys

g(0) = 0. (2.5)

Since we do not want the equation to have any other equilibria in (0, 00) we ask that the non—
degeneracy condition
g(xz) >0, forallz+#0, (2.6)

also be satisfied.

We are now in a position to state an existence result for the solution of the autonomous
stochastic differential equation.

Proposition 2.1. Suppose that g obeys (2.5) and (2.6) and that
there exists a strictly increasing function (2.7a)
q:[0,00) — [0,00) with ¢(0) =0 such that
c 1
/ ——~ du=o00, foralle>0,
0o ¢*(u)

and that g and q both obey

l9(z) = g(w)l < a(le —yl), =yeR. (2.7b)
Then there exists a unique strong non-exploding solution X of
dX(t) = g(X(t))dB(t), t>0, X(0)=¢&>0, (2.8)
on the complete probability space (2, F,(G(t))i>0,P).
This result is a corollary of the result of Yamada and Watanabe (see e.g. [7], Proposition 2.13,
page 291, and [7], Theorem 5.4., page 332).

The main concern of this paper is the asymptotic behaviour of solutions of the nonautonomous
equations
dX(t) =o(t)g(X(t))dB(t), t>0, X(0)=¢&>0. (2.9)

Before conducting this asymptotic analysis however, we must verify that this equation has a well-
defined solution. This is accomplished by the following result.
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Proposition 2.2. Suppose that g and q obey (2.5), (2.6), (2.7a) and (2.7b) and o obeys (2.1).
Then there exists a unique strong non-exploding solution X of (2.9) on the complete probability
space (Q, F, (FB(t))i>0,P).

Proof. By Proposition 2.1, X is the unique strong solution of (2.8). Consider X (t) for t € [0, T*),
where T™* is defined as in (2.3), and define

Xt) =X </Ot 02(3)d5> , t>0. (2.10)

Then, as X (s) is G(s)-measurable, X (t) is G (fot 0'2(3)d$) -measurable. But G ((M)(t)) = FE(t),
so X (t) is FP(t)-measurable. Now, by [7], Proposition 3.4.8, we get for t > 0

My ) : ;
/ 9(X (u))dB(u) = / 9(X ())dM (s) = / o(5)g(X (5))dB(s).
0 0 0

i (M) :
— X(0)+ / o(X (u))dB(u) = € + / o(5)9(X (3))dB(s).

Therefore X defined by (2.10) is a strong solution of (2.9) on (Q, F, (FE(t))i>0,P).

To show uniqueness, suppose that there is another solution of (2.9), Y. Then Y defined by
Y (s) = Y(T(s)) obeys (2.8). Hence, as (2.8) has a unique solution, we have ¥ = X, and therefore
it follows that ¥ = X.

This completes the proof. O

In this paper, we choose to write explicitly the dependence of solutions on their initial condi-
tions, which are always assumed to be deterministic. Thus, the value at time ¢ > 0 of the process
Y with initial condition Y'(0) = ¢ is denoted by Y (¢, ).

3 Main result

In this section, we state and discuss the main results of the paper concerning the asymptotic
behaviour of non—autonomous equation. At the end of the section we present an example of a non—
autonomous linear equation which can be analysed without the use of the theorems established
here, but whose behaviour illustrates the results proven.

As seen in the proof of Proposition 2.2 the non—autonomous equation (2.9) is equivalent to
(2.8), under a deterministic time change. However the subject of Proposition 2.2 is the existence



CUBO

150 John A.D. Appleby et al.

10, 3 (2008)

for non—autonomous equation. The following Proposition by contrust, focusses on the relation
between the solutions of the two equations.

Proposition 3.1. Let & > 0 be deterministic. Suppose that g obeys (2.5), (2.6). Let o obey (2.1).
Suppose that X (-,€) is the unique strong solution of (2.9) with X (0,£) = £. Let T* be given by
(2.3), and T be defined by (2.4).

(i) If o € L*([0,00);R), then there ewists a standard Brownian motion B = { 0
T*:G(t)} where G(t) = FB(T(t)) and B(t) = B(T(t)) such that the process X = {X
t <T*G(t)} defined by X(t) = X(T(t)) obeys (2.8).

(ii) If o & L?([0,00);R), then there exists a standard Brownian motion B = { 0<t<
00; G(t)} where G(t) = FB(T(t)) and B(t) = B(T(t)) such that the process X = {X(t);0 <
t < 00;G(t)} defined by X(t) = X (T(t)) obeys (2.8).

Before stating the first result on asymptotic behaviour we present some notation and an

important auxiliary result.

Suppose that X (-, &) is the solution of (2.8), where £ > 0. Define
So(&) = inf{t > 0: X(t,&) = 0}. (3.1)

Let us suppose that for 6 > 0 we may define the function v : (0,00) — (0, 00) by

5 o dz
v(x) = 2/95 /y 92—(Z)dy, x> 0. (3.2)

The following result is due to Feller (see e.g. [7], Theorem 5.5.29, page 348).

Proposition 3.2. Let & > 0 be deterministic, and X (-,€) be a strong solution of (2.8). If So(€)
is as defined in (3.1), then

lim X(t,&) =0, sup  X(t,€) < oo, a.s.
t—5So () 0<t<So0(€)

Let v be defined by (3.2). Then

(i) lim,_o+ v(z) < oo implies So(€) < o0, a.s.;
(ii) lim,_ o+ v(x) = co implies Sp(€) = 0o, a.s.
We define also
So(§) =inf{t >0: X(¢t,£) =0}. (3.3)
We can determine whether Sy(§) is finite or infinite with the help of Proposition 2.2.

We may now state the first main result on the asymptotic behaviour in this paper. It is a

direct consequence of Proposition 3.1 and Proposition 3.2.
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Theorem 3.3. Let £ > 0 be deterministic. Suppose that g obeys (2.5), (2.6). Let o obey (2.1).
Suppose that X (-,€) is the unique strong solution of (2.9) with X(0,&) = &.

Let v be defined as in (3.2), and suppose that

ggli)ng+ v(x) = oo.

Then we have the following case distinction:

(a) If o € L?((0,00);R), then there exists an almost surely positive and FP(co)-measurable
random variable L = L(€,w) such that

tlim X, =L >0, as. (3.4)
(b) If o & L?((0,00);R), then
tlim X(t,&) =0, as
and So(§) defined by (3.3) obeys Sp(§) = o0, a.s.
The proof of this result and proofs of subsequent results in the this section, are postponed to
the final section of the paper.

When o € L?([0,00); R) the rate at which convergence to L(£) occurs can be determined
exactly.

Theorem 3.4. Let & > 0 be deterministic. Suppose that g obeys (2.5), (2.6), and let g €
C1((0,00); (0,00)). Let o obey (2.1) and o € L?([0,00);R). Suppose that X(-,&) is the unique
strong solution of (2.9) with X (0,&) = €.

Let v be defined as in (3.2), and suppose that

li = 00.
wi)1101+v(x) 00

Let L(€) be the almost surely positive and FB(0o)-measurable random variable defined by (3.4).
Then:

(i) If o obeys

/too o?(s)ds >0, forallt>0, (3.5)
then
limsup o 1E (L), as.  (36a)
o\ J2 [ 02(s) dslog log ([ 0*(s) ds) !
lim inf X6~ L) = —g(L(¢)), a.s. (3.6b)

2 [ 02(s) dsloglog ([~ 02(s) ds) -
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(ii) If o does not obey (3.5) i.e., if there exists T > 0 such that [ o(s)ds = 0 for all t > T,
then
X(t,8) =X(1,&) = L&), foralt>T, as.

Of course, in case (b) in Theorem 3.3, the rate of convergence cannot be so easily computed.
However pathwise rates of decay to zero for nonlinear autonomous stochastic differential equations
have been found in [3, 4], and could readily be applied here.

Finally, the distribution of the random limit L is in principle well-understood, by using the
forward Kolmogorov equation for the process X.

Theorem 3.5. Let £ > 0 be deterministic. Suppose that g obeys (2.5), (2.6). Let o obey (2.1)
and o € L*([0,00);R). Let T* be given by (2.3). Suppose that X (-,€) is the unique strong solution
of (2.9) with X(0,&) =¢.

Let v be defined as in (3.2), and suppose that

mli)rrol+ v(x) = o0,

and let L(€) be the almost surely positive and FB(co)-measurable random variable defined by (3.4).
Then

PIL(§) < z] = /Oz L(T*y)dy, x>0,

where
S50 = 555 PWEE) . () € 0.7 x (0,00),

and T'(0;y) = d¢(y), y € R, where &¢ is the §-function.

The result holds because L(€) = lim;_,7+4 X (t,€) = X(T*,€). Moreover, as X is a diffusion
process with known infinitesimal generator and deterministic initial condition &, we can deduce
its distribution function from the forward Kolmogorov equation, and therefore, the distribution of
L(¢) is also known.

It remains merely to classify the behaviour in the case when lim,_.¢ v(z) < co.

Theorem 3.6. Let & > 0 be deterministic. Suppose that g obeys (2.5), (2.6). Let o obey (2.1).
Suppose that X (-, &) is the unique strong solution of (2.9) with X(0,&) =¢&.

Let v be defined as in (3.2), and suppose that
%lir%t)l+ v(z) < c0.

Then we have the following case distinction:

(a) If o € L?((0,00);R), then there exists an almost surely positive and FP(co)-measurable
random variable L = L(§,w) such that

Jim X(t,€) = L(€) >0, as. on {So(&) > T*},



CUBO

Asymptotic constancy and stability in SDEs 153

10, 3 (2008)

and

lim X(t,6) =0, as. S, T*
t—>Sl(fI(1£)* (75) ’ a.s O’I’L{ 0(§)< }7

where So(€) defined by (3.1) and So(€) is defined by (3.3).

(b) If o & L?((0,00);R), then

lim X(t,¢) =0, a.s.,
m (t,€)

where Sy(&) defined by (3.3) obeys So(§) < 400, a.s.

In case (a) the rate of convergence to the non—trivial random limit is the same as given in
Theorem 3.4, but only a.s. on the event {Sy(€) > T*}.

The probability of the event {Sy(£) < T*} can be computed for the process X obeying (2.8),
by considering the limit
P[So(€) < T*] = lim P[S,(&) < T"]

a—0+

where for £ > a > 0 we define S,(¢) = inf{t > 0 : X(t,£) = a}. It is possible to compute the
moment generating function of S, (€), A — E[e~*% ()] for X\ > 0, by solving an appropriate Sturm-—

Liouville problem, from which the probability P[S,(£) < T*] can in principle be determined by
inverse transform methods. The interested reader can refer to [6, Chapter 4.11] for further details
on computation of the moment generating function.

3.1 An example

A simple example of a process which can be analysed completely without appealing to these results
(but which is consistent with them) is the unique strong solution of

X(t):§+/0 ()X (s)dB(s), >0,

where £ > 0 and o € C([0,00); R). This equation has explicit solution

X(t,€) = £ exp </Ot o(s) dB(s) — %/Ot UQ(S)ds) L t>o0.

Here we identify g(x) = x, x > 0, and have lim,_,o+ v(z) = co. Hence Theorems 3.3, 3.4 and 3.5
can be applied to this stochastic differential equation.

In the case when o € L%([0,0);R), the martingale convergence theorem (cf., e.g., [8, Propo-
sition IV.1.26]) ensures that lim;_, . fot o(s)dB(s) exists and is almost surely finite. Therefore,
there is an almost surely positive and almost surely finite 72 (0o0)—measurable random variable

L(&) given by N N
L(§) = Eexp (/0 o(s)dB(s) — %/0 UQ(S)dS)
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such that
tlim X(t, &) =L() >0, as.
This chimes with part (a) of Theorem 3.3.
In the case when o € L?([0,00); R), we have that

t Y o(s)dB
lim [ o%(s)ds =400, lim M =0, a.s.
t—oo Jo t—o00 f() 0-2(5) ds
The latter fact resulting from the Strong Law of Large Numbers for martingales (cf., e.g., [8,
Exercise V.1.16]). Therefore

1 1
lim ———r . log X (t) = —5 as
t=oe [1o2(s)ds
Hence lim; oo X (¢,£) = 0, a.s., which agrees with part (b) of Theorem 3.3.

Moreover, in the case when o € L%([0,00); R), L(€) is lognormally distributed; this is obvious
by observation of the formula for L(§), but can also be confirmed by solving the partial differential
equation for the transition density I' in Theorem 3.5.

In the case when o € L%([0,00); R), the rate of convergence in Theorem 3.4 can be obtained,
if it is shown that

lim sup ftoo o(s)dB(s) = = 1, as., (3.7a)
fmoo \/2 [ 0%(s) dsloglog ([, 02(s) ds)
lim inf Ji o(5) dB() _ =1, as, (3.7b)
o \/2 [ 0%(s)dsloglog ([, 02(s)ds)

oo

This can be established as follows: define 7" = [, 02(s)ds, and let M be the local martingale
defined in (2.2), and with square variation (M). Then, by the martingale time change theorem
there exists a Brownian motion B such that M(t) = B((M)(t)), 0 <t < co. Thus

lim sup ftoo o(s) dB(s)
tmoe \/2 [ 0%(s) dsloglog ([, 02(s) ds) -
= lim sup M(oo) - M(#)

= limsu
s_>T*P V2(T* — s) log log(
B(T*) — B(T* -
= lim sup () ( w) =1, as.,
u—0+ 2uloglog(u)~—!

T* —s)~1
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since B defined by B(t) = B(T*) — B(T* —t), 0 < t < T*, is also a standard Brownian motion,
and therefore subject to the Law of the Iterated Logarithm. (3.7) was stated in [2], but a proof
was not supplied there. A variant of this result is proven in [1] but this proof contains an error as
it is incorrectly stated there that

S 1/t
/t X(s)dB(s):/o %X(l/s)dW(s)

for a process X € L?([0,00);R) a.s., where W is the standard Brownian motion given by W (t) =
tB(1/t) for t > 0 and W(0) = 0.

4 Proofs

4.1 Proof of Theorem 3.3

By Proposition 3.2, it follows that lim, ¢+ v(x) = co implies So(£) = +o0, a.s.

In case (a), when o € L%([0,00); R), T'(s) — oo as s — T*~. Hence, as X(s) = X(T(s)) for
s €[0,T%],
lim X(t) = lim X(T(s))= lim X(s)=X(T*)>0, as.,

t—o0 s—T*— s—T*—
because T* < +oo = Sy(€), a.s.

In case (b), when o ¢ L?([0,00);R), T((s) — oo as s — co. Hence, as X(s) = X (T'(s)) for
5 € [0,00), we have Sy(&) = T(Sp(€)) = 400, a.s., and

lim X (¢) = lim X(T(s)) = lim X(s)= lim X(s)=0, as.,

t—o0 §—00 §—00 s—80(£)

because Sp(£) = oo, a.s.

4.2 Proof of Theorem 3.4

The proof of part (ii) is straightforward, because for ¢t > 7 we have

X(t) = X(r) + / o(5)g(X () dB(s) = X(r),

as [7°0?(s)ds = 0 and the continuity of o imply that o(t) = 0 for all ¢ € [r,00).

To prove part (i) we proceed as follows. Because o € L%([0,¢);R), and
lim, o+ v(x) = oo, by Proposition 3.1 and Proposition 3.2, the process X = {X(t);0 < ¢t <
T*;G(t)} defined by X (t) = X (T'(t)) is strictly positive a.s. and obeys

X =+ [ olX(e)aBls). <<
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where T* and T are defined by (2.3) and (2.4).

Since g in C*((0, 00); (0,00)) we may define the function h € C?((0,00); R) by

vl
h(:c):/1 @du, z eR.

Then the process Y = {Y(t);0 < ¢t < T*;G(t)} defined by Y (t) = h(X(t)) is well-defined. Since
h e C?((0,00); R) and X (t) > 0 for all ¢ € [0,7*] a.s. Y is an Ité-process, which by Itd’s rule, has
decomposition for 0 < ¢ < T* given by

?m=h@u»=ma+é@—§49mﬂ@m&

Since X is almost surely positive and continuous, g € C*((0,00); (0, 00)), it follows that

. 1 r e e *
til%rf, T3 /t 9(X(s))ds =g (X(T")), as.
Therefore
1

i V2(T* = t)loglog(1/(T* — 1))
Then for ¢t € [0, 7%

- - - - 1 /T
X (T™)) = h(X (1)) = B(T") — B(t) — §/t 9'(X(s))ds,
and
sy M) — WX (1)
-7+~ /2(T* — t)loglog(1/(T* —t))
= lim sup B(T*) ( )
=1+~ /2(T* —t)loglog(1/(T* — 1))

B(T*) — B(T* —
= lim sup () ( S)
s—0+ 2sloglog(1/s)

Now, because B = {B(t) : 0 < t < T*; FB(t)} defined by B(t) = B(T*) — B(T* —t) is a standard
Brownian motion, by the Law of the Iterated Logarithm for Brownian motion we have
B(T*) — B(T* — s) B(s)

lim sup =limsup ———=—===1, as.
s—0*+ 2sloglog(1/s) s—0*+ 4/2sloglog(1/s)

Hence

ey MET) “BE@O)
t—1+— /2(T* —t)loglog(1/(T* — 1))
Since h is in C1((0,00);R) and X has continuous sample paths, we have
M) B (1)
=T~ X(T*)— X(t)

a.s.

_
9(X(T%))’

= n(X(T")) = a.s.
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Hence
lim sup X(T*) X(t)
t—1+— \/2(T* —t) loglog(1/(T* — t))
e X@ﬂ—Xw ME(T) — X (D)
-1~ h(X(T*)) — t)) /2(T* —t)loglog(1/(T* — t))

= g(X(T*)), as.

Therefore, as T'(s) — oo as s T T, and (M)(T'(s)) = s for s € [0,T*], we have

lim sup L) - X
o\ [2 [ 02 (s) dsloglog(1/ [ 0 (s) ds)
— lims X(o0) — X(2)
= lim sup
t—oo /2((M)(00) — (M)(t))loglog(1/(M)(o0) — (M)(1))

X(1(1)) = X(T'(s))

~ O D T @) - D T ) loaloa(l LT T) — AN @)
= lim sup X(T*) X(S)
s1T+ /2(T* — s)loglog(1/(T* — s))
— g(X(T")
=g(L(§)), as.

