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Recife-PE, CEP. 50.540-740 – Brazil

Carlsson Gunnar

gunnar@math.stanford.edu
Department of Mathematics
Stanford University
Stanford. CA 94305-2125 – USA



CUBO
10, 3 (2008)

EDITORIAL BOARD

Cuevas Claudio

cch@dmat.ufpe.br

Departamento de Matemática
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ABSTRACT

It is well-known that the mixed variational inequalities are equivalent to the fixed

point problem. We use this alternative equivalent formulation to suggest and analyze

some new proximal resolvent methods for solving mixed variational inequalities. We

also study the convergence of these new methods under some mild conditions. These

new iterative methods include the projection, extragradient and proximal methods as

special cases. Results obtained in this paper represent a refinement and improvement

of the previously known results.

RESUMEN

Es bien conocido que las desigualdades variacionales mescladas son equivalentes a prob-

lemas de punto fijo. Nosotros usamos esta formulación alternativa equivalente para sug-

erir y analizar nuevos métodos resolventes proximales para resolver desigualdes varia-

cionales mesclasdas. También estudiamos la convergencia de estos nuevos métodos bajo

algunas condiciones blandas. Estos nuevos métodos iterativos incluyen como casos es-

peciales la prejección, métodos extragradiente y proximales. Los resultados en este
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art́ıculo representam un refinamiento y perfeccionamiento de resultados previamente

conocidos.

Key words and phrases: Variational inequalities, resolvent method, fixed point, proximal meth-

ods, convergence.

Math. Subj. Class.: 49J40, 90C30.

1. Introduction

Variational inequalities, which were introduced and considered by Stampacchia [26] in 1964, have

had a great impact and influence in the development of almost all branches of pure and applied

sciences. It has been shown that the variational inequalities provide a simple, unified, natural, novel

and general framework to study a wide class of problems arising in various branches of pure and

applied sciences. The ideas and techniques of variational inequalities are being used in a variety

of diverse fields and proved to innovative and productive, see [1-26] and the references therein.

In recent years, variational inequalities have been extended and generalized in several directions.

A useful and important generalization of variational inequalities is called the mixed variational

inequality or variational inequality of the second kind containing the nonlinear term. Due to the

presence of the nonlinear term, the projection method and its variant forms including the Wiener-

Hopf equations can not be extended for solving the mixed variational inequality. To overcome

these drawbacks, some iterative methods have been developed and investigated for solving mixed

variational inequalities using the technique of auxiliary principle technique, the origin of which

can be traced back to Lions and Stampacchia [10] and Glowinski, Lions and Tremolieres [7]. This

technique has been used by several researchers to develop implicit and explicit methods for solving

the mixed variational inequalities and the equilibrium problems, see [14-23] and the references

therein. We would like to mention that, if the nonlinear term in the mixed variational inequalities is

a proper, convex and lower-semicontinuous, then it has been shown [14] that the mixed variational

inequalities are equivalent to the fixed point problem. This alternative equivalent formulation

has been used to suggest and analyze several iterative methods for solving the mixed variational

inequalities. The convergence of these resolvent iterative methods requires that the underlying

operator is strong monotone and Lipschitz continuous. Secondly it is very difficult to evaluate

the resolvent of the operator. These facts have motived to modify the resolvent iterative method.

Noor [16-20] used the technique of updating the solution to suggest and analyze some modified

extraresolvent type method. The extraresolvent method overcomes this difficulty by using the

technique of updating the solution, which modified the resolvent method by performing additional

step and resolvent at each step according to double resolvent formula. It is worth mentioning that

the convergence of the extraresolvent method requires that the solution exists and the operator to

be monotone and Lipschitz continuous. When the operator is not Lipschitz continuous or when

the Lipschitz continuous is not known, the extraresolvent method and its variant forms require

an Armijo-like line search procedure to compute the step size with a new resolvent needed for
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each trial, which leads to expensive computation. To overcome these draw backs, many authors

have suggested and proposed some modified methods for solving mixed variational inequalities.

We also note that if the nonlinear term involving the mixed variational inequalities is an indicator

function of a convex set in the Hilbert space, then the mixed variational inequalities are equivalent

to the classical variational inequalities. He at el. [9] and Noor [19] have considered a class of

modified proximal-extragradient methods for solving the classical variational inequalities, which

uses a better step-size rule (inexactness criteria) and includes the proximal and the extragradient

methods as a special cases. They have shown the convergence of this approximate proximal method

requires either monotonicity or pseudomonotonicity. It has been shown [9] that these proximal-

extragradient methods are numerically efficient and robust. It is worth mentioning that there are

no such methods for solving the mixed variational inequalities. Inspired and motivated by the

research going in this dynamic field, we suggest some new proximal-resolvent methods for solving

the mixed variational inequalities. We show that the convergence of our methods requires only

the pseudomonotonicity, which is a weaker condition than monotonicity. Results obtained in this

paper include the results of He et al [9] and Noor [19] as special cases and improve the convergence

criteria of methods of He et al [9]. Our results can also be viewed as a significant extension and

generalization of the previously known methods for solving the mixed variational inequalities and

related optimization problems.

2. Formulation

Let K be a nonempty closed and convex set in a real Hilbert space H, whose inner product

and norm are denoted by 〈·, ·〉 and ‖.‖ respectively. Let T : H −→ H be a nonlinear operator

and S be a nonexpansive operator. Let PK be the projection of H onto the convex set K. Let

ϕ : H −→ R ∪ {∞} be a continuous function. It is well known that the subdifferential ∂ϕ(.) of a

proper, convex and lower-semicontinuous function ϕ is a maximal monotone operator.

We consider the problem of finding u ∈ H such that

〈Tu, v − u〉 + ϕ(v) − ϕ(u) ≥ 0, ∀v ∈ H, (1)

which is known as the mixed variational inequality introduced or variational inequality of the

second type, see Glowinski, Lions and Tremolieres [7] and Lions and Stampacchia [10]..

We note that, if the function ϕ in the mixed variational inequality is a proper, convex and

lower-semicontinuous, then problem (1) is equivalent to finding u ∈ H such that

0 ∈ Tu + ∂ϕ(u), (2)

which is known as the problem of finding a zero of sum of two (or more ) monotone operators.

Here ∂ϕ is the subdifferential of the function ϕ. It is well known that a large class of problems

arising in industry, ecology, finance, economics, transportation, network analysis and optimization
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can be formulated and studied in the framework of (1) and (2), see [3-6, 15-24] and the references

therein.

If ϕ is an indicator function of a closed convex set K in H, that is,

ϕ(u) = IK(v) =

{

0, if v ∈ K;

+∞, otherwise.

then the mixed variational inequalities (1) are equivalent to finding u ∈ K such that

〈Tu, v − u〉 ≥ 0, ∀v ∈ K, (3)

which is known as the classical variational inequality, introduced and studied by Stampacchia

[26] in 1964. For the numerical methods, formulations and applications of the mixed variational

inequalities, readers are advised to see [1-25] and the references therein.

We now recall some well known concepts and results.

Definition 2.1[3]. For any maximal operator T, the resolvent operator associated with T, for any

ρ > 0, is defined as

JT (u) = (I + ρT )−1(u), ∀u ∈ H.

It is well known that an operator T is maximal monotone if and only if its resolvent operator JT

is defined everywhere. It is single-valued and nonexpansive. that is,

‖JT u − JT v‖ ≤ ‖u − v‖, ∀u, v ∈ H.

If ϕ(.) is a proper, convex and lower-semicontinuous function, then its subdifferential ∂ϕ(.) is a

maximal monotone operator. In this case, we can define the resolvent operator

Jϕ(u) = (I + ρT )−1(u), ∀u ∈ H

associated with the subdifferential ∂ϕ(.). The resolvent operator Jϕ has the following useful char-

acterization, see[3,20].

Lemma 2.1. For a given z ∈ H, u ∈ H satisfies the inequality

〈u − z, v − u〉 + ρϕ(v) − ρϕ(u) ≥ 0, ∀v ∈ H (4)

if and only if u = Jϕ(z, where Jϕ = (I + ρ∂ϕ)−1 is the resolvent operator.

It is well-known that the resolvent operator Jϕ is a nonexpansive operator, that is,

‖Jϕ(u) − Jϕ(v)‖ ≤ ‖u − v‖, ∀u, v ∈ H.

Lemma 2.1 plays a very important and significant role in the analysis of the mixed variational

inequalities. If the proper, convex and semi-lowercontinuous function ϕ is an indicator function
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of a closed convex set K in H, then Jϕ ≡ PK , is the projection operator from H onto the closed

convex set K. In this case, Lemma 2.1 reduces to the following well known result, which is known

as the projection Lemma.

Lemma 2.2 . Let K be a closed convex set K in H. Then, for a given z ∈ H, u ∈ K satisfies

the inequality

〈u − z, v − u〉 ≥ 0, ∀v ∈ K,

if and only if

u = PKz,

where PK is the projection of H onto the closed convex set K. It is also known that the projection

operator PK is nonexpansive. For the applications of Lemma 2.2, see [1-25].

Definition 2.2. ∀u, v ∈ H , the operator T : H −→ H with respect the function ϕ is said to be

pseudomonotone, if

〈Tu, v − u〉 + ϕ(v) − ϕ(u) ≥ 0 implies 〈Tv, v − u〉 + ϕ(v) − ϕ(u) ≥ 0.

Note that monotonicity implies pseudomonotonicity but the converse is not true [5].

3. Main results

In this section, we use the projection technique to suggest some iterative methods for solving the

variational inequalities. For this purpose, we need the following result, which can be proved by

invoking Lemma 2.1.

Lemma 3.1. The function u ∈ H is a solution of the mixed variational inequality (1) if and only

if u ∈ H satisfies the relation

u = Jϕ[u − ρTu], (5)

where ρ > 0 is a constant and Jϕu = (I + ρ∂ϕ)−1(u) is the resolvent operator.

Lemma 3.1 implies that problems (1) and (5) are equivalent. This alternative formulation

is very important from the numerical analysis point of view and has played a significant part

in suggesting several numerical methods for solving variational inequalities and complementarity

problems, see [1-7,10-20].

We now define the projection residue vector by the relation

R(u) = u − Jϕ[u − ρTu] = u − y, y = Jϕ[u − ρTu].

Invoking Lemma 3.1, one can easily show that u ∈ H is a solution of (1) if and only if u ∈ H is a

zero of the equation

R(u) = 0.
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For a positive constant α, we consider

u = u − αR(u) = u − α{u − Jϕ[u − ρTu]},

which is another fixed point problem. We use alternative fixed point formulation to suggest and

analyze the following iterative method for solving the mixed variational inequality (1).

Algorithm 3.1. For a given u0 ∈ H, compute the approximate solution un+1 by the iterative

scheme

un+1 = Jϕ[un − γnR(un+1)]

= Jϕ[un − γn{un − Jϕ[un − ρTun+1]}], n = 0, 1, 2, . . . ,

or equivalently

yn = Jϕ[un − ρTun+1]

un+1 = Jϕ[un − γn{un − yn}], n = 0, 1, 2, . . .

which can be considered as a proximal point method and appears to be a new one.

If ϕ is the indicator function of a closed convex set K, then Jϕ ≡ PK , the projection of H onto

K. Consequently, Algorithm 3.1 collapse to the following algorithm for solving classical variational

inequalities (3).

Algorithm 3.2. For a given u0 ∈ H, compute the approximate solution un+1 by the iterative

scheme

un+1 = PK [un − γnR(un+1)]

= PK [un − γn{un − PK [un − ρTun+1]}], n = 0, 1, 2, . . . ,

or equivalently

yn = PK [un − ρTun+1]

un+1 = PK [un − γn{un − yn}], n = 0, 1, 2, . . .

which can be considered as a proximal-extragradient method.

Note that for γn = 1, Algorithm 3.1 reduces to:

Algorithm 3.3. For a given u0 ∈ H, compute the approximate solution un+1 by the iterative

scheme

un+1 = Jϕ[un − ρTun+1], n = 0, 1, 2 . . .

which is known as the proximal method and convergence requires only pseudomonotonicity, see

Noor [20]. In recent years, proximal methods have been considered and studied extensively. Several

conditions have been studied which are easy to implement, see [9, 17-20].
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We now use the technique of updating the solution to rewrite the fixed-point formulation (5)

as:

y = Jϕ[u − ρTu] (6)

u = Jϕ[y − ρTy],

which can be written as

u = Jϕ[Jϕ[u − ρTu]− ρTJϕ[u − ρTu]],

which is another fixed point formulation of the mixed variational inequalities (1). Here we use this

equivalent alternative formulation to suggest the following method for solving mixed variational

inequalities (1).

Algorithm 3.4. For a given u0 ∈ H, find the approximate solution un+1 by the iterative schemes:

yn = Jϕ[un − ρTun+1]

un+1 = Jϕ[yn − ρTyn], n = 0, 1, 2, . . .

Algorithm 3.5. For a given u0 ∈ H, find the approximate solution un+1 by the iterative schemes:

un+1 = Jϕ[Jϕ[un − ρTun+1] − ρTJϕ[un − ρTun+1]], n = 0, 1, 2, . . .

Algorithms 3.4 and Algorithm 3.5 are called the two-step or predictor-corrector implicit iterative

resolvent methods for solving the mixed variational inequalities (1) and appear to be new ones.

If ϕ is the indicator function of a closed convex set K, then Algorithm 3.5 is equivalent to the

following implicit projection iterative method for solving the classical variational inequalities (3),

which are mainly due to Noor [16-18].

Algorithm 3.6. For a given u0 ∈ H, find the approximate solution un+1 by the iterative schemes:

un+1 = PK [PK [un − ρTun+1] − ρTPK [un − ρTun+1]], n = 0, 1, 2, . . .

Now we look at Algorithm 3.4 from a different angle. Consider y defined by (6) as an approx-

imate solution of the mixed variational inequality (1) and define

w = Jϕ[u − γ(u − y)]

z = u − ρTw.

We use this formulation to suggest the following iterative method

Algorithm 3.7. For a given u0 ∈ H, calculate the approximate solution un+1 by the iterative

schemes;

yn = Jϕ[un − ρTun+1]

wn = Jϕ[un − γ(un − yn)]

un+1 := zn = un − ρTwn, n = 0, 1, 2, . . .
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which is called the modified extraresolvent method and appears to be a new one.

Note that for γ = 1, Algorithm 3.7 reduces to

Algorithm 3.8. For a given u0 ∈ H, compute the approximate solution un+1 by the iterative

scheme

yn = Jϕ[un − ρTun+1]

un+1 = un − ρTyn, n = 0, 1, 2, . . .

which is called the extraresolvent method for solving the mixed variational inequality (1).

For a positive constant α, consider

u = u − α(u − z).

Here the positive constant α can be viewed as a step length along the direction −(u − z).

We use this fixed-point formulation to suggest the following iterative method.

Algorithm 3.9. For a given u0 ∈ H, compute the following iterative schemes:

yn = Jϕ[un − ρnTun+1]

wn = Jϕ[un − γn(un − yn)]

zn = Jϕ[un − ρnTwn] (7)

un+1 = un − α(un − zn), n = 0, 1, 2, . . . (8)

α =
‖zn − wn‖

2 + ‖un − zn‖
2 −△(wn)

2‖un − zn‖2
(9)

where

△(wn) ≤ ν(‖zn − wn‖
2 + ‖un − zn‖

2), ν < 1

= ν{2〈wn − zn, wn − un + ρnTwn + ρnϕ′(wn)〉 − ‖wn − zn‖
2}. (10)

Here △(wn) is known as the inexactness criteria which can be viewed as stepsize and ϕ′(.) is the

differential of the convex function ϕ.

For α = 1 and zn = wn, Algorithm 3.9 is exactly Algorithm 3.8. If y = w, then Algorithm 3.9

reduces to:

Algorithm 3.10. For a given u∈H, compute the approximate solution un+1 by the iterative

schemes

yn = Jϕ[un − ρnTun+1]

wn = Jϕ[un − γ(un − yn)]

un+1 := zn = un − α(un − wn), n = 0, 1, 2, . . .

α =
‖un − yn‖

2 + ‖un − wn‖
2 −△(yn)

2‖un − wn‖2
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which is an approximate extraresolvent method for solving (1).

Remark 3.1. Algorithms 3.5-3.10 are called the approximate proximal extraresolvent methods,

which are new ones. We would like to point out that if the nonlinear term ϕ in the mixed variational

inequality (1) is an indicator function of a closed convex set K, then the resolvent Jϕ = PK is the

projection operator of H onto the closed convex set K. Consequently, Algorithms 3.1-3.10 reduce

to Algorithms for variational inequalities (3) which appear to be new ones for the variational

inequalities (3). In a similar way, one can obtain several new and known algorithms as special

cases of Algorithm 3.9. This shows that Algorithm 3.9 is more flexible and unifies several recently

proposed (implicit or explicit ) algorithms for solving the mixed variational inequalities.

We now study the convergence analysis of Algorithm 3.9. The analysis is in the spirit of He,

Yang and Yuan [9] and Noor [19]. To convey the idea and for the sake of completeness, we include

the details.

Theorem 3.1. Let the operator T be pseudomonotone. If u ∈ K be a solution of the mixed

variational inequality (1) and un+1 be the approximate solution obtained from Algorithm 3.9, then

‖un+1(α) − u‖2 ≤ ‖un − u‖2 −
(1 − ν)2

4
{‖un − wn‖

2 + ‖un − zn‖
2}. (11)

Proof. Let u ∈ K be a solution of (1). Then

〈Tu, v − u〉 + ϕ(v) − ϕ(u) ≥ 0, ∀v ∈ K,

implies that

〈Tv, v − u〉 + ϕ(v) − ϕ(u) ≥ 0, (12)

since T is pseudomonotone.

Taking v = wn in (12), we have

〈Twn, wn − u〉 + ϕ(wn) − ϕ(u) ≥ 0,

which can be written as

〈Twn, zn − u〉 ≥ 〈Twn, zn − wn〉 + ϕ(u) − ϕ(wn). (13)

Taking z = [un − ρnTwn], u = zn and v = u in (4), we have

〈un − ρnTwn − zn, un − u〉 + ρnϕ(u) − ρnϕ(zn) ≥ 0,

from which we have

〈un − zn, un − u〉 ≥ 〈un − u, ρnTwn〉 + ρnϕ(zn) − ρnϕ(u). (14)

From (13) and (14), we have

〈un − zn, zn − wn〉 ≥ 〈ρnTwn, zn − wn〉 + ρn(ϕ(zn) − ϕ(wn)

≥ ρn〈Twn + ϕ′(wn), zn − wn〉. (15)
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Consider

‖un − u‖2 − ‖un+1(α) − u‖2 = ‖un − u‖2 − ‖un − α(un − zn) − u‖2

≥ ‖un − u‖2 − ‖un − u − α(un − zn)‖2

= 2α〈un − u, un − zn〉 − α2‖un − zn‖
2

= 2α‖un − zn‖
2 + 2α〈zn − u, un − zn〉 − α2‖un − zn‖

2. (16)

Combining (10), (15) and (16), we obtain

‖un − u‖2 − ‖un+1(α) − u‖2 ≥ α{‖zn − wn‖
2 + ‖un − zn‖

2 −△(wn)} − α2‖un − zn‖
2, (17)

which is a quadratic in α and has a maximum at

α∗ =
‖zn − wn‖

2 + ‖un − zn‖
2 −△(wn)

2‖un − wn‖2
. (18)

From (10), (17) and (18), we have the required result (11). 2

Theorem 3.2. Let H be a finite dimensional subspace. If u ∈ K be a solution of (1) and un+1

be the approximate solution obtained from Algorithm 3.9, then limn−→∞(un) = u.

Proof. Let u ∈ H be a solution of (1). From (11), it follows that the sequence {‖u − un‖} is

nonincreasing and consequently {un} is bounded. Furthermore, we have

∞
∑

n=1

(1 − ν)2

4
{‖zn − wn‖

2 + ‖un − zn‖
2} ≤ ‖u0 − u‖2,

which implies that

lim
n−→∞

‖zn − wn‖ = 0 (19)

lim
n−→∞

‖un − zn‖ = 0. (20)

Thus we see that the sequences {wn} and {zn} are also bounded. Also from (19) and (20), we

have

‖R(wn)‖ = ‖wn − Jϕ[wn − ρTwn]‖ = ‖wn − zn + zn − Jϕ[wn − ρTwn]‖

≤ ‖wn − zn‖ + ‖Jϕ[un − ρTwn] − Jϕ[wn − ρTwn]‖

≤ ‖wn − zn‖ + ‖un − wn‖ = 0.

Thus

lim
n−→∞

R(wn) = 0. (21)

Let û be a cluster point of { wn} and the subsequence {wni
} converges to û. Since R(u) is a

continuous function of u, it follows that

lim
n−→∞

R(wni
) = R(û) = 0,
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which shows that û is a solution of the mixed variational inequality (1). From (19) and (20), we

know that limn−→∞(yni
) = û = limn−→∞(zni

). Hence from (11), we have

‖un+1 − û‖2 ≤ ‖un − û‖2, ∀n ≥ 0,

which shows that the sequence {un} converges to û, the required result. 2

Conclusion. In this paper, we have suggested and analyzed some new proximal extraresolvent

methods for pseudomonotone mixed variational inequalities and related optimization problems.

The convergence of the new methods require only the pseudomonotonicity of the operator, which

is a weaker condition than monotonicity. It has been shown [9] that a special case of Algorithm

3.9 is numerically efficient and robust in solving traffic equilibrium problems. The results obtained

are encouraging. The comparison of these new methods with the other methods is an interesting

open problem for further research.
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ABSTRACT

Various Lp form Poincaré type inequalities [1], forward and reverse, are given for a

Linear Differential Operator L, involving its related initial value problem solution y,

Ly, the associated Green’s function H and initial conditions at point x0 ∈ R.

RESUMEN

Varias Lp desigualdes de tipo Poincaré [1], hacia adelante o atrás, son dadas para un

operador diferencial linear L, envolviendo la solución y de un problema de valor inicial

asociado, Ly, la función Green asociada H y las condiciones iniciales en un punto

x0 ∈ R.
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1. Background

Here we follow [2], pp. 145-154.

Let [a, b] ⊂ R, ai (x) , i = 0, 1, . . . , n − 1 (n ∈ N) , h (x) be continuous functions on [a, b] and

let L = Dn + an−1 (x) Dn−1 + . . . + a0 (x) be a fixed linear differential operator on Cn ([a, b]) . Let

y1 (x) , . . . , yn (x) be a set of linear independent solutions to Ly = 0. Here the associated Green’s

functions for L is

H (x, t) :=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

y1 (t) . . . yn (t)

y′

1
(t) . . . y′

n (t)

. . . . . . . . .

y
(n−2)

1
(t) . . . y

(n−2)

n (t)

y1 (x) . . . yn (x)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

y1 (t) . . . yn (t)

y′

1
(t) . . . y′

n (t)

. . . . . . . . .

y
(n−2)

1
(t) . . . y

(n−2)

n (t)

y
(n−1)

1
(t) . . . y

(n−1)

n (t)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

, (1)

which is a continuous function on [a, b]
2
.

Consider a fixed x0 ∈ [a, b] , then

y (x) =

∫ x

x0

H (x, t) h (t) dt, ∀x ∈ [a, b] , (2)

is the unique solution to the initial value problem

Ly = h; y(i) (x0) = 0, i = 0, 1, . . . , n − 1. (3)

Next we assume all of the above.

2. Results

We present the following Poincaré type inequalities.

Theorem 1. Let x0 < b and x ∈ [x0, b] , and p, q > 1 : 1

p
+ 1

q
= 1; ν > 0.



CUBO
10, 3 (2008)
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Then

1) ‖y‖Lν(x0,b) ≤

(

∫ b

x0

(
∫ x

x0

|H (x, t)|
p
dt

)ν/p

dx

)1/ν

‖Ly‖Lq(x0,b) . (4)

When ν = q we have

2) ‖y‖Lq(x0,b) ≤

(

∫ b

x0

(
∫ x

x0

|H (x, t)|
p
dt

)q/p

dx

)1/q

‖Ly‖Lq(x0,b) . (5)

When ν = p = q = 2 we get

3) ‖y‖L2(x0,b) ≤

(

∫ b

x0

(
∫ x

x0

H2 (x, t) dt

)

dx

)1/2

‖Ly‖L2(x0,b) . (6)

Proof. From (2) we have

|y (x)| ≤

∫ x

x0

|H (x, t)| |h (t)|dt ≤

(
∫ x

x0

|H (x, t)|p dt

)1/p(∫ x

x0

|h (t)|q dt

)1/q

≤

(
∫ x

x0

|H (x, t)|p dt

)1/p
(

∫ b

x0

|h (t)|q dt

)1/q

. (7)

That is

|y (x)|ν ≤

(
∫ x

x0

|H (x, t)|p dt

)ν/p

‖Ly‖ν

Lq(x0,b) , (8)

Therefore
∫ b

x0

|y (x)|ν dx ≤

(

∫ b

x0

(
∫ x

x0

|H (x, t)|p dt

)ν/p

dx

)

‖Ly‖ν

Lq(x0,b) , (9)

proving the claim. 2

We continue with

Theorem 2. Let x0 > a and x ∈ [a, x0] , and p, q > 1 : 1

p
+ 1

q
= 1; ν > 0.

Then

1) ‖y‖Lν(a,x0)
≤

(

∫ x0

a

(
∫ x0

x

|H (x, t)|p dt

)ν/p

dx

)1/ν

‖Ly‖Lq(a,x0)
. (10)

When ν = q we have

2) ‖y‖Lq(a,x0)
≤

(

∫ x0

a

(
∫ x0

x

|H (x, t)|p dt

)q/p

dx

)1/q

‖Ly‖Lq(a,x0)
. (11)
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When ν = p = q = 2 we get

3) ‖y‖L2(a,x0)
≤

(
∫ x0

a

(
∫ x0

x

H2 (x, t) dt

)

dx

)1/2

‖Ly‖L2(a,x0)
. (12)

Proof. From (2) we have

|y (x)| ≤

∫ x0

x

|H (x, t)| |h (t)| dt ≤

(
∫ x0

x

|H (x, t)|
p
dt

)1/p(∫ x0

x

|h (t)|
q
dt

)1/q

≤

(
∫ x0

x

|H (x, t)|p dt

)1/p(∫ x0

a

|h (t)|q dt

)1/q

. (13)

That is

|y (x)|
ν
≤

(
∫ x0

x

|H (x, t)|
p
dt

)ν/p

‖Ly‖
ν

Lq(a,x0)
, (14)

Therefore
∫ x0

a

|y (x)|ν dx ≤

(

∫ x0

a

(
∫ x0

x

|H (x, t)|p dt

)ν/p

dx

)

‖Ly‖ν

Lq(a,x0)
, (15)

proving the claim. 2

Extreme cases follow

Proposition 3. Here x0 < b, x ∈ [x0, b] , and p = 1, q = ∞.

Then

1) ‖y‖Lν(x0,b) ≤

(

∫ b

x0

(
∫ x

x0

|H (x, t)| dt

)ν

dx

)1/ν

‖Ly‖L∞(x0,b) . (16)

When ν = 1 we have

2) ‖y‖L1(x0,b) ≤

(

∫ b

x0

(
∫ x

x0

|H (x, t)| dt

)

dx

)

‖Ly‖L∞(x0,b) . (17)

Proof. From (2) we have

|y (x)| ≤

∫ x

x0

|H (x, t)| |h (t)| dt ≤

(
∫ x

x0

|H (x, t)| dt

)

‖h‖L∞(x0,b) . (18)
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That is

|y (x)|ν ≤

(
∫ x

x0

|H (x, t)| dt

)ν

‖Ly‖ν

L∞(x0,b) , (19)

and
∫ b

x0

|y (x)|ν dx ≤

(

∫ b

x0

(
∫ x

x0

|H (x, t)| dt

)ν

dx

)

‖Ly‖ν

L∞(x0,b) , (20)

proving the claim. 2

We continue with

Proposition 4. Here x0 > a, x ∈ [a, x0] , and p = 1, q = ∞.

Then

1) ‖y‖Lν(a,x0)
≤

(
∫ x0

a

(
∫ x0

x

|H (x, t)| dt

)ν

dx

)1/ν

‖Ly‖L∞(a,x0)
. (21)

When ν = 1 we get

2) ‖y‖L1(a,x0)
≤

(
∫ x0

a

(
∫ x0

x

|H (x, t)| dt

)

dx

)

‖Ly‖L∞(a,x0)
. (22)

Proof. From (2) we have

|y (x)| ≤

∫ x0

x

|H (x, t)| |h (t)| dt ≤

(
∫ x0

x

|H (x, t)|dt

)

‖h‖L∞(a,x0)
. (23)

That is

|y (x)|
ν
≤

(
∫ x0

x

|H (x, t)|dt

)ν

‖Ly‖
ν

L∞(a,x0)
, (24)

and
∫ x0

a

|y (x)|
ν
dx ≤

(
∫ x0

a

(
∫ x0

x

|H (x, t)|dt

)ν

dx

)

‖Ly‖
ν

L∞(a,x0)
, (25)

proving the claim. 2

Next we give reverse Poincaré type inequalities.

Theorem 5. Let x0 < b, x ∈ [x0, b] , and 0 < p < 1, q < 0 : 1

p
+ 1

q
= 1, ν > 0.

Assume H (x, t) ≥ 0 for x0 ≤ t ≤ x, and Ly = h is of fixed sign and nowhere zero.