An analogous argument gives

hmlnf X(T*) X(t) -
t=T*— \/2(T* — t)loglog(1/(T* — t))

from which we can infer that

lim inf L) = X{t)
tmoe \/2ft 2(s) dsloglog(1/ [~ 0%(s ds)

as required.

4.3 Proof of Theorem 3.6

By Proposition 3.2, it follows that lim, ¢+ v(x) < 400 implies 5’0(5) < +00, a.s.
In case (b) when o & L?([0,00);R), T'(s) — oo as s — co. Hence, as X(s) = X(T'(s)) for
€ [0, 00), we have So(£) = T'(S0(€)) < +0o0, a.s., and

lim X(s)= lim X(T(t)= lim X()=0, as.
s—S0(§)~ t—50(€)~ t—S0(¢)~

)

because Sp(€) < +00, as.
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In case (a) when o € L2(]0,00);R), T'(s) — 0o as s — T*~. Define the event
A={w: 5 =T}
Then because X (s) = X (T'(s)) for s € [0,T*], we have So(£) = T'(S0(€)), and so
A=A{w: Sp(&) > T} = {w: 5y(§) = +oo}.

Clearly, as So(€) > T* on A, we have

Thus, as X(s) = X(T'(s)) for s € [0,T*],
lim X(t) = lim X(T(s))= lim X(s)=X(T*)>0, as. on A.

t—oo s—T*~ s—T*—

Hence

{Jim X(1,€) = L(&) > 0, So(&) = +00} = {S0(¢) = T"}, as.
On the other hand, consider the event A, where
A= {w:5(€) <T*} = {w: S(£) < +oo},
by virtue of the fact that So(&) = T(So(€)) < T(T*) = +00. Then

lim X(t)=0, as. onA.
t—So (€)™

Thus, as X (s) = X(T(s)) for s € [0,T%],

lim X(t)= lim X(T(s))= lim X(s)=0, as. onA.

t—So (&)~ s—So(&)~ s—»go(f)*
Hence
{ lim  X(¢,¢&) =0,5(&) < —i—oo} ={Sy(&) < T*}, as.
t—So (&)~
Received: July 2008. Revised: August 2008.
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ABSTRACT

We are concerned in this paper with the partial differential equation & [u(t)+ f (¢, u(t))] =
Au(t) t € R, where A is a (generally unbounded) linear operator which generates a
semigroup of bounded linear operators (T'(t)):>0. Under appropriate sufficient con-
ditions, we prove the existence and uniqueness of a pseudo almost automorphic mild
solution to the equation.

RESUMEN

Nosotros consideramos en este articulo la ecuacién diferencial parcial < [u(t)+ f (¢, u(t))]
Au(t) t € R, donde A es un (generalmente no acotado) operador lineal que genera
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un semigrupo de operadores lineales acotados (T'(t)):>0. Bajo condiciones suficientes
apropriadas, provamos la existencia y unicidad de una solucién blanda pseudo casi

automorfica para tal ecuacion.

Key words and phrases: Pseudo Almost automorphic function, exponentially stable semigroup,

partial differential equations.

Math. Subj. Class.: 3/G10, 47A55.

1 Introduction

Since the publication of the monograph [12], the study of almost automorphic function (a concept
introduced by S. Bochner in the literature in the mid sixties as a generalization of almost periodicity
in the sense of Bohr) has regained great interest. Several extensions of the concept were introduced
including asymptotic almost automorphy by N’Guérékata ([10]), p-almost automorphy by Diagana
([2]), and Stepanov-like almost automorphy by N’Guérékata and Pankov ([14]). Recently, J. Liang
et al. have suggested the notion of pseudo almost automorphic functions, i.e. functions that can be
written uniquely as a sum of an almost automorphic function and an ergodic term, i.e. a function
with vanishing mean (cf [6], and [7], [8]). This latter turns out to be more general than asymptotic
almost automorphy. However it seems to be more complicated.

There has been a considerable interest in the existence of (these various types of) almost
automorphic solutions of evolution equations. Semigroups theory and fixed point techniques have
been frequently used for semilinear evolution equations. In [3] the authors studied the existence
and uniqueness of an almost automorphic mild solution to the equation

d

7 (@) + (& u(®)] = Au(®) + g(t,u?)) tER, (1.1)
where the functions f(¢,u) and g(t,u) are almost automorphic in ¢, for each u. This latter

motivated our recent paper [15], where we study the existence and uniqueness of a pseudo almost

automorphic mild solution the semilinear evolution equations of the form

dui
dt

where A is an unbounded sectorial operator with not necessarily dense domain in a Banach space

Au(t) + g(t,u(t)), teR, (1.2)

Xand g: Rx X, — X, where X,, a € (0, 1), is any intermediate Banach space between D(A) and
X.

In this paper, we study pseudo almost automorphic solutions to perturbations to Equations:

du
pri Au(t) t € R, (1.3)

consisting of the class of abstract partial evolution equations of the form
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% [u(t) + f(t,u(t))] = Au(t) t € R, (1.4)

where A is the infinitesimal generator of an exponentially stable Cy-semigroup acting on X, B, C

are two densely defined closed linear operators on X, and f is continuous functions.

Under some appropriate assumptions, we establish the existence and uniqueness of an almost
automorphic (mild) solution to Eq. (1.4) using the Banach fixed-point principle.

We start this work by presenting some properties of pseuso almost automorphic functions in
Section 2 including an application to a Volterra-like integral equation. Our main result (Theoreme
3.3) is presented in Section 3.

2 Preliminaries

In this work, (X, || -||) will stand for a Banach space. The collection of all bounded linear operators
from X is denoted by B(X) — this is a Banach space when it is equipped with its natural norm

AZX
JAlpe = sup 1AZIx
z€X,z#£0 ]l x

The fields of real and complex numbers, are respectively denoted by C and R. We let BO(R, X)
denote the space of all X-valued bounded continuous functions R — X- it is a Banach space when

equipped with the sup norm ||u||e := sup ||u(t)||x for each u € B(R,X).
teR

We will use the following well-known concepts in the sequel.

Definition 2.1. A continuous function f : R — X is said to be almost automorphic if for every
sequence of real numbers (s!,)nen there exists a subsequence (sp)nen C (8}, )nen such that

g(t) := lim f(t+ sy)
is well-defined for each ¢t € R, and

f(t) = Tim g(t —sn)

for each t € R.
Similarly,

Definition 2.2. A continuous function f : R x X — X is said to be almost automorphic in ¢t € R
for each u € X if every sequence of real numbers (¢, ),en contains a subsequence (s, )nen such that

gt u) = Tim f(t+s0,u)
is well defined for each ¢t € R and each u € X and,

f(tvu) = lim g(t_ Snau)

nH— oo

exists for each t € R and u € X.
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The following natural properties hold: If f, h: R +— X are almost automorphic functions and
if A € R, then f+ h, Af, and f) are almost automorphic, where fr(t) := f(t + \). Moreover,
R(f) :={f(t),t € R} is relatively compact.

Since the range of an almost automorphic function f is relatively compact on X, then it is
bounded. Almost automorphic functions constitute a Banach space AA(X) when it is endowed
with the sup norm. This naturally generalizes the concept of (Bochner) almost periodic functions.

Definition 2.3. Let X be a Banach space.

1. A bounded continuous function with vanishing mean value can be defined as
T

AAs(R,X) = ¢ ¢ € BC(R,X) : hm —/ lp(o)||do =0 .
-T

2. Similarly we define AAy(R x X,X) to be the collection of all functions f : t — f(t,z) €
BC(R x X, X) satisfying

1 T
Jin 5z [ Ir(oa)ldz =0

uniformly for  in any bounded subset of X.

Now we describe the sets PAA(R,X) and PAA(R x X,X) of pseudo almost automorphic

functions:

PAA(R,X)_{f:g+¢EBC(R’X)’ }

g € AAR,X) and ¢ € AA)(R,X)

PAA(RXxX):{f=g+¢eBC(RxX,X), }

g€ AAR x X, X) and ¢ € AA(R x X, X)
In both cases above, g and ¢ are called respectively the principal and the ergodic terms of f.

We have the following elementary properties of pseudo almost automorphic functions.

Theorem 2.4. ( [8] Theorem 2.2).

PAA(R,X) is a Banach space under the supremum norm.
Let now f,h: R — R and consider the convolution
(f*h)( / F(s)h(t —s) teR,

if the integral exists.

Remark 2.5. The operator J : PAA(R,X) — PAA(R, X) such that (Jx)(t) := x(—t) is well-defined
and linear. Moreover it is an isometry and J? = I.
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Remark 2.6. The operator T, defined by (T,x)(t) := x(t + a) for a fixed a € R leaves PAA(R, X)

invariant.

Let us now discuss conditions which do ensure the pseudo almost automorphy of the con-
volution function f x h of f with h where f is pseudo almost automorphic and h is a Lebesgue
mesurable function satisfying additional assumptions.

Let f : R — X and h : R — R; the convolution function (if it does exist) of f with h denoted
f = h is defined by:

(f*xh)(t) := /Rf(cr)h(t —o)do = /Rf(t —o)h(o)do = (hx f)(t), forallteR.
Hence, if f % h is well-defined, then fxh = h x f.
Let p € L' and X € C. It is well-known that the operator A,  defined by
Ao u=u+p*u (2.1)
acts continuously in BC(R, X) i.e., there exists K > 0 such that
[ApaullBorx) < Kllullperx), Vu € BO(R,X) (2.2)

Moreover A, » leaves BC(R, X) invariant.

Now denote M := {PAP(R,X), PAA(R,X)} where PAP(R, X) is the Banach space of all
pseudo almost periodic functions f : R — X. Then we have.

Theorem 2.7. For Q € M,
Atpy)\(ﬂ) C Q.

Proof. . It is an immediate consequence of the remarks above. O

Application: A Volterra-like equation

Consider the equation
+oo

() = g(t) +/ a(t — o)a(o)do, t € R, (2.3)
where g : R — R is a continuous function and a € L!(R).
Theorem 2.8. Suppose g € PAA(R,X) and ||al|z: < 1. Then (2.3) above has a unique pseudo

almost automorphic solution.
Proof. 1t is clear that the operator

+oo
z € PAAR,X) — / a(t — o)xz(o)do € PAA(R,X)
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is well-defined. Now consider I' : PAA(R,X) — PAA(R, X) such that

—+oo

(Tz)(t) = g(t) + / a(t — o)z(o)do, teR.

— 00

We can easily show that
[(Tz) = (Ty)ll < llallz |z = yll.

The conclusion is immediate by the principle of contraction. O

3 Main results

This section is devoted to the proof of the main result of the paper, that is, the existence and
uniqueness of an almost automorphic (mild) solution to Eq. (1.4). For that we need to establish

a few preliminary results.

Definition 3.1. A function v € BC(R, X) is said to be a mild solution to Eq. (1.4) if the function
s — AT (t — s)f(s,u(s)) is integrable on (—o0,t) for each ¢t € R and

t
u(t) = = (t.u(®) ~ [ AT( = 5)5(s,ul)ds
for each t € R.
We now make the following assumptions.

(H.1) The operator A is the infinitesimal generator of an exponentially stable semigroup (7'(t)):>0
such that there exist constants M > 0 and J > 0 with

1T e < Me™, vt > 0.

Furthermore, the function 0 — AT (o) defined from (0, c0) into B(X) is strongly (Lebesgue)
measurable and there exist a function v : (0,00) — [0,00) such that sup,s, v(s) < oo for

any sg > 0, and a constant w > 0 with p := /00 e~ “*v(s)ds < oo such that
0
AT ()l px) < e .7(s), s> 0.
(H.2) The function f: R x X +— X, (¢t,u) — f(t,u) is jointly continuous and
£t u) = F(t,0)|lx < k(). |lu—v|, and
for all t € R, and Vu,v € X. Here k € L'(R,R™).

(H3) f =g+ ¢ € PAAR x X,X), where g and ¢ are the principal and the ergodic terms of f
respectively and f(¢,u) and g(¢,u) are uniformly continuous on every bounded subset K C X
uniformly in ¢ € R.
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Lemma 3.2. Suppose that assumptions (H.1)-(H.2)-(H.3) hold. Define the nonlinear operator A4
by: For each £ € PAA(X),

Mo = [ AT~ ) f(s.606))s
Then A1 maps PAA(X) into itself.
Proof. Set h defined by: h(.) = f(.,&(.)). Since h € PAA(R,X) using [6, Theorem 2.4] with

assumption (H.3), we can write h = 3 4 ¢ where § is the principal part and ¢ the ergodic term of
h. Using the same argument as in [11], we can prove that ¢ — ffoo AT (t — s)B(s)ds is in AA(X).

Now, set:
t
—/ AT (t — s)o(s)ds

We have:
1 T
27 H Dllxdt < 2T/ / | A(t — 5)¢(s)||xdsdt
‘2T/ / A=yt — 5)||¢(5)|xdsat.
Let’s write:
/ / =95 (t — 5| @(s)|xdsdt = I, + I,
where:
T
_T/ / ey (t — 5))|6(s)|xdsdt
—-TJ-00
and

o / / e =)y (t — 5)||o(s)||xdsdt.
—-T.J-T

We prove know that Iy — 0 and Iy — 0 as T" — oo.

Indeed, for Iy, let s > 0 and set M (so) = sup,s,, V(s), and K = sup,cp ||¢(t)||x. We have:

I K
I < Kﬁ/ / e =)y (t — s)dsdt = ﬁ// e U=y (t — 5)dsdt,
T J—oc0 D

where D = {(s,t) € R%,|t| <T, s < —T}. We introduce also:

Dy ={(s,t) € D,t —s >so}, Dy=D\ Dx.

// e_“(t_s)v(t—s)dsdtSM(SO)// e =) dsdt
D1 Dl

M —wT T M —wT
M (s0 // w(t=5) dgdt = %/ e*“tdt§2T%.
w T w

We have:
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Moreover,

-T s+so
// e =)y (t — s)dsdt < / / e =) (t — s)dtds
D2 7T*So -T
-T S0
< / / e “v(o)dods
—T—sg J—T—s

-T S0
< / / e ¥ v(o)dods
7T750 0

50
< so/ e Y y(o)do.
0

So, for any T' > 1, we have:

s0
<K (e_‘”TM + So/ e“""w(a)do) .
w 0

Let € > 0. We can find sy > 0 such that Ksg foso e “?y(0)do < /2. Let us take such an sqo. After,
for T sufficiently large, Ke—wT M) €/2, and so, for sufficiently large T', I < e.

w
Now, we consider Iy. We have:

1 T T
I = o . ||¢>(s)||xds/ et (t — 5)dt
1 T T—s
<gr | el [ (oo
1 T
< PoT > lo(s)||xds — 0 as T — 0.

Now we are ready to state and prove the following.

Theorem 3.3. Suppose that assumptions (H.1)-(H.2) hold. Then Eq. (1.4) has a unique pseudo

almost automorphic (mild) solution if

Proof. Define the nonlinear operator I" : AA(X) — AA(X) by:

t

T(u) : t— —f(t,ut)) — [ AT(t — s)f(s,u(s))ds.
We have:

t

IT(u)(t) = T@)O)llx < 1 ult) = fE0()]x + / AT (t = 5)(f (s, u(s)) = f(s,v(s)))l[xds

— 0o
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<KOul) ~ 0Ol + [ (e = s)i(s)ule) = o(s)xds

— 00

< [k(t)+/ eI (t — §)k(s)ds | [|u — v]|oo

— 00

< (T4 p)klloollu = vlloo-

So, we obtain:

IT(u) = T(@)]oo < (14 p)[Fllocllu = v]lo,

and we can conclude using the Banach’s fixed point principle.

O
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ABSTRACT

Let U,(An) be the Drinfeld-Jimbo quantum group of type Ay. In this paper, by using
Grobner-Shirshov bases, we give a simple (but not short) proof of the Rosso-Yamane
Theorem on PBW basis of Uy(An).

RESUMEN

Sea Uy(An) el grupo cudntico de Drinfel-Jimbo de tipo Ax. En este articulo, us-
ando bases de Grobner-Shirshov damos una demonstracién simple (pero no corta) del
Teorema de Rosso-Yamane sobre bases PBW de U, (An).
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1 Introduction

Since any algebra (commutative, associative, Lie), as well as any module over an algebra, can be
presented by generators and defining relations, it is important to have a general method to deal
with these presentations. Such a method now exists and is called the Grobner bases method (due
to B. Buchberger [18], [19]), or standand bases method (due to H. Hironaka [21]), or Grdbner-
Shirshov bases method (due to A. I. Shirshov [35]). The original Shirshov’s paper [35] is for Lie
algebra presentations, but it can be easily adopted for associative algebra presentations as well,
see L. A. Bokut [3] and G. Bergman [1].

Let, for example, L = Lie(X|[z;z;] — Zafj:ck, i > j, x5, € X) be a Lie algebra
over a field (or a commutative ring) k presented by a k-basis X and the multiplication table.
Then S = {[z;z;] — Zafjxﬂ i > j, z;, x5,z € X} is a Grobner-Shirshov basis (subset) of the
free Lie algebra Lie(X) over k. On the other hand, the universal enveloping algebra U(L) =
k(X|zix; —xjm — Y ofixy, @ > j, 4,25,z € X) is the associative algebra presented by the same
set X and the defining relations S(~) (we rewrite S using [zy] = zy — yx). There is a general
but not difficult result that for any S C Lie(X), S is a Grobner-Shirshov basis in the sense of
Lie algebras if and only if S(~) C k(X) is a Grobner-Shirshov basis in the sense of associative
algebras (see, for example, [9] and [7]). This means that in our case, S{=) is a Grébner-Shirshov
basis (subset) in k(X). By Composition-Diamond lemma (see below), the S-irreducible words on
X, Irr(S) = {ziy ...z, 11 < ... <k, k> 0} form a k-basis of U(L). This is a conceptional
proof of the PBW-Theorem by using Grobner-Shirshov bases theory.

There are many results on Grobner-Shirshov bases for associative and Lie algebras, as well as
for semigroups, groups, conformal algebras, dialgebras, and so on, see, for example, surveys [14],
[15], [25] and [8]. Let us mention those for simple Lie algebras and Lie superalgebras via Serre’s
presentations ([10], [11], [12], [13], [9]), for modules over simple Lie algebras and Iwahori-Hecke
algebras ([23], [24], [25]), for Kac-Moody algebras of types AP, B, ¢V, DY ([31], [32], [33]),
for Coxeter groups ([17]), for braid groups via Artin-Burau, Artin-Garside and Briman-Ko-Lee
presentations ([4], [5] and [6]).

Drinfeld-Jimbo ([20], [22]) presentations for quantized enveloping algebras U,(g), where ¢ is
a semisimple Lie algebra, are a natural source of associative presentations. M. Rosso [34] and 1.
Yamane [36] found the PBW-basis of U;(An). G. Lusztig [29] and [30], and M. Kashiwara [26]
and [27] found the bases of U, (g) for any semisimple algebra g, as well as for their representations.
Their approach work equally well for quantized enveloping algebras associated with arbitrary sym-
metrizable Cartan matrix, not just those corresponding to finite dimensional Lie algebras. V. K.
Kharchenko [28] found the approach to linear bases of quantized enveloping algebras via the so
called character Hopf algebras.

It the paper [16], Grobner-Shirshov bases approach was applied to study U,(g) for any sym-
metrizable Cartan matrix. Using this approach, they got a new proof of the triangular decomposi-



CUBO Rosso-Yamane Theorem on PBW Basis of Uy (An) 173

10, 3 (2008)

tion of Uy(g) (see, for example, Jantzen [37]). For U,(An), it was proved by Bokut and Malcolmson
[16] that the Jimbo relations (see [36]) of U;"(An) constitute a Grébner-Shirshov basis of U (An)
in Jimbo generators x;;,1 <i,j < N + 1 (see below).

In this paper, we give an elementary proof that Jimbo relations .S is a Grobner-Shirshov basis
of U;‘ (An). For such a purpose, we just check all possible compositions of polynomials from S and
proved that all them can be resolved. Also in §1 in this paper, we are giving necessary definitions
and Composition-Diamond lemma following Shirshov [35].

2 Preliminaries

We first cite some concepts and results from the literature which are related to the Grobner-
Shirshov bases for associative algebras.

Let k be a field, k(X) the free associative algebra over k generated by X and X* the free
monoid generated by X, where the empty word is the identity which is denoted by 1. For a word
w € X*, we denote the length of w by deg(w). Let X* be a well ordered set. Let f € k(X) with
the leading word f. Then we call f monic if f has coefficient 1.

Definition 2.1. (/35], see also [2], [3]) Let f and g be two monic polynomials in k{X) and < a

well ordering on X*. Then, there are two kinds of compositions:

(i) If w is a word such that w = fb = ag for some a,b € X* with deg(f)+deg(g) >deg(w),
then the polynomial (f,g)w = fb—ag is called the intersection composition of f and g with respect
to w.

(ii) If w = f = agb for some a,b € X*, then the polynomial (f,q)w = f — agb is called the

inclusion composition of f and g with respect to w.

Definition 2.2. ([2], [3], ¢f. [35]) Let S C k(X) such that every s € S is monic. Then the
composition (f,g)w is called trivial modulo (S,w) if (f,9)w = D @ia;s;b;, where each o, € k,
a;, b € X*, s; € S and a;s;b; < w. If this is the case, then we write

(f,9)w =0 mod(S,w).

In general, for p,q € k(X), we write p = q¢ mod(S,w) which means that p — q = > a;a;8;b;,
where each o; € k,a;,b; € X*, s; € S and a;s;b; < w.

Definition 2.3. ([2], [3], c¢f. [35]) We call the set S with respect to the well ordering < a

Grébner-Shirshov set (basis) in k(X) if any composition of polynomials in S is trivial modulo S.

If a subset S of k(X) is not a Grobner-Shirshov basis, then we can add to S all nontrivial
compositions of polynomials of S, and by continuing this process (maybe infinitely) many times,
we eventually obtain a Grobner-Shirshov basis S¢. Such a process is called the Shirshov algorithm.
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A well ordering > on X* is called a monomial order if it is compatible with the multiplication
of words, that is, for u,v € X*, we have

u > v = wiuwse > wivws, for all wy, ws € X*.

A standard example of monomial order on X* is the deg-lex order to compare two words first by
degree and then lexicographically, where X is a well ordered set.

The following lemma was first proved by Shirshov [35] for free Lie algebras (with deg-lex order)
in 1962 (see also Bokut [2]). In 1976, Bokut [3] specialized the approach of Shirshov to associative
algebras (see also Bergman [1]). For the case of commutative polynomials, this lemma is known
as the Buchberger’s Theorem in [18] and [19].

Lemma 2.4. (Composition-Diamond Lemma) Let k be a field, k(X|S) = k(X)/Id(S) and <
a monomial order on X*, where 1d(S) is the ideal of k(X) generated by S. Then the following

statements are equivalent:

(i) S is a Grobner-Shirshov basis.
(ii) f € Id(S) = f = asb for some s € S and a,b € X*.

(i1i) Irr(S) = {u € X*|u # asb,s € S,a,b € X*} is a basis of the algebra k(X|S). O

3 Rosso-Yamane theorem on PBW basis of U,(Ax)

Let k be a field, A = (a;;) an integral symmetrizable N x N Cartan matrix so that a; = 2,
a;j < 0 (i # j) and there exists a diagonal matrix D with diagonal entries d; which are nonzero
integers such that the product DA is symmetric. Let q be a nonzero element of k such that ¢*® # 1
for each i. Then the quantum enveloping algebra is (see [20], [22])

Uy(A)=k(XUHUY|STUKUTUS™),

where
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X = {Il}v

H = {hzil}v
1—ai; 1 — as

S+ = { Z (_1)U < ’ ) I'}_aij_yxjx7€/7 where { #.]7 t= qui}v
v=0 v t

17(1,;]‘
1—a;; ai—
5= {Z(—l)u< - ) vi T gyl where i £, t=¢*"),
v=0 t

K = {hihj — hjhi, hihy' = 1,07 hy — 1, 2;hEY — gFdiaapt e, nEly, — y:h*t),
h?—h;?
( m ) 11 7tmfi;1_;t:m71 m>n >0,
= i=1
n.j, 1 n=0 or m=n.

Let
2 -1 0 0
-1 2 -1 0

A=Ay=]1 0 -1 2 - 0 and ¢® # 1.

0o 0 0 2

It is reminded that in this case, the diagonal matrix D is identity.

We introduce some new variables defined by Jimbo (see [36]) which generate U,(An):
X ={2ij,1<i<j<N+1},

where

T; Jj=1+1,
Tij = . o
qTij—1Tj—15 — ¢ Tj-1;Tij—1  J>1+ 1

We now order the set X in the following way.

Tmn > Tij <= (m,n) >lex (Zv.])
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Let us recall from Yamane [36] the following notation:

Cr = (), (m,n))i=m <j <n},
Co = {((i,5), (m,n))|i <m <n <j},
Cs = {((i,4), (m,m))li <m < j =n},
Ci = {((i,4), (m,n)|i <m < j <n},
Cs = {((i,), (mn)i < j =m <n},
Co = {((#,),(m,n))li <j <m <n}.

Let the set ST consist of Jimbo relations:

Imndij — q_2xij Lmn
TmnTiy — TijTmn

TmnLij -

TonTij =  CTijTmn + (Tin

TijTmn + (% = ¢ TinTm;

It is easily seen that U (An) = k(X|S).

The following theorem is from [16]

Theorem 3.1. ([16] Theorem 4.1) Let the notation be as before. Then, with the deg-lex order on
)Z*, S+ is a Grébner-Shirshov basis for k()ﬂS*) = U;(AN).

Proof. We will prove that all compositions in S+ are trivial modulo ST. We consider the

following cases.
_ -2
Case 1. f = TmnTij — ¢ “TijTmn,

In the case, we have

_ -2 _
g = TijTkl —q “TkiTij, W= TmnTijlil-

(fv g)w = _q_zxijxmnxkl + q_2xmnxklxij-

There are four subcases to consider.

((#,4), (m,n)) € Ch

((i,4), (m,n)) € Cy

((kv l)v (27])) € Cl

1.1. ((k,1),(m,n)) € Cy

1.3. ((k,1),(m,n)) € Cy4,Cs5 or Cg

((k,1), (i,4)) € Cs

1.2. ((k,1),

(m,n)) € Cy 1.4. ((k,1),(m,n)) € Cs

1.1.

Then, we have

(f,9)w

((ivj)v (mvn)) € 017 ((kvl)v (i,

])) € (1 and ((k},l), (m,n)) e (.

—4 —4

—q T TrlTmn + q TilTmnTij
—6 —6

—q TEITi5Tmn + q TEiTijTmn

0.
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1.2 ((’Lv])v (mvn)) € Clv ((kvl)v (’L?])) € 03 and ((kvl)v (mvn)) € Cy.
Then, we have (i,7) = (m,1), ((k,n),(i,5)) € Cy and
(f; g)w = _qizxij [Iklxmn - (QQ - qiz)xknxml] + qu[xklxmn - (q2 - q72)xknxml]xij

—4 -2/ 2 -2
~q TRTii 0 + ¢ (@7 — @) ThnTii Tl

+q 2T T — ¢ (@ — @) Ten T T
= 0.
1.3. ((’Lv])v (mvn)) € 037 ((kvl)v (17])) S Ol and ((kvl)v (mvn)) S C4a 05 or 06-
1.3.1. If ((k,1), (m,n)) € Cq (m < 1), then (k,n) = (i,7), ((¢,7),(m,1)) € Cy and
(fr 9w = —q zijltuzmn — (@° = ¢ ) Tknmi] + ¢ [Tritmn — (¢© — @) TrnTmi] i
= —¢ 2u2ijTmn + 0 (@ — ¢ DTy Trn T + @ TTTn
(¢ — ¢ ) Tn i T
= 0.
1.3.2. If ((k,1), (m,n)) € C5 (m =1), then (k,n) = (i,7) and
(f,9)w = —q_2$€ij(q2$kl$mn — Q%) + q_2(q2$m$mn — (Tkn)Tij
= —ZyTiTmn + qilxijxkn + TR TmnTij — qilxknxij
= —q T Tnn + 4 TRTi T
= 0.
1.3.3. If ((k,1),(m,n)) € Cs (m > 1), then
(f7 g)w = _q72xijxkl$mn + q72$kl$mnxij
= _q74xklxijxmn + q74xklxijxmn
= 0.
14. ((4,7),(m,n)) € Cs, ((k,1),(%,4)) € C3 and ((k,1), (m,n)) € Cs.

This case is similar to 1.1.

_ -2 _ _
Case 2. f=Tmn®ij — ¢ “TijTmn, § = TijThi — ThiTij, W = TynTijThi-
In the case, we have

(fs 9w = —q72$ij$mn$kl + TmnTriTij-

There are also four subcases to consider.

((z’])a(man)) €y ((Z’])a(man)) €Cs
((k,1),(i,7)) € Co | 2.1. ((k,1),(m,n)) € Ca,C5 or Cy | 2.3. ((k,1),(m,n)) € Cy
((k, 1), (3, 7)) € Cg 2.2. ((k,1), (m,n)) € Cs 2.4. ((k,1),(m,n)) € Cs
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2.1. ((’L,]), (m,n)) e (Cq, ((k},l), (’L,])) € Cy and ((k},l), (m,n)) € (Cy,C3 or Cy.
2.1.1. If ((k,1), (m,n)) € C2 (n <), then

— —2
(fv g)w = —4q TijTklTmn + LRl TmnLij
—2 —2
= —qQ “TRTiTmn t ¢ “TRTijTmn

0.

2.1.2. If ((k,1), (m,n)) € C3 (n =1), then

_ —4 —
(fr9)w = —¢ TijTuTmn + ¢ TrTmn i

—4 —4
—q TEITijTmn +4q TRITi5Tmn

0.

2.1.3. If ((k,1), (m,n)) € Cy (n > 1), then ((k,n), (i,7)) € Ca, ((i,5),(m,1)) € Cy and

_q_2xij [:Eklxmn - (q2 - q_2)xknxml] + [:Eklxmn - (q2 - q_2)xknxml]xilj

(fs 9w

= _q72xklxijxmn + qu(QQ - qiz)xknxijxml + qizxklxijxmn
¢ (@* = ¢ ) Tpnij T
0.

For the cases 2.2, 2.3 and 2.4, the proofs are similar to 2.1.1.

_ -2 _ 2 -2 _
Case 3. f = TmnTij — ¢ “TijTmn, § = TijThi — Tp1Tij + (¢ —q )ijxiz, W = TmnLijTkl-

In the case, we have
—2 2 -2
(9w = —¢ “TijTrmnThl + TnTriTij — (¢ — ¢ ) TmnThj Til.-

There are two subcases to consider.

((iaj)v (mvn)) S Ol ((Za.])v (mvn)) S 03

3.1. 3.2.
((kvl)v (17])) €y ((kvl)v (mvn))v ((kvj)v (mvn)) €y ((kal)a (mvn)) € Cy,Cs or Cg
((k,j), (m,n)) € Cs

3.1. ((4,4),(m,n)) € C1, ((k,1),(i,7)) € Cy and (k,1), (m,n)), ((k,7), (m,n)) € Cy.
Then, we have ((k,n), (i,7)) € Ca, ((i,1),(m,n)) € C1, ((i,1),(m,j)) € C1, ((m,1),(i,7))
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€ C7 and

(fu g)’w = _q_zxij [:Eklxmn - (q2 - q_z)xknxml] + [:Eklxmn - (q2 - q_z)xknxml]xij
—(¢* = ¢ ) [zrjzmn — (6 = ¢ ) Tpn@mla
—-q

—(¢® — ¢ )Ty — ¢ (@ — ¢ )T TaZmn + ¢ (g

2 -2 -2/ 2 -2 -2
TriTij — (q —q ):Eijil]xmn +4q (q —q )xknxijxml +q LTERlTi5Tmn
2 —2\2
—4q ) TknTilTmj

= ¢ — ¢ ) TenTiuriy; — (€@ — ¢ ) TenTuzi; + ¢ (6 — ¢ ) Thn T T

3.2. ((4,7),(m,n)) € Cs, ((k,1),(i,7)) € C4, (k,1),(m,n)) € Cy,Cs or Cg and ((k, j), (m,n)) €
Cs.

3.2.1. If ((k, 1), (m,n)) € Cyq (I > m) and ((k, 5), (m,n)) € Cs, then ((k,n), (4,5)) € Cs, ((i,7), (m,1)) €
Cs, ((4,1),(m,n)) € Cy and
(f, 9w = =0 zlentmn — (@ = ¢ DT + [Eazmn — (@° = ) Tetmlzi;
¢ (¢ — ¢ ) rjmn i
= —q zmzi; — (¢ — ¢ ) kiza)Tmn + qa (¢ - 4 ) ThnTij Tt + 4 2 THTij T
—(@® = ¢ Dzrnzirm — 4 2 — ) [razmn — (6 = a7 Tm @]
0.

3.2.2. If ((k,1), (m,n)) € Cs (I = m) and ((k, j), (m,n)) € Cs, then ((k,1), (¢,5)) € C4, ((k,n),(i,5)) €
Cs, ((4,1),(m,n)) € Cs and
(f: 9w = —q 25 uemn — @rn) + (CTTmn — @Trn)Ti — ¢ (% — ) TrjTmn i
= —[|rgxig — (¢° — q72)$ijil]xmn + qigl'knxij + TRiTijTmn — qTknTij
—a72(¢% — 4 ks la* wazmn — qwin
= ¢ Ty — @raTij + ¢ — ) Ten iy
0.

3.2.3. If ((k,1), (m,n)) € Cs (I <m) and ((k,7), (m,n)) € Cs, then ((3,1), (m,n)) € Cs and

(£,0)w = —0 2TiTTmn + TaTmnTij — ¢ 2(@* — ¢ ) ThjTrmnTil
= —(J*Q[Ikziﬂij —(¢* - q72)xijil]xmn + q72$k1117ij117mn —q %(¢* - q72)$kjilfuilfmn

= 0.

_ -2 _ 2 _
Case 4. f = TmnTij — ¢ °TijTmn, § = TijThi — ¢ TriTij + (Thj, W = TynTijThi-

In the case, we have

-2 2
(fv g)w = —q "TijTmnThl T ¢ TmnTkiTij — TmnThk;j-
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There are two subcases to consider.

((2,4), (m,n)) € Ch

((2,4), (m,n)) € Cy

((kv l)v (27])) € 05

4.1.
((kvl)v (mvn)) € CS
((k,4), (m,n)) € Cy

4.2.
((kv l)v (mvn)) € CG

((k,5), (m,n)) € Cs

41. (G, j), (m,n)) € C1, ((k,1), (G,

Then, we have ((k,n), (,7)) € C2 (m =) and

(f, g)w = _q72$ij(q2xkl$mn - qSC/m) + q2(q2wkl$mn - qivkn)ffij
(q2 - qiz)xknxmj]

2 —1 2
= (¢ TruTij — qTk)Tmn + 4 ThnTij + @ TRTi T

_Q[ijxmn -

—*Tknij — QT Tmn + 407 — 472)Thn@m;

= 0.

4.2. (G, j), (m,n)) € Cs, ((k,1), (4,

Then, we have

_ -2 2 —1
(9w = —q¢ “ZijTrZmn + CTTmnTij — ¢ ThjTmn

= 0.

—2/( 2
= —q (q Tp1Tij — quj)xmn + TRITi T —

_ _ —2 _
Case 5. f = Tmn®ij — TijTmn, § = TijThi — ¢ “ThiTij, W = TmpLijThi-

In the case, we have

_ -2
) — T .
(f g)’w Lij TmnLkl + q " TmnTklTij

There are four subcases to consider.

-1
q TkjTmn

7)) € Cs, ((k,1),(m,n)) € Cs and ((k,j), (m,n)) € Cy.

7)) € Cs, ((k,1),(m,n)) € Cg and ((k, ), (m,n)) € Cs.