Then

1) ‖y‖Lν(x0,b) ≥

(

∫ b

x0

(
∫ x

x0

(H (x, t))p
dt

)ν/p

dx

)1/ν

‖Ly‖Lq(x0,b) . (26)
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When ν = p we get

2) ‖y‖Lp(x0,b) ≥

(

∫ b

x0

(
∫ x

x0

(H (x, t))
p
dt

)

dx

)1/p

‖Ly‖Lq(x0,b) . (27)

When ν = 1 we obtain

3) ‖y‖L1(x0,b) ≥

(

∫ b

x0

(
∫ x

x0

(H (x, t))
p
dt

)1/p

dx

)

‖Ly‖Lq(x0,b) . (28)

Proof. By (2) we have

|y (x)| =

∫ x

x0

H (x, t) |h (t)| dt, for all x0 ≤ x ≤ b. (29)

From (29) by reverse Hölder’s inequality we obtain

|y (x)| ≥

(
∫ x

x0

(H (x, t))
p
dt

)1/p(∫ x

x0

|h (t)|
q
dt

)1/q

≥

(
∫ x

x0

(H (x, t))p
dt

)1/p
(

∫ b

x0

|h (t)|q dt

)1/q

, (30)

for all x0 < x ≤ b.

I.e. it holds

|y (x)|
ν
≥

(
∫ x

x0

(H (x, t))
p
dt

)ν/p

‖h‖
ν

Lq(x0,b) , (31)

for all x0 ≤ x ≤ b, and

∫ b

x0

|y (x)|ν dx ≥

(

∫ b

x0

(
∫ x

x0

(H (x, t))p
dt

)ν/p

dx

)

‖h‖ν

Lq(x0,b) , (32)

proving the claim. 2

We continue with

Theorem 6. Let x0 > a, x ∈ [a, x0] , and 0 < p < 1, q < 0 : 1

p
+ 1

q
= 1, ν > 0.

Assume H (x, t) ≤ 0 for x ≤ t ≤ x0, and Ly = h is of fixed sign and nowhere zero.

Then

1) ‖y‖Lν(a,x0)
≥

(

∫ x0

a

(
∫ x0

x

(−H (x, t))p
dt

)ν/p

dx

)1/ν

‖Ly‖Lq(a,x0)
. (33)
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When ν = p we get

2) ‖y‖Lp(a,x0)
≥

(
∫ x0

a

(
∫ x0

x

(−H (x, t))
p
dt

)

dx

)1/p

‖Ly‖Lq(a,x0)
. (34)

When ν = 1 we have

3) ‖y‖L1(a,x0)
≥

(

∫ x0

a

(
∫ x0

x

(−H (x, t))
p
dt

)1/p

dx

)

‖Ly‖Lq(a,x0)
. (35)

Proof. From (2) we have

|y (x)| =

∣

∣

∣

∣

∫ x

x0

H (x, t)h (t) dt

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ x0

x

H (x, t)h (t) dt

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ x0

x

(−H (x, t))h (t) dt

∣

∣

∣

∣

=

∫ x0

x

(−H (x, t)) |h (t)| dt. (36)

From (36) by reverse Hölder’s inequality we obtain

|y (x)| ≥

(
∫ x0

x

(−H (x, t))
p
dt

)1/p (∫ x0

x

|h (t)|
q
dt

)1/q

≥

(
∫ x0

x

(−H (x, t))
p
dt

)1/p (∫ x0

a

|h (t)|
q
dt

)1/q

. (37)

for all a ≤ x < x0.

I.e. it holds

|y (x)|
ν
≥

(
∫ x0

x

(−H (x, t))
p
dt

)ν/p

‖Ly‖
ν

Lq(a,x0)
, (38)

for all a ≤ x ≤ x0, and

∫ x0

a

|y (x)|
ν
dx ≥

(

∫ x0

a

(
∫ x0

x

(−H (x, t))
p
dt

)ν/p

dx

)

‖Ly‖
ν

Lq(a,x0)
, (39)

proving the claim. 2

Received: December 2007. Revised: April 2008.
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ABSTRACT

We consider a semilinear elliptic equation, with a right hand side nonlinearity which

may grow linearly. Throughout we assume a double resonance at infinity in the spectral

interval [λ1, λ2]. In this paper, we can also have resonance at zero or even double
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resonance in the order interval [λm, λm+1], m ≥ 2. Using Morse theory and in particular

critical groups, we prove two multiplicity theorems.

RESUMEN

Nosotros consideramos una ecuación semilinear eliptica con una no-linealidad la cual

puede crecer linealmente. Asumimos una doble resonancia en infinito en el intervalo

espectral [λ1, λ2]. En este art́ıculo, podemos también tener resonancia en cero o incluso

doble resonancia en el intervalo ordenado [λm, λm+1], m ≥ 2. Usando teoria de Morse

y en particular grupos cŕıticos, provamos dos teoremas de mulplicidad.

Key words and phrases: Double resonance, C-condition, critical groups, critical point of moun-

tain pass-type, Poincare-Hopf formula.

Math. Subj. Class.: 35J20, 35J25.

1 Introduction

Let Z ⊆ R
N be a bounded domain with a C2-boundary ∂Z. We consider the following semilinear

elliptic problem:
{

−△x(z) = λ1x(z) + f(z, x(z)) a.e. on Z,

x|∂Z = 0.

}

(1.1)

Here λ1 > 0 is the principal eigenvalue of (−△, H1

0
(Z)). Assume that

lim
|x|→∞

f(z, x)

x
= 0 uniformly for a.a. z ∈ Z. (1.2)

The problem (1.1) is resonant at infinity with respect to the principal eigenvalue λ1 > 0. Res-

onant problems, were first studied by Landesman-Lazer [7], who assumed a bounded nonlinearity

and introduced the well-known sufficient asymptotic solvability conditions, which carry their name

(the LL-conditions for short). We can be more general and instead of (1.2), assume only that

lim inf
|x|→∞

f(z, x)

x
and lim sup

|x|→∞

f(z, x)

x

belong in the interval [0, λ2 − λ1] uniformly for a.a. z ∈ Z, with λ2 (λ2 > λ1) being the

second eigenvalue of (−△, H1

0
(Z)). In this more general setting, the nonlinearity f(z, x) need

not be bounded. This more general situation was examined by Berestycki-De Figueiredo [2],

Landesman-Robinson-Rumbos [8], Nkashama [11], Robinson [13],[14], Rumbos [15] and Su [16].

From these works, Berestycki-De Figueiredo [2], Nkashama [11], Robinson [13] and Rumbos [15],

prove existence theorems in a double resonance setting (i.e. asymptotically at ±∞, we have



CUBO
10, 3 (2008)

Multiple Solutions for Doubly ... 23

complete interaction of the ”slope” f(z,x)

x
with both ends of the spectral interval [0, λ2 − λ1]; see

Berestycki-De Figueiredo [2] who coined the term ”double resonance” and Robinson [13]) or in a

one-sided resonance setting (i.e. the ”slope” f(z,x)

x
is not allowed to cross λ2 − λ1; see Nkashama

[11] and Rumbos [15]). Multiplicity results were proved by Landesman-Robinson-Rumbos [8] (one-

sided resonant problems) and by Robinson [14] and Su [16] (doubly resonant problems).

In this paper, we extend the work of Landesman-Robinson-Rumbos [8] and partially extend

and complement the works of Robinson [14] and Su [16], by covering cases which are not included

in their multiplicity results.

2 Mathematical background

We start by recalling some basic facts about the following weighted linear eigenvalue problem:
{

−△u(z) = ̂λm(z)u(z) a.e. on Z,

u|∂Z = 0, ̂λ ∈ R.

}

(2.1)

Here m ∈ L∞(Z)+ = {m ∈ L∞(Z) : m(z) ≥ 0 a.e. on Z}, m 6= 0 (the weight function). By an

eigenvalue of (2.1), we mean a real number ̂λ, for which problem (2.1) has a nontrivial solution

u ∈ H1

0
(Z). It is well-known (see for example Gasinski-Papageorgiou [5]), that problem (2.1) (or

equivalently that (−△, H1

0
(Z),m)), has a sequence {̂λk(m)}k≥1 of distinct eigenvalues, ̂λ1(m) > 0

and ̂λk(m) → +∞ as k → +∞. Moreover, ̂λ1(m) > 0 is simple (i.e. the corresponding eigenspace

E(̂λ1) is one-dimensional). Also we can find an orthonormal basis {un}n≥1 ⊆ H1

0
(Z)∩C∞(Z) for

the Hilbert space L2(Z) consisting of eigenfunctions corresponding to the eigenvalues {̂λk(m)}k≥1.

Note that {un}n≥1 is also an orthogonal basis for the Hilbert space H1

0
(Z). Moreover, since by

hypothesis ∂Z is a C2-manifold, then un ∈ C2(Z) for all n ≥ 1. For every k ≥ 1, by E(̂λk) we

denote the eigenspace corresponding to the eigenvalue ̂λk(m). This space has the so-called ”unique

continuation property”, namely, if u ∈ E(̂λk) is such that it vanishes on a set of positive measure,

then u(z) = 0 for all z ∈ Z. We set

Hk =
k

⊕
i=1

E(̂λi)

and ̂Hk+1 = ⊕
i≥k+1

E(λi) = H
⊥

k , k ≥ 1.

We have the orthogonal direct sum decomposition

H1

0
(Z) = Hk ⊕ ̂Hk+1.

Using these spaces, we can have useful variational characterizations of the eigenvalues {̂λk(m)}k≥1

using the Rayleigh quotient. Namely we have:

̂λ1(m) = min

[

‖Du‖2

2
∫

Z
mu2dz

: u ∈ H1

0
(Z), u 6= 0

]

. (2.2)
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In (2.2) the minimum is attained on E(̂λ1)\{0}. By u1 ∈ C2

0
(Z), we denote the principal

eigenfunction satisfying
∫

Z
mu2

1
dz = 1. For k ≥ 2, we have

̂λk(m) = max

[

‖Du‖2

2
∫

Z
mu2dz

: u ∈ Hk, u 6= 0

]

(2.3)

= min

[

‖Dû‖2

2
∫

Z
mû2dz

: û ∈ ̂Hk, û 6= 0

]

. (2.4)

In (2.3) (resp.(2.4)), the maximum (resp.minimum) is attained on E(̂λk). From these varia-

tional characterizations of the eigenvalues and the unique continuation property of the eigenspaces

E(̂λk), we see that the eigenvalues {̂λk(m)}k≥1 have the following strict monotonicity property:

”If m1,m2 ∈ L∞(Z)+, m1(z) ≤ m2(z) a.e. on Z and m1 6= m2, then ̂λk(m2) < ̂λk(m1) for all

k ≥ 1.”

If m ≡ 1, then we simply write λk for all k ≥ 1 and we have the full-spectrum of (−△, H1

0
(Z)).

Let H be a Hilbert space and ϕ ∈ C1(H). We say that ϕ satisfies the ”Cerami condition” (the

C-condition for short), if the following is true:”every sequence {xn}n≥1 ⊆ H such that |ϕ(xn)| ≤

M1 for some M1 > 0, all n ≥ 1 and (1 + ‖xn‖)ϕ
′(xn) → 0 in H∗ as n → ∞, has a strongly

convergent subsequence”.

This condition is a weakened version of the well-known Palais-Smale condition (PS-condition

for short). Bartolo-Benci-Fortunato [1], showed that the C-condition suffices to prove a deformation

theorem and from this produce minimax expressions for the critical values of the functional ϕ.

For every c ∈ R, let

ϕc = {x ∈ X : ϕ ≤ c} (the sublevel set at c of ϕ),

K = {x ∈ x : ϕ′(x) = 0} (the set of critical points of ϕ)

and Kc = {x ∈ K : ϕ(x) = c} (the critical points of ϕ at level c).

If X is a Hausdorff topological space and Y a subspace of it, for every integer n ≥ 0, by

Hn(X,Y ) we denote the nth-relative singular homology group with integer coefficients. The critical

groups of ϕ at an isolated critical point x0 ∈ H with ϕ(x0) = c, are defined by

Cn(ϕ, x0) = Hn(ϕc ∩ U, (ϕc ∩ U)\{x0}),

where U is a neighborhood of x0 such that K ∩ϕc ∩U = {x0}. By the excision property of singular

homology theory, we see that the above definition of critical groups, is independent of U (see for

example Mawhin-Willem [10]).

Suppose that −∞ < inf ϕ(K). Choose c < inf ϕ(K). The critical groups at infinity, are defined

by

Ck(ϕ,∞) = Hk(H,ϕc) for all k ≥ 0.
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If K is finite, then the Morse-type numbers of ϕ, are defined by

Mk =
∑

x∈K

rankCk(ϕ, x).

The Betti-type numbers of ϕ, are defined by

βk = rankCk(ϕ,∞).

By Morse theory (see Chang [4] and Mawhin-Willem [10]), we have

m
∑

k=0

(−1)m−kMk ≥

m
∑

k=0

(−1)m−kβk

and
∑

k≥0

(−1)kMk =
∑

k≥0

(−1)kβk.

From the first relation, we deduce that βk ≤ Mk for all k ≥ 0. Therefore, if βk 6= 0 for some

k ≥ 0, then ϕ must have a critical point x ∈ H and the critical group Ck(ϕ, x) is nontrivial. The

second relation (the equality), is known as the ”Poincare-Hopf formula”. Finally, if K = {x0},

then Ck(ϕ,∞) = Ck(ϕ, x0) for all k ≥ 0.

3 Multiplicity of solutions

The hypotheses on the nonlinearity f(z, x) are the following:

H(f): f : Z × R → R is a function such that f(z, 0) = 0 a.e. on Z and

(i) for all x ∈ R, z → f(z, x) is measurable;

(ii) for almost all z ∈ Z, f(z, ·) ∈ C1(R);

(iii) |f ′

x(z, x)| ≤ c(1 + |x|r), r < 4

N−2
, c > 0.

(iv) 0 ≤ lim inf
|x|→∞

f(z,x)

x
≤ lim sup

|x|→∞

f(z,x)

x
≤ λ2 − λ1 uniformly for a.a. z ∈ Z;

(v) suppose that ‖xn‖ → ∞,

(i) if
‖x0

n
‖

‖xn‖
→ 1, xn = x0

n + x̂n with x0

n ∈ E(λ1) = H1, x̂n ∈ ̂H2, then there exist γ1 > 0

and n1 ≥ 1 such that
∫

Z

f(z, xn(z))x0

n(z)dz ≥ γ1 for all n ≥ n1;

(ii) if
‖x0

n
‖

‖xn‖
→ 1, xn = x0

n + x̂n with x0

n ∈ E(λ2), x̂n ∈ W = E(λ2)
⊥, then there exist

γ2 > 0 and n ≥ 1 such that
∫

Z

(f(z, xn(z)) − (λ2 − λ1)xn(z))x0

n(z)dz ≤ −γ2 for all n ≥ n2;
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(vi) if F (z, x) =
∫ x

0
f(z, s)ds, then there exist η ∈ L∞(Z) and δ > 0, such that η(z) ≤ 0 a.e.

on Z with strict inequality on a set of positive measure and

F (z, x) ≤
η(z)

2
x2 for a.a. z ∈ Z and all |x| ≤ δ.

Remark 3.1. Hypothesis H(f)(iv) implies that asymptotically at ±∞, we have double resonance.

Hypothesis H(f)(v) is a generalized LL-condition. Similar conditions can be found in the works

of Landesman-Robinson-Rumbos [8], Robinson [13],[14] and Su [16]. Consider a C2-function x→

F (x) which in a neighborhood of zero equals x4 − sinx2, while for |x| large (say |x| ≥ M > 0),

F (x) = c|x|
3

2 , c > 0. If f(x) = F ′(x), then f ∈ C1(R) satisfies hypothesis H(f) above. To verify

the generalized LL-condition in hypothesis H(f)(v), we use Lemma 2.1 of Su-Tang [17]. Similarly

we can consider if near the origin, F (x) = 1

2
x2 − tan−1x2 or F (x) = −cosx2. This second case is

interesting because then f(x) = 2xsinx2 and f ′(x) = 2sinx2+4x2cosx2. So f ′(0) = 0. This example,

which is covered by hypotheses H(f), illustrates that our framework of analysis incorporates also

problems with resonance at zero with respect to λ1 > 0 (double-double resonance). This is not

possible in the setting of Landesman-Robinson-Rumbos [8] (see Theorem 2 in [8]). Also such a

potential function is not covered by the multiplicity results of Robinson [14] (theorem 2) and Su

[16] (Theorem 2).

We consider the Euler functional for problem (1.1), ϕ : H1

0
(Z) → R defined by

ϕ(x) =
1

2
‖Dx‖2

2
−
λ1

2
‖x‖2

2
−

∫

Z

F (z, x(z))dz for all x ∈ H1

0
(Z).

It is well-known that ϕ ∈ C2(H1

0
(Z)) and if by 〈·, ·〉 we denote the duality brackets for the

pair (H1

0
(Z), H−1(Z) = H1

0
(Z)∗), we have

〈ϕ′(x), y〉 =

∫

Z

(Dx,Dy)RNdz − λ1

∫

Z

xydz −

∫

Z

f(z, x(z))y(z)dz

and ϕ′′(x)(u, v) =

∫

Z

(Du,Dv)RNdz − λ1

∫

Z

uvdz −

∫

Z

f ′(z, x(z))u(z)v(z)dz

for all x, y, u, v ∈ H1

0
(Z).

Proposition 3.2. If hypotheses H(f) hold then ϕ satisfies the C-condition.

Proof. Let {xn}n≥1 ⊆ H1

0
(Z) be a sequence such that

(1 + ‖xn‖)ϕ
′(xn) → 0 as n→ ∞.

We will show that {xn}n≥1 ⊆ H1

0
(Z) is bounded. We argue indirectly. Suppose that

{xn}n≥1 ⊆ H1

0
(Z) is unbounded. We may assume that ‖xn‖ → ∞. Let yn = xn

‖xn‖
, n ≥ 1.

By passing to a suitable subsequence if necessary, we may assume that

yn
w
→ y in H1

0
(Z), yn → y in L2(Z), yn(z) → y(z) a.e. on Z

and |yn(z)| ≤ k(z) a.e. on Z, for all n ≥ 1, with k ∈ L2(Z)+.



CUBO
10, 3 (2008)

Multiple Solutions for Doubly ... 27

Hypotheses H(f)(iii) and (iv), imply that

|f(z, x)| ≤ a(z) + c|x| for a.a. z ∈ Z, all x ∈ R, with a ∈ L∞(Z)+, c > 0,

⇒
|f(z, xn(z))|

‖xn‖
≤

a(z)

‖xn‖
+ c|yn(z)| for a.a. z ∈ Z, all n ≥ 1, (3.1)

⇒

{

f(·, xn(·))

‖xn‖

}

n≥1

⊆ L2(Z) is bounded.

Thus we may assume that

f(·, xn(·))

‖xn‖

w
→ h in L2(Z) as n→ ∞.

For every ε > 0 and n ≥ 1, we set

C+

ε,n = {z ∈ Z : xn(z) > 0, −ε ≤
f(z, xn(z))

xn(z)
≤ λ2 − λ1 + ε}

and C−

ε,n = {z ∈ Z : xn(z) < 0, −ε ≤
f(z, xn(z))

xn(z)
≤ λ2 − λ1 + ε}

Note that xn(z) → +∞ a.e. on {y > 0} and xn(z) → −∞ a.e. on {y < 0}. Then by virtue of

hypothesis H(f)(iv), we have

χ
C

+

ε,n
(z) → χ{y>0}(z) and χ

C
−

ε,n
(z) → χ{y<0}(z) a.e. on Z.

Using the dominated convergent theorem, we see that

‖(1 − χ
C

+

ε,n
)
f(·, xn(·))

‖xn‖
‖L2({y>0}) → 0

and ‖(1 − χ
C
−

ε,n
)
f(·, xn(·))

‖xn‖
‖L2({y<0}) → 0 as n→ ∞.

It follows that

χ
C

+

ε,n
(·)
f(·, xn(·))

‖xn‖

w
→ h in L({y > 0})

and χ
C
−

ε,n
(·)
f(·, xn(·))

‖xn‖

w
→ h in L({y < 0}) as n→ ∞.

From the definitions of the sets C+

ε,n and C−

ε,n we have

−εyn(z) ≤
f(z, xn(z))

‖xn‖
=
f(z, xn(z))

xn(z)
yn(z) ≤ (λ2 − λ1 + ε)yn(z) a.e. on C+

ε,n

and

−εyn(z) ≥
f(z, xn(z))

‖xn‖
=
f(z, xn(z))

xn(z)
yn(z) ≥ (λ2 − λ1 + ε)yn(z)a.e. on C−

ε,n.
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Passing to the limit as n→ ∞, using Mazur’s lemma and recalling that ε > 0 is arbitrary, we

obtain

0 ≤ h(z) ≤ (λ2 − λ1)y(z) a.e. on {y > 0} (3.2)

and 0 ≥ h(z) ≥ (λ2 − λ1)y(z) a.e. on {y < 0}. (3.3)

Moreover, from (3.1) it is clear that

h(z) = 0 a.e. on {y = 0}. (3.4)

From (3.2), (3.3) and (3.4), it follows that

h(z) = g(z)y(z) a.e. on Z,

where g ∈ L∞(Z)+, 0 ≤ g(z) ≤ λ2 − λ1 a.e. on Z.

Recall that by 〈·, ·〉 we denote the duality brackets for the pair (H1

0
(Z), H−1(Z)).

Let A ∈ L(H1

0
(Z), H−1(Z)) be defined by

〈A(x), y〉 =

∫

Z

(Dx,Dy)RNdz for all x, y ∈ H1

0
(Z).

Also let N : L2(Z) → L2(Z) be the Nemitskii operator corresponding to the nonlinearity

f(z, x), i.e.

N(x)(·) = f(·, x(·)) for all x ∈ L2(Z).

Because of (3.1), by Krasnoselskii’s theorem, we know that N is continuous and bounded.

Moreover, exploiting the compact embedding of H1

0
(Z) into L2(Z), we see that N is completely

continuous (hence compact too) as a map from H1

0
(Z) into L2(Z) (see for example Gasinski-

Papageorgiou [5], pp.267-268). We have

ϕ′(xn) = A(xn) − λ1xn −N(xn) for all n ≥ 1.

From the choice of the sequence {xn}n≥1 ⊆ H1

0
(Z), we know that

|〈ϕ′(xn), v〉| ≤ εn for all v ∈ H1

0
(Z) with εn ↓ 0,

⇒

∣

∣

∣

∣

〈A(yn) − λ1yn −
N(xn)

‖xn‖
, v〉

∣

∣

∣

∣

≤
εn

‖xn‖
for all n ≥ 1. (3.5)

Let v = yn − y ∈ H1

0
(Z), n ≥ 1. Then

∣

∣

∣

∣

〈A(yn), yn − y〉 − λ1

∫

Z

yn(yn − y)dz −

∫

Z

N(xn)

‖xn‖
(yn − y)dz

∣

∣

∣

∣

≤
εn

‖xn‖
for all n ≥ 1. (3.6)



CUBO
10, 3 (2008)

Multiple Solutions for Doubly ... 29

Evidently

∫

Z

yn(yn − y)dz → 0 and

∫

Z

N(xn)

‖xn‖
(yn − y) → 0 as n→ ∞.

So from (3.6), we infer that

〈A(yn), yn − y〉 → 0. (3.7)

We have A(yn)
w
→ A(y) in H−1(Z). From (3.7) it follows that

〈A(yn), yn〉 → 〈A(y), y〉,

⇒‖Dyn‖2 → ‖Dy‖2.

Also Dyn
w
→ Dy in L2(Z,RN). Since the Hilbert space L2(Z,RN) has the Kadec-Klee property,

we deduce that

Dyn → Dy in L2(Z,RN) ⇒ yn → y in H1

0
(Z), i.e. ‖y‖ = 1, y 6= 0.

We return to (3.5) and we pass to the limit as n→ ∞. We obtain

〈A(y) − λ1y − gy, v〉 = 0 for all v ∈ H1

0
(Z),

⇒A(y) = (λ1 + g)y in H−1(Z),

⇒−△y(z) = (λ1 + g(z))y(z) a.e. on Z, y|∂Z = 0. (3.8)

We distinguish three cases for problem (3.8) depending on where the function g ∈ L∞(Z)+

stands in the interval [0, λ2 − λ1].

Case 1: g(z) = 0 a.e. on Z.

Then from (3.8), we have

−△y(z) = λ1y(z) a.e. on Z, y|∂Z = 0,

⇒y ∈ E(λ1), y 6= 0.

We consider the orthogonal direct sum decomposition H1

0
(Z) = E(λ1) ⊕ ̂H2, ̂H2 = E(λ1)

⊥.

Then for every n ≥ 1, we have

xn = x0

n + x̂n and x0

n ∈ E(λ1), x̂n ∈ ̂H2.

We have yn = y0

n + ŷn, with

y0

n =
x0

n

‖xn‖
∈ E(λ1) and ŷn =

x̂n

‖xn‖
∈ ̂H2 for all n ≥ 1.
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Since y ∈ E(λ1), ‖y‖ = 1, we have

‖x0

n‖

‖xn‖
→ 1 as n→ ∞.

Recall that
∣

∣

∣

∣

〈A(xn), v〉 − λ1

∫

Z

xnvdz −

∫

Z

N(xn)vdz

∣

∣

∣

∣

≤ εn for all v ∈ H1

0
(Z).

Let v = x0

n ∈ H1

0
(Z). We have

∣

∣

∣

∣

‖Dx0

n‖
2

2
− λ1‖x

0

n‖
2

2
−

∫

Z

f(z, xn(z))x0

n(z)dz

∣

∣

∣

∣

≤ εn,

⇒

∫

Z

f(z, xn(z))x0

n(z)dz ≤ εn (see (2.2)) for all n ≥ 1. (3.9)

But by virtue of hypothesis H(f)(v)

0 < γ1 ≤

∫

Z

f(z, x(z))x0

n(z)dz for all n ≥ n1. (3.10)

Comparing (3.9) and (3.10), we reach a contradiction.

Case 2: g(z) = λ2 − λ1 a.e. on Z.

In this case, from (3.8) we have

−△y(z) = λ2y(z) a.e. on Z, y|∂Z = 0,

⇒y ∈ E(λ2), y 6= 0.

Now we consider the orthogonal direct sum decomposition H1

0
(Z) = E(λ2) ⊕W, with W =

E(λ2)
⊥. Then

xn = x0

n + x̂n with x0

n ∈ E(λ2), x̂n ∈ W, n ≥ 1.

Since y ∈ E(λ2), ‖y‖ = 1, we have

‖x0

n‖

‖xn‖
→ 1 as n→ ∞. (3.11)

We have

|〈A(xn), v〉 − λ1

∫

Z

xnvdz −

∫

Z

f(z, xn(z))v(z)dz| ≤ εn

for all v ∈ H1

0
(Z), with εn ↓ 0.
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Let v = x0

n. Then
∣

∣

∣

∣

‖Dx0

n‖
2

2
− λ1‖x

0

n‖
2

2
−

∫

Z

f(z, xn(z))x0

n(z)dz

∣

∣

∣

∣

≤ εn,

⇒

∣

∣

∣

∣

‖Dx0

n‖
2

2
− λ2‖x

0

n‖
2

2
−

∫

Z

(f(z, xn(z)) − (λ2 − λ1)xn(z))x0

n(z)dz

∣

∣

∣

∣

≤ εn,

⇒

∫

Z

(f(z, xn(z)) − (λ2 − λ1)xn(z))x0

n(z)dz ≥ −εn (see (2.3) and (2.4)). (3.12)

But again hypothesis H(f)(v) implies

0 > −γ2 ≥

∫

Z

(f(z, xn(z)) − (λ2 − λ1)xn(z))x0

n(z)dz for all n ≥ n2. (3.13)

Comparing (3.12) and (3.13) we reach a contradiction.

Case 3: 0 ≤ g(z) ≤ λ2 − λ1 a.e. on Z with g 6= 0, g 6= λ2 − λ1.

Note that

λ1 ≤ λ1 + g(z) ≤ λ2 a.e. on Z

and the inequalities are strict on sets (in general different) of positive measure. Exploiting the

strict monotonicity property of the eigenvalues of (−△, H1

0
(Z), m) on the weight function m (see

Section 2), we have

̂λ1(λ1 + g) < ̂λ1(λ1) = 1

and ̂λ2(λ1 + g) > ̂λ2(λ2) = 1.

Combining this with (2.2), we see that y = 0, a contradiction to the fact that ‖y‖ = 1.

So in all these cases we have reached a contradiction. This means that {xn}n≥1 is bounded

and so we may assume (at least for a subsequence) that

xn
w
→ x in H1

0
(Z), xn → x in L2(Z), xn(z) → x(z) a.e. on Z

and |xn(z)| ≤ k(z) a.e. on Z for all n ≥ 1, with k ∈ L2(Z)+.

Recall that
∣

∣

∣

∣

〈A(xn), xn − x〉 − λ1

∫

Z

xn(xn − x)dz −

∫

Z

f(z, xn(z))(xn − x)dz

∣

∣

∣

∣

≤ εn.

Since ∫

Z

xn(xn − x)dz → 0 and

∫

Z

f(z, xn(z))(xn − x)(z)dz → 0 as n→ ∞,

we obtain

〈A(xn), xn − x〉 → 0 as n→ ∞.

We know that A(xn)
w
→ A(x) in H−1(Z). So as before, via the Kadec-Klee property of H1

0
(Z),

we conclude that xn → x in H1

0
(Z). This proves that ϕ satisfies the C-condition.
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In the sequel, we will need the following simple lemma:

Lemma 3.3. If β ∈ L∞(Z), β(z) ≤ λ1 a.e. on Z and the inequality is strict on a set of positive

measure, then there exists ξ1 > 0 such that

ψ(x) = ‖Dx‖2

2
−

∫

Z

β(z)x(z)2dz ≥ ξ1‖Dx‖
2

2
for all x ∈ H1

0
(Z).

Proof. From (2.2), we see that ψ ≥ 0. Suppose that the lemma is not true. Exploiting the 2-

homogeneity of ψ, we can find {xn}n≥1 ⊆ H1

0
(Z) such that

‖Dxn‖2 = 1 for all n ≥ 1 and ψ(xn) ↓ 0 as n→ ∞.

By Poincare’s inequality {xn}n≥1 ⊆ H1

0
(Z) is bounded. So we may assume that

xn
w
→ x in H1

0
(Z), xn → x in L2(Z), xn(z) → x(z) a.e. on Z

and |xn(z)| ≤ k(z) a.e. on Z for all n ≥ 1, with k ∈ L2(Z)+.