((2,4), (m,n)) € Cy

((#,4), (m,n)) € Cs

((ka Z)a (Za.])) € C'1

5.1. ((k},l), (m,n)) € (Cy,C3,Cy4,Cs or Cg

3. ((k,1),(m,n)) € Cs

((k’ l)’ (Za])) € CS

5.2.

((k’ l)’ (m’ TL)) € C2

5.4. ((kvl)v (mvn)) € CG

5.1. ((i,4), (m,n)) € Ca, ((k,1), (4,

5.1.1. If ((k,1), (m,n)) € Cs (I > n), then we have ((k,1), (i,7)) € Cy and

(f,9)w

2

—ZijThlTmn T+ § " ThTmnTij

—2 —2
—q TTEITi5Tmn + q TEiTijTmn

0.

j)) S Cl, and ((k,l), (m,n)) S CQ,C3,C4,C5 or Cg.
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5.1.2. If ((k,1), (m,n)) € C3 (I =n), then
(f,9)w = =0 Tu@mn + 0 TrTmnti;
= _q74xklxijxmn + q74xklxijxmn

= 0.

5.1.3. If ((k,1), (m,n)) € Cy (m <1 < n), then we have ((k,1),(i,7)) € C1, ((k,n),(i,5)) €
C1, ((5,), (m,1)) € C3 and
(£, 9w = —2i[Tu@mn — (@ — T DTen@mit] + ¢ 2 T0Tmn — (% — ¢ ) TrnTmi] T4
= —TijThiTmn + (¢° — q72)xij$knxml + qul'klxmnwij —q (¢ - q72)$knxmlxij
= _q_zxklxijxmn + q_2(q2 - q_2)xknxijxml + q_kalxijxmn
—q7 2% = ¢ )T i T
= 0.
5.1.4. If ((k,1), (m,n)) € C5 (m = 1), then we have ((k,n), (¢,5)) € C; and
(f,9)w = —25(PrTmn — @) + ¢ (P rraTmn — qTkn)Tij
= _qzxijxklxmn + 4T3 Tkn + ThlTmnTij — q_lffszfij

= —IRTiTmn T qilxknxij + TR Tij Tmn — (flxknil?ij

0.

5.1.5. If ((k,1), (m,n)) € Cs (I < m), the proof is similar to 5.1.1.
For the cases of 5.2, 5.3 and 5.4, the proofs are also similar to 5.1.1.

Case 6. f = Imnlij — TijTmn, § = LijTrl — TEiLij, W = TmnLijLTkl-

In the case, we have
(f7 g)w = —XijTmnTkl + TmnTklLij -

There are four subcases to consider.

((iaj)v (mvn)) € Cy ((17])7 (mvn)) €Cs
((k,l),(l,])) eCy | 6.1. ((k,l),(m,n)) e (Cy | 6.3. ((k,l),(m,n)) € Cy,C3,Cy,C5 or Cq
(k: 1), (4, 7)) € Cs | 6.2. ((k,1), (mym)) € Co 6.4. ((k,1), (m,n)) € Co

6.1. ((4,7), (m,n)) € Co, ((k,1),(i,7)) € Co and ((k,1), (m,n)) € Cs.
Then, we have

—Lij Tkl Tmn + Tkl TmnLij

(fs 9w

—LkIT55Tmn + T LijTmn

0.
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6.2. ((¢,4), (m,n)) € Ca, ((k,1),(i,5)) € Cs and ((k,1), (m,n)) € Cg.

This case is similar to 6.1.

6.3. ((¢,7), (m,n)) € Cs, ((k,1),(i,7)) € Ca and ((k,1), (m,n)) € Ca,,C5,C4,C5 or Cs.
6.3.1. If ((k,1), (m,n)) € Cs (I > n), the proof is similar to 6.1.

6.3.2. If ((k,1), (m,n)) € C5 (I =n), then

(f, 9w = _q72xijxklxmn+q72xkl$mnxij

-2 -2
—q TTEITi5Tmn + q " TEITijTmn

= 0.

6.3.3. If ((k,1),(m,n)) € C4 (m <1 < n), then we have ((k,n), (¢,7)) € Ca, ((i,7),(m,n)) €
Cs and
(Fi9Dw = —zglenzmn —(@© — ¢ ) Tn@mi] + [TaTmn — (¢° — ¢ ) TenTmi]zi;
= —2ijTTmn + (@ — ¢ 2)TijTinTml + T TmnTij — (@ — ¢ 3 ThnTri i
—TRITij Tmn + (¢° — q72)$kn$ij1'ml + TiTij Tmn — (¢° — q72)$€kn$€ij$ml

0.

6.3.4. If ((k,1), (m,n)) € C5 (m = 1), then we have ((k,n), (¢,5)) € Cy and

(£,9)0 = —2ii(PTuTmn — k) + (CTHTmn — qTkn)Tij

2 2

—Q TijThiTmn + qTijThn + @ TRITmnTij — QTEnTij
2 2

—q TRITijTmn + @TknTij + @ TRITijTmn — qTknTij

= 0.

6.3.5. If ((k,1), (m,n)) € Cs (I <m), the proof is similar to 6.1.
6.4. ((4,7),(m,n)) € Cs, ((k,1),(2,7)) € Cs and ((k,1), (m,n)) € Cs.

This case is also similar to 6.1.

2 -2
Case 7. f = TmnTij — TijTmn, § = TijTki — ThiTij + (q —q )wkjivih W = TmnLijLkl-
In the case, we have

(fa g)’w = —TijTmnTkl + TmnTklLij — (q2 - q_Q)xmnxijil-

There are two subcases to consider.

((2,4), (m,n)) € Cy ((2,4), (m,n)) € Cg
7.1. 7.2.

((k,1),(i,7)) € Cy | ((k,1),(m,n)) € Ca,C5,Cy,C5 or Cg ((k,1), (m,n)),

((k,4), (m,mn)) € Ca ((k,4), (m,n)) € Ce
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71 ((4,4),(m,n)) € Ca, ((k,1),(i,5)) € C4, ((k,1),(m,n)) € Cz,C5,C4,C5 or Cs and
((ka.])a(man)) S CZ-

7.1.1. It ((k, 1), (m,n)) € Cy (n < 1) and ((k, ), (m,n)) € Co, then we have ((z,1), (m,n)) € Cs

and
(£,9)0 = —2i§TuTmn + TaTmn®i — (¢© — ¢ 3Tk TmaTi
= —[|rmzi; — (¢* — q72)17kj$il]$mn + TrITi Tmn — (¢ — qiz)xijilxmn
= 0.
7.1.2. If ((k,1), (m,n)) € C5 (n=1) and ((k,J), (m,n)) € Ca, then ((i,1), (m,n)) € Cs and
(£, 9w = —0 TiTa@mn + 0 Ta@mnij — (© — ¢ )Tk TmnTil

= _q72[$kl$ij —(¢* - q72)$ijil]$mn + q72$€kl$ij$mn —q (¢ - qu)xijilxmn

0.

7.1.3. If ((k,1),(m,n)) € Cy (m <1 < n) and ((k,j),(m,n)) € Csz, then we obtain
((kan)v (’Lv])) € O4a ((Za.])a (mal)) € OQ, ((Zal)a (man)) € Cy and

(f; g)w = —Ty ['rklxmn - (q2 - qu)Ianml] + ['rklxmn - (q2 - q72)xknxml]xij
_(q2 - q_2)xijmnxil

2 —2 2 -2
—Zij T Tmn + (@7 — @7 )T ThnTmi + Tl TmnZij — (¢© — ¢ ) ThnTmiLi;

_(q2 - qu)xkj [xilxmn - (q2 - qiz)xinxml]

—[zmzi; — (% — ¢ ) nzalTmn + (0% — ¢ ) [@razi; — (¢* — ¢ ) TkjTin) T

2 -2
FXRITi§ Tmn — (¢ —q )xknxijxml

0.

7.14. If ((k, 1), (m,n)) € Cs5 (m =1) and ((k, 5), (m,n)) € Ca, then ((k,n), (i,7)) € C4, ((i,1), (m,n)) €
C5 and

(f7 g)w = _xij(QQIklImn - qun) + (QQIkzxmn - qun)Iij - (q2 - q72)17kj$mn$iz

2 2

—Q T TkiTmn + qTijThn + @ TRITmnTij — TknTij
2 —2 2

_(q —dq )'rkj (q Tl Tmn — qu)

—Plenzi — (6% — ¢ )2k Tmn + @Tenzi; — (6% — ¢ 2)TkjTin]

+q2517kl517ij517mn — qTpnTi; — (¢ - qiz)xijil«rmn +q(q® - q72)$kj517m

0.

7.1.5. If ((k,1), (m,n)) € Cs (I <m) and ((k, j), (m,n)) € Co, then ((i,1), (m,n)) € Cs. This
case is similar to 7.1.1.
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7.2. ((i,5), (m,n)) € Cs, ((k,1),(i,5)) € Ca, ((k,1), (m,n)), ((k,7), (m,n)) € Cs.

This case is also similar to 7.1.1.

_ _ 2 _
Case 8. f = TmnTij — TijTmn, § = TijThi — @ ThiTij + qTkj, W = TmnTijTkl-

In the case, we have
2
(fs Dw = =TijTmnThi + € TmnTriTij + QTmnThj-

There are two subcases to consider.

((ivj)v (mvn)) & ((Za.])v (mvn)) € Cs

8.1. 8.2.
((kvl)v (17])) € C’5 ((kvl)v (mvn)) € CG ((kvl)v (mvn))v ((kvj)v (mvn)) € CG
((k,4), (m,m)) € Ca

8.1 ((i,4),(m,n)) € Ca, ((k,1),(i,7)) € Cs, ((k,1),(m,n)) € Cg and ((k,j), (m,n)) € Cs.
Then, we have

_ 2
(f,9)w = —ZijTrTmn + CTRTmnTij + (TrjTmn
2 2
= _(q TElTij — quj)xmn +4q TEITi5Tmn + 4Tk Tmn

0.

8.2. ((i,7), (m,n)) € Cs, ((k,1),(i,5)) € Cs5, ((k,1), (m,n)),((k, ), (m,n)) € Cs.

This case is similar to 8.1.

_ 2 -2 _ -2 _
Case 9. f = TynTij — TijTmn + (@ —q )Iinxmjv g = TijTkl — q “TgiTij, W = TmnTijTki-

In the case, we have
(f,9)w = —TijZmni + (€* — ¢ ) TinTmTrt + 4 TonTrii;-

There are two subcases to consider.

((iaj)v (mvn)) € C’4
((k’l)’ (Z’])) €Cr | 9.1 ((k’l)a (m’n))v ((k’l)a (ma])) € C47 Cs or Cg
((kal)a (Za.])) € CB 9.2. ((k,l), (m’n)) € C’4 ((kvl)v (mvj)) € C’3

9.1. ((i,4), (m,n)) € Ca, ((k,1),(i,4)) € C1 and ((k,1), (m,n)),((k,1),(m,j)) € C4, C5 or
Cs.
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9.1.1. If ((k,1), (m,n)), ((k,1), (m, j)) € C4 (I > m), then we have ((, j), (k,n)) € C1, ((k,n),(m,1)) €
Ca, ((k,7),(E,n)) € C1, ((k,1),(i,n)) € Cr, ((i,7),(m,1)) € Cy and

~2ij [T @mn — (@ = ¢ ) Tn@mi] + (@ = ¢ ) Tin[TriTms — (€© — ¢ )Tk Tmi]

(fs 9w

+q72[xklxmn - (q2 - qiz)xknxml]xij

2 2 2 2
—Zij TR Tmn + (¢° — ¢ ) TijTen@mi + (¢° — ¢ ) TinTpiTm;

2 —2\2 -2 —2/,.2 -2
—4q ) TinTjTml +4q TElTmnTij — 4 (q —dq )xknxmlxij

2

—(q

—q_2$kl$€ij$mn +(¢* - q_z)iﬂijwlmffml +q (¢ - q_z)wkzwmwmj

(¢ — ¢ ) 0 Tin ot + T[T Tmn — (@ — ¢)Tin@my]
—q (¢
(¢ — q72)xij$kn$ml —q*(¢* - q72)2$€kj£vm$ml —q ¢ - q72)xij$kn$ml

= 0.

-2
—q )xknxijxml

9.1.2. If ((k, 1), (m,n)), ((k,1), (m, 7)) € Cs (I = m), then we have ((i, ), (k,n)) € C1, ((k,1), (i,n), ((k,7), (i,n)) €
Cl and

—2ii (TR Tmn — @Tkn) + (@ — ¢ ) Tin (P TR1Tms — qTk5)

(f, 9)w
+q_2(q2xkl$mn - qun)xij

_qzxijxklxmn + qTijTpn + (¢ - q72)17m517k117mj —q(¢® - qu)xmxkj

-1
FTRITmnTij —q  TknTij

2 —2 —1/.2 —2
—TRZiTmn + QT Thn + (¢° — ¢ ) TRTinTm; — ¢ (¢ — ¢ ) TrjTin
2

-2 -3
21 [ Tmn — (¢© — ¢ ) TinTms] — ¢ TijThn
-3 -3
qTijTkn — qTkjTin + q "TkjTin —q “TijTkn

0.

9.1.3. If ((k,1), (m,n)), ((k,1),(m,7)) € Cs (I < m), then we have ((k,1),(i,n)) € Cy and

(f,9)w = —ZijThlTmn — (q2 - q_Q)ImIkzImj + q_zxklxmnxij
= —q 22T Ton — ¢ 2@ — ¢ ) TTinTmg + ¢ 2Tk [TijTmn — (@ — ¢ 2)TinTm,]

= 0.

9.2. ((i,7),(m,n)) € Cy, ((k,1),(i,7)) € Cs, ((k,1),(m,n)) € Cyq and ((k,1),(m, 7)) € Cs.
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Then, we have ((k,n), (i,7)) € Ca2, ((k,1),(i,n)) € C4, ((4,7),(m,1)) € C3 and

(fs 9w

—Zij [T Tmn — (© — ¢ ) Tkntmt] + ¢ (¢ — ¢ ) TinTrTm;

+q 2 [ZrTmn — (@ — @) ThnToi] T35

2 -2 —2/7 2 -2 —2
—Tij T Tmn + (¢° — ¢ )T TaenTmi + ¢ (7 — ¢ ) TinTriTms + ¢ ThiTmnTij

—q ¢ — ¢ )T T v

—q 28T Tmn + (€ — ¢ ) Tkn@ijTmi + ¢ (@ — ¢ ) [@rin

—(¢® = ¢ )Tl Ty + @ 22T Tmn — (€ — ) Tin@my)

¢ ¢ — ) arn i T

= (" — ¢ ) trnzimm — ¢ (% — ¢ ) TrnTatms — ¢ (@ — @) ThnTij T

= 0.

_ 2 —2 _ —
Case 10. f = Tyn®ij — TijTmn + (¢° — ¢ ) Tin@Tmy, 9 = TijThi — ThiTij, W = TmpLijThi-

In the case, we have
_ 2 -2
(f, 9w = —TijTmnTr + (¢ — ¢ 7)TinTmjTrl + TmnThiTij-

There are two subcases to consider.

((iaj)v (mvn)) € C'4
((kvl)v (27])) € Cy | 10.1. ((k’l)a (man)) € Cy,C3 or Cy ((k,l), (m,])) € Cy
((k,1),(i,9)) € Co 102, ((k,0), (m,n), ((k,1), (m.j) € Ca

10.1. ((4,4), (m,n)) € C4, ((k,1),(i,7)) € Co, ((k,1),(m,n)) € Co,C3or Cy and ((k,1), (m, 7)) €
Cs.

10.1.1. If ((k, 1), (m,n)) € Cy (I > n), then we have ((k,1), (i,n)) € C2 and

(f,@)w = —TiTa2mn + (@ — ¢ ) TinTriTmj + TraTmnTij
= 2T Tmn + (@ — ¢ ) TTinTmj + T [TijTmn — (© — @) TinTmy]
0.

10.1.2. If ((k,1), (m,n)) € Cs (I = n), then we have ((k,1), (i,n)) € C5 and

f,9)w = _q_zxijxklxmn +(¢* - q_z)l'inl'kll'mj + q_gffklffmnivij

—q 20T Tmn + ¢ 2@ — )T TinTmg + ¢ 200 [T 0 — (€ — ¢ ) TinTm;]

0.
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10.1.3. If ((k,1),(m,n)) € Cy (I < n), then we have ((k,n),(i,75)) € Ca, ((k,1),(i,n)) €
Cy, ((’L,]), (m,l)) € Cy and

(frDw = —Tij[Trzmn — (@ — ¢ D TnTmi] + (€ — ¢ ) TinTh1Tm;

@ Zmn — (€° — ¢ ) Tpn @]z

2 -2 2 —2
— 2T Tmn + (& — ¢ 2)TijThn @t + (@ — ¢ ) TinTrTm,

2 -2
+xkl$mnxij - (q —q )xknxmlxij

—TRITijTmn + (¢° — qiz)xknxijxml +(¢* = ¢ ) @pzin — (¢* — qu)xknxiz]ilfmj

2

+ 26 [T Tmn — (6© = ¢ 2)TinTmj] — (6% — ¢ )Tk [TijTmi — (@ — ¢ )T Tmy]

0.

10.2. ((17])7 (mvn)) € 045 ((kvl)v (17])) € 067 ((kal)a (man))v (kal)v (mv.])) € Cs.

This case is similar to 10.1.