From the weak lower semicontinuity of the norm functional, we have

‖Dx‖2

2
≤ lim inf

n→∞

‖Dxn‖
2

2
,

while from the dominated convergence theorem, we have

∫

Z

β(z)xn(z)2dz →

∫

Z

β(z)x(z)2dz as n→ ∞.

Hence

ψ(x) ≤ lim inf
n→∞

ψ(xn) = 0, (3.14)

⇒‖Dx‖2

2
≤

∫

Z

β(z)x(z)2dz ≤ λ1‖x‖
2

2
,

⇒‖Dx‖2

2
= λ1‖x‖

2

2
(see (2.2)),

⇒x = 0 or x = ±u1 with u1 ∈ E(λ1).

If x = 0, then ‖Dxn‖2 → 0, a contradiction to the fact that ‖Dxn‖2 = 1 for all n ≥ 1.

If x = ±u1, then |x(z)| > 0 for all z ∈ Z and so from the first inequality in (3.9) and the

hypothesis on β, we have

‖Dx‖2

2
< λ1‖x‖

2

2
,

a contradiction to (2.2).

Using this lemma, we prove the following proposition.

Proposition 3.4. If hypotheses H(f) hold, then the origin is a local minimizer of ϕ.
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Proof. Let δ > 0 be as in hypothesis H(f)(vi) and consider the closed ball

B
C1

0

δ = {x ∈ C1

0
(Z) : ‖x‖C1

0
(Z)

≤ δ}.

By virtue of hypothesis H(f)(vi), for every x ∈ B
C1

0

δ , we have

F (z, x(z)) ≤
η(z)

2
x(z)2 for a.a. z ∈ Z. (3.15)

Thus, for all x ∈ B
C1

0

δ , we have

ϕ(x) =
1

2
‖Dx‖2

2
−
λ1

2
‖x‖2

2
−

∫

Z

F (z, x(z))dz

≥
1

2
‖Dx‖2

2
−

1

2

∫

Z

(λ1 + η(z))x(z)2dz (see (3.15))

≥
ξ1

2
‖Dx‖2

2
(apply Lemma 3.3 with g = λ1 + η ∈ L∞(Z))

≥ 0 = ϕ(0). (3.16)

From (3.16) we see that x = 0 is a local C1

0
(Z)-minimizer of ϕ. But then from Brezis-Nirenberg

[3], we have that x = 0 is a local H1

0
(Z)-minimizer of ϕ.

We may assume that the origin is an isolated critical point of ϕ or otherwise we have a sequence

of nontrivial solutions for problems (1.1). Then from the description of the critical groups at an

isolated local minimizer (see Chang [4], p.33 and Mawhin-Willem [10], p.175), we have:

Corollary 3.5. If hypotheses H(f) hold, then Ck(ϕ, 0) = δk,0Z for all k ≥ 0.

In the next proposition, we produce the first nontrivial solution for problem (1.1).

Proposition 3.6. If hypotheses H(f) hold then problem (1.1) has a nontrivial solution x0 ∈ C1

0
(Z)

and x0 is a critical point of ϕ of mountain pass-type.

Proof. Recall that x = 0 is an isolated local minimum of ϕ. So we can find ρ0 > 0 such that

ϕ|∂Bρ0
> 0. (3.17)

Let u1 ∈ C1

0
(Z) be the L2(Z)-normalized principal eigenfunction of (−△, H1

0
(Z)) and let

t > 0. For 0 < β0 < t, via the mean value theorem, we have

F (z, tu1(z)) = F (z, β0u1(z)) +

∫ t

β0

f(z, µu1(z))u1(z)dµ a.e. on Z. (3.18)

Integrating over Z and using Fubini’s theorem, we obtain

∫

Z

F (z, tu1(z))dz =

∫

Z

F (z, β0u1(z))dz +

∫ t

β0

1

µ

∫

Z

f(z, µu1(z))µu1(z)dzdµ.
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Choosing β0 > 0 large, because of hypothesis H(f)(v), we have

∫

Z

f(z, µu1(z))µu1(z)dz ≥ γ1 > 0 for all µ ∈ [β0, t]. (3.19)

From (3.18) and (3.19), we obtain

∫

Z

F (z, tu1(z))dz ≥

∫

Z

F (z, β0u1(z))dz +

∫ t

β0

γ1

µ
dµ for β0 > 0 large,

⇒

∫

Z

F (z, tu1(z))dz ≥

∫

Z

F (z, β0u1(z))dz + γ1(lnt− lnβ0). (3.20)

So from (3.20) it follows that

−

∫

Z

F (z, tu1(z))dz → −∞ as t→ +∞.

Hence

ϕ(tu1) = −

∫

Z

F (z, tu1(z))dz → −∞ as t→ +∞ (see (2.2)).

Therefore for t > 0 large, we have

ϕ(tu1) < ϕ(0) = 0 < inf
∂Bρ0

ϕ = c.

This fact together with Proposition 3.2, permit the use of the mountain pass theorem (see Bartolo-

Benci-Fortunato [1]), which gives x0 ∈ H1

0
(Z) such that

ϕ′(x0) = 0 and ϕ(0) = 0 < c ≤ ϕ(x0). (3.21)

From (3.21), we deduce that x0 6= 0. From the equality in (3.21), we have

A(x0) = λ1x0 +N(x0),

⇒−△x0(z) = λ1x0(z) + f(z, x0(z)) a.e. on Z, x0|∂Z = 0.

Thus x0 ∈ H1

0
(Z) is a nontrivial solution of problem (1.1) and from regularity theory (see for

example Gasinski-Papageorgiou [5], pp.737-738), we have x0 ∈ C1

0
(Z). Let d = ϕ(x0) and assume

without loss of generality that Kd is discrete (otherwise we have a whole sequence of nontrivial

solutions for problem (1.1)). Then invoking Theorem 1 of Hofer [6], we can say that x0 ∈ C1

0
(Z)

is a critical point of ϕ which is of mountain pass-type.

From the description of the critical groups for a critical point of a mountain pass-type (see

Chang [4], p.91 and Mawhin-Willem [10], pp.195-196), we have:

Corollary 3.7. If hypotheses H(f) hold and x0 ∈ C1

0
(Z) is the nontrivial solution of (1.1) obtained

in Proposition 3.6, then Ck(ϕ, x0) = δk,1Z for all k ≥ 0.
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In the next proposition, we determine the critical groups of ϕ at infinity.

To do this, we will need the following slight generalization of Lemma 2.4 of Perera-Schechter

[12].

Lemma 3.8. If H is a Hilbert space, {ϕt}t∈[0,1] is a one-parameter family of C1(H)-functions

such that ϕ′

t and ∂tϕt are both locally Lipschitz in u ∈ H and there exists R > 0 such that

inf[(1 + ‖u‖)‖ϕ′

t(u)‖ : t ∈ [0, 1], ‖u‖ > R] > 0

and inf[ϕt(u) : t ∈ [0, 1], ‖u‖ ≤ R] > −∞,

then Ck(ϕ0,∞) = Ck(ϕ1,∞) for all k ≥ 0.

Proof. Let ξ < inf[ϕt(u) : t ∈ [0, 1], ‖u‖ ≤ R]. Let h(t;u) (t ∈ [0, 1], u ∈ ϕ
ξ
0
) be the flow generated

by the Cauchy problem

·

h(t) = −
∂tϕt(h(t))

‖ϕ′

t(h(t))‖2
ϕ′

t(h(t)) a.e. on R+, h(0) = u.

We have

d

dt
ϕt(h(t)) = 〈ϕ′

t(h(t)),
·

h(t)〉 + ∂tϕt(h(t)) = 0 for all t ≥ 0,

⇒ϕt(h(t)) = ϕ0(u) for all t ≥ 0.

Since u ∈ ϕa
0
, we have ϕt(h(t)) ≤ ξ and so ‖h(t)‖ > R for all t ≥ 0. This then by virtue of the

hypothesis of the lemma, implies that this flow exists for all t ≥ 0 (see Bartolo-Benci-Fortunato

[1]).

It can be reversed, if we replace ϕt with ϕ1−t. Therefore h(1) is a homeomorphism of ϕξ
0

and

ϕ
ξ
1

and so

Ck(ϕ0,∞) = Hk(H,ϕξ
0
) ∼= Hk(H,ϕξ

1
) = Ck(ϕ1,∞).

Proposition 3.9. If hypotheses H(f)(i) → (v) hold, then Ck(ϕ,∞) = δk,1Z for all k ≥ 0.

Proof. Let 0 < σ < λ2 − λ1 and consider the following one-parameter C2-functions on the Hilbert

space H1

0
(Z) :

ϕt(x) =
1

2
‖Dx‖2

2
−
λ1 + σ

2
‖x‖2

2
− t

∫

Z

(F (z, x(z)) − σx(z))dz for all x ∈ H1

0
(Z).

We claim that we can find R > 0 such that

inf[(1 + ‖u‖)‖ϕ′

t(u)‖ : t ∈ [0, 1], ‖u‖ > R] > 0. (3.22)
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Suppose that this is not possible. Then we can find tn → t ∈ [0, 1] and ‖un‖ → ∞ such that

ϕ′

tn
(un) → 0 in H−1(Z) as n→ ∞. Let yn = un

‖un‖
, n ≥ 1. By passing to a suitable subsequence if

necessary, we may assume that

yn
w
→ y in H−1(Z), yn → y in L2(Z), yn(z) → y(z) a.e. on Z,

and |yn(z)| ≤ k(z) for a.a. z ∈ Z, all n ≥ 1, with k ∈ L2(Z).

We have

∣

∣

∣

∣

〈
ϕ′

tn
(un)

‖un‖
, v〉

∣

∣

∣

∣

≤ εn for all v ∈ H
(

0
Z), with εn ↓ 0 (see (3.22))

⇒

∣

∣

∣

∣

〈A(yn), v〉 − (λ1 + σ)

∫

Z

ynvdz − tn

∫

Z

N(un)

‖un‖
vdz + tnσ

∫

Z

ynvdz

∣

∣

∣

∣

≤ εn (3.23)

From the proof of Proposition 3.2, we know that

N(un)

‖un‖

w
→ h = gy in L2(Z)

with g ∈ L∞(Z)+, 0 ≤ g(z) ≤ λ2 − λ1 a.e. on Z. Moreover, arguing as in that proof, we can also

show that

yn → y in H1

0
(Z), hence ‖y‖ = 1, i.e. y 6= 0.

So, if we pass to the limit as n→ ∞ in (3.23), we obtain

〈A(y), v〉 = (λ1 + σ)

∫

Z

yvdz + t

∫

Z

(g + σ)yvdz for all v ∈ H1

0
(Z),

⇒A(y) = (λ1 + (1 − t)σ + tg)y. (3.24)

As in the proof of Proposition 3.2, we consider three distinct possibilities for the weight

function m = λ1 + (1 − t)σ + tg ∈ L∞(Z)+.

Case 1: t = 1 and g = 0.

From (3.24), we have

A(y) = λ1(y),

⇒−△y(z) = λ1y(z) a.e. on Z, y|∂Z = 0,

⇒y ∈ E(λ1), y 6= 0.

So, if un = u0

n + ûn with u0

n ∈ E(λ1), ûn ∈ ̂H2 = E(λ1)
⊥, n ≥ 1, then

‖u0

n‖

‖un‖
→ 1 as n→ ∞. (3.25)
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We have
∣

∣

∣

∣

〈A(un), v〉 − (λ1 + σ)

∫

Z

unvdz − tn

∫

Z

N(un)vdz + tnσ

∫

Z

unvdz

∣

∣

∣

∣

≤ εn

for all v ∈ H1

0
(Z).

Let v = u0

n ∈ E(λ1). We obtain

∣

∣

∣

∣

‖Du0

n‖
2

2
− (λ1 + σ)‖u0

n‖
2

2
− tn

∫

Z

f(z, un(z))u0

n(z)dz + tnσ‖u
0

n‖
2

2

∣

∣

∣

∣

≤ εn. (3.26)

Since u0

n ∈ E(λ1), we know that ‖Du0

n‖
2

2
= λ1‖u

0

n‖
2

2
. Also because of (3.25) and hypothesis

H(f)(v), we have
∫

Z

f(z, un(z))u0

n(z)dz ≥ γ1 for all n ≥ n1.

Then from (3.26), we obtain

(1 − tn)σ‖u0

n‖
2

2
+ tnγ1 ≤ εn for all n ≥ n1,

⇒tnγ1 ≤ εn for all n ≥ n1.

Since tn → t = 1 and εn ↓ 0, in the limit as n→ ∞, we obtain

0 < γ1 ≤ 0,

a contradiction.

Case 2: t = 1 and g = λ2 − λ1.

From (3.24), we have

A(y) = λ2y,

⇒−△y(z) = λ2y(z) a.e. on Z, y|∂Z = 0,

⇒y ∈ E(λ2), y 6= 0.

Now we write un = u0

n + ûn with u0

n ∈ E(λ2) and ûn ∈W = E(λ2)
⊥. We have

‖u0

n‖

‖un‖
→ 1 as n→ ∞. (3.27)

Recall that
∣

∣

∣

∣

〈A(un), v〉 − (λ1 + σ)

∫

Z

unvdz − tn

∫

Z

N(un)vdz + tnσ

∫

Z

unvdz

∣

∣

∣

∣

≤ εn

for all v ∈ H1

0
(Z).
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Let v = u0

n ∈ E(λ2). We obtain

∣

∣

∣

∣

‖Du0

n‖
2

2
− tnλ2‖u

0

n‖
2

2
− (1 − tn)(λ1 + σ)‖u0

n‖
2

2

− tn
∫

Z
(f(z, un(z)) − (λ2 − λ1)un(z))u0

n(z)dz

∣

∣

∣

∣

≤ εn.

(3.28)

Note that tnλ2 + (1 − tn)(λ1 + σ) < λ2 and so

0 < ‖Du0

n‖
2

2
− (tnλ2 + (1 − tn)(λ1 + σ))‖u0

n‖
2

2
. (3.29)

In addition because of (3.27) and hypothesis H(f)(v), we have

∫

Z

(f(z, un(z)) − (λ2 − λ1)un(z))u0

n(z)dz ≤ −γ2 < 0 for all n ≥ n2. (3.30)

Using (3.29) and (3.30) in (3.28), we obtain

tnγ2 ≤ εn for all n ≥ n2.

Passing to the limit as n→ ∞ and recalling that tn → 1 and ε ↓ 0, we get

0 < γ2 ≤ 0,

again a contradiction.

Case 3: t 6= 1 or 0 ≤ g(z) ≤ λ2 − λ1 a.e. on Z with g 6= 0 and g 6= λ2 − λ1.

From (3.24), we have

A(y) = (λ1 + ̂ξ)y, y 6= 0 with ̂ξ = (1 − t)σ + tg ∈ L∞(Z)+,

⇒−△y(z) = (λ1 + ̂ξ(z))y(z) a.e. on Z, y|∂Z = 0. (3.31)

Note that since t 6= 1 or (g 6= 0 and g 6= λ2 − λ1), we have

λ1 ≤ λ1 + ̂ξ(z) ≤ λ2 a.e. on Z, λ1 6= λ1 + ̂ξ and λ2 6= λ1 + ̂ξ.

Hence from the strict monotonicity of the eigenvalues on the weight function, we infer that

̂λ1(λ1 + ̂ξ) < ̂λ1(λ1) = 1 and ̂λ2(λ1 + ̂ξ). (3.32)

Using (3.32) in (3.31), we infer that y = 0, a contradiction to the fact that ‖y‖ = 1.

So in all three cases we have reached a contradiction and this means that there exists R > 0

for which (3.22) is valid.

Also it is clear, that due to hypotheses H(f)(iii), (iv), we have

inf[ϕt(u) : t ∈ [0, 1], ‖u‖ ≤ R] > −∞.
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So we can apply Lemma 3.8 and have that

Ck(ϕ0,∞) = Ck(ϕ,∞) for all k ≥ 0. (3.33)

Note that

ϕ0(x) =
1

2
‖Dx‖2

2
−
λ1 + σ

2
‖x‖2

2
and ϕ1(x) = ϕ(x) for all x ∈ H1

0
(Z).

Since 0 < σ < λ2 − λ1, the only critical point of ϕ0 is u = 0. Hence

Ck(ϕ0,∞) = Ck(ϕ, 0) for all k ≥ 0. (3.34)

Moreover, from Proposition 2.3 of Su [16], we have

Ck(ϕ0, 0) = δk,1Z for all k ≥ 0. (3.35)

From (3.33), (3.34) and (3.35), we conclude that

Ck(ϕ,∞) = δk,1Z for all k ≥ 0.

Now we are ready for the first multiplicity theorem.

Theorem 3.10. If hypotheses H(f) hold, then problem (1.1) has at least two nontrivial solutions

x0, v0 ∈ C1

0
(Z).

Proof. One nontrivial solution x0 ∈ C1

0
(Z), exists by virtue of Proposition 3.6.

Suppose that {0, x0} are the only critical points of ϕ. Then using Corollaries 3.5, 3.7, 3.9 and

the Poincare-Hopf formula, we have

(−1)0 + (−1)1 = (−1)1,

a contradiction. So there exists a third critical point v0 6= x0, v0 6= 0. Evidently v0 is a solution of

(1.1) and by regularity theory, we have v0 ∈ C1

0
(Z).

We have another multiplicity result by modifying hypothesis H(f)(vi). So the new hypotheses

on the nonlinearity f(z, x) are the following:

H(f)′: f : Z × R → R is a function such that f(z, 0) = 0 a.e. on Z, hypotheses H(f)′(i) → (v) are

the same as hypotheses H(f)(i) → (v) respectively and

(vi) there exist m ≥ 2 and δ > 0 such that

λm − λ1 ≤
f(z, x)

x
≤ λm+1 − λ1 for a.a. z ∈ Z and all 0 < |x| ≤ δ.



40 Ravi P. Agarwal et al. CUBO
10, 3 (2008)

Remark 3.11. Hypotheses H(f)′(iv) and (vi) imply that we can have double resonance both at

infinity and at zero. A double-double resonance situation.

Theorem 3.12. If hypotheses H(f)′ hold, then problem (1.1) has at least two nontrivial solutions

x0, v0 ∈ C1

0
(Z).

Proof. Because of hypothesis H(f)′(vi) and Proposition 1.1 of Li-Perera-Su [9], we have

Ck(ϕ, 0) = δk,dZ, (3.36)

where d =sum of multiplicities of {λk}
m
k=1

= dimHm ≥ 2, since m ≥ 2.

Also from Proposition 3.9, we know that

Ck(ϕ,∞) = δk,1Z. (3.37)

So there exists a critical point x0 of ϕ such that

C1(ϕ, x0) 6= 0. (3.38)

Comparing this with (3.36), we infer that x0 6= 0. Moreover, due to (3.38) x0 is of mountain pass

type and so

C1(ϕ, x0) = δk,1Z. (3.39)

If {0, x0} are the only critical points of ϕ, then from (3.36), (3.37) and (3.39) and the Poincare-Hopf

formula, we have

(−1)d + (−1)1 = (−1)1,

⇒(−1)d = 0, a contradiction.

So there exists a second nontrivial critical point v0 of ϕ. Evidently x0, v0 ∈ H1

0
(Z) are nontrivial

solutions of problem (1.1). From regularity theory, we conclude that x0, v0 ∈ C1

0
(Z).

Remark 3.13. Theorem 3.12 above partially extends Theorem 3 of Robinson [14] and also Theorem

2 of Su [16].

Received: February 2008. Revised: April 2008.
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ABSTRACT

The Ravenel spectra T (m) for non-negative integers m interpolate between the sphere

spectrum and the Brown-Peterson spectrum. Let L2 denote the Bousfield-Ravenel

localization functor with respect to v−1

2
BP . In this paper, we determine the homotopy

groups π∗(L2T (m) : Z/2) = [M2, L2T (m)]∗ for m > 1, where M2 denotes the modulo

two Moore spectrum.

RESUMEN

El espectro de Ravenel T (m) para enteros no negativos m interpola entre el espectro

esferico y el espectro de Brown-Peterson. Denotemos por L2 el funtor de localización

de Bousfield-Ravenel con respecto a v−1

2
BP . En este art́ıculo, determinamos el grupo

de homotopia π∗(L2T (m) : Z/2) = [M2, L2T (m)]∗ para m > 1, donde M2 denota el

espectro de Moor modulo dos.
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1 Introduction

Let S(2) denote the stable homotopy category of 2-local spectra, and BP ∈ S(2) denote the Brown-

Peterson ring spectrum. Then, BP∗ = π∗(BP ) = Z(2)[v1, v2, . . . ] and BP∗(BP ) = π∗(BP ∧BP ) =

BP∗[t1, t2, . . . ], which form a Hopf algebroid. The Adams-Novikov spectral sequence for computing

the homotopy groups π∗(X) of a spectrum X has the E2-term E∗

2
(X) = Ext∗BP∗(BP )

(BP∗, BP∗(X)).

Let L2 : S(2) → S(2) be the Bousfield-Ravenel localization functor with respect to v−1

2
BP . Then,

the E2-term E∗

2
(L2S

0) for the sphere spectrum S0 is determined in [12], but the homotopy

groups π∗(L2S
0) stay undetermined. The Ravenel spectrum T (m) for m > 0 is a ring spec-

trum characterized by BP∗(T (m)) = BP∗[t1, t2, . . . tm] ⊂ BP∗(BP ) as a BP∗(BP )-comodule.

The spectrum T (m) interpolates between the sphere spectrum and the Brown-Peterson spec-

trum, and so the homotopy groups π∗(L2T (m)) seem accessible if m is sufficiently large. Indeed,

π∗(L2T (∞)) = π∗(L2BP ) is determined by Ravenel [8]. Let Mk denote the mod k Moore spectrum

defined by the cofiber sequence

S0 w2
S0 wi

Mk wj
S1. (1.1)

For m = 1, T (1) ∧ M2 is the Mahowald spectrum X〈1〉 and the homotopy groups of L2X〈1〉 are

determined in [11]. But even the homotopy groups of L2T (1) ∧ M4 are too complicated to be

determined completely (cf. [2], [3]). Consider a spectrum T (m)/(va
1
) defined as a cofiber of the

self-map va
1
: Σ2aT (m) → T (m) defined by the generator v1 ∈ π2(T (m)). We use the notation:

Vm(0) = T (m) ∧ M2 and Vm(1)a = T (m)/(va
1
) ∧ M2, (1.2)

and abbreviate Vm(1)1 to Vm(1). In this paper, we consider the case where m > 1, and deter-

mine π∗(L2Vm(1)) and π∗(L2Vm(0)). The Adams-Novikov E2-term E∗

2
(L2Vm(1)) for m > 1 is

determined by Ravenel [10] as follows:

E∗

2
(L2Vm(1)) = Km(2)∗ ⊗ ∧(h1,0, h1,1, h2,0, h2,1) (1.3)

for generators hi,j ∈ E
1,2m+i+j+1

−2
j+1

2
(L2Vm(1)) and Km(2)∗ = v−1

2
Z/2[v2, v3, . . . , vm+2]. We show

that Vm(1) is a T (m)-module spectrum with M2-action, and then that all additive generators of

the E2-term are permanent cycles and the extension problem of the spectral sequence is trivial.

Theorem 1.4. π∗(L2Vm(1)) = Km(2)∗ ⊗ ∧(h1,0, h1,1, h2,0, h2,1) as a Z/2-module.

Let α : Σ8M2 → M2 denote the Adams map such that BP∗(α) = v4

1
, and Ka

2
denote a cofiber

of αa. Then, we show that Vm(1)4a = T (m) ∧ Ka
2

in Lemma 2.4 and denote the telescope of

Vm(1)4
α
→ · · ·

α
→ Vm(1)4a

α
→ Vm(1)4a+4

α
→ · · · by Vm(1)∞. By the v1-Bockstein spectral sequence,

we determine the Adams-Novikov E2-term E∗

2
(L2Vm(1)∞), whose structure is given in [4] without
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proof. Here we give a proof of it. Consider the integers en and an defined by

en =
8n − 1

7
and an =



















1 n = 0

3ek+1 − 1 n = 3k + 1

6ek+1 n = 3k + 2

12ek+1 n = 3k + 3.

(1.5)

We introduce modules

Em(2)∗ = v−1

2
Z(2)[v1, v2, . . . , vm+2],

Q(k) = Em−1(2)∗/(2, vak

1
)[xk+1]〈xk/vak

1
〉,

where xn ∈ Em(2)∗ is an element defined in (4.1) such that xn ≡ v2
n

m+2
modulo (2, v1), and

xn/van

1
∈ E0

2
(L2Vm(1)∞) by Proposition 4.3. We also introduce homology classes ζ and ζn of

E1

2
(Vm(0)), which correspond to elements vm+2h1,1 and v2

lek

m+2
ζl ∈ E1

2
(L2Vm(1)) for n = 3k+ l with

l ∈ {1, 2, 3}, respectively, where ζl corresponds to h1,0 if l = 1, and h2,l−2 if l = 2, 3.

Proposition 1.6. (cf. [4]) The E2-term of Adams-Novikov spectral sequence for computing

π∗(L2Vm(1)∞) is isomorphic to the direct sum of Q(0) ⊗ ∧(h1,0, h2,0, h2,1) and the tensor product

of ∧(ζ) and

Em−1(2)∗/(2, v∞
1

) ⊕
⊕

k>0

Q(k) ⊗ ∧(ζk+1, ζk+2)

as a Z/2[v1]-module.

By noticing that xn ∈ E0

2
(L2Vm(1)an

) survives to π∗(L2Vm(1)an
) in Lemma 5.1, we see that

all additive generators of Proposition 1.6 are permanent cycles.

Theorem 1.7. The homotopy groups π∗(L2Vm(1)∞) are isomorphic to the Adams-Novikov E2-

term given in Proposition 1.6.

Consider the cofiber sequence

Vm(0) wη
v−1

1
Vm(0) wp

Vm(1)∞ w ΣVm(0) (1.8)

for the localization map η. Here, we introduce algebras

km(1)∗ = Z/2[v1, v2, . . . , vm+1] and Km(1)∗ = v−1

1
km(1)∗.

Ravenel showed the following

Proposition 1.9. (cf. [10]) The homotopy groups π∗(v
−1

1
Vm(0)) are isomorphic to Km(1)∗ ⊗

∧(h1,0).
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There is a relation between h1,0 and ζ, which is shown in section four:

Lemma 1.10. The induced homomorphism p∗ from p in (1.8) assigns h1,0/v
j
1
∈ E1

2
(v−1

1
Vm(0)) to

ζ/v
j−2

1
∈ E1

2
(L2Vm(1)∞).

Observing the correspondence in the Adams-Novikov E2-terms, we obtain

Corollary 1.11. The homotopy groups π∗(L2Vm(0)) are isomorphic to the direct sum of Σ−1Q(0)⊗

∧(h1,0, h2,0, h2,1) and the tensor product of ∧(ζ) and

km(1)∗ ⊕ Σ−1km(1)∗/(2, v∞
1

, v∞
2

) ⊕
⊕

k>0

Σ−1Q(k) ⊗ ∧(ζk+1, ζk+2)

as a Z/2[v1]-module.

In the next section, we observe about an action of the Moore spectrum M2 on Vm(1)t and

a ring structure of Vm(1)4t, in order to study the Adams-Novikov differential and the extension

problem of the spectral sequence in the following sections. We prove Theorem 1.4 in section three.

Section four is devoted to show Proposition 1.6. We end by proving Theorem 1.7 in the last section.

2 The spectrum T (m) ∧ K
t
k

We work in the stable homotopy category of spectra localized at the prime two. Let BP denote

the Brown-Peterson spectrum. Then, we have the Adams-Novikov spectral sequence

E
s,t
2

(X) = Exts,t

Γ
(A, BP∗(X)) =⇒ π∗(X).

Here (A, Γ) is the associated Hopf algebroid such that

(A, Γ) = (BP∗, BP∗(BP )) = (Z(2)[v1, v2, . . . ], BP∗[t1, t2, . . . ])

for the Hazewinkel generators vk ∈ BP2k+1−2 and the generators tk ∈ BP2k+1−2(BP ).

Let Mk and Kt
k for k = 2, 4 and t > 0 denote spectra defined by the cofiber sequences

S0 w2
S0 wi

Mk wj
S1 and Σ8tMk wαt

Mk wit

k

Kt
k wjt

k

Σ8t+1Mk.

Here α denotes the Adams map such that BP∗(α) = v4

1
. Note that M4 and Kt

4
are ring spectra

(cf. [5]). The Ravenel spectrum T (m) is characterized by BP∗(T (m)) = A[t1, . . . , tm] ⊂ Γ as

Γ-comodules, and is a ring spectrum, whose multiplication and unit map we denote by µ and ι, re-

spectively. Throughout the paper, we fix a positive integer m. Let (A, Γm) = (A, Γ/(t1, t2, . . . , tm))

be the Hopf algebroid associated with (A, Γ), and consider a spectrum X such that BP∗(X) =

M ⊗A A[t1, . . . , tm] for a Γ-comodule M . Then, we have an isomorphism

E∗

2
(X) = Ext∗

Γm
(A, M) (2.1)
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by the change of rings theorem (cf. [10]). By observing the reduced cobar complex for the Ext

group, we have

Lemma 2.2. The E2-term has the vanishing line of the slope 1/(qm − 1) if M is (−1)-connected.

Hereafter, we put

qm = 2m+2 − 2 (2.3)

which is the degree of u1 = vm+1 and s1 = tm+1. This shows π2(T (m)) = BP2 = Z(2){v1} if

m > 0. Let T (m)/(va
1
) for an integer a > 0 denote the cofiber of ṽa

1
: Σ8aT (m) → T (m), where

ṽ1 : Σ8T (m) → T (m) is the composite

ṽ1 : Σ8T (m) = S8 ∧ T (m) T (m) ∧ T (m)wv1∧T (m) wµ
T (m).

Lemma 2.4. For k = 2, 4 and a > 0, T (m)/(v4a
1

)∧Mk = T (m)∧Ka
k . In particular, T (m)∧Ka

2
∧

M4 = T (m)/(v4a
1

) ∧ M2 ∧ M4 = T (m) ∧ M2 ∧ Ka
4
.

Proof. Since π8(T (m)∧Mk) = BP8/(k) = Z/k{v4

1
, v1v2} by Lemma 2.2, we see that v4

1
∧Mk = ι∧

αi ∈ π8(T (m)∧Mk). Indeed, both of these elements are assigned to v4

1
∈ BP8(T (m)∧Mi) under the

homomorphism induced from the unit map of BP . It extends to v4

1
∧Mk = ι∧α : Mk → T (m)∧Mk,

since [Mk, T (m) ∧ Mk]8 = π8(T (m) ∧ Mk). Indeed, π9(T (m) ∧ Mk) = BP9/(k) = 0. We further

extend it to a self-map A = ṽ4

1
∧Mk = T (m)∧α : T (m)∧Mk → T (m)∧Mk by the ring structure

of T (m). Now the cofiber of Aa is T (m)/(v4a
1

) ∧ Mk = T (m) ∧ Ka
k .

�

This lemma implies

Vm(1)4a = T (m) ∧ Ka
2

(2.5)

for the spectrum Vm(1)4a in (1.2).

Lemma 2.6. Let F denote one of the spectra Mk and Ka
k for k = 2, 4 and a > 0. Then, there

is a pairing νF : F ∧ F → T (m) ∧ F such that νF ◦ (F ∧ iF ) = ι ∧ F : F → T (m) ∧ F for m > 0.

Here iF : S0 → F denotes the inclusion to the bottom cell.

Proof. The pairing for F = M4 or Ka
4

is the composite (ι∧F∧F )(T (m)∧µF ) for the multiplication

µF of the ring spectrum of F (see [5]).

For F = M2, we see that π0(T (m)∧M2) = BP0/(2) = Z/2 and π1(T (m)∧M2) = BP1/(2) = 0

by Lemma 2.2, and so [M2, T (m) ∧ M2]0 = Z/2.
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Note that M2 ∧ M4 = M2 ∨ ΣM2. Then, by Lemma 2.4,

T (m) ∧ M2 ∧ Ka
4

= T (m)/(v4a
1

) ∧ M2 ∧ M4 = T (m)/(v4a
1

) ∧ (M2 ∨ ΣM2)
= T (m)/(v4a

1
) ∧ M2 ∨ ΣT (m)/(v4a

1
) ∧ M2 = T (m) ∧ Ka

2
∨ ΣT (m) ∧ Ka

2
.

We also see that T (m) ∧ Ka
2
∧ Ka

4
= T (m)/(v4a

1
) ∧ Ka

2
∧ M4 = T (m)/(v4a

1
) ∧ (Ka

2
∨ ΣKa

2
), and so

T (m) ∧ Ka
2
∧ Ka

4
∧ M2 = T (m) ∧ Ka

2
∧ Ka

2
∨ ΣT (m) ∧ Ka

2
∧ Ka

2
. Then,

T (m) ∧ M2∧Ka
4
∧Ka

4
∧M2 = T (m)∧Ka

2
∧Ka

4
∧M2 ∨ ΣT (m)∧Ka

2
∧Ka

4
∧M2

= T (m)∧Ka
2
∧Ka

2
∨ ΣT (m)∧Ka

2
∧Ka

2
∨ ΣT (m)∧Ka

2
∧Ka

2
∧M2.

Let µK : Ka
4
∧Ka

4
→ Ka

4
denote the multiplication of the ring spectrum Ka

4
, and ν̃ be the composite

T (m) ∧ M2 ∧ M2 T (m) ∧ T (m) ∧ M2wT (m)∧νM2 wµ∧M2

T (m) ∧ M2. Then the desired pairing is a

composite

Ka
2
∧ Ka

2
wι∧K∧K
T (m) ∧ Ka

2
∧ Ka

2
winc∧Ka

2

T (m) ∧ M2 ∧ Ka
4
∧ Ka

4
∧ M2 wswitch

T (m)∧M2∧M2∧Ka
4
∧Ka

4
wν̃
T (m) ∧ M2∧Ka

4
∧Ka

4
wT (m)∧M2∧µK

T (m) ∧ M2∧Ka
4

wprj
T (m)∧Ka

2
.

�

Corollary 2.7. The spectra Vm(0) and Vm(1)4a for a > 0 are ring spectra.

We say that a spectrum X has M2-action, if there is a pairing ϕX : X ∧ M2 → X such that

ϕX(X ∧ i) = idX . Here i : S0 → M2 is the inclusion of (1.1) and idX : X → X denotes the identity

map.

Lemma 2.8. Vm(1)t has M2-action.

Proof. Since T (m) is an associative ring spectrum, T (m)/(vt
1
) is a T (m)-module spectrum. The

action ϕVm(1)t
is defined by the composite Vm(1)t∧M2 = T (m)/(vt

1
)∧M2∧M2 wT (m)/(vt

1
)∧νM2

T (m)/(vt
1
)∧T (m)∧M2 w T (m)/(vt

1
)∧M2 = Vm(1)t. �

Since Vm(1)t is a T (m)-module spectrum, it implies the following

Corollary 2.9. Vm(1)t is a Vm(0)-module spectrum.

3 The homotopy groups of L2Vm(1)

Note that if BP∗(X) is (2, v1)-nil, then BP∗(L2X) = v−1

2
BP∗(X), since L2 is smashing (cf. [8],

[9]). Therefore, the Adams-Novikov E2-term E∗

2
(L2Vm(1)t) is Ext∗

Γ
(A, v−1

2
BP∗/(2, vt

1
)[t1, . . . , tm]),

which is isomorphic to

E∗

2
(L2Vm(1)t) = Ext∗

Γm
(A, v−1

2
BP∗/(2, vt

1
))
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by (2.1). Consider a spectrum

Em(2) = v−1

2
BP 〈m + 2〉

for the Johnson-Wilson spectrum BP 〈m + 2〉. Then we obtain a Hopf algebroid

(Em(2)∗, Σm(2)) = (v−1

2
Z(2)[v1, v2, . . . , vm+2], Em(2)∗ ⊗A Γm ⊗A Em(2)∗).

Since

v−1

2
BP∗/J w1⊗ηR

Em(2)∗/J ⊗A Γm

for an invariant regular ideal J = (2b, va
1
) is a faithfully flat extension, we have an isomorphism

Ext∗
Γm

(A, BP∗/J) ∼= Ext∗
Σm(2)

(Em(2)∗, Em(2)∗/J)

by a theorem of Hopkins’ (cf. [1, Th. 3.3]). Note that m + 2 is the smallest number n, for which

v−1

2
BP∗/J w1⊗ηR

v−1

2
BP 〈n〉∗/J ⊗A Γm is a faithfully flat extension. We use the abbreviation

H∗M = Ext∗
Σm(2)

(Em(2)∗, M) (3.1)

for a Σm(2)-comodule M . We compute the Ext group H∗M by the reduced cobar complex
˜Ω∗

Σm(2)
M (cf. [10]). Since the differentials of the cobar complex are defined by the right unit

ηR : Em(2)∗ → Σm(2) and the diagonal ∆ : Σm(2) → Σm(2) ⊗Em(2)∗
Σm(2), we write down here

some formulas on them based on the Hazewinkel and the Quillen formulas:

vn = 2ℓn −
∑n−1

k=1
ℓkv2

k

n−k ∈ Q ⊗ A = Q[ℓ1, ℓ2, . . . ],

ηR(ℓn) =
∑n

k=0
ℓkt2

k

n−k ∈ Q ⊗ Γ = Q ⊗ A[t1, t2, . . . ] and
∑

i+j=n ℓi∆(t2
i

j ) =
∑

i+j+k=n ℓit
2

i

j ⊗ t2
i+j

k ∈ Q ⊗ Γ ⊗A Γ.

(3.2)

Hereafter, we put v2 = 1 and use the following notation:

ui = vm+i and si = tm+i.

Since the structure maps preserve degrees, we may recover v2’s from its degrees. Then, we obtain

the following two lemmas immediately from (3.2) by a routine computation:

Lemma 3.3. The right unit ηR : A → Γm/(2) acts as follows:

ηR(vn) = vn for n ≤ m + 1,

ηR(u2) = u2 + v1s
2

1
+ v2

m+1

1
s1,

ηR(u3) ≡ u3 + s4

1
+ s1 + v1r1 mod (2, v2

m+2

1
),

ηR(u4) ≡ u4 + s4

2
+ s2 + v3s

8

1
+ v2

m+1

3
s1 mod (2, v

1
)

for r1 = s2

2
+ v1u2s

2

1
.

This yields the relations in Σm(2):

s4

1
+ s1 ≡ v1r1 mod (2, v2

m+2

1
) and s4

2
+ s2 + v3s

8

1
+ v2

m+1

3
s1 ≡ 0 mod (2, v

1
). (3.4)
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Lemma 3.5. The diagonal ∆ behaves on the generators si as follows:

∆(s1) = s1 ⊗ 1 + 1 ⊗ s1,

∆(s2) = s2 ⊗ 1 + 1 ⊗ s2 + v1s1 ⊗ s1,

∆(s3) ≡ s3 ⊗ 1 + 1 ⊗ s3 + v2s
2

1
⊗ s2

1
mod (2, v

1
).

Lemma 3.6. Let z denote an element defined by r4

1
+r1+v2

3
s4

1
+v2

m+2

3
s2

1
= v1z. Then the cochains

r1, z ∈ ˜Ω1

Σm(2)
Em(2)∗/(2) are cocycles. Besides, z ≡ u2s

2

1
modulo (v2

1
).

Proof. Since v1 ∈ ˜Ω0

Σm(2)
Em(2)∗/(2) and s1 ∈ ˜Ω1

Σm(2)
Em(2)∗/(2) are both cocycles, so is r1

by the relation v1r1 = s4

1
+ s1 ∈ Σm(2) in (3.4). Furthermore, v3 ∈ ˜Ω0

Σm(2)
Em(2)∗/(2) is

a cocycle. It follows similarly from its definition that z is a cocycle. By the definition of r1,

r4

1
+ r1 ≡ s8

2
+ s2

2
+ v1u2s

2

1
≡ v1u2s

2

1
+ v2

3
s16

1
+ v2

m+2

3
s2

1
modulo (2, v2

1
) by (3.4). �

We now work as [6].

Lemma 3.7. ut
2
∈ E0

2
(Vm(1)) and ut

2
h2,0 ∈ E1

2
(Vm(1)) for each t > 0 are permanent cycles.

Proof. For t = 1, the lemma is seen by Lemma 2.2. Consider the cofiber sequence Σ2Vm(0)
v1→

Vm(0)
i1→ Vm(1)

j1
→ Σ3Vm(0). Put d(ut

2
) = v1k

′

t ∈ ˜Ω1

Σm(2)
Em(2)∗/(2) by virtue of Lemma 3.3,

and let kt ∈ E1

2
(Vm(0)) be the homology class of the cocycle k′

t. Then, k1 = h1,1, v1kt = 0

and kt+1 = 〈k1, v1, kt〉. Indeed, 〈k1, v1, kt〉 is the class of k′

1
ηR(ut

2
) + u2k

′

t = d(ut+1

2
)/v1 = k′

t+1
.

Besides, δ(ut
2
) = kt for the connecting homomorphism associated to the cofiber sequence. Let

ξ1 ∈ πqm−1(Vm(0)) denote the homotopy element detected by k1. Then, v1ξ1 = ξ1v1 = 0.

Suppose now that ut
2
∈ E0

2
(Vm(1)) is a permanent cycle. Then, kt is a permanent cycle that

detects the element ξt = j1u
t
2

by the Geometric Boundary Theorem. Since v1ξt = 0, the Toda

bracket {ξ1, v1, ξk} is defined, which is detected by the Massey product 〈k1, v1, kt〉. Note here that

the Toda bracket is defined since Vm(0) is a ring spectrum. It follows that kt+1 is a permanent cycle

and detects a homotopy element, which we denote by ξt+1. Since the Massey product 〈v1, k1, v1〉 is

zero in the E2-term E
0,qm+4

2
(Vm(0)), we see that {v1, ξ1, v1} = 0 by Lemma 2.2. Now we compute

v1{ξ1, v1, ξk} = {v1, ξ1, v1}ξk = 0, and ξt+1 is pulled back to ut+1

2
under the map j1.

Turn to ut
2
h2,0. In this case a similar argument works. For the connecting homomorphism

δ, δ(ut
2
h2,0) = 〈h2

1,0, v1, kt〉, which detects a homotopy element {η2

0
, v1, ξt}, where η0 denotes an

element detected by h1,0. Applying v1 shows {v1, η
2

0
, v1}ξt = 0. Indeed, {v1, η

2

0
, v1} is detected by

E
s,2qm+4+s
2

(Vm(0)) for s > 2. �

Lemma 3.8. The elements h1,0, h1,1 ∈ E1

2
(Vm(0)) and h2,1 ∈ E1

2
(L2Vm(0)) are permanent cycles.

Proof. h1,0, h1,1 are seen immediately by Lemma 2.2.
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The cobar module ˜Ω4,4qm+6

Γm
BP∗/(2) is generated by v3

1
s⊗4

1
and v2s

⊗4

1
by degree reason. The

first generator cobounds v2

1
s2 ⊗ s1 ⊗ s1, and we obtain E

4,4qm+6

2
(Vm(0)) = Z/2{v2h

4

1,0}. Put

d3(h2,1) = av2h
4

1,0 ∈ E
4,4qm+6

2
(Vm(0)) for a ∈ Z/2. Let w be an element fit in d(s3) = v2s

2

1
⊗

s2

1
+ v1w by virtue of Lemma 3.5. Then, d(w) = 0 in the cobar complex ˜Ω3

Σm(2)
Em(2)∗/(2), and

we see that s⊗4

1
cobounds s2

3
⊗ s1 ⊗ s1 + v1w

2 ⊗ s2 + (r1 ⊗ s1 + s1 ⊗ r1 + v1r1 ⊗ r1) ⊗ s2 (in

which we set v2 = 1). It follows that d3(h2,1) = av2h
4

1,0 = 0 ∈ E4

2
(L2Vm(0)) as desired. Indeed,

v2h
4

1,0 = v1gh2

1,0 = 0, since v2h
2

1,0 = v1g for an element g and v1h
2

1,0 = 0 by d(s2) = v1s1 ⊗ s1.

�

Proof of Theorem 1.4. Every element x ∈ Es
2
(L2Vm(1)) is decomposed as x = x′x′′ for x′ ∈

Z/2[u2]⊗∧(h2,0) and x′′ ∈ Km−1(2)∗⊗∧(h1,0, h1,1, h2,1). Note that Km−1(2)∗⊗∧(h1,0, h1,1, h2,1) ⊂

E∗

2
(L2Vm(0)). Since x′ (resp. x′′) is a permanent cycle of the Adams-Novikov spectral sequence

for computing π∗(L2Vm(1)) (resp. π∗(L2Vm(0))) by Lemma 3.7 (resp. 3.8), we obtain that the

element x is a permanent cycle from Corollary 2.9. We see that the extension problem is trivial

by Lemma 2.8. Indeed, Z/2 = π0(M2) acts on π∗(L2Vm(1)). �

4 The elements xn

We introduce the integer bn for n ≥ 0 by

bn =











an − 8 n ≡ 1 (3)

an − 3 n ≡ 2 (3)

0 n ≡ 0 (3),

and the elements xn ∈ Em(2)∗ defined by

xn = x2

n−1
+ vbn

1
yn−1, where yn =



















0 n ≤ 0 or n ≡ 2 (3)

x0 n = 1

x2 + v2

1
v4

3
x2

1
+ v4

1
v2

m+3

3
x1 n = 3

xn−2yn−3 n ≡ 0, 1 (3) and n ≥ 4.

(4.1)

We also consider cocycles zn ∈ Σm(2):

zn =











s2
n+1

1
n = 0, 1

r2
n−1

1
n = 2, 3

xn−3zn−3 n > 3.

(4.2)

Proposition 4.3. For the differential d : Ω0

Σm(2)
Em(2)∗/(2) → Ω1

Σm(2)
Em(2)∗/(2) of the cobar

complex,

d(xn) = van

1
zn.
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Proof. For n = 0 and 1, it is immediate from Lemma 3.3, and the cases for n = 2 and 3 follow

from the computation d(x2) = d(u4

2
+ v3

1
u2) = v4

1
s8

1
+ v4

1
s2

1
= v6

1
r2

1
by (3.4). For n = 4,

d(x4) ≡ d(x4

2
+ v18

1
x2 + v20

1
v4

3
x2

1
+ v22

1
v2

m+3

3
x1)

≡ v24

1
r8

1
+ v24

1
r2

1
+ v24

1
v4

3
s8

1
+ v24

1
v2

m+3

3
s4

1
≡ v26

1
z2 ≡ v26

1
x1z1 mod (2, v28

1
)

by the definition of z.

Suppose inductively that d(x3k+1) = v
a3k+1

1
x3k−2z3k−2 mod (2, v

a3k+1+2

1
) for k > 0.

d(x2

3k+1
) ≡ v

2a3k+1

1
x2

3k−2
z2

3k−2
mod (2, v

2a3k+1+4

1
)

d(v
a3k+2−3

1
y3k+1) ≡ d(v

a3k+2−3

1
x3k−1y3k−2)

≡ v
a3k+2−3

1
x3k−1(v1z

2

3k−2
+ v3

1
z3k−1) mod (2, v

a3k+2−3+a3k−1

1
)

and the sum shows d(x3k+2) ≡ v
a3k+2

1
x3k−1z3k−1 mod (2, v

a3k+2+2

1
). Similarly,

d(x4

3k+2
) ≡ v

4a3k+2

1
x4

3k−1
z4

3k−1
mod (2, v

4a3k+2+8

1
)

d(v
a3k+4−8

1
y3k+3) ≡ d(v

a3k+4−8

1
x3k+1y3k)

≡ v
a3k+4−8

1
x3k+1(v

6

1
z2

3k + v8

1
z3k+1) mod (2, v

a3k+4−8+a3k+1

1
)

and we have d(x3k+4) = v
a3k+4

1
x3k+1z3k+1 mod (2, v

a3k+4+2

1
), which completes the induction. �

Proof of Lemma 1.10. It suffices to show that h1,0/v
j
1
∈ E1

2
(L2Vm(1)∞) equals ζ/v

j−2

1
. The

element h1,0/v
j
1

is represented by s1/v
j
1
. We make a computation in the cobar complex

d(u2

2
/v

j+2

1
) = s4

1
/v

j
1

= s1/v
j
1

+ r1/v
j−1

1

d(v2

3
u2

2
/v

j+1

1
) = v2

3
s4

1
/v

j−1

1

d(v2
m+2

3
u2/v

j
1
) = v2

m+2

3
s2

1
/v

j−1

1

d(x2

2
/v

j+11

1
) = r4

1
/v

j−1

1

by Lemma 3.3 and Proposition 4.3. The sum yields the homologous relation s1/v
j
1
∼ z/v

j−2

1
by

Lemma 3.6, and so h1,0/v
j
1

= ζ/v
j−2

1
in E1

2
(L2Vm(1)∞). �

Proof of Proposition 1.6. We consider the v1-Bockstein spectral sequence given by the short

exact sequence 0 → Em(2)∗(Vm(1))
ϕ
→ Em(2)∗(Vm(1)∞)

v1→ Em(2)∗(Vm(1)∞) → 0 for ϕ given

by ϕ(x) = x/v1. Let B∗ denote the Z/2[v1]-module of the proposition. Then, it is easy to

see that Bs contains the image of ϕ∗ : Es
2
(L2Vm(1)) → Es

2
(L2Vm(1)∞) and that Proposition 4.3

defines a homomorphism f : Bs → Es
2
(L2Vm(1)∞). We also consider the composite ∂ = δ ◦

f : Bs → Es+1

2
(L2Vm(1)), where δ : Es

2
(L2Vm(1)∞) → Es+1

2
(L2Vm(1)) denotes the connecting

homomorphism associated to the short exact sequence. By [7, Remark 3.11], it suffices to show

the sequence

0 w Coker ∂ wϕ∗

B∗ wv1

B∗ w∂
Im ∂ w 0 (4.4)
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is exact.

We decompose E∗

2
(L2Vm(1)) into the direct sum of MC = Km−1(2)∗[u

2

2
]{u2}⊗∧(h10, h20, h21),

MI = Km−1(2)∗[u
2

2
]{h11} ⊗ ∧(h10, h20, h21) and N ⊗ ∧(ζ) = Km−1(2)∗[u

2

2
] ⊗ ∧(h10, h20, h21, ζ).

We notice that for non-negative integers n and r with r < 8, there exist uniquely non-negative
integers t and q such that n = 8qt + req. By this fact, we decompose summands of N as follows:

Km−1(2)∗[u
2
2]

= Km−1(2)∗ ⊕
⊕

k≥1
xkKm−1(2)∗[xk+1]

A
,

Km−1(2)∗[u
2
2]h10

=
⊕

q≥0

(

(

x3q+2Km−1(2)∗[x3q+3]
a
⊕ x3q+3Km−1(2)∗[x3q+4]

b

)

ζ3q+4 ⊕Km−1(2)∗[x3q+2]ζ3q+1

A

)

,

Km−1(2)∗[u
2
2]h20

=
⊕

q≥0

(

x3q+3Km−1(2)∗[x3q+4]ζ3q+5
c
⊕

(

x3q+1Km−1(2)∗[x3q+2]
d
⊕Km−1(2)∗[x3q+3]

A

)

ζ3q+2

)

,

Km−1(2)∗[u
2
2]h21

=
⊕

q≥0

(

x3q+1Km−1(2)∗[x3q+2]
e
⊕ x3q+2Km−1(2)∗[x3q+3]

f
⊕Km−1(2)∗[x3q+4]

A

)

ζ3q+3,

Km−1(2)∗[u
2
2]h10h20

=
⊕

q≥0

(

Km−1(2)∗[x3q+3]ζ3q+4ζ3q+2

a

⊕ x3q+3Km−1(2)∗[x3q+4]ζ3q+4ζ3q+5
B

⊕Km−1(2)∗[x3q+2]ζ3q+1ζ3q+2

d

)

,

Km−1(2)∗[u
2
2]h20h21

=
⊕

q≥0

(

Km−1(2)∗[x3q+4]ζ3q+3ζ3q+5

c

⊕

(

x3q+1Km−1(2)∗[x3q+2]
B
⊕Km−1(2)∗[x3q+3]

f

)

ζ3q+2ζ3q+3

)

,

Km−1(2)∗[u
2
2]h10h21

=
⊕

q≥0

(

(

Km−1(2)∗[x3q+3]x3q+2
B
⊕Km−1(2)∗[x3q+4]

b

)

ζ3q+4ζ3q+3⊕Km−1(2)∗[x3q+2]ζ3q+1ζ3q+3

e

)

,

Km−1(2)∗[u
2
2]h10h20h21

=
⊕

k≥1
Km−1(2)∗[xk+1]ζkζk+1ζk+2

B

.

Here, MX and M ′

X
for modules M and M ′ mean that M and M ′ are isomorphic under a

Bockstein differential dr for some r so that dr(M) = M ′, which is seen by Proposition 4.3. Let

NC (resp. NI) be the direct sum of single (resp. double) underlined submodules of N , and put
˜M = Q(0) ⊗ ∧(h1,0, h2,0, h2,1), ˜N =

⊕

k>0
Q(k) ⊗ ∧(ζk+1, ζk+2). Then we have the three exact

sequences

0 → MC
ϕ∗

→ ˜M
v1→ ˜M → MI → 0, 0 → NC

ϕ∗

→ ˜N
v1→ ˜N → NI → 0 and

0 → Km−1(2)∗ → Em−1(2)∗/(2, v∞
1

) → Em−1(2)∗/(2, v∞
1

) → 0,

the direct sum of which yields the sequence (4.4). �

5 The Adams-Novikov E∞-term for π∗(L2T (m) ∧ M2)

We first show that all elements of the Adams-Novikov E2-term for π∗(L2Vm(1)∞) are permanent

cycles. Take an element x/vt
1
∈ E0

2
(L2Vm(1)∞). Then x ∈ E0

2
(L2Vm(1)t). Thus, if x = y2/vt

1
for
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some y ∈ E0

2
(L2Vm(1)4t), then x is a permanent cycle. So it is sufficient to show that d3(xn) =

0 ∈ E3

2
(L2Vm(1)an

) for each n ≥ 0. We consider the integer

εn =

{

2 n 6≡ 0 (3)

0 n ≡ 0 (3)

so that Vm(1)an+εn
is a ring spectrum by Corollary 2.7.

Lemma 5.1. d3(xn) = 0 ∈ E3

2
(L2Vm(1)an

) for n ≥ 0.

Proof. For n = 0, it is shown in Lemma 3.7.

Suppose that d3(xn) = ξ ∈ E3

2
(L2Vm(1)an

) for n > 0. Send this to E3

2
(L2Vm(1)an−1

), and we

see that ξ = d3(xn) = d3(x
2

n−1
) ∈ E3

2
(L2Vm(1)an−1

). Then, the map v
εn−1

1
: E3

2
(L2Vm(1)an−1

) →

E3

2
(L2Vm(1)an−1+εn−1

) assigns v
εn−1

1
ξ to v

2εn−1

1
ξ = d3((v

εn−1

1
xn−1)

2), which is zero, since

v
εn−1

1
xn−1 ∈ E0

2
(L2Vm(1)an−1+εn−1

) and Vm(1)an−1+εn−1
is a ring spectrum. It follows that

ξ = v
an−1−εn−1

1
ξ′ for some ξ′ ∈ E3

2
(L2Vm(1)an−an−1+εn−1

). Note that this works even if n = 1,

though Vm(1) is not a ring spectrum. Consider the commutative diagram

Vm(1) Vm(1) ∗ Vm(1)

Vm(1)an−a+1 Vm(1)an+1 Vm(1)a Vm(1)an−a+1

Vm(1)an−a Vm(1)an
Vm(1)a Vm(1)an−a,

uv
an−a

1 uv
an

1

w u w u v
an−a

1

u wva

1 u wiv wjv u pwva

1 wi′
v wj′

v

(a = an−1 − εn−1) in which rows and columns are cofiber sequences. Let 〈x〉 ∈ π∗(X) denote

a homotopy element detected by x ∈ E∗

2
(X). Noticing that xn ∈ E0

2
(L2Vm(1)an−1−εn−1

) is

a permanent cycle, we see that jv∗(〈xn〉) = 〈v
an−an−1+εn−1

1
ζn〉 and j′v∗(〈xn〉) = 〈ξ′〉, and so

p∗(〈v
an−an−1+εn−1

1
ζn〉) = 〈ξ′〉. Since 〈ζn〉 ∈ π∗(L2Vm(1)) by Theorem 1.4, we obtain 〈ξ′〉 = 0,

and 〈xn〉 is in the image under the map i′v∗. It follows that there is a permanent cycle x′

n ∈

E0

2
(L2Vm(1)an

), whose leading term is xn, such that iv∗(〈x
′

n〉) = 〈xn〉 ∈ π∗(L2Vm(1)an−1−εn−1
).

The lemma now follows by replacing xn by x′

n. �

Received: February 2008. Revised: April 2008.
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ABSTRACT

We provide the extension of Dupire’s PDE, as the partial integro-differential equations

of market prices of call options with many maturities and strike prices for jump diffusion

model.

RESUMEN

Nosotros damos la extensión de Dupire PDE, como las ecuaciones parciales integro-

diferenciales de precios de mercado de opciones de llamada con muchos vencimientos y

golpe de precios para modelos de difusión con saltos.
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1 Introduction

Let (Ω,F , P ) be a probability space. On the space (Ω,F , P ) we set a standard Brownian motion

W = {Wt}t∈[0,T ] from W0 = 0 and a Poission random measureN(dtdx) on (0, T ]×R with intensity

measure dtν(dx), where T ∈ (0,∞) and the measure ν on R satisfies

∫

R

(1 + e2z) ∧ z2ν(dz) <∞. (1)

We consider a risk-neutral price process {Sx
t }t∈[0,T ] of a risk asset satisfing

dSx
t = σ(t, Sx

t )Sx
t dWt + (r − δ)Sx

t dt;

Sx
0

= x ∈ (0,∞),

where r ≥ 0 denotes the interest rate and δ ≥ 0 the dividend rate. The function σ : [0, T ]×(0,∞) →

[0,∞) has the Lipschiz condition and is often called the volatility of the asset’s price. According

to the well-known discussion of option pricing model, if for each T,K ∈ (0,∞) we have a unique

solusion u(t, x, T,K) to the parabolic equation and boundary condition

∂u

∂t
+

1

2
σ(t, x)2x2

∂2u

∂x2
+ (r − δ)x

∂u

∂x
− ru = 0, (t, x) ∈ [0, T )× (0,∞);

u(t, x, T,K)|t=T = (x−K)+, x ∈ (0,∞),

then a price of a call option with maturity T and strike price K is given by

u(t, x, T,K)|t=0 = e−rTE[(Sx
T −K)+].

Dupire[1] found that u(t, x, T,K) as a function of (T,K) satisfies the following dual equation to

the last parabolic equation:

∂u

∂T
=

1

2
σ(T,K)

2
K2

∂2u

∂K2
− (r − δ)K

∂u

∂K
− δu, (T,K) ∈ (t,∞) × (0,∞).

But his approach is not enough mathematically. There are some works justifing rigorously his idea,

for example, Klebaner[4] etc. Klebaner[4] gives the last equation by the Meyer-Tanaka formula.

On the other hand, there are also works on option pricing model for jump-diffusion processes, for

example, geometric Lévy processes by Fujiwara and Miyahara[2]. Recently, Jourdain[3] provides

the extension of Dupire’s work for jump-diffusion processes by stochastic flow approch.