_ 2 2 _ 2 2 _
Case 11. [ = Zyn®ij — TijTmn+ (@° — 42 TinTmj, § = TijThi — TeiZij +(¢° — ¢ %) Tp i, w =

TmnLijLkl-
In the case, we have
2 -2 2 -2
(f, g)w = —ZijTmnTkl + (q —q )Imxmjilsz + TmnTri1Tij — (q —4q )Imnilfijil,

with

((iaj)v (mvn)) € C'4
((kvl)v (7’7])) €Cy ((kvl)v (mvn))v ((kvl)v (mvj)) € Cy,C5 or Cg
11.1. If ((k, 1), (m,n)), ((k,1),(m,7)) € Cs+ (I >m), then we have ((k,n), (i,7)) € Ca, ((k,1),

(i,n)) € C4, ((k,7),(i,n)) € Cqy ((4,7), (m,1)) € Ca, ((4,1), (m,n)) € Cy,
((i,1), (m, j)) € C4 and

(£ Dw = —ij[Trzmn — (@ — ¢ DTl + (@ — ¢ Tin[TrTmj — (@ — ¢ )Tk T

+[xklxmn - (q2 - q_2)xknxml]xij - (q2 - q_2)[xijmn - (q2 - q_2)xknxmj]xil

2 —2 2 -2
—Zij TR Tmn + (¢° — ¢ ) TijTen@mi + (€7 — ¢ ) TinTp1Tm;

2 -2 2 -2
_(q —q )Iinxijml + Tl TmnTij — (q —q )Iknxmlxij

_(q2 - q_2)xijmnxil + (q2 - q_2)2xknxmljxil

—[wrziy — (® — ¢ ) zrjzia)Tmn + (@2 — € D Ten@ijzm + (@ — ¢ ) [Tk Tin
—(¢*—q?
[T Tmn — (¢ — @) Zinmg] = (6 = ¢ ) Trnij T
_(q2 - q_2)xkj [xilxmn - (q2 - q_2)xinxml]

+(¢* — a7 ) 2 awn[zawm; — (¢ — ¢ ) wijm]

0.

TenTa)Tmi — (¢© — ¢ )2k Tin — (¢ — ) Thnij | Tmi
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11.2. If ((k,1), (m,n)), ((k,1),(m,j)) € C5 (I =m), then we have ((k,n), (i,7)) € C2, ((k,1),
(i,n)) € C4, ((k,7),(i,n)) € Cy, ((4,1),(m,n)) € Cs, ((i,1),(m, 7)) € Cs and

f, 9w =

—2i (T Tmn — ¢Trn) + (6 = ¢ ) 2in(Crr2m; — q@x;) + (CT0Tmn — @Thn)
—(¢* = 4 ) wrjmn — (6 = 4 2)TrnTmy]i

i Tmn + @i T + G — ) TinTmg — 4(¢° — ¢ ) Tintig

+ TR Tmn i — @knTij — (€ — ¢ )i Tmn@it + (€ — ¢ ) ThnTmj Tt

—¢* [Trizi; — (q2 — q_2)$kj$iz]17mn + qTknTi; + q2(q2 - q_2)[17k1117m

—(¢* = ¢ D) xenilrm; — 4(¢® — ¢ ) wrjwin — (¢ — ¢ ) zenwij]

+@ 2 [T Tmn — (© — ¢ ) TinTmj] — qTenTij

—(¢* — ¢ D[P Tuzmn — qin] + (@ — ¢ ) 2pn[Prazm; — qis]

0.

11.3. If ((k, 1), (m,n)), ((k,1),(m,j)) € Cs (I < m), then ((k,j), (m,n)) € Cy, ((k,1),(i,n)) €
Cy, ((2,1), (m,n)), ((2,1), (m, 7)) € Cs and

(fPw =

—TijThlTmn + (q2 - q_2)xinxklxmj + TriTmnTij
—(q2 - q72)[$k‘j$mn - (qz - q72)$kn$mj]$il
—[zmxi; — (¢° — q72)17kj117u]$mn +(¢* = ¢ ) @pzin — (¢* — qu)xknxiz]ilfmj

2

+ 20 [T Tmn — (@© — ¢ 2)Tin®mj] — (¢ — ¢ )Tk TaZmn + (2 — ¢ ) TenTaZm;

0.

_ 2 o _ 2 _
Case12. f = TpmnTij —ZijTmn+(¢° —¢ °)TinTmj, § = TijThi—q TRiTij +qThj, W = TimnTijTki,

with

((i,4), (m,n)) € Cy
((kv l)v (273)) € 05 ((kv l)? (mvn))v ((kv l)? (mvj)) € CG
((kaj)v (mvn)) € C4 ((kvl)v (7’7”)) € C5

In the case, we can deduce that

(fs 9w

2 -2 2
= —LijTmnTkl + (q —4q )xinxmjxkl +4q TmnTklTij — TmnTkj

2 -2 2
—Zii T Tmn + (@7 — ¢ ) TinTriTmj + @ Thj Tmn Tij

— [k Tmn — (¢© — @) TpnTm;]

_(q2xklxij - quj)xmn + (q2 - q_2)(q2xklxin - qun)xmj
+@Tp1 [T Tmn — (@ — ) Tin®ms) — @@rjTmn + (@7 — ¢ ) TrnTm;

_q2xklxijxmn + qTkjTmn + q2(q2 - q_2)$kl$inxmlj - Q(q2 - q_2)xknxmlj

+q2xklxijxmn - QQ(QQ - qu)xklxinxmj — 4Tk Tmn + q(q2 - qu)xknxmj

0.
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_ 2 _ -2 _
Case 13. f = TpmnTij — ¢°TijTmn + QTin, § = TijTpt — @ “Tp1Tij, W = TonnTij Tkl
In the case, we have

2 -2
(f,9)w = =0 TijTmnThi + (@in Tl + ¢ TrmnTriTi;-

There are two subcases to consider.

((iaj)v (mvn)) € C'5
((k, 1), (i,5)) € C1 | 13.1. ((k,1), (m,n)) € Cs ((k,1),(i,n)) € Cy
((k,1),(i,7)) € C5 | 13.2. ((k,1),(m,n)) € C5 ((k,1),(i,n)) € Cy

13.1. ((i,4), (m,n)) € Cs, ((k,0),(i,5)) € C1, ((k,1),(m,n)) € Cg and ((k,1), (i,n)) € C;.
Then, we have
(£,9w = —CTiyTuTmn + ¢ T + ¢ 2TTmnti;

— -1 —2 2
= —TEITijTmn +q "Tri%Tin +q Ikl(q LijTmn — qu)

—XTRITij Tmn + ¢ ' TTin + TEITijTmn — q T
= 0.
13.2. ((i,7), (m,n)) € Cs, ((k,1),(i,7)) € Cs, ((k,1),(m,n)) € C5 and ((k,1), (i,n)) € Cy.
Then, we have ((k,n), (i,7)) € Co and
(fs 9w = —QQIz‘j (qziszxmn = qTkn) + q[TriTin — (q2 - q_2)171m117u]
—q P TTmn — qThn)Tij
= —q4117ij117k1117mn + q?’Iz‘jiEkn + qTriTin — ¢(¢° — ¢ %) ThnTit + Tkl TmnTij
—q_liﬂknwij
= _QQIklIijImn + q?’IknCCij + qTRTin — @ TpnTa
+q T Tt + CTRTTmn — QTRTin — ¢ TnTij

= 0.

_ 2 _ _
Case 14. f = TmnTij — @ TijTmn + @Tin, § = TijThi — TEiTij, W = TymnTijThl-
In the case, we have

2
(f,9)w = —Q°TijTmnTr + qTinTil + TmnTriTij-

There are two subcases to consider.

((i.4). (m,n)) € C5
((k,1),(i,7)) € Co | 14.1. ((k,1), (m,n)), ((k,1),(i,n)) € Ca,C5 or Cy
(K1), (i15) € Co 14.2. ((k,1), (m,n)), ((k,1), (i,n) € Cs
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14.1. ((4,7), (m,n)) € Cs, ((k,1),(i,7)) € Cz and ((k,1), (m,n)), ((k,1), (i,n)) € Ca,C5 or Ci.
14.1.1. If ((k,1), (m,n)) and ((k,1), (i,n)) € Cs (I > n), then

2
(9w = —CTiyTriTmn + (TRTin + TR Tmnlij

_ 2 2

= —q TETijTmn + qTEITin + T (q TijTmn — qu)

0.

14.1.2. If ((k,1), (m,n)) and ((k,1), (i,n)) € C3 (I =n), then

-1 -2
(fi9)w = —TijTuTmn +q¢ ThiTin + ¢ TrTmnTij
—1 —1
—ZkITijTmn T4  TkiTin T TeiZijTmn — ¢ TkiTin

= 0.

14.1.3. If ((k, 1), (m,n)), ((k,1),(z,n)) € C4 (I < n), then we have ((k,n), (i,7)) € Co, ((z,7), (m,1)) €
05 and

_q2xij ['rklxmn - (q2 - q72)xknxml] + q['rklxin - (QQ - qiz)xknxil]

(f: 9w

@ Tmn — (6% — 4 2) T i) T35

—QQZCijwkzwmn +¢*(¢* - q72)$ij$lm$ml + @aTin — ¢(¢% — ¢ ) TpnTa

2 —2
FTMTmnTi; — (@7 — ¢ ) TrenTmiTij

_q2xkl$ijxmn + QQ(QQ - q72)$knxijxml + QTR Tin — Q(QQ - q72)xknxil
+ZTrn (qzxijxmn - qxzn) - (QQ - qiz)xkn (QQIijImn - qxil)

0.

14.2. ((27])7 (m7n)) € C5a ((kvl)v (27])) € Cﬁ and ((k’l)a (m’n))v ((k’l)a (z,n)) € Cﬁ-

This case is similar to 14.1.1.

_ 2 _ 2 2 _
Case 15. f = TpmnTij — @ TijTmn +qTin, § = TijThi —TrTij+(¢° — ¢ ) ThjTit, W = TynTijThi,
with

((2,4), (m,n)) € Cs
((k’l)a (Za])) € C4 ((k’l)a (m’n)) € Cﬁ ((kvl)v (Zvn)) € C4
((kaj)’ (m’n)) € CS ((i’l)a (m’n)) € Cﬁ




Sg(]?og Rosso-Yamane Theorem on PBW Basis of Uy (An) 191

Then, we have

2 2 —2
G Tij T il + QTinThi + TinTri®i; — (@© — ¢ ) TmnThj il

(f,9)w

2 2 -2
@ T T Tmn + QTRTin — (¢© — ¢ ) TrnTat] + TR TmnTij

_(q2 - q_2)(q2xk‘jxmn - qun)le

—Plrmri — (% — ¢ ) ohjza)Tmn + @@rTin — ¢(¢* — ¢ B Tknra

+$kl(q2xijxmn - qu) - q2(q2 - q_2)xk‘jxmnxil + Q(q2 - q_2)xknxil

_qzxklxijxmn +¢*(¢* — q72)17kj1171‘1117mn + q@xrTin — ¢(¢° — ¢ %) TrnTa
+q2£€kz$ij$mn — qTirin — ¢ (¢* — q_2)$kj$il$mn +q(¢* — ¢ ) Tpnwa
0.

_ 2 _ 2 _ .
Case 16. f = Tymn®ij — ¢°TijTmn + qTin, § = TijThi — ¢ TriTij + qThj, W = TmpTij T, With

((iaj)v (mvn)) € C'5
((k’l)a (Za])) € C5 ((k’l)a (m’n)) € CG ((k’l)a (i’n))v ((ka])’ (m’n)) € C5

In the case, we have

2 2
(fs 9w = —CTijTmnTr + qTinTrl + CTmnTriTij — (TmnThj

_q2xijxk1xmn + Q(q2xkl$in - qun) + q2xklxmnxij - Q(qzxijmn - qun)

_q2(q2xkl'rij - quj)Imn + quklxin - q2xkn + q2xkl (qzxijxmn - qu)

_qsxijmn + q2xkn
0.

Thus, S+ is a Grobner-Shirshov basis. This completes the proof of Theorem 3.1. [

Similarly, with the deg-lex order on Y*, S~ is a Grébner-Shirshov basis for Uy (An) =
E(Y|S7).

We now use the same notation as before. Order the generators by: x; > x;, h; > h;l > hj >
h;l,N Yi > Yj ~ifi > j, and z; > hj»ﬂ >y, for all 4, j, m. Then we obtain a well ordering (deg-lex)
on X UH UY. Thus, by Theorem 3.1, we re-obtain the following theorem in [16].

Theorem 3.2. ([16] Theorem 2.7) Let the notation be as before. Then with the deg-lex order on
{XUHUY}*, STUTUK US™ is a Grébner-Shirshov basis for Ugy(An) = KX UHUY|STU
TUKUS™).
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ABSTRACT

For a finite group G, let o(G) be least cardinality of a collection of proper subgroups
whose set-theoretical union is all of G. We study the structure of groups G containing
no normal non-trivial subgroup N such that o(G/N) = o(G).

RESUMEN

Para un grupo G, sea o(G) la menor cardinalidad de la coleccién de subgrupos propios
cujas union (de conjuntos) es todo G. Nosotros estudiamos la estructura de grupos G
contiendo no trivial no normales subgrupos N tal que o(G/N) = o(G).

Key words and phrases: n-sum groups; minimal coverings; monolithic groups.

Math. Subj. Class.: 20D60.

1 Introduction

If G is a non cyclic finite group, then there exists a finite collection of proper subgroups whose
set-theoretical union is all of G; such a collection is called a cover for G. A minimal cover is one
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of least cardinality and the size of a minimal cover of G is denoted by o(G) (and for convenience
we shall write 0(G) = oo if G is cyclic). The study of minimal covers was introduced by J.H.E.
Cohn [8]; following his notation, we say that a finite group G is an n-sum group if o(G) = n and
that a group G is a primitive n-sum group if (G) = n and G has no normal non-trivial subgroup
N such that o(G/N) = n. We will say that G is o-primitive if it is a primitive n-sum group for
some integer n. Notice that if N is a normal subgroup of G, then ¢(G) < o(G/N); indeed a cover
of G/N can be lifted to a cover of G.

It is clear that if G is a non cyclic monolithic primitive group (i.e. G has a unique minimal
normal subgroup and the Frattini subgroup of G is trivial) and G/ soc(G) is cyclic, then G is a
o-primitive group.

Moreover Cohn proved that an abelian o-primitive group is the direct product of two cyclic
groups of order p, a prime number.

Tomkinson [14] showed that in a finite solvable group G, o(G) = |V| + 1, where V is a chief
factor of G with least order among chief factors of G with multiple complements. This allows to
prove (see for example [5]) that a o-primitive solvable group G is as described above, i.e. either G
is abelian or G is monolithic and G/ soc(G) is cyclic.

However there exist examples of o-primitive groups with G/ soc(G) non cyclic: actually with
G/ soc(G) = Alt(p) for some prime p (see Corollary 9 and Corollary 12).

The aim of this paper is to collect information on the structure of the o-primitive groups. In
particular we prove that if G is o-primitive, then G contains at most one abelian minimal normal
subgroup; moreover two non-abelian minimal normal subgroups of G are not G-equivalent (we
refer to an equivalence relation among the chief factors of a finite group introduced in [10] and
[9], whose main properties are summarized at the beginning of Section 2). Furthermore if G is
non-abelian, then all the solvable factor groups of G/soc(G) are cyclic.

No example is known of a non-abelian o-primitive group containing two distinct minimal
normal subgroups. This leads to conjecture that a non-abelian o-primitive group is monolithic.
We prove a partial result supporting this conjecture.

Theorem 1. Let G be a o-primitive group with no abelian minimal normal subgroups. Then either
G is a primitive monolithic group and G/ soc(G) is cyclic, or G/ soc(G) is non-solvable and all the

non-abelian composition factors of G/ soc(G) are alternating groups of odd degree.

A better knowledge of the o-primitive groups is useful in dealing with several questions about
the minimal covers. For example, confirming a conjecture of Tomkinson, we prove:
Theorem 2. There is no finite group G with o(G) = 11.

Another application concerns the study of o(G) when G = H x K is a direct product of two fi-

nite groups. Cohn proved that if H and K have coprime order, then o(H x K) = min{c(H), oc(K)}.
We prove the following more general result:
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Theorem 3. Let G = H x K be the direct product of two subgroups. If no alternating group Alt(n)
with n odd is a homomorphic image of both H and K, then either o(G) = min{o(H),c(K)} or
o(G) =p+1 and the cyclic group of order p is a homomorphic image of both H and K.

2 Preliminary results and easy remarks

For the reader’s convenience, we recall the definition of an equivalence relation among the elements
of the set CF(G) of the chief factors of G, that was introduced in [10] and studied in details in
[9]. A group G is said to be primitive if it has a maximal subgroup with trivial core. The
socle soc(G) of a primitive group G can be either an abelian minimal normal subgroup (I), or
a non-abelian minimal normal subgroup (II), or the product of two non-abelian minimal normal
subgroups (IIT); we say respectively that G is primitive of type I, II, IIT and in the first two cases
we say that G is monolithic. Two chief factors of a finite group G are said to be G-equivalent if
either they are G-isomorphic between them or to the two minimal normal subgroups of a primitive
epimorphic image of type III of G. This means that two G-equivalent chief factors of G are either
G-isomorphic between them or to two chief factors of G having a common complement (which
is a maximal subgroup of G). A chief factor H/K is called Frattini if H/K < ®(G). For any
A € CF(G) we denote by I(A) the set of those elements of G which induces by conjugation an
inner automorphism in A. Moreover we denote by R (A) the intersection of the normal subgroups
N of G contained in I (A) and with the property that I (A)/N is non-Frattini and G-equivalent
to A. We collect here a sequence of basic properties of the subgroups Ig(A) and Rg(A), proved
and discussed in [9]:

Proposition 4. Let A € CF(G) and let I/R = Ig(A)/Rg(A). Then:

1. either R = I, in which case we set §q(A) =0, or I/R =soc(G/R) and it is a direct product

of 6c(A) minimal normal subgroups G-equivalent to A;
2. each chief series of G contains exactly dc(A) non-Frattini chief factors G-equivalent to A;
3. if A is abelian, then I/R has a complement in G/R;

4. if 6a(A) > 2, then any two different minimal normal subgroups of I/R have a common
complement, which is a maximal subgroup;

5. a chief factor H/K of G is non-Frattini and G-equivalent to A if and only if RH/RK # 1
and RH < 1.

Note that if d¢(A) = 1, then G/Rg(A) is a monolithic primitive group (the monolithic prim-
itive group associated to A).

In the rest of the section we will discuss some basis results on the relation between o(G) and
o(G/N) when N is a minimal normal subgroup of G. We start summarizing some known properties

of 0.
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Lemma 5. Let N be a minimal normal subgroup of a group G. If 0(G) < o(G/N), then

1. if N has ¢ complements which are maximal subgroups, then ¢ +1 < o(G);

2. if N = S" where S is a non-abelian simple group and l(S) is the minimal index of a mazimal

subgroup of S, then I(S)" +1 < o(G).