Now, we consider the following risk-neutral evolusion {Xx
t }t∈[0,T ] for the underlying risk asset’s

prices:

Xx
t = x+

∫ t

0

a(u,Xx
u)Xx

udWu + (r − δ)

∫ t

0

Xx
udu

+

∫

(0,t]×R

Xx
u−(ez − 1){N(dudz) − duν(dz)}, t ∈ [0, T ]
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where a(t, x) : [0, T ]×(0,∞) → [0,∞) satisfies the Lipschiz condition and has the second derivative

with respect to x. Then {Xx
t }t∈[0,T ] has the extended diffusion operator(see Yoshida[5] p.408)

(Atf)(x) =
1

2
a(t, x)

2
x2f ′′(x) + (r − δ)xf ′(x)

+

∫

R

f(xez) − f(x) − (ez − 1)xf ′(x)ν(dz).

For each maturity T and strike price K we denote

C(x, T,K) = e−rTE[(Xx
T −K)+] (2)

by a call option price with an asset price x. In particular, in the case a(·, ·) ≡ a the last definition

(2) is justified by Fujiwara and Miyahara[2]. If we moreover assume that a(·, ·) belongs to the class

V =

{

f : [0, T ]× (0,∞) → R| sup
(t,x)∈[0,T ]×(0,∞)

3
∑

k=0

|xk ∂
kf

∂xk
(t, x)| <∞

}

,

then Jourdain[3] provides the following equation of (T,K):

−
∂C

∂T
+ ATC = 0, (T,K) ∈ (0,∞) × (0,∞),

where

(AT f)(K) =
1

2
a(T,K)2K2f ′′(K) − (r − δ)Kf ′(K) − δf(K)

+

∫

R

{f(Ke−z) − f(K) − (e−z − 1)Kf ′(K)}ezν(dz).

Here notice that the assumption a(·, ·) ∈ V satisfies the Lipschiz condition. In this note we provide

the same result of the above without a(·, ·) ∈ V by using not only stochastic flow approch but also

another one.

2 Main result

We fix x ∈ (0,∞) as follows. We have the following main theorem.

Theorem 2.1. C(x, T,K) as a function of (T,K) satisfies

−
∂C

∂T
+ ATC = 0, (T,K) ∈ (0,∞) × (0,∞)

in weak sense; that is,
∫

∞

0

∫

∞

0

C(x, T,K)

{

∂ϕ

∂T
(T,K) + A∗

Tϕ(T,K)

}

dTdK = 0, ∀ϕ ∈ C∞

0
((0,∞)2),

where
∫

∞

0

∫

∞

0

ψ(T,K)A∗

Tϕ(T,K)dTdK =

∫

∞

0

∫

∞

0

ATψ(T,K)ϕ(T,K)dTdK,

∀ϕ, ∀ψ ∈ C∞

0
((0,∞)

2
).
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2.1 Lemmas

Lemma 2.1. It follows that

0 ≤ C(x, T,K) ≤ e−δTx, (T,K) ∈ (0,∞) × (0,∞). (3)

For every ϕ(·) ∈ C2

0
((0,∞))

e−rTE[ϕ(Xx
T )] =

∫

∞

0

C(x, T,K)ϕ′′(K)dK, T ∈ (0,∞) (4)

holds.

Remark 2.1. It follows from (3) that C(x, T,K) as a function of (T,K) is locally integrable on

(0,∞) × (0,∞). Thus the right-hand side of (4) is well-defined.

proof: By (2) we have

0 ≤ erTC(x, T,K) ≤ E[Xx
T ].

Moreover, since {e−(r−δ)tXx
t }t∈[0,T ] is a nonnegative local martingale with initial value x, the

right-hand side of the last inequality is

≤ e(r−δ)Tx.

Hence we get (3). Finally, we compute from (2) that the right-hand side of (4) is

=

∫

∞

0

e−rTE[(Xx
T −K)+]ϕ′′(K)dK

= e−rTE

[
∫

∞

0

(Xx
T −K)+ϕ′′(K)dK

]

= e−rTE[ϕ(Xx
T )].

Hence we get (4).

Before we moreover introduce lemmas, for every ϕ(·, ·) ∈ C∞

0
((0,∞)

2
) we set a family {Φh}h>0

of all functions

Φh(T, x) =
1

h
{E[ϕ(T,Xx

T+h)] − E[ϕ(T,Xx
T )]}, (T,K) ∈ (0,∞) × (0,∞).

Lemma 2.2.

limh↓0

∫

∞

0

Φh(T, x)dT = −

∫

∞

0

∫

∞

0

erTC(x, T,K)
∂3ϕ

∂T∂K2
(T,K)dTdK.

proof: First, we set C̃(x, T,K) = erTC(x, T,K). By using (4), we have

∫

∞

0

Φh(T, x)dT =

∫

∞

0

{

∫

∞

0

C̃(x, T + h,K) − C̃(x, T,K)

h

∂2ϕ

∂K2
(T,K)dK

}

dT,
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where h > 0. Moreover we compute that the right-hand side of the last equality is

=

∫

∞

0

{

∫

∞

0

C̃(x, T + h,K) − C̃(x, T,K)

h

∂2ϕ

∂K2
(T,K)dT

}

dK

=

∫

∞

0

{
∫

∞

0

C̃(x, T,K)
1

h

(

∂2ϕ

∂K2
(T − h,K) −

∂2ϕ

∂K2
(T,K)

)

dT

}

dK,

and so we have
∫

∞

0

Φh(T, x)dT =

∫

∞

0

∫

∞

0

C̃(x, T,K)
1

h

(

∂2ϕ

∂K2
(T − h,K) −

∂2ϕ

∂K2
(T,K)

)

dTdK.

Then, by using the dominated convergence theorem, ϕ(·, ·) ∈ C∞

0
((0,∞)

2
) and (3) imply that the

right-hand side of the last equality converges to

−

∫

∞

0

∫

∞

0

C̃(x, T,K)
∂3ϕ

∂T∂K2
(T,K)dTdK

as h ↓ 0. Hence we get the desired result.

We denote by the following operator depended on time t ∈ [0,∞) :

(Ãtf)(x) =
1

2
a(t, x)

2
x2f ′′(x) + {

∂

∂x
(a(t, x)

2
x2) + (r − δ)x}f ′(x)

+

{

1

2

∂2

∂x2
(a(t, x)

2
x2) + (r − 2δ)

}

f(x)

+

∫

R

e2zf(xez) − (2ez − 1)f(x) − (ez − 1)xf ′(x)ν(dz).

Lemma 2.3.

limh↓0

∫

∞

0

Φh(T, x)dT =

∫

∞

0

∫

∞

0

erTC(x, T,K)

(

ÃT

∂2ϕ

∂K2
(T,K)

)

dTdK.

proof: First, we divide A· into two parts as follows:

(A·f)(x) =

{

1

2
a(·, x)

2
x2f ′′(x) + (r − δ)xf ′(x)

+

∫

|z|<1

f(xez) − f(x) − zxf ′(x)ν(dz)

−

∫

|z|<1

(ez − 1 − z)xf ′(x)ν(dz) −

∫

|z|≥1

f(x) + (ez − 1)xf ′(x)ν(dz)

}

+

∫

|z|≥1

f(xez)ν(dz)

= (A0

·
f)(x) +

∫

|z|≥1

f(xez)ν(dz).
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Since ϕ(·, ·) ∈ C∞

0
((0,∞)2) we can choose subintervals I1 = [α1, β1] and I2 = [α2, β2] of (0,∞)

such that supp ϕ ⊂ I1 × I2. We pick δ > 0 and set Ĩ1 = {x|α1 ≤ x ≤ β1 + δ} and Ĩ2 = {x|α2e
−1 ≤

x ≤ β2e}. We denote by ‖ f ‖C(Γ)
= supx∈Γ

|f(x)|, where Γ is a compact subset of (0,∞)
2

and

f ∈ C(Γ) = {f is a real-valued continuous function on Γ}. Then observe that A0

Tϕ(T, ·) belongs

to C2((0,∞)), since ϕ(·, ·) ∈ C∞

0
((0,∞)

2
) and a(T, ·) has the second derivative, and

|A0

uϕ(T,K)| ≤
1

2
‖ a2 ‖C(Ĩ1×I2)

‖ K2
∂2ϕ

∂K2
‖

C(I1×I2)

1I1×I2(T,K)

+ |r − δ| ‖ K
∂ϕ

∂K
‖

C(I1×I2)
1I1×I2(T,K)

+

∫

|z|<1

z2 ν(dz) ‖ K2
∂2ϕ

∂K2
+K

∂ϕ

∂K
‖

C(I1×Ĩ2)

1I1×Ĩ2
(T,K)

+

∫

|z|<1

ez − 1 − z ν(dz) ‖ K
∂ϕ

∂K
‖

C(I1×I2)
1I1×I2(T,K)

+ ν(|z| ≥ 1) ‖ ϕ ‖C(I1×I2)
1I1×I2(T,K)

+

∫

|z|≥1

|ez − 1| ν(dz) ‖ K
∂ϕ

∂K
‖

C(I1×I2)

1I1×I2(T,K)

≤

{

1

2
‖ a2 ‖

C(Ĩ1×I2)
‖ K2

∂2ϕ

∂K2
‖

C(I1×I2)

+ (|r − δ| +

∫

|z|<1

ez − 1 − z ν(dz) +

∫

|z|≥1

|ez − 1| ν(dz))‖ K
∂ϕ

∂K
‖

C(I1×I2)

+

∫

|z|<1

z2 ν(dz)‖ K2
∂2ϕ

∂K2
+K

∂ϕ

∂K
‖

C(I1×Ĩ2)

+ ν(|z| ≥ 1)‖ ϕ ‖C(I1×I2)

}

× 1I1×Ĩ2
(T,K)

= C1 × 1
I1×Ĩ2

(T,K), ∀u ∈ Ĩ1,

where C1 <∞ holds since ϕ(·, ·) ∈ C∞

0
((0,∞)2), (1), and a(·, ·) is continuous. Moreover, it is easy

that we have
∣

∣

∣

∣

∣

∫

|z|≥1

ϕ(T,Kez)ν(dz)

∣

∣

∣

∣

∣

≤ C21I1(T ),

where C2 is a positive constant not depending on T and K. Therefore the inequality of the

observation and the last inequality imply

|Auϕ(T,K)| ≤ (C1 + C2)1I1(T ), ∀u ∈ Ĩ1.

Here, fix T and by using Appendix 3.2 it follows from ϕ(·, ·) ∈ C∞

0
((0,∞)

2
) that

Φh(T, x) =
1

h

∫ T+h

T

E[(Auϕ(T, ·))(Xx
u )]du

=
1

h

∫ T+h

T

E[Auϕ(T,Xx
u)]du,
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for all 0 < h < δ. Then the last two inequality and equality imply

limh↓0Φh(T, x) = E[ATϕ(T,Xx
T )];

|Φh(T, x)| ≤ (C1 + C2)1I1(T ), 0 < ∀h < δ.

According to the dominated convergence theorem, the last two results imply

limh↓0

∫

∞

0

Φh(T, x)dT =

∫

∞

0

E[ATϕ(T,Xx
T )]dT. (5)

On the other hand, by using (4) we have from the above observation

e−rTE[A0

Tϕ(T,Xx
T )] =

∫

∞

0

C(x, T,K)
∂2

∂K2
(A0

Tϕ(T, ·))(K)dK

Moreover we have

e−rTE[

∫

|z|≥1

ϕ(T,Xx
T e

z)ν(dz)] =

∫

|z|≥1

e−rTE[ϕ(T,Xx
T e

z)]ν(dz)

=

∫

|z|≥1

∫

∞

0

C(x, T,K)
∂2

∂K2
(ϕ(T,Kez))dKν(dz)

=

∫

∞

0

C(x, T,K)

∫

|z|≥1

e2z ∂
2ϕ

∂K2
(T,Kez)ν(dz)dK,

where the second line of the last equality holds by (4). Therefore the last two equalities imply

e−rTE[ATϕ(T,Xx
T )] =

∫

∞

0

C(x, T,K){
∂2

∂K2
(A0

Tϕ(T,K))

+

∫

|z|≥1

e2z ∂
2ϕ

∂K2
(T,Kez)ν(dz)}dK,

and so by computing the right-hand side of the last equality we have

e−rTE[ATϕ(T,Xx
T )] =

∫

∞

0

C(x, T,K)(ÃT

∂2ϕ

∂K2
(T,K))dK.

Hence (5) and the last equality imply the desired result.

2.2 Proof of Theorem 2.1

First, pick any ψ(T,K) ∈ C∞

0
((0,∞)

2
). According to Lemma 2.2 and 2.3, for all ϕ(T,K) ∈

C∞

0
((0,∞)

2
) such that erT ∂2ϕ

∂K2 = ψ, we have

∫

∞

0

∫

∞

0

erTC(x, T,K)

{

∂3ϕ

∂T∂K2
(T,K) + ÃT

∂2ϕ

∂K2
(T,K)

}

dTdK = 0,

and so
∫

∞

0

∫

∞

0

C(x, T,K)

{

∂ψ

∂T
(T,K) + ÃTψ(T,K)

}

dTdK = 0
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holds. On the other hand, we can compute the integral by parts

∫

∞

0

∫

∞

0

ψ(T,K)ÃTϕ(T,K)dTdK =

∫

∞

0

∫

∞

0

ATψ(T,K)ϕ(T,K)dTdK,

∀ϕ, ∀ψ ∈ C∞

0
((0,∞)2).

Hence the last two equalities imply the desired conclusion.

3 Appendix

Appendix 3.1. Let X ⊂ Rd, where d is a positive integer, be a domain and Ck(X), where

k = 0, 1, 2, · · · ,∞, be a class of all real-valued functions on X which have continuous partial

derivatives of order ≤ k if k < ∞; of order < ∞ if k = ∞. Let Ck
0
(X) be a class of all functions

which belong to Ck(X) and compact supports.

Appendix 3.2. (Dynkin’s formula)

For every f ∈ C2

0
((0,∞)),

E[f(Xx
t )] = f(x) + E

[
∫ t

0

(Auf)(Xx
u)du

]

, (t, x) ∈ [0,∞) × (0,∞)

holds.
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ABSTRACT

In this paper, we study the two-sector CES economy with sector-specific externality

(feedback effects). We characterize the equilibrium paths in the case that allows neg-

ative externality, and show how the degree of externality may generate equilibrium

cycles around the steady state.

RESUMEN

En este artculo estudiamos economia de dos-sector CES con externalidad de sector-

especifico (efecto de retroalimentacin). Nosotros caracterizamos la trajectoria de equi-

†This paper has been written while Alain Venditti was visiting the Institute of Economic Research of Kyoto
University. He thanks Professor Kazuo Nishimura and all the staff of the Institute for their kind invitation.
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librio en el caso que permite externalidad negativa, e demonstramos como el grado de

externalidad puede generar ciclos de equilibrio alrededor del estado regular.

Key words and phrases: Difference equations, nonlinear dynamics, bifurcation, two-periodic

cycle, multiple equilibria.

Math. Subj. Class.: 37G10, 39A11, 91B50, 91B62, 91B64, 91B66.

1 Introduction

The aim of this paper is to show the existence of equilibrium cycles around the steady state in the

two-sector model with CES production function and sector specific externality.1 A representative

agent has concrete expectations on the level of externality and make a decision assuming that the

externality is not affected by his own choice of decision variables. However, externalities come from

the average values of capital and labor on the market. Therefore, if a representative agent chooses

values of decision variables, externalities also vary as everybody also takes the same decision.

Over the last decade, an important literature has focused on the existence of locally inde-

terminate equilibria in dynamic general equilibrium economies with technological external effects.

Local indeterminacy means that there exists a continuum of equilibria starting from the same

initial condition, all of which converging to the same steady state. It is now well-known that local

indeterminacy is a sufficient condition for the existence of endogenous fluctuations generated by

purely extrinsic belief shocks which do not affect the fundamentals, i.e. the preferences and tech-

nologies.2 Indeed, in presence of local indeterminacy, by randomizing beliefs over the continuum

of equilibrium paths, one may construct equilibria defined with respect to shocks on expectations,

and thus provide an alternative to technology or taste shocks to get propagation mechanisms and

to explain macroeconomic volatility.

Benhabib and Nishimura [3, 4] proved that indeterminacy may arise in a continuous time

economy in which the production functions from the social perspective have constant return to

scale. Benhabib, Nishimura and Venditti [5] studied the two-sector model with sector specific

external effects in discrete time framework. They provided conditions in which indeterminacy may

occur even if the production function is decreasing return to scale from the social perspective.

Nishimura and Venditti [7] study the interplay between the elasticity of capital-labor substitution

and the rate of depreciation of capital, and its influence on the local behavior of equilibrium paths

in a neighborhood of the steady state. However, in all these contributions, the existence of local

bifurcations as the degree of externalities is modified is not discussed.

In this paper, we study the model in Nishimura and Venditti [7], focusing on the external

effect of capital-labor ratio in the pure capital good sector and characterize the equilibrium paths

1External effects are feedbacks from the other agents in the economy who also face identical maximizing problems.
See Benhabib and Farmer [2] for a survey.

2See Cass and Shell [6].
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in the case that allows negative externality, which was not discussed in their paper. We will focus

on the existence of flip bifurcation, i.e. of period-two equilibrium cycles, through the existence of

local indeterminacy.

In Section 2 we describe the model. We discuss the existence of a steady state and give the

local characterization of the equilibrium paths around the steady state in Section 3. Section 4

contains some concluding comments.

2 The model

We consider a two-sector model with an infinitely-lived representative agent. We assume that its

single period linear utility function is given by

u (ct) = ct.

We assume that the consumption good, c, and capital good are produced with a Constant Elasticity

of Substitution (CES) production functions.

ct =
[

α1K
−ρ

c

ct + α2L
−ρ

c

ct

]−
1

ρc

(1)

yt =
[

β
1
K

−ρ
2

yt + β
2
L
−ρ

2

yt + et

]−
1

ρy

(2)

where ρc, ρy > −1 and et represents the time-dependent externality (feedback effects) in the

capital good sector. Let the elasticity of capital-labor substitution in each sector be σc = 1

1+ρ
c

≥ 0

and σy = 1

1+ρ
y

≥ 0. We assume that the externalities are as follows:

e = bK̄
−ρ

y

yt − bL̄
−ρ

y

yt , (3)

where b > 0, and K̄y and L̄y represents the economy-wide average values. The representative agent

takes these economy-wide average values as given.

Definition 1 We call y =
[

β
1
K

−ρ
y

y + β
2
L
−ρ

y

y + e
]−

1

ρy

the production function from the private

perspective, and y =
[

(β
1

+ b)K
−ρ

y

y + (β
2
− b)L

−ρ
y

y

]−
1

ρy

the production function from the social

perspective.

In the rest of the paper we will assume that α1 + α2 = β
1

+ β
2

= 1 so that the consumption

good sector does not have externalities. Notice then that denoting β̂
1

= β
1
+b and β̂

2
= β

2
−b, we

get also β̂
1

+ β̂
2

= 1. The investment good sector has externalities but the technology is linearly

homogeneous, i.e. has constant returns, from the social perspective.
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Remark 1 Notice that the externality (3) may be expressed as follows

e = bL̄
−ρ

y

2

[

(

K̄y

L̄y

)−ρ
y

− 1

]

. (4)

Now consider the production function from the social perspective as given in Definition 1. Dividing

both sides by Ly, we get denoting ky = Ky/Ly and ỹ = y/Ly

ỹ =
[

(β
1

+ b) k
−ρ

y

y + (β
2
− b)

]−
1

ρy

. (5)

From equations (4) and (5) we derive that the externality is given in terms of the capital-labor

ratio in the investment good sector.

The aggregate capital is divided between sectors,

kt = Kct + Kyt,

and the labor endowment is normalized to one and divided between sectors,

Lct + Lyt = 1.

The capital accumulation equation is

kt+1 = yt,

as the capital depreciates completely in one period. To simplify we assume that both technologies

are characterized by the same properties of substitution, i.e. ρc = ρy = ρ.

The consumer optimization problem will be given by

max
∞
∑

t=0

δt
[

α1K
−ρ
ct + α2L

−ρ
ct

]−
1

ρ

s.t. yt =
[

β
1
K

−ρ
yt + β

2
L
−ρ
yt + et

]−
1

ρ

1 = Lct + Lyt

kt = Kct + Kyt

yt = kt+1

k0, {et}
∞

t=0
given

(6)

where δ ∈ (0, 1) is the discount factor. pt, rt, and wt respectively denote the price of capital goods,

the rental rate of the capital goods and the wage rate of labor at time t ≥ 03. For any sequences

{et}
∞

t=0
of external effects that the representative agent considers given, the Lagrangian at time

3We normalize the price of consumption goods to one.
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t ≥ 0 is defined as follows:

Lt =
[

α1K
−ρ
ct + α2L

−ρ
ct

]−
1

ρ + pt

[

[

β
1
K

−ρ
yt + β

2
L
−ρ
yt + et

]−
1

ρ − kt+1

]

+ rt (kt − Kct − Kyt) + wt (1 − Lct − Lyt) .

(7)

Then the first order conditions derived from the Lagrangian are as follows:

∂Lt

∂Kct

= α1

(

ct

Kct

)

− rt = 0, (8)

∂Lt

∂Lct

= α2

(

ct

Lct

)

− wt = 0, (9)

∂Lt

∂Kyt

= ptβ1

(

yt

Kyt

)

− rt = 0, (10)

∂Lt

∂Lyt

= ptβ2

(

yt

Lyt

)

− wt = 0. (11)

From the above first order conditions, we derive the following equation,

(

α1�α2

β
1
�β

2

)

=

(

Kct�Lct

Kyt�Lyt

)1+ρ

. (12)

If α1/α2 > (<)β
1
/β

2
, the consumption (capital) good sector is capital intensive from the private

perspective.

For any value of (kt, yt) , solving the first order conditions with respect to Kct, Kyt, Lct, Lyt

gives these inputs as functions of capital stock at time t and t + 1, and external effect, namely:

Kct = Kc (kt, yt, et) , Lct = Lc (kt, yt, et) ,

Kyt = Ky (kt, yt, et) , Lyt = Ly (kt, yt, et) .

For any given sequence {et}
∞

t=0
, we define the efficient production frontier as follows:

T ∗ (kt, kt+1, et) =
[

α1Kc (kt, yt, et)
−ρ

+ α2Lc (kt, yt, et)
−ρ
]−

1

ρ

.

Using the envelope theorem we derive the equilibrium prices,4

T2 (kt, kt+1, et) = −pt, (13)

T1 (kt, kt+1, et) = rt. (14)

4See Takayama for the envelope theorem, pp160-165. Using the envelope theorem, we get ∂Lt

∂kt
= ∂T

∂kt
and ∂Lt

∂kt+1

=

∂T
∂kt+1

. This is equivalent to (13) and (14).
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Next we solve the intertemporal problem (6). In this model, lifetime utility function becomes

U =
∞
∑

t=0

δtT ∗ (kt, kt+1, et) .

From the first order conditions with respect to kt+1, we obtain the Euler equation

T2 (kt, kt+1, et) + δT1 (kt+1, kt+2, et+1) = 0. (15)

The solution of equation (15) also has to satisfy the following transversality condition

lim
t→+∞

δtktT1 (kt, kt+1, et) = 0. (16)

We denote the solution of this problem {kt}
∞

t=0
. This path depends on the choice of sequence

{et}
∞

t=0
. If the sequence {et}

∞

t=0
satisfies

et = bKy (kt, yt, et)
−ρ

− bLy (kt, yt, et)
−ρ

, (17)

then {k̂t}
∞

t=0
is called an equilibrium path. Along an equilibrium path, the expectations of the

representative agent on the externalities {et}
∞

t=0
are realized.

Definition 2 {kt}
∞

t=0
is an equilibrium path if {kt}

∞

t=0
satisfies (15), (16) and (17).

Solving the equation (17) for et, we derive et that is given as a function of (kt, kt+1), namely

et = ê (kt, kt+1). Let us substitute ê (kt, kt+1) into equations (13) and (14) and define the equilib-

rium prices as

pt = pt (kt, kt+1) ,

rt = rt (kt, kt+1) .

Then the Euler equation (15) evaluated at {kt}
∞

t=0
is

−p (kt, kt+1) + δr (kt+1, kt+2) = 0. (18)

We have the following lemma.

Lemma 1 The partial derivatives of T (kt, kt+1, et) with respect to kt and kt+1 are given by

T1 (kt, kt+1, ê (kt, kt+1)) = α1

[

α1 + α2

(

α1β
2

α2β
1

)

1+ρ

ρ

(

(

g

kt+1

)

ρ

β
2
−b

− (β
1
+b)

β
2
−b

)ρ]−
1+ρ

ρ

T2 (kt, kt+1, ê (kt, kt+1)) = T1(kt, kt+1,ê(kt,kt+1))

β
1

(

g

kt+1

)1+ρ

where

g = g (kt, kt+1) =

{

Kyt ∈ [0, kt] |
α1β

2

α2β
1

=
(

kt−Kyt

1−Lyt(Kyt,kt+1)

)1+ρ (
Lyt(Kyt,kt+1)

Kyt

)1+ρ
}
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and

Lyt (Kyt, kt+1) =

(

k
−ρ

t+1
−(β

1
+b)K

−ρ

yt

β
2
−b

)−
1

ρ

.

3 Steady state

Definition 3 A steady state is defined by kt = kt+1 = yt = k∗ and is given by the solution of

T2 (k∗, k∗, e∗) + δT1 (k∗, k∗, e∗) = 0 with e∗ = ê (k∗, k∗) .

In the rest of the paper we assume the following restriction on parameters’ values that guar-

antees all the steady state values are positive.

Assumption 1 The parameters δ, β
1
, b and ρ satisfy

(δβ
1
)

−ρ

1+ρ < β
1
+ b.

We obtain the steady state value.

Proposition 1 In this model, there exists a unique stationary capital stock k∗ such that:

k∗ =

{

1 +
(

α1β
2

α2β
1

)

−1

1+ρ

(δβ
1
)

−1

1+ρ

[

1 − (δβ
1
)

1

1+ρ

]

}−1 [

1−β̂
1
(δβ

1
)

−ρ

1+ρ

β̂
2

]

1

ρ

. (19)

To study local behavior of the equilibrium path around the steady state k∗, we linearize the

Euler equation (15) at the steady state k∗ and obtain the following characteristic equation

δT12λ
2 + [δT11 + T22] λ + T21 = 0,

or

δλ2 +

[

δ
T11

T12

+
T22

T12

]

λ +
T21

T12

= 0. (20)

As shown in Nishimura and Venditti [7], the expressions of the characteristic roots are as follows:

Proposition 2 The characteristic roots of Equation (20) are

λ1 =
1

(δβ
2
)

1

1+ρ

[

(

β
1

β
2

)
1

1+ρ

−
(

α1

α2

)
1

1+ρ

] , (21)

λ2(b) =

(δβ
2
)

1

1+ρ

[

β
1
+b

β
1

(

β
1

β
2

)
1

1+ρ

− β
2
−b

β
2

(

α1

α2

)
1

1+ρ

]

δ
.
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The roots of the characteristic equation determine the local behavior of the equilibrium paths.

The sign of λ1 is determined by factor intensity differences from the private perspective.5

We now characterize the equilibrium paths in this model. In particular we can show that

the local behavior of equilibrium path around the steady state changes according to the degree of

external effect in the capital good sector.

Definition 4 A steady state k∗ is called locally indeterminate if there exists ε such that for any

k0 ∈ (k∗ − ε, k∗ + ε) , there are infinitely many equilibrium paths converging to the steady state.

As there is one pre-determined variable, the capital stock, local indeterminacy occurs if the

stable manifold has two dimension, i.e. if the two characteristic roots are within the unit circle. We

will also present conditions for local determinacy (for saddle-point stability) in which there exists

a unique equilibrium path. Such a configuration occurs if the stable manifold has one dimension,

i.e. if one root is outside the unit circle while the other is inside.

When the investment good is capital intensive, local indeterminacy and flip bifurcation cannot

occur.

Proposition 3 Suppose that the capital good sector is capital intensive from the private perspec-

tive, i.e. α2β1
> α1β2

. Then the characteristic roots λ1 and λ2(b) are positive with λ1 > 1.

Next we present our results assuming that the capital good is labor intensive from the private

perspective, i.e. α2β1
− α1β2

< 0. Equilibrium period-two cycles may occur in this case through

a flip bifurcation. We will also get local indeterminacy of equilibria. By rewriting equation (21),

the characteristic roots are

λ1 = −
1

(δβ
2
)

1

1+ρ

[

(

α1

α2

)
1

1+ρ

−
(

β
1

β
2

)
1

1+ρ

] , (22)

λ2(b) = −

(δβ
2
)

1

1+ρ

[

β
2
−b

β
2

(

α1

α2

)
1

1+ρ

− β
1
+b

β
1

(

β
1

β
2

)
1

1+ρ

]

δ
.

To get λ1 ∈ (−1, 0), we need however to suppose a slightly stronger condition than simply ensuring

the capital good sector to be labor intensive from the private perspective. The capital intensity

difference α1β2
−α2β1

needs to be large enough and the discount factor has to be close enough to

1.

Proposition 4 Assume that (α1β2
)

1

1+ρ − (α2β1
)

1

1+ρ > α
1

1+ρ

2
and δ ∈ (δ3, 1) with

δ3 = β−1

2

[

(β
1
/β

2
)

1

1+ρ − (α1/α2)
1

1+ρ

]−1−ρ

< 1.

5If α2β1 − α1β2 > 0, the capital good sector is capital intensive from the private perspective.
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Then there exist b(δ) > 0 and b(δ) > b(δ) such that the steady state is saddle point for b ∈ (0, b (δ)),

undergoes a flip bifurcation when b = b (δ), becomes locally indeterminate for b ∈
(

b (δ) , b (δ)
)

and

is again saddle-point stable for (b (δ) , +∞). Generically, there exist period-two cycles in a left

(right) neighborhood of b (δ) that are locally indeterminate (saddle-point stable).