Proof. (1) (See e.g. [14, Proof of Theorem 2.2]) Let M = {M; | i =1,...,0(G)} be a set of maximal
subgroups whose union covers G and let M be a complement of N. Clearly M = J, <i<o(G) MnNM;,
however (M) = o(G/N) > o(G), hence M = M N M; for some ¢; in particular if M is a maximal
subgroup of G, then M = M; € M. So M contains all the ¢ complements of N which are maximal;
since the union of these complements does not cover N, we need at least ¢ + 1 subgroups in M.

(2) Let Ig(N) be the smallest index of a proper subgroup of G supplementing N. By Lemma
3.2 in [14] a minimal cover M of G contains at least {¢(/V) subgroups which supplement N. On
the other hand, if all the subgroups in M are supplements of N, then by [8, Lemma 1] we have
lg(N) < o(G) — 1. In any case we conclude o(G) > lg(N) +1>1(S)" + 1. O

Corollary 6. Let N be a minimal normal subgroup of a group G. If 0(G) < o(G/N), then

1. if N is abelian, complemented and non-central, then |N| + 1 < o(G);
2. if N = 8" where S is a non-abelian simple group, then 5" + 1 < o(G).

Proposition 7. Let N be a non-solvable normal subgroup of a finite group G. Then o(G) < |N|-1.

Proof. Consider the centralizers in G of the nontrivial elements of N: if there exists an element
g € G which does not belong to (), ,cn Ca(n) then the subgroup (g) acts fixed point freely on
N. By the classification of finite simple groups (see e.g. [15]), it follows that N is solvable, a
contradiction. Hence o(G) < |[N| — 1. O

Corollary 8. If N is a non-abelian minimal normal subgroup of G and 0g(N) > 1, then o(G) =
o(G/N).

Proof. Assume by contradiction that o(G) < o(G/N). Since dg(N) > 1, there exists a maximal
subgroup M of G, such that G/M¢ is a primitive group of type III and M/Mg is a common
complement of the two minimal normal subgroups of the socle H/Mg x NMg/Mg of G/M¢g. In
particular M is a non-normal complement of N and it has |N| conjugates, hence |N| + 1 < o(G)
by Lemma 5. This contradicts Proposition 7. O

Corollary 9. Let p a large prime not of the form (¢" —1)/(q — 1) where q is a prime power and
k an integer; then o(Alt(5) L Alt(p)) < o(Alt(p)).

Proof. By Proposition 7, o(Alt(5) 1 Alt(p)) < | Alt(5)[P. On the other hand, by Theorem [12, 4.4],
o(Alt(p)) > (p — 2)! > 60” for a large enough prime not of the form (¢* —1)/(q — 1). O
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Proposition 10. Let G be a finite group. If V is a complemented normal abelian subgroup of G
and VN Z(G) = 1, then o(G) < 2|V|. In particular, if V is a minimal normal subgroup, then
o(G)<1+4+qg+--+q" where ¢ = |Endg(V)| and |V| = ¢".

Proof. Let H be a complement of V' in G; we shall prove that G is covered by the family of
subgroups A= {H" |v e V}U{Cyg(v)V |1 # v € V}. Let g = hw € G, where h € H, w € V.
If h ¢ Cg(v) for every v € V \ {1}, then Cy(h) = 1 and the cardinality of the set {h” | v € V'}
is [V : Cy(h)| = |V|. Therefore {h? |v e V} ={hv|v €V} and g = hw € H" for some v € V.
Thus o(G) < |A| < |V]+ (|[V] = 1) < 2|V]. In particular, if V is H-irreducible, then Endg (V) =
Endg (V) =T is a finite field. We may identify H with a subgroup of GL(n, q), where |F| = ¢ and
dimp V' = n. In this case G is covered by A = {HY |v e VI U{Cy(W)V | W <V, dimyp W = 1},
s00(GQ) <"+ (1+--+q¢*1). O

Corollary 11. Let H be a finite group, V an H-module, G =V x H the semidirect product of V
by H and assume that Cy(H) = 0. Then

1. if HY(H,V) # 0, then o(G) = o(H);

2. if o(H) > 2|V|, then H(H,V) = 0.
Proof. Assume by contradiction that o(G) < o(H). By Lemma 5, ¢+ 1 < o(G) where c is the
number of complements of V in G. If H'(H, V) # 0, then there are at least two conjugacy classes

of complements for V in G and, since Cy (H) = 0, any conjugacy class consists of |V | complements,
hence ¢ > 2|V| and o(G) > 2|V| against Proposition 10. O

Corollary 12. Let V' the fully deleted module for Alt(n) over Fo and let G be the semidirect
product of V by Alt(n).
1. If n = p is a large odd prime not of the form (¢* —1)/(q¢ — 1) where q is a prime power and
k an integer, then o(G) < o(Alt(n)).
2. If n is even, then o(G) = o(Alt(n))
Proof. 1) Since |V| = 2P~ (see e.g. [11, Prop. 5.3.5]), Proposition 10 gives that o(G) < 2|V| < 2P.

On the other hand, by Theorem [12, 4.4], o(Alt(p)) > (p — 2)! > 2P for a large enough prime not
of the form (¢* —1)/(q — 1).

2) This follows from Corollary 11 and the fact that H!(Alt(n), V') # 0 whenever n is even (see e.g.
2, p. 74]). O

Corollary 13. Let V. # W be non-Frattini non-central abelian minimal normal subgroups of G.
Then

1. if 6¢(V) > 1, then o(G) = o(G/V);
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2. 0(G) = min{o(G/V),o(G/W)}.
Proof. 1) By a result in [3], the number ¢ of complements of V' in G is
¢ = |Der(G/V, V)| =|Endg,v(V)[°*V) 7 Der(G/Ca(V), V)|
hence ¢ > 2|V| whenever dg(V) > 1. If 0(G) < o(G/V), then by Lemma 5 and Proposition 10,

2|Vl < c+1<0(G) < 2|V|, a contradiction.

2) If V and W are G-equivalent, then by (1) 0(G) = 0(G/V) = o(G/W). So assume that V and W
are not G-equivalent and, by contradiction, that o(G) < min{c(G/V),c(G/W)}. A complement
of V in G has at least |V| conjugates and it is a maximal subgroup of G, so we can find at least
|V| complements of V. In the same way there are at least || distinct complements of |W| in G.
Moreover, since V and W are not G-equivalent, V' and W cannot have a common complement.
Arguing as in Lemma 5 we see that all the complements of V' and W have to appear in a minimal
cover of G. Therefore o(G) > |V|+ [W]| > min{2|V|, 2|W|}, against Proposition 10.

O

3 The structure of o-primitive groups
We collect some known properties of o-primitive groups and some consequences of the previous
section.

Corollary 14. Let G be a non-abelian o-primitive group. Then:

2. the Frattini subgroup of G is trivial;
3. if N is a minimal normal subgroup of G, then ég(N) = 1;
4. there is at most one abelian minimal normal subgroup of G;

5. the socle soc(G) = Gy X -+ x Gy, is a direct product of non-G-equivalent minimal normal

subgroups and at most one of them is abelian.

6. G is a subdirect product of the monolithic primitive groups X; = G/Rg(G;) associated to the
minimal normal subgroups G;, 1 <i <mn.

Proof. Part (1) is Theorem 4 in [8]. If ®(G) is the Frattini subgroup of G and H is a proper
subgroup of G, then also H ®(G) is a proper subgroup of G. Hence we can assume that ®(G) is
contained in every subgroup of a minimal cover of G so that ¢(G) = o(G/ ®(G)) and therefore (2)
holds. Parts (3) and (4) follows from Corollaries 8 and 13. Then (3) and (4) implies (5). To prove
(6) we consider the intersection R = ()_; R¢(G;). If R # 1, then R contains a minimal normal
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subgroup N of G. By (2) and (5), N is non-Frattini and G-equivalent to G; for some 1 < i < n.
Hence by Proposition 4 (5), Ra(Gi)N # Rg(G;), in contradiction with N < R < Rg(G)). O

Definition 15. Let X be a primitive monolithic group and let N be its socle. For any non-empty
union Q = |J,wiN of cosets of N in X with the property that (Q) = X, define 0o(X) to be the
minimum number of supplements of N in G needed to cover Q). Then we define

o*(X) = min {UQ(X) | Q= UwiN, Q) = X} :

Proposition 16. Let G be a mon-abelian o-primitive group, Gi,...,Gy the minimal normal

subgroups, and Xi,...X, the monolithic primitive groups associated to G;, i = 1,...n. Then

o(G) = 321, 07 (X0).

Proof. Let M be a set of 0 = 0(G) maximal subgroups whose union is G. Define M_¢g, = {M €
M | M # G;}; note that

o M_g, # @ for each 1 < i < n; otherwise every maximal subgroup of M would contain G;
and the set {M/G; | M € M} would cover G/G; with o(G) < o(G/G;) subgroups.

e M_g,NM_g, = @ for i # j; indeed if there exists M € M_g,NM-g,;, then G; Mg /Mg and
GjM¢g /Mg are minimal normal subgroups of the primitive group G/Mg, hence 6¢(G;) > 2,
contrary to Corollary 14.

Therefore M contains the disjoint union of the non-empty sets M-g,, 1 < i < n, and we are
reduced to prove that |M_q,| > 0*(X;), for every i. Let us fix an index ¢ and let 7 : G — X be
the projection of G over X = X;. Weset N =soc X 2 G, M; ={M e M | M > G;} = M\M_g,

and
Q={W(g)|9€G\ U M}-

MeM;
By minimality of the cover M, G # [Jp;cnq, M hence Q # @. Moreover, as G; < M € M; and
7(G;) =socX = N, we get that for every x € Q the coset N is contained in Q. If () = H # X,
then G is covered by the set M; U {7~!(H)} and this actually is a minimal cover of G, since
IM;| +1 < o. But then, as 7= *(H) > G;, we would have o(G/G;) < |[M;| +1 = o(G), a
contradiction. Hence (Q) = X.

Now we shall prove that |[M_g,

> 0q(X) > 0*(X). By [9, Proposition 11] the kernel
R = R (G;) of the projection 7; of G over X has the property that if H is a proper subgroup of
G such that HG; = G then HR # G. Therefore every maximal subgroup M € M_, contains
R, M = 7= Y(w(M)) and 7(M) is a a maximal subgroup of X supplementing N. Clearly, as
UMeMﬂGi M covers G\ Upepq, M, we have that UMeMﬂGi m(M) covers Q. Therefore |{n(M) |

M € Mg }| = [M-g,| > oa(X) > 0*(X). .
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Remark 17. For every primitive monolithic group X;, o*(X;) < lx, (soc(X;)), where lx, (soc(X;))

is the smallest index of a proper subgroup of X; supplementing soc(X;). Indeed, if a supplement
of N; = soc(X;) in X; has non trivial intersection with a coset gN;, then |gN; N M| = |N; N
M| = |gN;|/|G : M|, and therefore we need at least lx,(soc(X;)) supplements to cover gN;. So in
particular the previous proposition implies that o(G) > > 1| Ix,(N;).

Lemma 18. Let N be a normal subgroup of a group X. If a set of subgroups covers a coset yN
of N in X, then it also covers every coset y*N with o prime to |y|.

Proof. Let s be an integer such that s =1 mod |y|. As s is prime to |y|, by a celebrated result
of Dirichlet, there exists infinitely many primes in the arithmetic progression {s + |y|n | n € N};
we choose a prime p > |X| in {s + |y|n | n € N}. Clearly, y? = y°. As p is prime to |X|, there
exists an integer r such that pr =1 mod | X|. Hence, if yN C U, M;, for every g € y*N we have
that g € (y*)PN = (y*)*N = yN C U;erM; and therefore also g = (¢?)" belongs to U;erM;. [

Corollary 19. Let G be a non-abelian o-primitive group, N a minimal normal subgroup and X

the monolithic primitive groups associated to N. Then:

1. f X =N, then G = N;

2. if |X/N] is a prime, then G = X.

Proof. Note that if X = N, then there is only one coset of N in X hence = N, o*(N) =
on(N) = o(N). By Proposition 16, 0*(N) = ¢(N) < 0(G). As N = X is a homomorphic image
of G, we get G = N.

Now let | X/N| be a prime. Let Q be a non-empty union of cosets of N in X with the property
that (2) = X; then 2 contains a coset y N which is a generator for X/N. By Lemma 18 we have
that if (J; M; covers Q, then |J, M; covers every coset of N with the exception, at most, of the
subgroup N itself. Hence, o(X) < 0q(X) + 1 that is ¢*(X) > o(X) — 1. By Proposition 16,
o(G) > Y 0*(X;). Moreover, by Remark 16, 0*(X;) > 2. Therefore, as o(G) < o(X), there is
no room for another minimal normal subgroup in G. O

Corollary 20. If N = Alt(n), n # 6, is a normal subgroup of G, then either o(G) = o(G/N) or
G € {Sym(n), Alt(n)}.

Proof. 1t is sufficient to consider a o-primitive image of G and then apply Corollary 19. O

Actually, the corollary holds also for n = 6, thanks to the following proposition.

Proposition 21. Let G be a o-primitive group and let O(G) be the smallest normal subgroup of
G such that G/ O>(G) is solvable. If G is non solvable, then G/ O (QG) is a cyclic group.
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Proof. By Corollary 14, G is a subdirect product of the monolithic primitive groups X; associated
to the minimal normal subgroups G;, 1 < i < n; call N; = soc(X;) & G;. Let M be a set of
o = o(G) maximal subgroups whose union is G and define M_g, = {M € M | M % G;}. Let m;
be the minimal index of a supplement of N; in X;: by Remark 17, o(G) > Y7 | m;.

Let R = 0°°(G) and assume by contradiction that G/R is not cyclic. Then, by Tomkinson’s
result [14], 0(G/R) = q + 1 where g is the order of the smallest chief factor A = H/K of G/R
having more than a complement in G/R. As G is not solvable, then o0(G) < o(G/R) = q + 1.
Since G is the subdirect product of the X;’s, without loss of generality we can assume that A is a
chief factor of X = X;.

If N = soc(X) is an elementary abelian p-group, then, by Corollary 6 and Corollary 14 (1),
IN|+1 < 0(G) < g+ 1. Therefore |[N| < q and A is a chief factor, say U/V, of an irreducible
linear group X/N < GL(N) acting on N. By Clifford Theorem, U is a completely reducible linear
group hence O, (U) = 1. Then, by Theorem 3 in [4], |U/U’| < |N| < g, against |A| = |U/V| =gq.

Assume now that N = S is a simple non-abelian group. Then A is isomorphic to a chief
factor of a subgroup of Out(S) hence ¢ = |A| < |Out(S)| < my (see e.g. Lemma 2.7 [4]). But
o(G) > > m; > my > g, against o(G) < ¢+ 1.

We are left with the case N = S" where S is a simple non-abelian group. Then X/N is
isomorphic to a subgroup of Out(S) ! Sym(r). If A is isomorphic to a chief factor of a transitive
subgroup of Sym(r), then Theorem 2 in [4] gives that ¢ = |A] < 2" < (n1)" < my, where ny is
the minimal index of a subgroup of S. But this contradicts m; < o(G) < g. Therefore A has to
be a chief factor of a subgroup of Out(S)". Then ¢ = |A| < |Out(S)|” < nj < m; gives the final
contradiction. (]

Lemma 22. Let G be a non-solvable transitive permutation group of degree n. Then either o(G) <

4™ or every non-abelian composition factor of G is isomorphic to an alternating group of odd degree.

Proof. Let G be a non-solvable transitive permutation group of degree n. We can embed G into a
wreath product of its primitive components, let say G < K71 K31 ---! K; where K; is a primitive
permutation group of degree n; and nins - - -n, = n (see for example [7]). Let K; be a non-solvable
component and assume that K; is not an alternating or symmetric group of odd degree; then G
has an homomorphic image G which is embedded in a wreath product K ! H where K = K jis a
permutation group of degree a = n; and H has degree b with ab < n. If K does not contain Alt(a)
then |K| < 4% [13] and G has a non-solvable normal subgroup of order at most 4%°. By Proposition
7 this implies that o(G) < o(G) < 4%° < 4™, So assume that K contains Alt(a) where a is even.
We identify G with its image in K ! H: G is a transitive group of degree ab, with a system of
imprimitivity B with blocks of size a and K is the permutation group induced on a block by its
stabilizer. Let M be the set of subgroups G N M where M is a maximal intransitive subgroup of
Sym(ab) and let M3 be the set of subgroups GN(MUH) where M = Sym(a/2)Sym(2) is a maximal
imprimitive subgroup of Sym(a); if T € My and B € B, then the permutation group induced on
B by the stabilizer Tz is isomorphic to the imprimitive proper subgroup Sym(a/2)?Sym(2) of K,
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hence T is a proper subgroup of G. Now let = € G: if = is not a cycle of length ab then there exists

T € M containing x; otherwise there exists T' € M3 containing x. Hence the set M U M3 covers

G with
ab/2

B0 (s

i=1
proper subgroups. Therefore o(G) < 2 O

Proposition 23. Let G be a o-primitive group with a non-abelian minimal normal subgroup N.
If G/INCg(N) is not cyclic, then all the non-abelian composition factors of G/NCg(N) are alter-
nating groups of odd degree.

Proof. Let N = S”, where S is a non-abelian simple group. By Corollary 6, 5" + 1 < o(G).
Denote by X the monolithic primitive group associated to the G-group N; then X is a subgroup
of Aut(S) ! Sym(r). Let K be the image of X in Sym(r). If K is solvable, then, by Schreier
Conjecture, X/soc(X) 2 G/NCq(N) is solvable. By Proposition 21 it follows that G/NC¢g(N) is
cyclic.

Thus, if G/NCg(N) is not cyclic, then K is non-solvable. Since 5" +1 < ¢(G) < ¢(K), the
previous lemma implies that every non-abelian composition factor of K is an alternating group of
odd degree. Then, by Schreier Conjecture, the same holds for G/NCg(N). O

Theorem 24. Let G be a o-primitive group with no abelian minimal normal subgroups. Then
either G is a primitive monolithic group and G/ soc(QG) is cyclic, or G/soc(G) is non-solvable and
all the non-abelian composition factors of G/soc(G) are alternating groups of odd degree.

Proof. By Corollary 14, G is a subdirect product of the monolithic primitive groups X; associated
to the minimal normal subgroups G;, 1 < ¢ < n. By Proposition 23 and Proposition 21, for every 1,
G/G;Cq(G;) =2 X;/soc(X;) is either cyclic or non-solvable and all of its non-abelian composition
factors are alternating groups of odd degree. Therefore either G/ soc(G) is solvable (hence cyclic
by Proposition 21) or non-solvable and all of its non-abelian composition factors are alternating
groups of odd degree.

We are left to prove that if G/soc(G) is cyclic then n = 1. Assume by contradiction that
n > 2.

Let u; be the number of distinct prime divisors of the order of the cyclic groups X;/soc(X;)
and assume that uq < -+ < u,y,.

Step 1. Let m; be the minimal index of a supplement of soc(X;) in X;; then m; > u;
If soc(X;) = S is a simple group, then X;/S is isomorphic to a subgroup of Out(S), and thus
u; < 2% < |Out(S)| < my; (see e.g. Lemma 2.7 [4]).

If soc(X;) = S™ where r # 1, then X;/soc(X;) is isomorphic to a subgroup Y of Out(S)?
Sym(r). Let K be the intersection of ¥ with the base subgroup (Out(S))” of the wreath product
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Out(S) ? Sym(r) and let a be the number of distinct prime divisors of |K|; since |K| divides

| Out(S)|", we get that 2¢ < |Out(S)| < n; where n; is the minimal index of a subgroup of
S. Now b = u; — a is smaller or equal than the number of distinct prime divisors of the order
of Y/K which is isomorphic to a non trivial subgroup of Sym(r), hence 1 < b < r and thus
u; =a+b< (2% < (24" < (n;)" < m; whenever a > 0. If a = 0, then X;/soc(X;) is isomorphic
to a subgroup of Sym(r) and thus u; < r < (n;)” < m;. This proves the first step.

Let m be the projection of G over X = X; and call N = soc X. Note that there exist precisely
u1 maximal subgroups of the cyclic group X/N; let Hy,..., H,, be the maximal subgroups of G
such that their images in X/N give all the maximal subgroups of X/N.

Let M be a set of 0 = 0(G) maximal subgroups whose union is G and define 4 to be the set
of maximal subgroups of M containing Gy, B = M \ A and

sz_{mgngee\ UM}.

MeA

Step 2. Assume that ) contains a coset yN such that (yN) = X/N.

By Lemma 18, if  is covered by oq(X) maximal subgroups, then the same subgroups cover
every coset y*N with « prime to |y|. All the other elements of X are covered by the u; maximal
subgroups w(Hy), ..., m(Hy, ), since the images of these elements are not generators of X/N. Then
0(X) < 0a(X)+ui. On the other hand, by Proposition 16, oo (X)+37,,, 0*(X;) < 0(G) < o(X),
hence 2#1 o*(X;) < u;. Remark 17 and Step 1 give that 2#1 u; < 2#1 m; < up, and this
contradicts the minimality of wu;.

Step 3. Assume that Q0 does not contain a coset yN such that (yN) = X/N.

Then € is covered by the images in X of the subgroups Hj, ..., H,, and thus, by definition of
Q, G is covered by the subgroups in A and Hy, ..., Hy,. It follows that |B|+|A| = o(G) < uy+| A,
hence, by Step 1, |B| < u; < my, against Lemma 3.2 in [14]. This final contradiction implies that
G has to be a primitive monolithic group and proves the proposition. o

4 There is no group for which ¢(G) =11

In this section we will show that o(G) can never be equal to 11. The first trivial observation is
that o(G) # 11 whenever G is solvable, since in this case by Tomkinson’s result o(G) = ¢ + 1, for
a prime power q.

Assume by contradiction that there exists a primitive 11-sum group G. By Corollary 14,
soc(G) is the direct product of n non G-equivalent minimal normal subgroups Gy, ..., G,, where
at most one of them is abelian.
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Lemma 25. Suppose that G is a primitive 11-sum group. Then G has no abelian minimal normal

subgroups.

Proof. Assume by contradiction that Gy is abelian. By Corollary 14, GG; is a complemented non-
central factor of G, hence, by Corollary 6, |G1| + 1 < ¢(G) = 11. Moreover, by Proposition 10,
11 = 0(G) < 2|Gy|. Hence |G1| can only be 7,23 or 32. Actually, if |G1| = 7, then the bound in
Proposition 10 gives o(G) < 1+ 7, against o(G) = 11.

Note that, by Proposition 16, o(G) =11 > >"" | ¢*(X;) where X; are the monolithic groups
associated to the G;’s; since GG1 is the only abelian subgroup and o*(X;) > 5 if G; is non-abelian,
then G is the unique minimal normal subgroup of G and G < G x Aut(Gy).

If |G1] = 9, then G < F2 x GL(2, 3); hence G is solvable, a contradiction.

Thus |G1| = 8 and G = F3 x GL(3,2), since every proper subgroup of GL(3,2) is solvable.
Let M = {My,---, M1} be a set of 11 maximal subgroups covering G. In [6] it is proved that
0(GL(3,2)) = 15 and, in particular, that one needs at least 7 subgroups to cover the seven point
stabilizers of GL(3,2). It follows that all the 8 complement of G; in G occur in M, let say they
are Mj,..., Ms. As in the proof of Proposition 10, for every point stabilizer g € GL(3,2) there
exists an element v, € G such that gv, does not belong to any complement of G; in G. Hence
the remaining subgroups My, M1g, M11 of M have to cover all the elements gv, where g is a point
stabilizer. Since Mg, M1 and M;; contain G1, this would imply that we can cover the seven point
stabilizers of GL(3,2) with only three subgroups, a contradiction. O

Theorem 26. There is no group G with o(G) = 11.

Proof. Suppose that G is a primitive 11-sum group and let Gy,...,G, be its minimal normal
subgroups. By the previous lemma every G; is non-abelian. If G; = Alt(5) for some i, then,
by Corollary 20, G = Alt(5) or Sym(5). Otherwise, o*(X;) > Ix,(G;) > 5 for every i and
Proposition 16 implies that there is at most one minimal normal subgroup in G. By the same
argument, if Gy = S, where S is a simple non-abelian group, since lx, (G1) > 5" and, by Lemma
5,5"+1 < o(G) = 11, we have that G; = S and lx, (G1)+1 < 11. Therefore G is an almost-simple
group with socle S and l¢(S) < 10, in particular

Se{Alt(n) |5 <n <10} U{Sym(n) |5 <n <10} U{PSL(2,q) | 7 < g < 8}.

Thanks to the works of Maroti [12] and Bryce et al. [6], we can exclude most of these cases: indeed
o(Alt(n)) > 2772 if n # 7,9, o(Alt(5)) = 10, o(Alt(9)) > 80, o(Sym(n) = 2"~ ! if n is odd and
n # 9, o(Sym(9)) > 172, o(PSL(2,7)) = 15, o(PGL(2,7)) = 29, ¢(PSL(2,8)) = 36. Moreover,
o(Aut(Alt(6))) < o(Cy x C2) = 3 and o(Sym(6)) = 13 (see e.g. [1]). The remaining cases are
G = Alt(7),Sym(8), Sym(10), M0, PGL(2,9) and Aut(PSL(2,8)).

o G # Alt(7). Assume by contradiction o(Alt(7)) = 11. There are seven maximal subgroups of
Alt(7) isomorphic to Alt(6); since o(Alt(6)) = 16 > 11, each of them has to appear in a minimal
cover of G. Moreover, there are two conjugacy classes with 15 maximal subgroups isomorphic to
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PSL(3,2) and since o(PSL(3,2)) = o(PSL(2,7)) = 15 > 11 we have that o(Alt(7)) is at least
7+ 15+ 15.

e G # Sym(8). If o(Sym(8)) < 11 then, since o(Sym(7)) = 25 and o(Alt(8)) > 25, arguing as
in the previous case we get that a minimal cover M of Sym(8) contains the 8 point stabilizers
and Alt(8). Let ¢1 = (1,2,3,4,5,6,7,8), g2 = (1,2,3,7,4,5,6,8) and g5 = (1,2,3,5,4,6,7,8);
any couple of them generate Sym(8) so that we need at least 3 more subgroups in M, and thus
o(Sym(8)) > 11.

e G # Sym(10). If o(Sym(10)) < 11, then, as o(Sym(9)) = 28 and o(Alt(10)) > 2%, a minimal
cover M of Sym(10) contains 10 point stabilizers and Alt(10). But these subgroups do not cover
the 10-cycles. Thus o(Sym(10)) > 11.

e (G # Myg. In Mj( there are 180 elements of order 8. The only maximal subgroups containing
elements of order 8 are the Sylow 2-subgroups and each of them contains 4 of these elements; thus
we need at least 180/4 = 45 subgroups to cover the elements of order 8.

e G # PGL(2,9). In PGL(2,9) there are 144 elements of order 10. The only maximal subgroups
containing elements of order 10 are the normalizers of the Sylow 5-subgroups and each of them
contains 4 of these elements; thus we need at least 144/4 = 36 subgroups to cover the elements of
order 10.

o G # Aut(PSL(2,8)). In Aut(PSL(2,8)) \ PSL(2,8) there are 336 elements of order 9. The only
maximal subgroups containing elements of this kind are the normalizers of the Sylow 3-subgroups;
each of them contains 12 of these elements thus we need at least 336/12 = 28 subgroups to cover
Aut(PSL(2,8)). O

5 Direct products

Proposition 27. Let G = Hy x Hy be the direct product of two subgroups. Let N; be the smallest
normal subgroup of H; such that H;/N; is a direct product of simple groups. If Hi /N1 and Hs/Nay
have at most one non-abelian simple group S in common and the multiplicity of S in Hy/N; is at
most one, then either o(G) = min{o(Hi),o(Ha2)}, or the cyclic group Cp is an epimorphic image
of both Hy and Hy and o(G) =p+ 1.

Proof. Let G be a counterexample with minimal order. We first prove that G is a o-primitive group.
As ®(G) = ®(H;) x ®(Hs), we have ®(G) = 1. Let N be a minimal normal subgroup of G and
assume by contradiction that o(G) = o(G/N). If N < Hy, then, by minimality of |G|, we have that
either 0(G/N) = o(H,/N x Hy) = min{o(H1/N),0c(Hz)} > min{c(H;),0(Hz2)} > o(G), and so
0(G) = min{o(H1),0(Hz2)}, or C, is a common factor of H; /NNy and Ha/Ns, and o(G/N) = p+1;
in this case 0(G) = 0(G/N) = p+ 1. Now assume that N is not contained in Hy or Hy. Then N
is a central minimal normal subgroup of G, N = C, 2 NyN/N; & NyN/Ns and G has a factor
group isomorphic to C), x Cp; therefore o(G) < p+ 1. On the other hand, N = NHo N H; & N is
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a central minimal normal subgroup of G contained in Hi; by the previous case, o(G) < o(G/N).
Since dg(N) > 2, N has at least [N| = p complements; hence, by Lemma 5, 0(G) > p+ 1 and
therefore o(G) = p 4+ 1. Thus a counterexample G with minimal order is a o-primitive group.

If G is solvable, then either G = CZ and 0(G) = p+1 or G is monolithic: the second possibility
cannot occur as G is the direct product of two non trivial normal subgroups. So from now on we
may assume that G is non solvable, and in particular, by Proposition 21, that H;/N; and Hy/No
have no common abelian factor.

Now observe that if M is a maximal subgroup of G and M does not contain H; and Hs,
then G/Mg is a primitive group with nontrivial normal subgroups Hy M¢ /Mg and HoMg/Mg. If
HiM¢g/Mg = HyMg /Mg, then G/Mg = HiMg /Mg = HaMg/Mg is a central factor of G/Mg
and H;/N; and Hs/Ns have a common abelian factor, a contradiction. Thus HiMg/Mg #
HyMg /Mg, and since G/Mg = HiMg/Mg x HyMg/Mcg is a primitive group, Hy Mg /Mg and
Hy Mg /Mg are isomorphic simple groups. Therefore, if Hy /N7 and Ha /N2 have no simple groups
in common, then every maximal subgroup M of G contains either H; or Hz, and we obtain the

result arguing as in Lemma 4 of [8].

So, we assume that H;/N; and Hs/Ns have precisely one non-abelian simple group S in
common and the multiplicity of S in H;/N; is one: let K; > N; be the normal subgroups of
H; such that H;/K; = S and Hy/Ky = S™, being n the multiplicity of S in Hy/Nsy , and set
K = K; x Ks.

Let M be a minimal cover of G given by ¢(G) maximal subgroups of G. We set:
My = {LeM|L> Hi} ={H; x M | M a maximal subgroup of Hs},
My = {LeM|L> Hy} ={M x Hy | M a maximal subgroup of H;},
Ms = M\ (M;UM,).

Then we define the two sets

m=m\ |J M %=H\ J M

MXxHseMo Hy xMeM;

and their images under the projection 7, of H; over H;/K;
ﬁi = {wKi(w) | w e Qz}

As H;/K; is not cyclic, we can cover Q; with || subgroups. Hence we can cover H; =
{Unrxmyent, M} Uy with the images of the maximal subgroups in My plus [€;| maximal sub-
groups, and thus o(H;) < |Ma| +[Q1]. On the other hand, |[Ms| + |M3| < 0(G) < o(Hy), and we
obtain that

Q1] > M.

Now observe that the elements of the set 21 x Q5 can not belong to any of the subgroup
of Mj or My, thus the set ; x €5 has to be covered by the subgroups of Ms. If M € Ms,
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then G/Mg¢ is a primitive group and G/Mg = H1Mg/Ma x HoMg /Mg = S x S; in particular
M > K and M/K is a maximal subgroup of diagonal type of G/K. This means that there exists
an automorphism « of S and an index i € {1,...n}, such that the set (M/K)N (Q; x Q) is given
by elements of the type (x,y1,v2,...,yn) Where z € Q1, (y1,¥2,---,¥n) € Q2 and y; = 2. For

every y € S we denote by s, the number of vectors (y1, ¥z, ..., yn) such that (y1,ya,...,¥yn) € Qo
and y; = y: note that

> sy =[] = [Q1 x Q| /[
yeS

On the other hand

(M/E)N (0 x Qo) <D sy = [Q1 x Dol /[] < [ x Qa/| M),

yeSs

since |21 > | M3]. This implies that we can not cover {2; x () with the |M3| subgroups of M3, a
contradiction. (|

Theorem 28. Let G = H; x Hy be the direct product of two subgroups. If no alternating group
Alt(n) withn odd is a homomorphic image of both Hy and Ha, then either o(G) = min{o(H1),o(H2)}
or o(G) =p+1 and S = C, is a homomorphic image of both Hy and Hs.

Proof. Let G be a counterexample with minimal order. Let N; be the minimal normal subgroup
of H; such that H;/N; is a direct product of simple groups. As in the proof of Proposition 27, it
is easy to see that G is a o-primitive group, H1 /N7 and Hy/N> have at least one simple group S
in common and S is non-abelian.

By Corollary 14, G has at most one abelian minimal normal subgroup, so we can assume that
every minimal normal subgroup of H; is non-abelian.

Let K be a normal subgroup of G with G/K = S. Note that 6¢(G/K) > 2, indeed éq(G/K)
coincides with the multiplicity of S in G/(N; x Na). Hence, by Corollary 14 (3), no minimal normal
subgroup of G is G-equivalent to G/K. This implies in particular that S is an epimorphic image
of Hy/soc(H;), and consequently S is an homomorphic image of X/N where X is a monolithic
primitive group associated to a minimal normal subgroup N of H;. By the remark above N is non-
abelian, so N = T" with T a non-abelian simple group. Since X is a subgroup of Aut(7") ! Sym(r)
and S is non-abelian, S is an homomorphic image of a transitive group Y of degree r. Then Y
satisfies the assumption of Lemma 22 and, since S is not an alternating group of odd degree, we
get o(Y) < 4". Since, by Corollary 6, 5" + 1 < ¢(G) < o(Y), we get a contradiction. O
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ABSTRACT

In this paper we prove the following result. Let A be a semisimple H*—algebra and
let T : A — A be an additive mapping satisfying the relation (n + 1)T(z"™*!) =
T(x)z"™ + 2™T(z)z" D™ 4 ... 4 2" T(z), for all z € A and some fixed integers
m >1,n > 1. In this case T is a two-sided centralizer.

RESUMEN

En este articulo probamos el siguiente resultado. Sea A una H*—algebra semi-simple
y T : A — A una aplicacién aditiva satisfaziendo la relacién (n + 1)T(z"™t1) =

*This research has been supported by the Research Council of Slovenia.
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T(x)z™™ + 2T (z)x"~ D™ ... 4 2" T (z), para todo x € A y ciertosm > 1,y n > 1
enteros fixados. En este caso T es un centralizador “two-sided”.

Key words and phrases: Prime ring, semiprime ring, Banach space, standard operator algebra,
H*-algebra, left (right) centralizer, left (right) Jordan centralizer, two-sided centralizer.

Math. Subj. Class.: 16W10, 46K15, 39B05.