Next we still assume that the capital good is labor intensive from the private perspective with

α2β1
− α1β2

< 0, but make λ1 an unstable root, i.e. λ1 < −1. As a result local indeterminacy

cannot occur but period-two cycles may still exist through a flip bifurcation. Two cases need to

be considered: (α1β2
)

1

1+ρ − (α2β1
)

1

1+ρ > α
1

1+ρ

2
and δ ∈ (0, δ3), as well as (α1β2

)
1

1+ρ − (α2β1
)

1

1+ρ <

α
1

1+ρ

2
. The following result is proved along the same lines as Proposition 4.

Proposition 5 Suppose that the capital goods sector is labor intensive from the private perspective

and let

δ4 = β
1

ρ

2

[

(β
1
/β

2
)

1

1+ρ − (α1/α2)
1

1+ρ

]

1+ρ

ρ

.

Assume also that one of the following sets of conditions hold:

i) (α1β2
)

1

1+ρ − (α2β1
)

1

1+ρ > α
1

1+ρ

2
and δ ∈ (0, δ∗) with δ∗ = min{δ3, δ4},

ii) (α1β2
)

1

1+ρ − (α2β1
)

1

1+ρ < α
1

1+ρ

2
, ρ > 0 and δ ∈ (0, δ4),

Then there exist b(δ) > 0 and b(δ) > b(δ) such that the steady state is totally unstable for

b ∈ (0, b (δ)), undergoes a flip bifurcation when b = b (δ), becomes saddle-point stable for b ∈
(

b (δ) , b (δ)
)

and is again totally unstable for (b (δ) , +∞). Generically, there exist period-two cy-

cles in a left (right) neighborhood of b (δ) that are locally saddle-point stable (unstable).

Remark 2 Consider the production function from the social perspective as given in Definition 1

and recall from (5) that we can write it as follows

ỹ =
[

(β
1

+ b) k
−ρ

y

y + (β
2
− b)

]−
1

ρy

. (23)

According to b ≷ β
2
, the following inequality holds: for any η > 1,

[

(β
1
+ b) (ηky)

−ρ
+ (β

2
− b)

]−
1

ρ

≷

[

(β
1

+ b) (ηky)
−ρ

+ η−ρ (β
2
− b)

]−
1

ρ

= η
[

(β
1

+ b) k−ρ
y + (β

2
− b)

]−
1

ρ .

If b is larger than β
2
, the function ỹ exhibits increasing returns while if b is smaller than β

2
the

function ỹ exhibits decreasing returns.

As we consider in Proposition 5 values of δ close to zero, the role of b on the local stability

properties of the steady state is multiple. Indeed, starting from a low amount of externalities,

an increase of b contributes to saddle-point stability and the existence of cycles through a flip
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bifurcation. But then if b is increased too much, total instability occurs since the returns to scale

becomes increasing as shown in the previous Remark.

4 Concluding remarks

In this paper we have characterized the local dynamics of equilibrium paths depending on the size

of external effects b. We have shown that when the consumption good is capital intensive, the

effect of b on the local dynamics of equilibrium path depends on the value of the discount factor.

If the discount factor is close enough to one and the capital intensity difference is large enough,

local indeterminacy occurs for intermediary values of b while saddle-point stability is obtained

when b is low enough or large enough. On the contrary, if the discount factor is low enough, local

indeterminacy cannot occur. But the existence of equilibrium cycles and saddle-point stability

require intermediary values of b while total instability is obtained when b is low enough or large

enough.

5 Appendix

5.1 Proof of Lemma 1

We shall derive the first partial derivatives of T (kt, kt+1, et) along an equilibrium path. The first

order conditions derived from the Lagrangian are as below:

α1

(

ct

Kct

)

− rt = 0, (A1.1)

α2

(

ct

Lct

)

− wt = 0, (A1.2)

ptβ1

(

yt

Kyt

)

− rt = 0, (A1.3)

ptβ2

(

yt

Lyt

)

− wt = 0. (A1.4)

In the equilibrium the equation (2) is rewritten as

Lyt =

(

y
−ρ
t − (β

1
+ b)K

−ρ
yt

β
2
− b

)−
1

ρ

. (A1.5)

From the first order conditions (A1.1)-(A1.4),

α1β2

α2β1

=

(

Kct

Lct

)1+ρ(
Lyt

Kyt

)1+ρ

.
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Substituting Kct = kt − Kyt, Lyt = 1 − Lct into the equation,

α1β2

α2β1

=

(

kt − Kyt

1 − Lyt

)1+ρ(
Lyt

Kyt

)1+ρ

. (A1.6)

By solving equations (A1.5) and (A1.6) with respect to Kyt and substituting yt = kt+1, we have

Kyt = g (kt, kt+1) . From the equation (A1.1),

rt = α1

[

α1 + α2

(

Kct

Lct

)ρ]−
1+ρ

ρ

.

Using the equation (A1.6) we have

rt = α1

[

α1 + α2

(

α1β2

α2β1

)

1+ρ

ρ

(

g (kt, kt+1)

Lct

)ρ
]−

1+ρ

ρ

.

And then from (A1.5) rt can be rewritten as the following equation by substituting
(

g(kt,kt+1)

Lyt

)ρ

=
(

g(kt,kt+1)

yt

)

ρ

β
2
−b

−
(β

1
+b)

β
2
−b

6 ,

rt = α1






α1 + α2

(

α1β2

α2β1

)

1+ρ

ρ





(

g(kt,kt+1)

yt

)ρ

β
2
− b

−
(β

1
+ b)

β
2
− b





ρ






−
1+ρ

ρ

. (A1.7)

Moreover from the equation (A1.3), we have

pt =
rt

β
1

(

g (kt, kt+1)

yt

)1+ρ

. (A1.8)

Therefore we get T1 and T2 from the envelope theorem which gives

T1 = rt, T2 = −pt.

�

5.2 Proof of Proposition 1

By definition k∗ satisfies T2 (k∗, k∗, e∗) + δT1 (k∗, k∗, e∗) = 0 with e∗ = ê (k∗, k∗) . In the steady

state, g∗ = g (k∗, k∗) and y∗ = k∗. Using Lemma 1, the Euler equation is

−
r

β
1

(

g∗

y∗

)1+ρ

+ δr = 0.

6Substitute the equation (A1.5) into
(

g
Lyt

)ρ
.



76 Miki Matsuo et al. CUBO
10, 3 (2008)

Thus,

g∗ = (δβ
1
)

1

1+ρ k∗. (A2.1)

As y∗ = k∗ at the steady state, the equation (A1.5) becomes,

L∗

y = k∗

(

1 − (β
1

+ b) (δβ
1
)

−ρ

1+ρ

β
2
− b

)−
1

ρ

. (A2.2)

Using K∗

c = k∗ − K∗

y and L∗

c = 1 − L∗

y,

L∗

c = 1 − k∗

(

1 − (β
1

+ b) (δβ
1
)

−ρ

1+ρ

β
2
− b

)−
1

ρ

, (A2.3)

K∗

c = k∗

(

1 − (δβ
1
)

1

1+ρ

)

. (A2.4)

Then equation (A1.6) can be rewritten as follows;

(

K∗

c

L∗
c

)1+ρ (L∗

y

g∗

)1+ρ

=
α1β2

α2β1

. (A2.5)

Substituting these input demand functions into the above equation and solving with respect to k∗,

we can get

k∗ =

[

1 +

(

α1β2

α2β1

)
−1

1+ρ

(δβ
1
)

−1

1+ρ

(

1 − (δβ
1
)

1

1+ρ

)

]−1 [

1 − (β
1
+ b) (δβ

1
)

−ρ

1+ρ

β
2
− b

]

1

ρ

.

Then k∗ is well defined if and only if

(δβ
1
)

−ρ

1+ρ <
1

β
1

+ b
.

�

5.3 Proof of Proposition 2

We give some lemmas in order to derive the characteristic roots.

Lemma 2 At the steady state the following holds

g1 =
1 + ρ

∆Kc

,

g2 =





(1 + ρ)Lρ
y + (1 + ρ)

L1+ρ

y

Lc

∆





y−1−ρ

β
2
− b

,
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where

∆ =
1 + ρ

g
+

1 + ρ

Kc

+

(

(1 + ρ) Lρ
y + (1 + ρ)

L1+ρ
y

Lc

)

β
1
+ b

β
2
− b

g−1−ρ.

Proof. From equation (A2.5) we get

α1β2

α2β1

= g−1−ρ (k − g)
1+ρ

(

y−ρ − (β
1
+ b) g−ρ

β
2
− b

)−
1+ρ

ρ

{

1 −

(

y−ρ − (β
1

+ b) g−ρ

β
2
− b

)−
1

ρ

}−1−ρ

.

Totally differentiating this equation, we have the following relationship,

[(1 + ρ) g−1 + (1 + ρ) (k − g)
−1

+ (1 + ρ)

(

y−ρ − (β
1

+ b) g−ρ

β
2
− b

)−1
β

1
+ b

β
2
− b

g−1−ρ

+ (1 + ρ)

{

1 −

(

y−ρ − (β
1

+ b) g−ρ

β
2
− b

)−
1

ρ

}−1
(

y−ρ − (β
1

+ b) g−ρ

β
2
− b

)−
1+ρ

ρ β
1
+ b

β
2
− b

g−1−ρ]dg

= (1 + ρ) (k − g)
−1

dk + (1 + ρ)

(

y−ρ − (β
1

+ b) g−ρ

β
2
− b

)−1−1
y−1−ρ

β
2
− b

dy

+ (1 + ρ)

{

1 −

(

y−ρ − (β
1

+ b) g−ρ

β
2
− b

)−
1

ρ

}−1
(

y−ρ − (β
1

+ b) g−ρ

β
2
− b

)−
1+ρ

ρ y−1−ρ

β
2
− b

dy.

(A3.1.1)

Notice from equation (A1.5)

L−ρ
y =

y−ρ − (β
1
+ b) g−ρ

β
2
− b

(A3.1.2)

and (A2.5)
(

α1β2

α2β1

)
1

1+ρ

=
K∗

c

L∗
c

(

g∗

L∗
y

)−1

. (A3.1.3)

Then substituting these equations and dyt = dkt+1 into (A3.1.1) gives

RHS =
1 + ρ

Kc

dkt +

(

(1 + ρ)Lρ
y + (1 + ρ)

L1+ρ
y

Lc

)

y1−ρ

β
2
− b

dkt+1,

LHS =

[

1 + ρ

g
+

1 + ρ

Kc

+

(

(1 + ρ)Lρ
y + (1 + ρ)

L1+ρ
y

Lc

)

β
1

+ b

β
2
− b

g−1−ρ

]

dg,

where we denote

∆ ≡
1 + ρ

g
+

1 + ρ

Kc

+

(

(1 + ρ) Lρ
y + (1 + ρ)

L1+ρ
y

Lc

)

β
1
+ b

β
2
− b

g−1−ρ,
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and we derive

∆dg =
1 + ρ

Kc

dkt +

[

(1 + ρ)Lρ
y + (1 + ρ)

L1+ρ
y

Lc

]

y1−ρ

β
2
− b

dkt+1.

Therefore

dg =
1 + ρ

∆Kc

dkt +
[(1 + ρ)Lρ

y + (1 + ρ)
L1+ρ

y

Lc

]

∆

y1−ρ

β
2
− b

dkt+1.

Lemma 3 At the steady state the following holds

g1y = (g − g2y)
y

g

(

1 −
Kc

Lc

Ly

Ky

)−1

with g, Kc, Ly, Lc respectively given by equations (A2.1) − (A2.4).

Proof. From equation (A1.5) we get

(

L−ρ
y +

β
1
+ b

β
2
− b

K−ρ
y

)

y−1 =
y−ρ

β
2
− b

y−1.

Substituting this equation into g2,

g2 =
[(1 + ρ)Lρ

y + (1 + ρ)
L1+ρ

y

Lc

](L−ρ
y +

β
1
+b

β
2
−b

K−ρ
y )y−1

∆
.

Using the expression of ∆ we derive

g2y = g +
(1 + ρ)

∆

Ly

Lc

−
(1 + ρ)

∆

g

Kc

.

Then,

g − g2y =
(1 + ρ)

∆Kc

g

(

1 −
Ly

Lc

Kc

g

)

, (A3.2.1)

g1y =
1 + ρ

∆Kc

y. (A3.2.2)

From equations (A3.2.1) and (A3.2.2), we finally get

g1y = (g − g2y)
y

g

(

1 −
Kc

Lc

Ly

Ky

)−1

.

Lemma 4 Under Assumption 1, at the steady state, kt = kt+1 = yt = k∗ and the following holds

V11 (k∗, k∗)

V12 (k∗, k∗)
= −

y

g

(

1 −
Kc

Lc

Ly

Ky

)−1

,
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V22 (k∗, k∗)

V12 (k∗, k∗)
= −

g

β
1
y

[

β
1
(β

2
− b)

β
2

Kc

Lc

Ly

g
+ (β

2
− b)

(

g

Ly

)ρ

−

(

g

y

)ρ]

,

V21 (k∗, k∗)

V12 (k∗, k∗)
=

V22 (k∗, k∗)

V12 (k∗, k∗)

V11 (k∗, k∗)

V12 (k∗, k∗)
,

where g, Kc, Ly, Lc are given by equations (A2.1) − (A2.4), respectively.

Proof. Let V (kt, kt+1) denote Ti (kt, kt+1, ê (kt, kt+1)) for i = 1, 2. By definition,

V ∗

11
=

∂T1

∂kt

=
∂r

∂kt

,

V ∗

12
=

∂T1

∂kt+1

=
∂r

∂kt+1

,

V ∗

21
=

∂T2

∂kt

= −
∂p

∂kt

,

V ∗

22
=

∂T2

∂kt+1

= −
∂p

∂kt+1

.

Computing the these equations, we have

V ∗

11
=

∂r

∂kt

= − (1 + ρ)α
−

ρ

1+ρ

1
r

1+2ρ

1+ρ

α2

β
2
− b

(

α1β2

α2β1

)

ρ

1+ρ

(

g

y

)ρ
g1

g
,

V ∗

12
=

∂r

∂kt+1

= − (1 + ρ)α
−

ρ

1+ρ

1
r

1+2ρ

1+ρ

α2

β
2
− b

(

α1β2

α2β1

)

ρ

1+ρ

(

g

y

)ρ(
g2y − g

yg

)

,

∂p

∂kt

=
1

β
1

∂r

∂kt

(

g

y

)1+ρ

+ (1 + ρ)
r

β
1

(

g

y

)1+ρ
g1

g
,

∂p

∂kt+1

=
1

β
1

∂r

∂kt+1

(

g

y

)1+ρ

+ (1 + ρ)
r

β
1

(

g

y

)1+ρ(
g2y − g

yg

)

.

From equation (A1.7),

(

r

α1

)

ρ

1+ρ

=

[

α1 + α2

(

α1β2

α2β1

)

ρ

1+ρ

(

g

Lc

)ρ
]

.

Substituting the above equation into V ∗

11
, and using (A3.1.2) and (A3.1.3) we obtain

V ∗

11
= − (1 + ρ) r

(

g

y

)ρ
g1

g

[

α1β̂2

α2

(

α2β1

α1β2

)

K∗

c

L∗
c

L∗

y

g∗
+ β̂

2

(

y

Ly

)ρ
]−1

,

where

A ≡
α1β̂2

α2

(

α2β1

α1β2

)

K∗

c

L∗
c

L∗

y

g∗
+ β̂

2

(

y

Ly

)ρ

.



80 Miki Matsuo et al. CUBO
10, 3 (2008)

We can calculate V ∗

21
, V ∗

12
, and V ∗

22
as we did previously,

V ∗

21
= − (1 + ρ)

r

β
1

(

g

y

)1+ρ
g1

g

[

1 −

(

g

y

)ρ

A−1

]

,

V ∗

12
= − (1 + ρ) r

(

g

y

)ρ(
g2y − g

yg

)

A−1,

V ∗

22
= − (1 + ρ)

r

β
1

(

g

y

)1+ρ(
g2y − g

yg

)[

1 −

(

g

y

)ρ

A−1

]

.

Then we get
V ∗

11

V ∗

12

=
g1y

g2y − g
,

V ∗

22

V ∗

12

=
g

β
1
y

[

A−

(

g

y

)ρ]

,

We shall now prove Proposition 2. From Lemma 4 the characteristic polynomial may be

rewritten as

G (λ) =

(

λ +
V ∗

11

V ∗

12

)(

δλ +
V ∗

22

V ∗

12

)

.

Then the characteristic roots are

λ1 = −
V ∗

11

V ∗

12

, λ2 = −
V ∗

22

δV ∗

12

. (A3.3.1)

We can calculate
V ∗

11

V ∗

12

and
V ∗

22

V ∗

12

by substituting the following relationship

Kc

Lc

Ly

g
=

(

α1β2

α2β1

)
1

1+ρ

,

g

y
= (δβ

1
)

1

1+ρ ,

(

g

Ly

)ρ

=
(δβ

1
)

ρ

1+ρ − β̂
1

β̂
2

,

g − g2y =
(1 + ρ)

∆Kc

g

(

1 −
Ly

Lc

Kc

g

)

,

and we obtain the first root by substituting all the above equations into the expressions given in

Lemma 4

λ1 = −
1

(δβ
2
)

1

1+ρ

[

(

α1

α2

)
1

1+ρ

−
(

β
1

β
2

)
1

1+ρ

] .
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Moreover we can rewrite A by using these equations,

A =β̂
2

α1

α2

(

α2β1

α1β2

)−
ρ

1+ρ

+ (δβ
1
)

ρ

1+ρ − β̂
1
.

From Lemma 4, we finally have the second characteristic root,

λ2 = −

(δβ
2
)

1

1+ρ

[

β
2
−b

β
2

(

α1

α2

)
1

1+ρ

−
β

1
+b

β
1

(

β
1

β
2

)
1

1+ρ

]

δ
.

�

5.4 Proof of Proposition 3

Notice from (21) that λ1 > 0. Denoting7

δ1 ≡ β−1

2

[

(β
1
/β

2
)

1

1+ρ − (α1/α2)
1

1+ρ

]−1−ρ

> 1

then we obtain λ1 = (δ1/δ)
1

1+ρ > 1 for 0 < δ < 1. Since (β
1

+ b)/β
1

> 1 and (β
2
− b)/β

2
< 1,

λ2(b) is always positive. �

5.5 Proof of Proposition 4

If (α1β2
)

1

1+ρ −(α2β1
)

1

1+ρ > α
1

1+ρ

2
and δ ∈ (δ3, 1), then −1 < λ1 < 0. The size of λ2(b) is determined

in the following way. Notice that λ2(b) is increasing in b. For b = 0, λ2 (0) = 1/δλ1 < −1 by the

above hypothesis and for b = β
2
, λ2 (β

2
) = (δβ

1
)

−ρ

1+ρ .

(i) If −1 < ρ < 0, λ2 (β
2
) < 1. Therefore there exist b (δ) ∈ (0, β

2
) and b (δ) > β

2
such that

λ2 < −1 for b ∈ (0, b (δ)) , −1 < λ2 < 1 for any b ∈
(

b (δ) , b (δ)
)

and λ2 > 1 for any b > b (δ) .

(ii) If ρ = 0, λ2 (β
2
) = 1. Therefore λ2 (b) < −1 for b ∈ (0, β

2
− 2α2) , −1 < λ2 (b) < 1 for

b ∈ (β
2
− 2α2, β2

) and λ2 (b) > 1 for b > β
2
.

(iii) If ρ > 0, λ2 (β
2
) > 1. Therefore there exist b (δ) and b (δ) in (0, β

2
) such that λ2 (b) < −1

for b ∈ (0, b (δ)) , −1 < λ2 (b) < 1 for b ∈
(

b (δ) , b (δ)
)

, and λ2 (b) > 1 for b > b (δ).

In each of these three cases, when b = b(δ), λ2(b) = −1 and λ′

2
(b)|b=b(δ) > 0. It follows that

b = b(δ) is a flip bifurcation value. The result follows from the flip bifurcation Theorem (see Ruelle

[8]). �

Received: April 2008. Revised: May 2008.

7Note that δ1 = α2

[

(α2β1)
1

1+ρ
− (α1β2)

1

1+ρ

]−1−ρ

>
α2

(α2β1)
= 1

β1

> 1.
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1 Introduction

In [7] F. Xavier and L. P.M.Jorge established the existence of complete non-planar minimal surfaces

between two parallel planes in R
3. Their technique consisted of an artful use of Runge’s Theorem

to prove the existence of holomorphic functions on the unit disc D with the right properties they

needed. Later their method was adapted by others to produce new surfaces as above with new

features, like having cylindrical type as in [6] or being non-orientable as in [3].

Another way for rendering complete minimal surfaces between two parallel planes in R
3 was

developed in [1]. This method consisted mainly in proving the existence of bounded holomorphic

functions h in D, given by lacunary power series, and such that

∫

γ

|h′(z)|2|dz| = ∞ for all divergent

paths γ in the unit disc.

In this paper we intend to show the flexibility of the second method by producing examples

of complete minimal surfaces between two parallel planes in R
3 of the following conformal types:

1. A disc with finitely many points removed.

2. Any annulus, 0 < r < |z| < R.

3. Any annulus as above with finitely many points removed.

This work is organized as follows: In §2 we give some definitions and prove the lemmas that

will be needed in the other sections. In the three remaining sections we describe the examples of

the types above.

Remark 1.1 This work was written about fourteen years ago and circulated as a preprint for some

time. Meanwhile N.Nadirashvili proved in [4] the existence of bounded complete minimal surfaces

in R
3.

2 Some definitions and lemmas

Lacunary power series were defined in [1] with the restriction that they would have radius of

convergence 1. This is just a mild technical point. Here we use any positive real number R as

radius of convergence and make the necessary changes for having an analogue of Theorem2 of [1].

Definition 2.1 A convergent power series

∞
∑

k=0

akznk is lacunary if there exists a real number q > 1

such that
nk+1

nk

≥ q for all k = 0, 1, . . . .

Lemma 2.2 Let h(z) =

∞
∑

k=0

akznk be a lacunary power series of radius of convergence R > 0, and

suppose that the following three conditions hold:
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a)

∞
∑

k=0

|ak|R
nk converges.

b) lim
k→∞

Rnk |ak|min

{

nk+1

nk

,
nk

nk−1

}

= ∞.

c)

∞
∑

k=0

R2nk |ak|
2
nk diverges.

Then h is bounded in DR = {z ∈ C; |z| < R}, and for all divergent paths γ in DR, one has

that

∫

γ

|h′(z)|2|dz| = ∞.

Proof. The change of variable z = Rw together with (a) show that h is bounded. The same

change of variable and Theorem2 of [1] finish the proof.

Lemma 2.3 If h satisfies the conditions of the above lemma in DR, H(z) = h(z−1) is a bounded

holomorphic function in AR = {z ∈ C; |z| > R−1}, and for all divergent paths γ in AR tending to

a point of |z| = R−1 one has that

∫

γ

|H
′

(z)|2|dz| = ∞.

Proof. The change of variable z = w−1 and Lemma2.2 prove this assertion.

Now, given r,R ∈ R, 0 < r < R, let ΩR,r be the annulus r < |z| < R.

Lemma 2.4 Suppose that h1(z) =

∞
∑

k=0

akznk and h2(z) =

∞
∑

k=0

bkzmkare lacunary power series

that satisfy the conditions of Lemma 2.2, and have radii of convergence R and r−1 respectively,

with 0 < r < R. Suppose further that h
′

1
(z) and h

′

2
(z−1) do not vanish in |z| = r and |z| = R

respectively. Then, for all divergent paths γ in ΩR,r one has that

∫

γ

|h
′

1
(z)|2|(h2(z

−1))′|2|dz| = ∞.

Proof. A divergent path in ΩR,r either approach |z| = r or |z| = R. Suppose that γ is a divergent

path that approaches |z| = r. Since h
′

1
is holomorphic in a neighborhood of that circle and does

not vanish at any point of it, it follows that there is a perhaps smaller neighborhood U of |z| = r

having compact closure U , and such that inf
z∈γ∩U

{|h
′

1
(z)|2} = A > 0. Consequently, if γ̃ denotes the

portion of γ inside U one has that

∫

γ

|h
′

1
(z)|2|(h2(z

−1))
′

|2|dz| ≥ A2

∫

γ̃

|(h2(z
−1))

′

|2|dz| = ∞

by Lemma2.3. The rest of the proof follows in a similar way.

In the next sections we will use mainly the Weierstrass representation for minimal surfaces in

R
3 (see [5]) and the three lemmas above.
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3 Minimal immersions of a disc with finitely many points

removed

Let Ω = DR − {a1, a2, . . . , an}, where DR is the open disc of radius R centered at the origin and

a1,a2,. . . ,an are distinct points of DR.

Theorem 3.1 There exist complete minimal immersions M of Ω between two parallel planes of

R
3. Furthermore the ends of M corresponding to the points a1,a2,. . . ,an are all planar and have

index one.

Proof. To avoid notational inconveniences we will prove separately the cases n = 1 and n > 1. In

the first case we take Ω = DR − {a}, for some a ∈ DR. Using the Weierstrass representation, set

f(z) = (z − a)−2 and g(z) = (z − a)2h′(z)

where h is any function as in Lemma2.2. Clearly the data above defines a minimal immersion M

of Ω in R
3. Moreover, M is also complete for the metric is given by

λ(z)|dz| = 1

2
{|z − a|−2 + |z − a|2|h′(z)|2}|dz|,

and because x3(z) = Re(h(z)), it follows from the properties of h that the third coordinate of M

is bounded.

The end corresponding to a is of course planar because fg is holomorphic at that point and

have index one because f has a pole of order two at a and fg2 vanishes at that same point. For

information on the behavior of ends of complete minimal surfaces see [2].

Now we consider the case n > 1. In the Weierstrass representation for M set

f(z) = F (z)−1 exp







n
∑

j=1

AjFj(z)







and g(z) = h′(z)F (z),

where h is a function as in Lemma1.1, F (z) =

n
∏

j=1

(z − aj)
2 the functions Fj satisfy (z−aj)

2F
′

j (z) =

F (z), and the Aj are constants to be chosen so that

∫

σ

f(z)dz = 0 for all closed curves σ in Ω.

Since fg and fg2 have holomorphic extensions to all of |z| < R, it follows that this will be

enough to exclude the possibility of real periods appearing in the Weierstrass representation of

M. An easy computation shows that the choice Aj = F
′′

j (aj)(F
′

j (aj))
−2, j = 1, . . . , n solves the

problem.
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Observe that the metric λ(z)|dz| on M is given by

2λ(z)|dz| = {|F (z)|−1 + |F (z)||h
′

(z)|2}

∣

∣

∣

∣

∣

exp

{

n
∑

k=1

AkFk(z)

}
∣

∣

∣

∣

∣

|dz|,

and since there is a positive real C such that

∣

∣

∣

∣

∣

exp

{

n
∑

k=1

AkFk(z)

}∣

∣

∣

∣

∣

≥ C, z ∈ Ω, it follows

from the properties of h and that f has poles of order 2 at the aj that M is complete. Also,

x3(z) = Re

∫

h
′

(z) exp{

n
∑

j=1

AjFj(z)}dz is bounded in Ω. This can be seen in the following way:

exp

{

n
∑

k=1

AkFk(z)

}

and its derivatives as well as h are all bounded holomorphic functions in

Ω. As a matter of fact they are bounded in DR, so, by integration by parts, it follows that
∫

h
′

(z) exp{
n

∑

j=1

AjFj(z)}dz is bounded in DR, so x3 is also bounded.

By an argument similar to the one done in the case n = 1 we conclude that the ends corre-

sponding to the points aj are all planar and have index one.

4 Complete minimal annuli between two parallel planes in R
3

All the examples of complete minimal annuli in [6] have the conformal type of an annulus of the

form R−1 < |z| < R. Here we give examples of all possible annuli 0 < r < |z| < R < ∞.

Theorem 4.1 Given any annulus ΩR,r there is a complete minimal immersion of it in R
3 with

one coordinate bounded.

Proof. Take any two functions h1 and h2 as in Lemma 1.3, say h1(z) =

∞
∑

k=0

akznk and h2(z) =

∞
∑

l=0

alz
ml , with radii of convergence R and r−1 respectively, and such that all the nk and ml are

simultaneously either even or odd. Then in the Weierstrass representation we set in DR,r,

f(z) = 1 and g(z) = h
′

1
(z)H

′

2
(z),

where H2(z) = h2(z
−1). Because f is constant, and g is an even function where defined, it follows

that for all closed curves γ in ΩR,r one has that

∫

γ

fdz =

∫

γ

fgdz =

∫

γ

fg2dz = 0.
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Thus, the minimal surface so obtained is in fact well defined. Furthermore, since the metric λ(z)|dz|

is given by

2λ(z)|dz| =
(

1 + |h
′

1
(z)|2|H

′

2
(z)|2

)

|dz|

it follows from Lemma 1.3 that it is complete. It remains to prove only that one of the coordinates

of that immersion is bounded.

Since x3(z) = Re

∫

gdz = Re

∫

h
′

1
(z)H

′

2
(z)dz, it is enough to prove that

∫

gdz is a bounded

holomorphic function in ΩR,r. Consider ρ ∈ R such that r < ρ < R and define the sets

A1 = ΩR,r ∩ {z ∈ C such that |z| ≤ ρ} and A2 = ΩR,r ∩ {z ∈ C such that |z| ≥ ρ}.

We then observe that h
′

1
(z), its derivatives and H2 are bounded in A1 and the same happens to H

′

2
,

its derivatives and h1 in A2. So, by integration by parts we can conclude that

∫

gdz is bounded

in both A1 and A2, hence in ΩR,r.

5 The case of a annulus with finitely many points removed

Let A = {a1, . . . , an} be a set of distinct points of ΩR,r such that A
⋂

(−A) = ∅, and set Ω =

ΩR,r − A.

Theorem 5.1 There is a complete minimal immersion of Ω between two parallel planes of R
3.

Furthermore, the ends corresponding to a1, . . . , an are planar.

Proof. First suppose n = 1 and take Ω = ΩR,r − {a} with a ∈ ΩR,r. Consider holomorphic func-

tions h1 and h2 as in Theorem3.1, and define the surface M using the Weierstrass representation

by taking

f(z) = (z − a)−2 and g(z) = (z − a)2h
′

1
(z)H

′

2
(z),

keeping the notation of Theorem3.1. Then f is holomorphic in a neighborhood of |z| ≤ r, and has

residue zero at a, so

∫

σ

fdz = 0, for all closed curves σ inside Ω.

Because fg = h
′

1
H

′

2
is an even holomorphic function in ΩR,r it follows that

∫

σ

fgdz = 0 for

all closed curves σ in Ω too.

Now we must make one more choice in order to have

∫

σ

fg2dz = 0 for all closed curves σ in Ω.

The idea is to start with h1 and h2 having no low powers in their power series expansions. Since

f(z)g2(z) = (z − a)2(h
′

1
(z))2(H

′

2
(z))2 is holomorphic in Ω, by expanding (z − a)2, it is clear that

the only term that may cause problems is −2az(h
′

1
(z))2(H

′

2
(z))2 because the other two terms are

even functions. Hence if the functions h1 and h2 are chosen to satisfy Theorem3.1 and have the
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form

h1(z) =

∞
∑

k=1

akz1+2
2

k

and h2(z) =

∞
∑

k=1

bkz1+2
2

k

there is no term in z−1 in the Laurent expansion of z(h
′

1
(z))2(H

′

2
(z))2. Hence, for all closed curves

σ in Ω,

∫

σ

fg2dz = 0 as wanted. Besides, as in Theorem2.1, the end corresponding to the point a

is planar and have index one.

In order to study the case n > 1 define the following holomorphic functions in Ω: F (z) =
n

∏

j=1

(z − aj)
2, Fk(z) = (z − ak)−2F (z) and G

′

k(z) = zFk(z)Fk(−z) for k = 1, . . . , n, and finally

H(z) =

n
∑

j=1

AjGj(z), where the constants Aj are to be determined so that, if the immersion M of

Ω is defined in terms of the Weierstrass representation by setting

f(z) = (F (z))−1 expH(z) and g(z) = F (z) exp

{

−
1

2
H(z)

}

h
′

1
(z)H

′

2
(z),

then f has residue zero at all the points aj . As before, the functions h1 and h2 are chosen

satisfying the conditions of Lemma1.3 and the exponents are chosen so that

∫

|z|=ρ

f(z)g(z)2dz = 0,

for r < ρ < R.

It must be pointed out that once these constants Aj are determined the rest is done quite

easily as follows: First we observe that H is an even holomorphic function in ΩR,r, and the same

happens to h
′

1
and H

′

2
, thus fg is an even holomorphic function in ΩR,r and so

∫

σ

fgdz = 0 for all

closed curves σ in ΩR,r as wanted.

Furthermore,

2λ(z)|dz| = |F (z)|−1| exp H(z)| + |F (z)||h
′

1
(z)|2|H

′

2
(z)|2,

hence, repeating the reasoning in the proof of Theorem2.1 we conclude that λ(z)|dz| is complete

and x3 is bounded.

Now we determine the constants Aj . First, we observe that all the poles of f have order two

and that for j = 1, . . . , n, (z − aj)
2f(z) =

exp H(z)

Fj(z)
, thus

d

dz
{(z − aj)

2f(z)} =
exp H(z)

F 2

j (z)

[

H
′

(z)Fj(z) − F
′

j (z)
]

=
exp H(z)

F 2

j (z)

[

Fj(z)

{

n
∑

k=1

AkzFk(z)Fk(−z)

}

− F
′

j (z)

]

.
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So, the residue of f at aj is zero if and only if

Fj(aj)

{

n
∑

k=1

AkajFk(aj)Fk(−aj)

}

− F
′

j (aj) = 0.

Since Fk(aj) = 0 for k 6= j, Fj(aj), Fj(−aj) 6= 0 and aj 6= −ak, for 1 ≤ j, k ≤ n, it follows

that ajF
2

j (aj)Fj(−aj)Aj − F
′

j (aj) = 0, for each j, 1 ≤ j ≤ n, hence

Aj =
F

′

j (aj)

ajF
2

j (aj)Fj(−aj)
, for j = 1, . . . , n.

To finish the proof it is enough to show that we can choose h1 and h2 in such a way that
∫

|z|=ρ

f(z)g(z)2dz = 0, for r < ρ < R.

Since f(z)g2(z) = F (z)[h
′

1
(z)H

′

2
(z)]2, and F has degree 2n, if we define

h1(z) =
∞
∑

k=1

akz1+2n+2
2

k

and h2(z) =
∞
∑

k=1

bkz1+2n+2
2

k

we are done. Also the observations about the ends in the other cases are valid here without change.

The assumption that (−A) ∩ A = ∅ is not really needed. It is just a technical difficulty that

can be easily overcome as follows:

Corollary 5.2 If A is any finite subset of ΩR,r there is a complete minimal immersion of Ω =

ΩR,r − A between two parallel planes of R
3. Furthermore, the ends corresponding to the points of

A are planar.

Proof. Induction on the number of elements of A shows that there exists a transformation

π : Ω −→ Ω
′

,

where π(z) = z2
p

for some positive integer p and Ω
′

satisfies the condition of Theorem5.1.

It is clear that (π , Ω) is an unramified covering of Ω
′

, and by Theorem5.1, there is a complete

minimal immersion X of Ω
′

between two parallel planes of R
3. So X◦π is also a complete minimal

immersion of Ω in R
3 with the same properties as before.

Received: February 2008. Revised: June 2008.
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ABSTRACT

We state four facts about dual pairs of graphs drawn in a plane. These facts pertain

respectively to finite non-oriented, infinite non-oriented, finite oriented, and infinite

oriented graphs. We do not include proofs of the former two facts (although we have

them), but show that these facts are “evident” in some naive sense. Then we deduce

the latter two facts from the former two ones. All of these facts can be used to obtain

upper estimations for critical values of two-dimensional percolation models and we

present three references and one example to illustrate this.

RESUMEN

Nosotros establecemos cuatro hechos acerca de pares duales de grafos en el plano.

Estos hechos se relacionan respectivamente con grafos finito no-orientado, infinito no-

orientado, finito orientado y infinito orientado. Nosotros no incluimos demostraciones
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de los dos anteriores hechos (aunque tenemos estas) pero demostramos que estos he-

chos son “evidentes” en algun sentido ingenuo. Entonces deducimos los dos ultimos

hechos desde los dos anteriores. Todos estos hechos pueden ser usados para obtener

estimativas por arriba para valores cŕıticos de modelos de infiltración en dimensión dos

y presentamos tres referencias y un ejemplo para ilustrar esto.

Key words and phrases: Percolation, critical values, oriented planar graphs, duality.

Math. Subj. Class.: 05C10, 60K35, 82B43, 94C15.

1 Introduction

We state four facts about dual pairs of graphs drawn in a plane. These facts pertain respectively to

finite non-oriented, infinite non-oriented, finite oriented, and infinite oriented graphs. All of these

facts can be used to obtain upper estimations for critical values of two-dimensional percolation

models and we present three references and one example to illustrate this. We call the former two

facts the “main lemma” and the latter two facts “theorem”. We do not prove the main lemma

although we have a proof in [L.2002]; instead we show that it is “evident” in some naive sense.

Then we deduce our theorem from the main lemma.

We consider graphs with a finite or countable sets V of vertices and E of edges. Every edge

connects two vertices, which are called its ends (and which may coincide). One and the same

pair of vertices may be connected by several edges. A finite path is a finite sequence “ vertex-

edge-vertex-edge-. . . -edge-vertex” in which every edge connects the vertices between which it is

placed in this sequence and in which some vertices and/or edges may coincide. An infinite path

is an infinite sequence “vertex-edge-vertex-edge-. . . ” with the same properties.. A path is called

self-avoiding if all the vertices in its sequence are different. A contour is a finite path in which the

initial and final vertices coincide. A contour is self-avoiding if all its vertices are different except, of

course, the first and last vertices, which coincide. We say that a graph G is connected if every two

vertices of G are connected by a path in G. All the graphs considered in this paper are assumed

to be connected unless stated otherwise. We assume that every vertex is an end of only a finite

number of edges. Therefore, if one of the sets V or E is finite, the other is finite also. If V and E

are finite, we call G finite, otherwise G is infinite.

We consider non-oriented and oriented percolation models on graphs depending on the way

in which we attribute certain states to their edges. In the non-oriented model each edge of a graph

can be open or closed, independently of all the other edges. In the oriented model we distinguish

two directions of each edge, and every edge can be open or closed in each direction independently

of the state of the other direction of the same edge and states of all the other edges. Henceforth

we shall write simply graphs instead of percolation models on graphs when it does not produce

confusion. A path in a non-oriented graph is open if all its edges are open. A path in an oriented

graph is open in a certain direction if all its edges are open in this direction. In a non-oriented
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graph a contour is open if all its edges are open. In an oriented graph a contour is open in a certain

direction if all its edges are open in this direction.

Now let us speak about drawing graphs in a plane IR2. A curve is a continuous function

f : [0, 1] → IR2. The points f(0) and f(1) are called the ends of this curve. A curve is called

self-avoiding if

∀x, y ∈ [0, 1] : x 6= y ⇒ f(x) 6= f(y).

A curve is called polygonal if it is piecewise affine, that is there are

0 = t0 < t1 < . . . tn = 1

such that f(t) is an affine function of t in every segment [tk−1, tk], k = 1, . . . n. The points

f(tk), 0 < k < n, are called corners and the sets

{f(t) | tk−1 ≤ t ≤ tk}, k = 1, . . . , n

are called pieces. Henceforth we consider only polygonal curves. This approach is not unusual.

We say that a graph G is drawn in a plane if the following conditions are satisfied:



















































































1. Each vertex v of G is represented by a point P (v) in the plane, so that different vertices are
represented by different points. We denote the set of points representing all vertices of G by
P (V ).

2. Each edge e of G is represented by a polygonal curve fe, where:

a) fe(0) and fe(1) represent the ends of this edge.

b) The curve fe is self-avoiding, except when e is a loop, in which case fe(0) = fe(1).

3. If ei 6= ej are two differents edges, the corresponding curves have no common points, except
common ends, which represent common ends of ei and ej when they have such ones.

4. Each bounded subset of the plane intersects only a finite (or empty) set of curves representing
edges.

A closed curve is a polygonal function f from a circle S1 to IR2. A Jordan curve is a closed

self-avoiding curve, which means that the values of this function are different for different elements

of S1. According to the well-known Jordan theorem, any Jordan curve separates the remaining

part of the plane into two open regions, one bounded, the other unbounded, so that it intersects

any curve whose ends belong to different regions.

Notice that every finite path of a graph drawn in a plane is represented by a curve and every

contour is represented by a closed curve, which are self-avoiding if and only if the original path,

respectively contour is self-avoiding.

Given a graph G drawn in a plane, we call P (G) the union of representations of its edges.

Since P (G) is closed, its complement is open. Connected components of this complement are called

faces of G.
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We say that two connected graphs G and G′ drawn in the same plane are dual if they satisfy

the following conditions. (Here and elsewhere we may write simply vertices and edges, while in

fact we mean their representations in the plane.)























































1. There is a 1-to-1 correspondence between the faces of G and vertices of G′, called duality,
such that each face of G contains its dual vertex of G′.

2. There is a 1-to-1 correspondence between the vertices of G and faces of G′, called duality,
such that each vertex of G is in the dual face of G′.

3. There is a 1-to-1 correspondence between the edges of G and edges of G′ called duality, such
that representation of each edge of each graph crosses the representation of its dual edge of
the dual graph only in one point, which is not a corner or end of any of them. Representations
of edges of G and G′, which are not dual, have no common points.

This kind of duality is well-known and described in many textbooks. Observe that this kind

of duality is a symmetric relationship, that is, if G′ is dual of G, then G is dual of G′. Of course,

if a graph is finite, its dual is finite too.

Now from duality of graphs drawn in a plane we go to dualities of percolation models on these

graphs. The rules (1) and (2) are the central point of our definitions.

Rule for a dual pair of non-oriented graphs (G, G′):

Every edge of graph G′ is open if and only if the dual edge of graph

G is closed.

}

(1)

Given a non-oriented graph G, we say that:















a) vertices α and β are reachable from each other if there is an open finite self-avoiding path
connecting them.

b) vertex α and ∞ are reachable from each other if there is an open infinite self-avoiding path
which starts at α.

Main Lemma. Let (G, G′) be a dual pair of non-oriented graphs, satisfying the rule (1).

Then:



































a) If G is finite: Two vertices α and β are not reachable from each other in G if and only if
there is an open self-avoiding contour in G′, whose representation in the plane leaves P (α)
and P (β) in different regions.

b) If G is infinite: A vertex α and ∞ are not reachable from each other in G if and only if
there is an open self-avoiding contour in G′, whose representation leaves the point P (α) in
the bounded region.

The main lemma is “evident” in the same sense, in which all the basic topological facts are

evident (Jordan’s theorem, for example). We have a proof of it in [L.2002], but do not include it



CUBO
10, 3 (2008)

Dualities Useful in Bond Percolation 97

here. Let us notice that it is possible to turn the non-oriented percolation model into a graph by

eliminating all closed edges. The resulting graph may be disconnected and the main lemma boils

down to the following “evident” statements:



































a) Two vertices of a finite graph drawn in a plane are not connected with a path in this graph if
and only if there is a face containing a Jordan curve separating the representations of these
vertices.

b) A vertex of an infinite graph drawn in a plane is not connected with infinity (i.e. there is no
infinite self-avoiding path in this graph starting at this vertex) if and only if there is a face
containing a Jordan curve surrounding the representation of this vertex.

Rule for a dual pair of oriented graphs (G, G′):

Given dual edges e and e′, for each direction of e the corresponding

direction of e′ is the direction from right to left when we go along e in

the given direction. Every edge of the graph G′ is open in a certain

direction if and only if the dual edge of the graph G is closed in the

corresponding direction.



















(2)

Observe that in the case of oriented graphs the symmetry of duality becomes more complicated:

given a direction of an edge e′ of G′, the corresponding direction of e is from left to right when we

go along e′ in this direction.

Given an oriented graph G, we say that:



















a) vertex β is reachable from vertex α if there is a a self-avoiding path connecting α and β, open
in the direction from α to β.

b) ∞ is reachable from a vertex α if there is an infinite self-avoiding path which begins at α and
is open in the direction away from α.

Theorem. Let (G, G′) be a dual pair of oriented graphs, satisfying the rule (2). Then:































a) If G is finite: A vertex β is not reachable from another vertex α in G if and only if there
is a self-avoiding contour in G′, open in such a direction that its representation in the plane
leaves P (α) on the left side and P (β) on the right side.

b) If G is infinite: ∞ is not reachable from a vertex α in G if and only if there is an open
self-avoiding contour in G′, whose representation in the plane leaves the point P (α) in the
finite area and surrounds it in the counter-clock direction.

Let us assume that the main lemma is proved and prove the theorem.

Proof in case a). Let (G, G′) be a dual pair of oriented finite graphs. Let us call a good path

a self-avoiding path in the graph G connecting α and β, open in the direction from α for β. A

good contour is a self-avoiding contour in the graph G′, which is open in such a direction that its

representation is a closed curve that leaves the point P (α) on the left side and P (β) on the right

side.
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In one direction. Let us suppose that there is a good path in G and there is a good contour C in

G′ and obtain a contradiction. Let us denote H∗ and C∗ the representations of H and C in the

plane respectively. By our assumption, P (α) and P (β) are at different sides of C∗. From Jordan

theorem, C∗ and H∗ have at least one common point. Let Q∗ be the first point of intersection

between C∗ and H∗ when we move along H∗ starting at P (α). So Q∗ belongs to representations

of two dual edges, e of G and e′ of G′. The edge e′ belongs to the contour C and is open in the

direction of C. Therefore the ends of e are on the opposite sides of C∗ and the direction of e′ in

the direction of C corresponds to the direction of e from the left side to the right side of C. Since

P (α) is on the left side when we move along C in the counter-clock direction, the edge e of the

path H is open in the direction from left to right of C. So both e and e′ are open in dual directions,

which contradicts rule (2).

In the other direction. Let us assume that there is no good path in the graph G and prove that

there is a good contour in the graph G′. Let us classify vertices of G into three types as follows:















1) A vertex v of G is type 1 if there is an open path from α to v.

2) A vertex v is type 2 if there is a path from v to β without vertices type 1.

3) A vertex v is type 3 if it is neither type 1, nor type 2.

Notice that every vertex of G has exactly one type. Given a dual pair (G, G′), every face of

G′ is given the same type as the type of the corresponding vertex of G.

Let us introduce a dual pair (G, G
′

) of non-oriented graphs, which have the same vertices and

edges as G and G′, and their representations in the plane. Let any edge of the graph G be open

if and only if both ends of this edge are type 2 in G or both are not type 2 in G. After that, all

the edges of G
′

are declared open or closed according to rule (1). Since α is type 1 in G and β is

type 2 in G, every path in G connecting α and β has a closed edge. Therefore β is not reachable

from α in G. Hence, from the finite case of main lemma, there is an open self-avoiding contour

C in the graph G
′

, whose representation in the plane separates P (α) and P (β). Let us denote

e′
1
, e′

2
, . . . , e′n the edges of that contour. All these edges are open, so all of their duals e1, e2, . . . , en,

in G are closed. Therefore every edge ei connects a vertex not type 2 with a vertex type 2 of G.

Let us denote these vertices u1, u2, . . . , un and v1, v2, . . . , vn respectively. Let us prove that all the

vertices u1, u2, . . . , un are type 1. Suppose that a vertex uk is not type 1. We know that uk is

connected with a vertex vk by an edge and that vk is type 2. There is a path from vk to β without

vertices type 1, so there is a path from uk to β without vertices type 1, so uk is type 2. This is a

contradiction. So every ui is type 1, therefore every ei is closed in G in the direction from ui to

vi because otherwise vi would be type 1. Therefore all e′i should be open in G′ in such a direction

that the faces ui are on the left side and the faces vi are on the right side of them. Notice that

no vertex type 2 can be inside the contour C. Therefore ui are inside of our contour C and vi are

outside of C because vi are type 2. Thus C is a self-avoiding contour, which separates P (α) from

P (β) and is open in such a direction that it leaves P (α) on the left side and P (β) on the right side.



CUBO
10, 3 (2008)

Dualities Useful in Bond Percolation 99

Proof in case b). Let (G, G′) be a dual pair of infinite oriented graphs. A good path is a self-

avoiding infinite path in G, which begins in α and is open in this direction. A good contour is a

self-avoiding contour in the graph G′, which is open in that direction, whose representation in the

plane goes around P (α) in the counter-clock direction.

In one direction. Let us suppose that there is a good path H in G and a good contour C in G′

and obtain a contradiction. Let us denote H∗ and C∗ the representations of H and C in the plane

respectively. Due to the condition 4 of definition of graph drawn in a plane, there is only a finite

set of vertices of G inside C∗. Hence, since H is self-avoiding and infinite, it contains a vertex

β, whose representation is in the exterior of C∗. So P (α) and P (β) are in different regions of

IR2 \C∗. Hence, from Jordan theorem, C∗ and H∗ have at least one common point. Let Q∗ be the

first point of intersection of C∗ with H∗ when we go along H∗ starting at P (α). So Q∗ belongs

to representations of two dual edges, one of G and the other of G′. By the rule (2), these edges

cannot be open at the same time in corresponding directions. But they are: the edge of H is open

from inside to outside of the contour C∗ and the edge of C is open in the counter-clock direction.

This makes a contradiction.

In the other direction. Let us assume that there is no good path and prove that there is a good

contour. Let us classify vertices of G into three types as follows (this classification is similar to

that in the finite case, but not exactly the same):















1) A vertex v of G is type 1 if there is an open path from α to v.

2) A vertex v is type 2 if there is a path from v to ∞ without vertices type 1.

3) A vertex v is type 3 if it is neither type 1, nor type 2.

Notice that every vertex of G has exactly one type. Given a dual pair (G, G′), every face of

G′ is given the same type as the type of the corresponding vertex of G.

As before, let us use a dual pair (G, G
′

) of non-oriented graphs, which have the same vertices

and edges and the same representations in the plane as G and G′. Let any edge of the graph G be

open if and only if the ends of that edge are both type 2 or both of another type in G. After that,

let the edges of G
′

be open or closed according to the rule (1). Since there is no good path in G,

the set of vertices type 1 in G is finite. Therefore every self-avoiding path in G beginning at α has

a finite number of vertices type 1. So for each infinite self-avoinding path in G, starting at α, there

is a last vertex ω type 1, all the subsequent vertices being type 2. According to the definition of G,

the edge of G, which connects ω with its successor in this path, is closed. So ∞ is not reachable

from α in G. Therefore, due to the infinite case of main lemma, in the dual graph G
′

there is an

open self-avoiding contour C, whose representation surrounds P (α). Let us denote e′
1
, e′

2
, . . . , e′n

the edges of that contour. Since all these edges are open, all their duals e1, e2, . . . , en in G are

closed. According to the definition of the graph G, each edge ei of G connects a vertex not type

2 with a vertex type 2 in G. Let us denote these vertices u1, u2, . . . , un and v1, v2, . . . , vn

respectively. Like in the finite case, we can prove that each ui is type 1. So ei has to be closed
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in G in the direction from ui to vi, because otherwise vi would have type 1. So all e′i should be

open in G′ in such a direction that the faces ui are on the left side and the faces vi are on the

right side of them. As before, no vertex of type 2 can be inside the contour C∗. Therefore, every

ui is inside of C∗ and vi is outside of it because vi is type 2. So C is a self-avoiding contour in G′,

whose representation surrounds P (α), which is open in a direction, which leaves P (α) on the left

side, that is in the counter-clock direction. �

Our proofs are over. Let us present examples of use of our main lemma and theorem to obtain

upper estimations of critical values in percolation. As usual, we denote IL2 the non-oriented graph

in which the set of vertices is ZZ2 and two vertices are connected with an edge if the Euclidean

distance between them is 1. An example of application of an assertion similar to the item b) of

main lemma to the case when G = IL2 is on pp. 15-19 of Grimmett’s book [G.1999]. Also there is

an example on pp. 6-13 of [T.2001]. An example of application of an assertion similar to the item

a) of our theorem to a special class of cellular automata (a discrete analog of contact processes) is

in [T.1968]. An example of application of the item b) of our theorem is in [T.2001] on pp. 16-20.

It remains to present an example of use of item a) of the main lemma. Let us consider a finite

rectangular part of the graph IL2 with the width W and height H . It is shown on the figure 1 with

W = 8 and H = 6.

α































































O
-

x

↑y






























































β

Figure 1.

Notice that we are using a rectangular coordinate system Oxy with the origin at the left-lower

corner of the picture. Let us suppose that all the leftmost vertices with x = 0 are identified with α

(say, one of them is α and the vertical edges connecting them are always open). All the rightmost

vertices with x = W are identified with β (say, one of them is β and the vertical edges connecting

them are always open). All the other edges are open with probability ǫ and closed with probability

1 − ǫ independently from each other. Let us estimate the probability that α and β are reachable

from each other. It is easy to prove that, if H ≤ const ·W and ǫ is small enough, say ǫ < 1/3, this

probability tends to zero when W → ∞. To estimate the same probability for large ǫ is not so

easy; we shall do it using the item a) of main lemma. According to it, α and β are not reachable

from each other if and only if there is a contour in the dual picture, separating α from β. This

contour must contain the vertice dual of the unbounded face of the original graph. Cutting this
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contour at this vertex, we obtain a path connecting the upper and lower sides of the dual graph,

which is similar to the original one. Let us denote δ = 1 − ǫ. Thus the probability that α and β

are not reachable from each other does not exceed

W ·

∞
∑

k=H

(3δ)k = W ·
(3δ)H

1 − 3δ
.

If W ≤ const · H and ǫ > 2/3, this quantity tends to zero when H → ∞. Thus the probability

that α and β are reachable from each other behaves differently for small vs. large values of ǫ when

W ≍ H → ∞.

Now let us discuss some previous publications. Whitney [W.1932, W.1933] proved some state-

ments about dual graphs. His theorem 4 on page 77 of [W.1933] is similar to the finite case of our

main lemma, but it gives only a criterion whether a graph is connected or not and is not concerned

whether two particular vertices are connected.

Our main lemma is often believed to be “well-known”, but we cannot refer the reader to a

source, where it is proved or even stated beyond a few special cases. We believe that this is not

acceptable because mathematics is a general rigorous science and all important mathematical facts

should be stated and proved in a general form.

Hammersley had some idea of duality when he wrote [H.1959], which provided the first upper

estimation of a critical value in percolation. However, no general definition of duality was stated and

no rule similar to our rule (1) was declared there. The most fundamental book on percolation

is Grimmett’s [G.1999]. On pages 16-18 and 283-287 he explains this kind of duality and its

application to obtain an upper estimation of a critical value. However, he does all this only for

the graph IL2 and without a proof. Instead of going into topological details, [G.1999] refers the

reader to the page 386 of [K.1982], the first page of Appendix “Some results for planar graphs”,

without specifying, which result of that Appendix is to be used. However, [K.1982] deals mostly

with periodic, therefore, infinite case and mostly with site percolation and matching pairs.

Finally, about duality of oriented graphs. According to our knowledge, our theorem and the

very definition of duality of oriented graphs have never been mentioned in print except [T.1968,

T.2001], in both cases without a proof, and [L.2002], unpublished.

Although our theorem allows to obtain upper estimations in oriented percolation models,

these estimations can be obtained by other means also, albeit not so easily. Let us present some

examples. Shnirman [S.1968] proved non-ergodicity of Stavskaya process (a discrete-time contact

process) without using duality. He considered the sequence of distributions for all natural t and

proved by induction that all of them satisfy a certain infinite system of inequalities. His method

was so complicated that it almost never was used again except [T.1972]. Durrett [D.1984] obtained

an upper estimation of critical value in a few oriented percolation models, as a corollary of his study

of a certain contact process. Liggett [L.1995] obtained upper estimations of critical values in some

percolation models as by-products of his study of a certain growth model. For our example Liggett

proves that the critical value does not exceed 2/3. Durrett’s and Liggett’s numerical estimations
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are better than that which we obtained in [T.2001], which was an educational text designed just

to illustrate some ideas. However, the duality approach seems more general and can be amplified

to obtain better estimations.
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Introduction

Recall that the soft torus Aε of Exel [3] (for any ε ∈ [0, 2] the closed interval) is defined to be the

universal C∗-algebra generated by almost commuting two unitaries uε,1 and uε,2 in the sense that

‖uε,2uε,1 − uε,1uε,2‖ ≤ ε. Its K-theory is computed in [3] by showing that it can be represented

as a crossed product by Z and applying the Pimsner-Voiculescu six-term exact sequense for the

crossed product. It is shown by Exel [4] that there exists a continuous field of C∗-algebras on [0, 2]

with fibers the soft tori varying continuously. Furthermore, K-theory and continuity of the crossed

products of Aε by the flip (a Z2-action) are considered by Elliott, Exel and Loring [2].

On the other hand, we [8] began to study continuous fields of C∗-algebras by almost commuting

isometries and obtained some similar results (but different in some senses) on their structure, K-

theory and continuity as those by Exel. In this paper we consider those properties for the flip

crossed products of the C∗-algebras generated by almost commuting isometries.

Refer to [1], [5], and [9] for some basics in C∗-algebras and K-theory.

1 The flip crossed products by isometries

The Toeplitz algebra is defined to be the universal C∗-algebra generated by a (non-unitary) isom-

etry, and it is denoted by F, which is also the semigroup C∗-algebra C∗(N) of the semigroup N of

natural numbers. The C∗-algebra C(T) of all continuous functions on the 1-torus T is the universal

C∗-algebra generated by a unitary, which is also the group C∗-algebra C∗(Z) of the group Z of

integers. There is a canonical quotient map from F to C(T) by universality, whose kernel is iso-

morphic to the C∗-algebra K of all compact operators on a separable infinite dimensional Hilbert

space (cf. [5]).

Definition 1.1 For ε ∈ [0, 2], the soft Toeplitz tensor product denoted by F⊗ε F is defined to be

the universal C∗-algebra generated by two isometries sε,1, sε,2 such that ‖sε,2sε,1 − sε,1sε,2‖ ≤ ε

(ε-commuting). Let π : F⊗ε F→ Aε be the canonical onto ∗-homomorphism sending the isometry

generators to the unitary generators.

Remark. Refer to [8], in which super-softness is further defined and assumed, but it should be

unnecessary from the universality argument (as given below). Instead, in fact, another norm

estimate of the form ‖sε,2s
∗

ε,1 − s
∗

ε,1sε,2‖ ≤ ε (ε-∗-commuting) may be required, but we omit such

an estimate in what follows. If not assuming the estimate, F⊗εF should be replaced with C∗(N2)ε,

where C∗(N2) is the semigroup C∗-algebra of N
2 (in what follows).

Definition 1.2 The flip on F⊗ε F is the (non-unital) endomorphism σ defined by σ(sε,j) = s∗ε,j

for j = 1, 2. Since σ2 is the identity on F⊗ε F, we denote by (F⊗ε F) ⋊σ Z2 the crossed product

of F⊗ε F by the action σ of the order 2 cyclic group Z2, i.e., a flip crossed product.
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Definition 1.3 For ε ∈ [0, 2], we define Eε to be the universalC∗-algebra generated by an isometry

t1 and the elements tn+1 = unt1(u
∗)n for n ∈ N, where u is an isometry, such that ‖ut1− t1u‖ ≤ ε.

Let αε be the endomorphism of Eε defined by αε(tn) = tn+1 = utnu
∗ for n ∈ N. Let Eε ⋊αε

N

be the semigroup crossed product of Eε by the action αε of the additive semigroup N of natural

numbers.

Remark. Note that F⊗2 F (or C∗(N2)2) is isomorphic to the unital full free product F ∗C F, which

is also isomorphic to the full semigroup C∗-algebra C∗(N ∗ N) of the free semigroup N ∗ N. As in

the above remark, another estimate ‖ut∗
1
− t∗

1
u‖ ≤ ε may be required accordingly.