Introduction

Throughout, R will represent an associative ring with center Z(R). Given an integer n > 2, a
ring R is said to be n—torsion free, if for x € R, nz = 0 implies = 0. As usual the commutator
2y — yx will be denoted by [z,y] .Let us recall that a ring R is prime if for a,b € R, aRb = (0)
implies that either @ = 0 or b = 0, and is semiprime in case aRa = (0) implies a = 0. An additive
mapping x —— z* on a ring R is called involution in case (zy)* = y*z* and z** = z hold for
all pairs z,y € R. A ring equipped with an involution is called a ring with involution or *—ring.
We denote by @, and C' Martindale right ring of quotients and extended centroid of a semiprime
ring R. For the explanation of @, and C we refer to [3]. An additive mapping T : R — R,
where R is an arbitrary ring, is called a left centralizer in case T'(zy) = T(z)y holds for all pairs
x,y € R. The concept appears naturally in C*-algebras. In ring theory it is more common to work
with module homomorphisms. Ring theorists would write T': Rp — Rpr of a right ring module
R into itself. For a semiprime ring R all such homomorphisms are of the form T'(x) = gz, for
all z € R, where ¢ is some fixed element of @, (see Chapter 2 in [3]). In case R has the identity
element T : R — R is a left centralizer iff T is of the form 7T'(z) = az, for all z € R, where
a is some fixed element of R.An additive mapping T : R — R is called a left Jordan centralizer
in case T'(z?) = T'(x)z holds for all z € R.The definitions of right centralizer and right Jordan
centralizer are self-explanatory. We call T : R — R a two-sided centralizer in case T is both a
left and a right centralizer. In case T': R — R is a two-sided centralizer, where R is a semiprime
ring with extended centroid C, then there exists an element A € C such that T'(z) = Az, for all
x € R (see Theorem 2.3.2 in [3]). One of the initial papers using the concept of centralizers (also
called multipliers) is due to Wendel [33] for group algebras. Helgason [9] introduced centralizers
for Banach algebras. Wang [32] studied centralizers of commutative Banach algebras. Johnson
[11] introduced the concept of centralizers for rings. We refer to Busby [7] for a study of so-
called double centralizers in the extension of C*—algebras. Akemann, Pedersen and Tomiyama
[1] have studied centralizers of C*-algebras. Several authors have also studied spectral properties
of centralizers on Banach algebras (see [15,16]). Johnson [12] has studied centralizers on some
topological algebras. Johnson [13] has studied the continuity of centralizers on Banach algebras
(see also [11]). Husain [10] has also investigated centralizers on topological algebras with particular
reference to complete metrizable locally convex algebras and topological algebras with orthogonal
bases. Khan, Mohammad and Thaheem [14] have studied centralizers and double centralizers
on certain topological algebras. Centralizers have also appeared in a variety, among which we
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mention representation theory of Banach algebras, the study of Banach modules, Hopf algebras

(see [18,19]), the theory of singular integrals, interpolation theory, stohastic processes, the theory
of semigroups of operators, partial differential equations and the study of approximation problems
(see Larsen [16] for more details). Zalar [34] has proved that any left (right) Jordan centralizer on
a 2-torsion free semiprime ring is a left (right) centralizer. Molndr [17] has proved that in case we
have an additive mapping T : A — A, where A is a semisimple H*—algebra, satisfying the relation
T(23) = T(z)2? (T(2®) = 22T (z)) for all z € A, then T is a left (right) centralizer. Let us recall
that a semisimple H*-algebra is a semisimple Banach *-algebra A whose norm is a Hilbert space
norm such that (z,yz*) = (zz,y) = (z,2*y) is fulfilled for all x,y,z € A (see [2]). Benkovi¢ and
Eremita [4] have proved that in case there exists an additive mapping T : R — R,where R is a
prime ring with suitable characteristic restrictions, satisfying the relation T'(x™) = T'(x)xz"*, for
all z € R and some fixed integer n > 1, then T is a left centralizer. Vukman and Kosi-Ulbl
[26] have proved that any additive mapping T , which maps a semisimple H*—algebra A into
itself and satisfies the relation 27 (2" *!) = T(z)z" +2"T(z), for all x € A and some fixed integer
n > 1, is a two-sided centralizer (see also [5]). A result of Vukman and Kosi-Ulbl [27] states that
in case there exists an additive mapping 7 : R — R, where R is a 2—torsion free semiprime
*—ring, satisfying the relation T'(xz*) = T(x)z* (T(z*z) = «*T(z)), for all x € R,then T is a
left (right) centralizer. For results concerning centralizers on prime and semiprime rings, operator
algebras and H*-algebras we refer to [8,20 — 31]. Let X be a real or complex Banach space and
let L(X) and F(X) denote the algebra of all bounded linear operators on X and the ideal of all
finite rank operators in L(X), respectively. An algebra A(X) C L(X) is said to be standard in
case FI(X) C A(X). Let us point out that any standard algebra is prime, which is a consequence
of Hahn-Banach theorem. We denote by X™* the dual space of a Banach space X and by I the
identity operator on X.

Vukman [20] has proved the following result.

THEOREM A. Let R be a 2-torsion free semiprime ring and let T': R — R be an additive
mapping. Suppose that
2T (2%) = T'(x)x + 2T (x)

holds for all x € R. In this case T is a two-sided centralizer.
Vukman and Kosi-Ulbl [23] have proved the result below.

THEOREM B. Let R be a 2-torsion free semiprime ring and let T': R — R be an additive
mapping. Suppose that
3T (xyx) = T(z)yx + =T (y)x + 2yT(x)

holds for all pairs z,y € R. In this case T' is of the form T(x) = Az, for all € R and some
fixed element A from the extended centroid C' of R.
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Motivated by Theorem A and Theorem B Fosner and Vukman [8] have proved the following

theorem.

THEOREM C. Let R be a prime ring and let 7' : R — R be an additive mapping satisfying
the relation
nT(z") = T(x)2" ' + 2T (x)z" 2 + ... + 2" T (),

for all x € R, where n > 2 is some fixed integer. If char(R) = 0, then T is of the form
T(x) = Az, for all x € R and some fixed element A from the extended centroid C of R.

In the proof of Theorem C FoSner and Vukman used as the main tool the theory of func-
tional identities (Beidar-Bresar-Chebotar theory). The theory of functional identities considers
set-theoretic maps on rings that satisfy some identical relations. When threatening such relations
one usually concludes that the form of the maps involved can be described, unless the ring is very
special (see[6]).

It this paper we consider the following more general relation

(n+ )T (") = T(2)a™ + 2™ T ()" D™ + . 4 2"™T (), (1)

where m > 1, n > 1 are some fixed integers. One can notice that the expression (1) for
n = m = 1 is the same as hypothesis of Theorem A. Obviously, any two-sided centralizer on
arbitrary ring satisfies the above relation. We proceed with the following conjecture.

CONJECTURE. Let R be a semiprime ring with suitable torsion restrictions and let T :
R — R be an additive mapping satisfying the relation (1) for all z € R and some fixed integers
m > 1,n > 1. In this case T is a two-sided centralizer.

It is our aim in this paper to prove the above conjecture in semisimple H*-algebras and in
semiprime rings with the identity element. Our methods differ from those used in [8].

THEOREM 1. Let A be a semisimple H*-algebra. Suppose T': A — A is an additive
mapping satisfying the relation (1) for all © € A and some fixed integers m > 1, n > 1. In this case
T is a two-sided centralizer.

For the proof of Theorem 1 we need the theorem below which is of independent interest.

THEOREM 2. Let X be a Banach space over the real or complex field F, let A(X) C L(X)
be a standard operator algebra. Suppose T : A(X) — L(X) is an additive mapping satisfying the
relation

(n+ )T (A" = T(A)A™™ + A™T(A)APD™ 4 4 AM™T(A),
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for all A € A(X) and some fixed integers m > 1, n > 1. In this case T is of the form
T(A) = MA, for all A € A(X) and some fixed A € F.In particular, T is continuous.

Proof. We have the relation
(n 4+ 1)T (A" = T(A)A™™ + A™T(A)AP=D™ 4 4 AP™T(A). (2)
Let us first consider the restriction of T on F(X). Let A be from F(X) and let P € F(X),

be a projection with AP = PA = A. From the above relation one obtains T'(P) = PT(P)P, which

gives

T(P)P = PT(P). (3)

Putting A + P for A in the relation (2), we obtain

(3 (3

wen'S (") (e = ()4 (fj (") A”m—iPi> ¥

=0 =0
(é (TZ”) Am—iPi> (T (A) + B) (”iz_lém ((n _z'l)m) A-vm—ipi | 4 4 @
(Zm (") A"m-iPi> (T(4)+B).

where B stands for T (P). Using (2) and rearranging the equation (4) in sense of collecting
together terms involving equal number of factors of P we obtain

where f; (A, P) stands for the expression of terms involving i factors of P. Replacing A by
A+2P, A+ 3P, ..., A4+ nmP in turn in the equation (1), and expressing the resulting system
of nm homogeneous equations of variables f; (4, P), i = 1,2,...,nm, we see that the coefficient
matrix of the system is a van der Monde matrix
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Since the determinant of the matrix is different from zero, it follows that the system has only

the trivial solution.

In particular,

fam—1 (A, P) = (n+1) (m )T (A%) = ()T (A) A= (")) BA®—
() (mmy a2 — () (o m) AT (A) P = () () ABA-

m—2/) \(n—1)m m—1/ \( m—1/\(n—1)m—1

(m)(( (o )PT(A)A - (m)(( o )BAQ -

m/ \(n—1)m—1 m/ \(n—1)m—2

() (A 2) 4B = () (i AT (A) P = () (o ) ABA=

m/ \(n—1)m—2 (n—1)m-—1 m—1/\(n—1)m—1

() (D)m) PT (A) A = (70) (= )m) BA”—

m—1/\(n—1)m m—2/) \(n—1)m

and

Fam (A, P) = (n+1) (") T (A) = ()T (A) P = (" ) BA—

nm nm nm—1

() (G AB - () () PTAP - () (S5 BA -

m—1/ \(n—1)m (n—1)m m/) \(n—1)m—1

() (W ) AB = () (2 PTAYP = (1) (21 m) BA=

m/ \(n—1)m—1 (n—1)m m—1/\(n—1)m

() AB — (1) PT (4) = 0.

nm—1
The above equations reduce to
6 (n—+1)(nm—+1)T (A%) = 12(T(A)A+ AT(A)) + 6 (n — 1) (AT (A) P + PT (A) A) +

(n+1)((2n+1)m —3) (A>B+ BA*) +2m (n— 1) (n + 1) ABA, (6)

and
2(n+1)(nm+1)T(A) =2(T(A) P+ PT(A4))+

n(n+1)m(AB+ BA)+2(n—1)PT (A)P. (7)
Right multiplication of the relation (7) by P gives
2(n+ 1) (nm+1)T(A)P=2(T(A) P+ PT(A)+
n(n+1)m(AB+ BA)+2(n—1)PT (A)P. (8)
Similarly one obtains

2(n+ 1) (nm + 1) PT (A) = 2(T (A) P + PT (A)) +
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n(n+1)m(AB+ BA)+2(n—1)PT (A)P. (9)

Combining (8) with (9) we arrive at
T(A)P = PT(A),
which reduces the relation (6) to
6 (mn+1)T (A%) =6 (T(A)A+ AT(A)) +

((2n+1)m —3) (A*B + BA®) + 2m (n — 1) ABA, (10)

and the relation (7) to
2(mn+1)T(A) =2T (A) P+ mn (AB + BA). (11)
Right multiplication of the above relation by P and combining the relation so obtained with (11)
gives
According to the above relation the relation (11) reduces to
2T (A) = AB + BA. (12)
From the above relation one obtains
2T (A?) = A’B + BA®. (13)
Right and then left multiplication of the relation (12) by A gives
2T (A) A = ABA + BA? (14)

and
2AT (A) = A’B + ABA, (15)

respectively. Using the relations (13), (14) and (15) in the relation (10) gives after some calculation
A(m,n) BA? + A(m,n) A’B — 2A (m,n) ABA =0,
where A (m,n) stands for mn —m + 3. The above relation reduces to
A’B + BA* —2ABA = 0. (16)
Applying the relations (13) and (16) in the relation (10) one obtains
2T (A?) = T(A)A + AT(A). (17)

From the relation (12) one can conclude that 7' maps F'(X) into itself. We have therefore an
additive mapping T : F(X) — F(X) satisfying the relation (17) for all A € F(X). Since F(X)
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is prime one can apply Theorem A and conclude that T is a two-sided centralizer of F(X). We
intend to prove that there exists an operator C' € L(X), such that

T(A)=CA, forall Ae F(X). (18)

For any fixed x € X and f € X* we denote by x ® f an operator from F(X) defined by (z® f)y =
f(y)z, for all y € X. For any A € L(X) we have A(z ® f) = ((Az) ® f).Let us choose f and y
such that f(y) = 1 and define Cz = T'(z ® f)y. Obviously, C is linear. Using the fact that T is
left centralizer on F'(X) we obtain

(CA)z=C(Az) =T(A2) @ fly=T(A(z@ )y =T(A)(z @ fly=T(A)z, z€X.

We have therefore T(A) = CA for any A € F(X). Since T right centralizer on F(X) we ob-
tain C(AP) = T(AP) = AT(P) = ACP, where A € F(X) and P is arbitrary one-dimensional
projection. We have therefore [A,C] P = 0. Since P is arbitrary one-dimensional projection it
follows that [4,C] = 0 for any A € F(X). Using closed graph theorem one can easily prove that C
is continuous. Since C' commutes with all operators from F'(X) one can conclude that Cx = Az
holds for any 2 € X and some X\ € F, which gives together with the relation (17) that T is of the

form

T(A) = \A (19)

for any A € F(X) and some A € F. It remains to prove that the above relation holds on A(X) as
well. Let us introduce T; : A(X) — L(X) by T1(A) = AA and consider Ty = T — T. The mapping
Tp is, obviously, additive and satisfies the relation (2). Besides, Ty vanishes on F'(X). It is our aim
to prove that Ty vanishes on A(X) as well. Let A € A(X), let P be an one-dimensional projection
and S = A+ PAP—(AP+PA). Note that S can be written in the form S = (I — P)A(I — P), where
I denotes the identity operator on X, Since, obviously, S — A € F(X), we have Ty(S) = Tp(A).
Besides, SP = PS = 0. We have therefore the relation

(n+ 1)To(A"™ 1) = Ty (A)A™™ + AT (A)AM=D™ 1 4 A"™Ty(A), (20)
for all A € A(X). Applying the above relation we obtain

To(S)S™™ 4 S™Ty(S) S =™ 4.+ 5" T(S) = (n+ 1)Tp(S™™+) =
(n+1)To(S"™ + P) = (n+ 1)To((S + P)"™ 1) =
To(S + P)(S + P)"™ + (S + P)"Ty(S + P)(S + P)(»—Um 4+
(S + P)=DmTy(8)(S 4 P)™ + (S + P)"™Ty(S + P) = Tp(S)S™™+
S™MTH(S)SM=1m 4 4 S"MTy(S) 4 To(S)P + S™Ty(S) P+
PTy(S)SC=Dm 4 4 St=DmT(S) P+
PTy(S)S™ + PTy(S) + (n — 1)PTy(S)P.
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We have therefore

To(A)P + S™Ty(A)P + PTo(A)S=Ym 4 4 §=Dmp(4) P+
PTy(A)S™ + PTo(A) + (n — 1)PTo(A)P = 0. (21)
Multiplying the above relation from both sides by P we obtain
PTy(A)P = 0. (22)
Now right multiplication of the relation (21) by P gives because of (22)

To(A)P + S™To(A)P + ... + S=V™ T (A)P = 0. (23)

Replacing A by 24, 34, ..., nA in turn in the equation (23), and expressing the resulting
system of n homogeneous equations of variables Ty(A)P, S"™Ty(A)P, i = 1,2,...,n—1, we see that
the coefficient matrix of the system is a matrix of the form

1 9o2m ... 29ol-1m
1 nm e n(nil)m

Since the determinant of the matrix is different from zero, it follows that the system has
only the trivial solution. We have therefore Ty(A)P = 0. Since P is an arbitrary one-dimensional
projection, one can conclude that Tp(A) = 0, for any A € A(X), which completes the proof of the
theorem.

It should be mentioned that in the proof of Theorem 2 we used some ideas similar to those
used by Molndr in [17]. Let us point out that in Theorem 2 we obtain as a result the continuity
of T under purely algebraic assumptions concerning 7', which means that Theorem 2 might be of
some interest from the automatic continuity point of view.

Proof of Theorem 1. The proof goes through using the same arguments as in the proof of
Theorem in [17] with the exception that one has to use Theorem 2 instead of Lemma in [17].

We are ready for our last result.

THEOREM 3. Let n > 1, m > 1 be integers and let R be a 2, m, n, n + 1 and
((n—1)m + 3)—torsion free semiprime ring with the identity element. Suppose that we have
an additive mapping T : R — R satisfying the relation (1) for all € R. In this case T is of the
form T'(x) = ax, for all z € R and some fixed element a € Z(R).
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Proof. We have the relation (1). Using similar approach as in the proof of Theorem 2, with
the exception that we use the identity element e instead of a projection, we obtain from the above

relation
6(nm+ 1)T ( ) 6 (T(x)x + 2T (x))+
(2n+1)m = 3) (z”a+ az®) +2(n— 1) mzazr, z€R (24)
and
2T (r) = ra+ax, x€R, (25)

where a stands for T (e). In the procedure mentioned above we used the fact that R is m, n and

n + 1-torsion free.

The substitution z? for z in (25)gives

2T (2%) = 2°a+az®, z€R. (26)

Multiplying the relation (25) first from the right side then from the left side by = we obtain
2T (z) x = zax +ax®, € R (27)

and
22T (z) = v%a + zax, =€ R. (28)

Using (26), (27) and (28) in the relation (24)and applying the fact that R is (n — 1)m + 3—torsion
free we obtain after some calculation

z?a+ax® —2xax =0, z € R,
which can be written in the form
[[a,z],z] =0, =z € R. (29)
Putting x + y for = in the above relation we obtain
(la, 2],y + [la,y] , 2] =0, =,y € R. (30)
The substitution zy for y in relation (30) gives because of (29) and (30)
0= [la,z],zy] + [la, zy] , 2] =

= [[a,x],x]y—i—x[[a,x],y]—i—[[a,x]y—i—x[a,y],x] =
=xzlla, 2], y] + [[a, 2], 2]y + [a, 2] [y, 2] + z [[a, 9], 2] = [a, 2] [y, 2], @,y € R.

Thus we have
[a,z][y,x] =0, =z,y€ R.
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The substitution ya for y in the above relation gives [a, z]y [a,x] = 0, for all pairs z,y € R.

Let us point out that so far we have not used the assumption that R is semiprime. Since R is
semiprime, it follows from the last relation that [a, 2] = 0, for all z € R. In other words, a € Z (R)
which reduces the relation (25) to T (z) = az, = € R, since R is 2—torsion free. The proof of the
theorem is complete.

Received: May 2008. Revised: August 2008.
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