It is shown in [8] that F⊗ε F ∼= Eε ⋊αε
N, where the map ϕ from F⊗ε F to Eε ⋊αε

N is defined

by ϕ(sε,1) = t1 and ϕ(sε,2) = u, and its inverse ψ is given by ψ(tn+1) = sn
ε,2sε,1(s

∗

ε,2)
n for n ∈ N

and n = 0 and ψ(u) = sε,2.

Proposition 1.4 For ε ∈ [0, 2], we have the following isomorphism:

(F⊗ε F) ⋊σ Z2
∼= Eε ⋊αε∗β (N ∗ Z2),

where N ∗ Z2 is the free product of N and Z2, and the action β on Eε is given by β(tn) = t∗n for

n ∈ N.

Proof. The crossed product (F ⊗ε F) ⋊σ Z2 is the universal C∗-algebra generated by isometries

sε,1, sε,2 and a unitary ρ such that ‖sε,2sε,1 − sε,1sε,2‖ ≤ ε and ρsε,jρ
∗ = sε,j (j = 1, 2) with

ρ2 = 1, while Eε ⋊αε∗β (N ∗ Z2) is the C∗-algebra generated by isometries t1, u and a unitary v

such that ‖ut1− t1u‖ ≤ ε and tn+1 = utnu
∗ = unt1(u

∗)n for n ∈ N, and vt1v
∗ = t∗

1
and vuv∗ = u∗

with v2 = 1. The isomorphism between them is given by sending sε,1, sε,2, and ρ to t1, u, and v

respectively (cf. [2]). 2

Theorem 1.5 For 0 ≤ ε < 2, we obtain the K-theory isomorphisms:

K0((F⊗ε F) ⋊σ Z2) ∼= Z
9, K1((F⊗ε F) ⋊σ Z2) ∼= 0.

Moreover, Kj((F⊗ε F) ⋊σ Z2) ∼= Kj((F⊗ F) ⋊σ Z2) for j = 0, 1.

Proof. Since F ⊗ε F ∼= Eε ⋊αε
N and αε is a corner endomorphism on Eε, note that Eε ⋊αε

N is

isomorphic to a corner of (Eε ⊗ K) ⋊ρ∧

ε
⊗id Z, i.e., p((Eε ⊗ K) ⋊ρ∧

ε
⊗id Z)p for a certain projection

p, where ρ∧ε is the dual action of the circle action on Eε ⋊αε
N and id is the identity action

on K (this is a variation of [6], and see also [7]). Hence, (Eε ⋊αε
N) ⋊σ Z2 is isomorphic to
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p((Eε ⊗K) ⋊ρ∧

ε
⊗id Z)p⋊σ Z2. Therefore,

Kj((Eε ⋊αε
N) ⋊σ Z2) ∼= Kj(p((Eε ⊗K) ⋊ρ∧

ε
⊗id Z)p⋊σ Z2)

∼= KZ2

j (p((Eε ⊗K) ⋊ρ∧

ε
⊗id Z)p)

∼= KZ2

j (p((Eε ⊗K) ⋊ρ∧

ε
⊗id Z)p⊗K)

∼= KZ2

j (((Eε ⊗K) ⋊ρ∧

ε
⊗id Z)⊗K)

∼= Kj((Eε ⊗K) ⋊ρ∧

ε
⊗id Z ⋊ Z2),

where KZ2

j (·) is the equivariant K-theory, and note that p((Eε⊗K)⋊ρ∧

ε
⊗id Z)p is stably isomorphic

to (Eε ⊗K) ⋊ρ∧

ε
⊗id Z, and

(Eε ⊗K) ⋊ρ∧

ε
⊗id Z ⋊ Z2

∼= (Eε ⊗K) ⋊σ′

ε
∗σ⊗id (Z2 ∗ Z2)

∼= (Eε ⋊σ′

ε
∗σ (Z2 ∗ Z2))⊗K

since Z ⋊ Z2
∼= Z2 ∗ Z2, where σ′

ε(1) = ρ∧ε (1)σ(1) (cf. [2]). Set Fε = Eε ⋊σ′

ε
∗σ (Z2 ∗ Z2). There

exists the following six-term exact sequence (A) (cf. [2]):

K0(Eε) −−−−→ K0(Eε ⋊σ′

ε
Z2)⊕K0(Eε ⋊σ Z2) −−−−→ K0(Fε)

x









y

K1(Fε) ←−−−− K1(Eε ⋊σ′

ε
Z2)⊕K1(Eε ⋊σ Z2) ←−−−− K1(Eε).

Consider the following exact sequence: 0→ Iε → Eε → π(Eε) = B′

ε → 0, where π is the canonical

quotient map from Eε to the quotient π(Eε) = B′

ε, where B′

ε is the universal C∗-algebra generated

by unitaries un+1 = wnv(w∗)n for n ∈ N and n = 0, where π(tn+1) = π(u)nπ(t1)π(u∗)n = un+1

with v = π(t1) and w = π(u). As shown in [8], K-theory groups of Iε are the same as those of K.

Since this quotient is invariant under the action β = σ′

ε or σ, we have the following exact sequence:

(B) : 0→ Iε ⋊β Z2 → Eε ⋊β Z2 → π(Eε) ⋊β Z2 → 0

and Iε ⋊β Z2
∼= Iε ⊗C

∗(Z2) and the group C∗-algebra C∗(Z2) is isomorphic to C
2 via the Fourier

transform.

As shown in [2], it is deduced that π(Eε)⋊β Z2 is homotopy equivalent to the crossed product

C(T) ⋊β′ Z2, where β′(z) = z−1 for z ∈ T. It follows that Kj(π(Eε) ⋊β Z2) is isomorphic to

Kj(C(T) ⋊β′ Z2). Since the points {±1} in T is fixed under the action β′, we have

0→ C0(T \ {±1}) ⋊β′ Z2 → C(T) ⋊β′ Z2 → ⊕
2C∗(Z2)→ 0,

where C0(T \ {±1}) is the C∗-algebra of all continuous functions on T \ {±1} vanishing at infinity,

and C0(T \ {±1}) ⋊β′ Z2
∼= C0(R)⊗ (C2

⋊β′ Z2) ∼= C0(R) ⊗M2(C) and C∗(Z2) ∼= C
2. Hence the

following six-term exact sequence is obtained:

0 −−−−→ K0(C(T) ⋊β′ Z2) −−−−→ Z
4

x









y

0 ←−−−− K1(C(T) ⋊β′ Z2) ←−−−− Z,
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where Kj(C0(R) ⊗ M2(C)) ∼= Kj+1(C) (mod 2) and Kj(⊕
2
C

2) ∼= ⊕4Kj(C). It follows that

K0(C(T) ⋊β′ Z2) ∼= Z
3 and K1(C(T) ⋊β′ Z2) ∼= 0 (cf. [2]).

Therefore, for the above exact sequence (B), we obtain the diagram:

Z
2 −−−−→ K0(Eε ⋊β Z2) −−−−→ Z

3

x









y

0 ←−−−− K1(Eε ⋊β Z2) ←−−−− 0,

where Kj(K ⊗ C
∗(Z2)) ∼= Kj(C

2). Hence we obtain K0(Eε ⋊β Z2) ∼= Z
5 and K1(Eε ⋊β Z2) ∼= 0.

This implies that the diagram (A) is

Z −−−−→ Z
5 ⊕ Z

5 −−−−→ K0(Fε)
x









y

K1(F0) ←−−−− 0⊕ 0 ←−−−− 0

where it is shown in [8] that K0(Eε) ∼= Z and K1(Eε) ∼= 0. It follows that K0(Fε) ∼= Z
9 and

K1(Fε) ∼= 0. It follows from this and the first part shown above that K0((F⊗ε F)⋊σ Z2) ∼= Z
9 and

K1((F⊗ε F) ⋊σ Z2) ∼= 0.

The second claim follows from the case ε = 0 and the same argument as above. Note that

F⊗ F ∼= F ⋊id N, where id is the trivial action. 2

Corollary 1.6 For 0 ≤ ε < 2, the natural onto ∗-homomorphism ϕε,0 from (F ⊗ε F) ⋊σ Z2 to

(F⊗ F) ⋊σ Z2 sending sε,j to s0,j (j = 1, 2) induces the isomorphism between their K-groups.

Proposition 1.7 There exists a continuous field of C∗-algebras on the closed interval [0, 2] such

that its fibers are (F ⊗ε F) ⋊σ Z2 for ε ∈ [0, 2], and for any a ∈ (F ⊗2 F) ⋊σ Z2, the sections

[0, 2] ∋ ε 7→ ϕε(a) ∈ (F⊗ε F) ⋊σ Z2 are continuous, where ϕε : (F⊗2 F) ⋊σ Z2 → (F⊗ε F) ⋊σ Z2 is

the natural onto ∗-homomorphism sending s2,j to sε,j (j = 0, 1).

Proof. As shown before, (F ⊗ε F) ⋊σ Z2
∼= (Eε ⋊αε

N) ⋊σ Z2. Furthermore, this is isomorphic to

p((Eε ⊗K) ⋊ρ∧

ε
⊗id Z)p⋊σ Z2. Hence it follows that

((Eε ⋊αε
N) ⋊σ Z2)⊗K ∼= (p((Eε ⊗K) ⋊ρ∧

ε
⊗id Z)p⋊σ Z2)⊗ K

∼= (p((Eε ⊗K) ⋊ρ∧

ε
⊗id Z)p⊗K) ⋊σ⊗id Z2

∼= (((Eε ⊗K) ⋊ρ∧

ε
⊗id Z)⊗K) ⋊σ⊗id Z2

∼= ((Eε ⊗K⊗K) ⋊ρ∧

ε
⊗id⊗id Z) ⋊σ⊗id Z2

∼= ((Eε ⊗K) ⋊ρ∧

ε
⊗id Z) ⋊σ Z2

∼= (Eε ⊗K) ⋊σ′

ε
∗σ⊗id (Z2 ∗ Z2).

It is deduced from [2] that there exists a continuous field of C∗-algebras on [0, 2] such that its fibers

are (Eε ⊗ K) ⋊σ′

ε
∗σ⊗id (Z2 ∗ Z2) for ε ∈ [0, 2], and for any b ∈ (E2 ⊗ K) ⋊σ′

2
∗σ⊗id (Z2 ∗ Z2), the
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sections [0, 2] ∋ ε 7→ ψε(b) ∈ (Eε⊗K)⋊σ′

ε
∗σ⊗id (Z2∗Z2) are continuous, where ψε is the unique onto

∗-homomorphism from (E2 ⊗K) ⋊σ′

2
∗σ⊗id (Z2 ∗Z2) to (Eε ⊗K) ⋊σ′

ε
∗σ⊗id (Z2 ∗Z2). Cutting down

this continuous field by cutting down the fibers from ((Eε ⋊αε
N) ⋊σ Z2)⊗K to (Eε ⋊αε

N) ⋊σ Z2

by minimal projections, we obtain the desired continuous field. 2

2 The flip crossed products by n isometries

The n-fold tensor product ⊗nF of F is the universal C∗-algebra generated by mutually commuting

and ∗-commuting n isometries, while the universal C∗-algebra generated by mutually commuting

n isometries is just the semigroup C∗-algebra C∗(Nn) of the semigroup N
n. The C∗-algebra C(Tn)

of all continuous functions on the n-torus T
n is the universal C∗-algebra generated by mutually

commuting n unitaries, which is also the group C∗-algebra C∗(Zn) of the group Z
n. There is a

canonical quotient map from ⊗nF to C(Tn) ∼= ⊗nC(T) by universality,

Definition 2.1 For ε ∈ [0, 2], the soft Toeplitz n-tensor product denoted by ⊗n
ε F is defined to be

the universal C∗-algebra generated by n isometries sε,j (1 ≤ j ≤ n) such that ‖sε,ksε,j−sε,jsε,k‖ ≤

ε (1 ≤ j, k ≤ n).

Remark. Note that, in fact, the norm estimates of the form ‖sε,ks
∗

ε,j −s
∗

ε,jsε,k‖ ≤ ε may be further

required (and in what follows). If not assuming these estimates, ⊗n
ε F should be replaced with

C∗(Nn)ε in the same sense (and in what follows).

Definition 2.2 The flip on ⊗n
ε F is the (non-unital) endomorphism σ defined by σ(sε,j) = s∗ε,j for

1 ≤ j ≤ n. Since σ2 is the identity on ⊗n
ε F, we denote by (⊗n

ε F)⋊σ Z2 the crossed product of ⊗n
ε F

by the action σ of Z2.

Definition 2.3 For ε ∈ [0, 2], we define Em
ε to be the universal C∗-algebra generated by n isome-

tries t
(j)

1
(1 ≤ j ≤ m) and the partial isometries t

(j)

n+1
= unt

(j)

1
(u∗)n for n ∈ N, where u is an

isometry such that ‖ut
(j)

1
− t

(j)

1
u‖ ≤ ε and ‖t

(k)

1
t
(j)

1
− t

(j)

1
t
(k)

1
‖ ≤ ε (1 ≤ j, k ≤ m). Let αε be

the endomorphism of Em
ε defined by αε(t

(j)
n ) = t

(j)

n+1
= ut

(j)
n u∗ for n ∈ N. Let Em

ε ⋊αε
N be the

semigroup crossed product of Em
ε by the action αε of N.

Remark. Note that ⊗n
2
F (or C∗(Nn)2) is isomorphic to the unital full free product ∗n

C
F, which is

also isomorphic to the full semigroup C∗-algebra C∗(∗nN) of the free semigroup ∗nN. As in the

above remark, the additional estimates ‖u(t
(j)

1
)∗ − (t

(j)

1
)∗u‖ ≤ ε and ‖t

(k)

1
(t

(j)

1
)∗ − (t

(j)

1
)∗t

(k)

1
‖ ≤ ε

may be required accordingly.

It is shown as in [8] that ⊗m+1

ε F ∼= Em
ε ⋊αε

N as in the case in Section 1.

Proposition 2.4 For ε ∈ [0, 2], we have

(⊗m+1

ε F) ⋊σ Z2
∼= Em

ε ⋊αε∗β (N ∗ Z2),
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where the action β on Em
ε is given by β(t

(j)
n ) = (t

(j)
n )∗ for n ∈ N and 1 ≤ j ≤ m.

Proof. This is shown as in the proof of Proposition 1.4 similarly. 2

Theorem 2.5 For 0 ≤ ε < 2, we obtain (inductively)

K0((⊗
m+1

ε F) ⋊σ Z2) ∼= Z
2

m+2
+3, K1((⊗

m+1

ε F) ⋊σ Z2) ∼= 0.

Moreover, Kj((⊗
m+1

ε F) ⋊σ Z2) ∼= Kj((⊗
m+1F) ⋊σ Z2) for j = 0, 1.

Proof. Since⊗m+1

ε F ∼= Em
ε ⋊αε

N, note that Em
ε ⋊αε

N is isomorphic to a corner of (Em
ε ⊗K)⋊ρ∧

ε
⊗idZ,

i.e., p((Em
ε ⊗ K) ⋊ρ∧

ε
⊗id Z)p for a certain projection p, where ρ∧ε is the dual action of the circle

action on Em
ε ⋊αε

N and id is the identity action on K (this is a variation of [6], and see also [7]).

Hence, (Em
ε ⋊αε

N) ⋊σ Z2 is isomorphic to p((Em
ε ⊗K) ⋊ρ∧

ε
⊗id Z)p⋊σ Z2. Therefore,

Kj((E
m
ε ⋊αε

N) ⋊σ Z2) ∼= Kj(p((E
m
ε ⊗K) ⋊ρ∧

ε
⊗id Z)p⋊σ Z2)

∼= KZ2

j (p((Em
ε ⊗K) ⋊ρ∧

ε
⊗id Z)p)

∼= KZ2

j (p((Em
ε ⊗K) ⋊ρ∧

ε
⊗id Z)p⊗K)

∼= KZ2

j (((Em
ε ⊗K) ⋊ρ∧

ε
⊗id Z)⊗K)

∼= Kj((E
m
ε ⊗K) ⋊ρ∧

ε
⊗id Z ⋊ Z2),

where p((Em
ε ⊗K) ⋊ρ∧

ε
⊗id Z)p is stably isomorphic to (Em

ε ⊗K) ⋊ρ∧

ε
⊗id Z, and

(Em
ε ⊗K) ⋊ρ∧

ε
⊗id Z ⋊ Z2

∼= (Em
ε ⊗K) ⋊ρ∧

ε
∗σ⊗id (Z2 ∗ Z2)

∼= (Em
ε ⋊ρ∧

ε
∗σ (Z2 ∗ Z2))⊗K

since Z ⋊ Z2
∼= Z2 ∗Z2 (cf. [2]). Set Fm

ε = Em
ε ⋊ρ∧

ε
∗σ (Z2 ∗Z2). There exists the following six-term

exact sequence (A)m (cf. [2]):

K0(E
m
ε ) −−−−→ K0(E

m
ε ⋊ρ∧

ε
Z2)⊕K0(E

m
ε ⋊σ Z2) −−−−→ K0(F

m
ε )

x









y

K1(F
m
ε ) ←−−−− K1(E

m
ε ⋊ρ∧

ε
Z2)⊕K1(E

m
ε ⋊σ Z2) ←−−−− K1(E

m
ε ).

We now have the following exact sequence:

0→ Im
ε ⋊ Z2 → Em

ε ⋊ Z2 → π(Em
ε ) ⋊ Z2 → 0,

where the map π is sending isometries of Em
ε to unitaries with the same norm estimates by

universality, and Im
ε is the kernel of π, and the action of Z2 is given by ρ∧ε or σ. Furthermore, it

follows that Im
ε ⋊ Z2

∼= Im
ε ⊗ C

∗(Z2) and the K-theory of Im
ε is the same as that of K.

It is deduced that π(Em
ε ) ⋊ Z2 is homotopy equivalent to C(Tm) ⋊σ Z2, where β(zj) = (z−1

j )

for (zj) ∈ T
m. Since the points (±1, · · · ,±1) ∈ T

m are fixed under α, we have

0→ C0(T
m \ (±1, · · · ,±1)) ⋊ Z2 → C(Tm) ⋊ Z2 → ⊕

2
m

C∗(Z2)→ 0,
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where C0(X) is the C∗-algebra of all continuous functions on a locally compact Hausdorff space X

vanishing at infinity (in what follows). Set Xm+1 = T
m \ (±1, · · · ,±1). By considering invariant

subspaces in Xm+1 under β, we obtain a finite composition series {Lj}
m
j=1

of C0(Xm+1) ⋊ Z2 such

that L0 = {0}, Lj = C0(Xj)× Z2, and

Lj/Lj−1
∼= ⊕mCm−j+1C0((T \ {±1})m−j+1) ⋊ Z2,

where mCm−j+1 mean the combinations. Furthermore,

C0((T \ {±1})m−j+1) ⋊ Z2
∼= C0(R

m−j+1)⊗ (C(Πm−j+1{±i}) ⋊ Z2)

and C(Πm−j+1{±i})⋊Z2
∼= ⊕m−j+1(C2

⋊Z2) ∼= ⊕
m−j+1M2(C), where T\{±1} is homeomorphic

to iR∪ (−i)R so that the above isomorphisms are deduced from considering orbits under β in this

identification. Set C(m, j) = mCm−j+1(m − j + 1). Thus, the following six-term exact sequences

are obtained:

K0(Lj−1) −−−−→ K0(Lj) −−−−→ Km−j+1(⊕
C(m,j)

C)
x









y

Km−j+2(⊕
C(m,j)

C) ←−−−− K1(Lj) ←−−−− K1(Lj−1).

Now consider the case m = 2. Then

0→ C0(T
2 \ (±1,±1)) ⋊ Z2 → C(T2) ⋊ Z2 → ⊕

2
2

C∗(Z2)→ 0.

Furthermore, 0→ C0(X1)⋊Z2 → C0(X2)⋊Z2 → C0(X2\X1)⋊Z2 → 0, whereX2 = T
2\(±1,±1),

X1 = (T \ {±1})2, and C0(X2 \ X1) ⋊ Z2 is isomorphic to ⊕2C0(T \ {±1}) ⋊ Z2. We have the

following six-term exact sequence:

Z
2 −−−−→ K0(C0(X2) ⋊ Z2) −−−−→ 0

x









y

Z
2 ←−−−− K1(C0(X2) ⋊ Z2) ←−−−− 0,

which implies K0(C0(X2) ⋊ Z2) ∼= 0 and K1(C0(X2) ⋊ Z2) ∼= 0. Thus,

0 −−−−→ K0(C(T2) ⋊ Z2) −−−−→ Z
2
3

x









y

0 ←−−−− K1(C(T2) ⋊ Z2) ←−−−− 0,

which implies K0(C(T2) ⋊ Z2) ∼= Z
2
3

and K1(C(T2) ⋊ Z2) ∼= 0. Therefore,

Z
2 −−−−→ K0(E

2

ε ⋊ Z2) −−−−→ Z
2
3

x









y

0 ←−−−− K1(E
2

ε ⋊ Z2) ←−−−− 0.
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It follows that K0(E
2

ε ⋊ Z2) ∼= Z
2
3
+2 and K1(E

2

ε ⋊ Z2) ∼= 0. Therefore,

Z −−−−→ Z
2
3
+2 ⊕ Z

2
3
+2 −−−−→ K0(F

2

ε )
x









y

K1(F
2

ε ) ←−−−− 0⊕ 0 ←−−−− 0.

Hence, it follows that K0(F
2

ε ) ∼= Z
2
4
+3 and K1(F

2

ε ) ∼= 0.

Next consider the case m = 3. Then

0→ C0(T
3 \ (±1,±1,±1)) ⋊ Z2 → C(T3) ⋊ Z2 → ⊕

2
3

C∗(Z2)→ 0.

Furthermore, 0 → C0(X2) ⋊ Z2 → C0(X3) ⋊ Z2 → C0(X3 \ X2) ⋊ Z2 → 0, where X3 = T
3 \

(±1,±1,±1), and

0→ C0(X1) ⋊ Z2 → C0(X2) ⋊ Z2 → C0(X2 \X1) ⋊ Z2 → 0,

where X1 = (T \ {±1})3. We have the following six-term exact sequence:

0 −−−−→ K0(C0(X2) ⋊ Z2) −−−−→ Z
6

x









y

0 ←−−−− K1(C0(X2) ⋊ Z2) ←−−−− Z
3,

which implies K0(C0(X2) ⋊ Z2) ∼= Z
3 and K1(C0(X2) ⋊ Z2) ∼= 0. Furthermore,

Z
3 −−−−→ K0(C0(X3) ⋊ Z2) −−−−→ 0

x









y

Z
3 ←−−−− K1(C0(X3) ⋊ Z2) ←−−−− 0,

which implies K0(C0(X3) ⋊ Z2) ∼= 0 and K1(C0(X3) ⋊ Z2) ∼= 0. Thus,

0 −−−−→ K0(C(T3) ⋊ Z2) −−−−→ Z
2
4

x









y

0 ←−−−− K1(C(T3) ⋊ Z2) ←−−−− 0,

which implies K0(C(T3) ⋊ Z2) ∼= Z
2
4

and K1(C(T2) ⋊ Z2) ∼= 0. Therefore,

Z
2 −−−−→ K0(E

3

ε ⋊ Z2) −−−−→ Z
2
4

x









y

0 ←−−−− K1(E
3

ε ⋊ Z2) ←−−−− 0.

It follows that K0(E
3

ε ⋊ Z2) ∼= Z
2
4
+2 and K1(E

3

ε ⋊ Z2) ∼= 0. Therefore,

Z −−−−→ Z
2
4
+2 ⊕ Z

2
4
+2 −−−−→ K0(F

3

ε )
x









y

K1(F
3

ε ) ←−−−− 0⊕ 0 ←−−−− 0.
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Hence, it follows that K0(F
3

ε ) ∼= Z
2
5
+3 and K1(F

3

ε ) ∼= 0.

Next consider the case m = 4. Then

0→ C0(T
4 \ (±1,±1,±1,±1)) ⋊ Z2 → C(T4) ⋊ Z2 → ⊕

2
4

C∗(Z2)→ 0.

Furthermore, 0 → C0(X3) ⋊ Z2 → C0(X4) ⋊ Z2 → C0(X4 \ X3) ⋊ Z2 → 0, where X4 = T
4 \

(±1,±1,±1,±1), and

0→ C0(X1) ⋊ Z2 → C0(X2) ⋊ Z2 → C0(X2 \X1) ⋊ Z2 → 0,

where X1 = (T \ {±1})4. We have the following six-term exact sequence:

Z
4 −−−−→ K0(C0(X2) ⋊ Z2) −−−−→ 0

x









y

Z
12 ←−−−− K1(C0(X2) ⋊ Z2) ←−−−− 0,

which implies K0(C0(X2) ⋊ Z2) ∼= 0 and K1(C0(X2) ⋊ Z2) ∼= Z
8. Furthermore,

0 −−−−→ K0(C0(X3) ⋊ Z2) −−−−→ Z
12

x









y

0 ←−−−− K1(C0(X3) ⋊ Z2) ←−−−− Z
8,

which implies K0(C0(X3) ⋊ Z2) ∼= Z
4 and K1(C0(X3) ⋊ Z2) ∼= 0. Furthermore,

Z
4 −−−−→ K0(C0(X4) ⋊ Z2) −−−−→ 0

x









y

Z
4 ←−−−− K1(C0(X4) ⋊ Z2) ←−−−− 0,

which implies K0(C0(X4) ⋊ Z2) ∼= 0 and K1(C0(X4) ⋊ Z2) ∼= 0. Thus,

0 −−−−→ K0(C(T4) ⋊ Z2) −−−−→ Z
2
5

x









y

0 ←−−−− K1(C(T4) ⋊ Z2) ←−−−− 0,

which implies K0(C(T4) ⋊ Z2) ∼= Z
2
5

and K1(C(T4) ⋊ Z2) ∼= 0. Therefore,

Z
2 −−−−→ K0(E

4

ε ⋊ Z2) −−−−→ Z
2
5

x









y

0 ←−−−− K1(E
4

ε ⋊ Z2) ←−−−− 0.

It follows that K0(E
4

ε ⋊ Z2) ∼= Z
2
5
+2 and K1(E

4

ε ⋊ Z2) ∼= 0. Therefore,

Z −−−−→ Z
2
5
+2 ⊕ Z

2
5
+2 −−−−→ K0(F

4

ε )
x









y

K1(F
4

ε ) ←−−−− 0⊕ 0 ←−−−− 0.
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Hence, it follows that K0(F
4

ε ) ∼= Z
2
6
+3 and K1(F

4

ε ) ∼= 0.

The case for m general can be treated by the step by step argument as shown above. The

argument for K-theory is inductive in a sense that it involves essentially suspensions and direct

sums inductively. The second claim follows from considering the case ε = 0 and the same argument

as above. 2

Corollary 2.6 For 0 ≤ ε < 2, the natural onto ∗-homomorphism ϕε,0 from (⊗m+1

ε F) ⋊σ Z2 to

(⊗m+1F) ⋊σ Z2 sending sε,j to s0,j (1 ≤ j ≤ m + 1) induces the isomorphism between their

K-groups.

Proposition 2.7 There exists a continuous field of C∗-algebras on the closed interval [0, 2] such

that fibers are (⊗m+1

ε F) ⋊σ Z2 for ε ∈ [0, 2], and for any a ∈ (⊗m+1

2
F) ⋊σ Z2, the sections [0, 2] ∋

ε 7→ ϕε(a) ∈ (⊗m+1

ε F) ⋊σ Z2 are continuous, where ϕε : (⊗m+1

2
F) ⋊σ Z2 → (⊗m+1

ε F) ⋊σ Z2 is the

natural onto ∗-homomorphism sending s2,j to sε,j (1 ≤ j ≤ m+ 1).

Proof. As shown before, (⊗m+1

ε F) ⋊σ Z2
∼= (Em

ε ⋊αε
N) ⋊σ Z2. Furthermore, this is isomorphic to

p((Em
ε ⊗K) ⋊ρ∧

ε
⊗id Z)p⋊σ Z2. Hence it follows that

((Em
ε ⋊αε

N) ⋊σ Z2)⊗K ∼= (p((Em
ε ⊗K) ⋊ρ∧

ε
⊗id Z)p⋊σ Z2)⊗K

∼= (p((Em
ε ⊗K) ⋊ρ∧

ε
⊗id Z)p⊗K) ⋊σ⊗id Z2

∼= (((Em
ε ⊗K) ⋊ρ∧

ε
⊗id Z)⊗K) ⋊σ⊗id Z2

∼= ((Em
ε ⊗K⊗K) ⋊ρ∧

ε
⊗id⊗id Z) ⋊σ⊗id Z2

∼= ((Em
ε ⊗K) ⋊ρ∧

ε
⊗id Z) ⋊σ Z2

∼= (Em
ε ⊗K) ⋊ρ∧

ε
∗σ⊗id (Z2 ∗ Z2).

It is deduced from [2] that there exists a continuous field of C∗-algebras on [0, 2] such that fibers

are (Em
ε ⊗ K) ⋊ρ∧

ε
∗σ⊗id (Z2 ∗ Z2) for ε ∈ [0, 2], and for any b ∈ (Em

2
⊗ K) ⋊ρ∧

2
∗σ⊗id (Z2 ∗ Z2),

the sections [0, 2] ∋ ε 7→ ψε(b) ∈ (Em
ε ⊗ K) ⋊ρ∧

ε
∗σ⊗id (Z2 ∗ Z2) are continuous, where ψε is the

unique onto ∗-homomorphism from (Em
2
⊗K) ⋊ρ∧

2
∗σ⊗id (Z2 ∗ Z2) to (Em

ε ⊗K) ⋊ρ∧

ε
∗σ⊗id (Z2 ∗ Z2).

Cutting down this continuous field by cutting down the fibers from ((Em
ε ⋊αε

N) ⋊σ Z2) ⊗ K to

(Em
ε ⋊αε

N) ⋊σ Z2 by minimal projections, we obtain the desired continuous field. 2

Received: May 2008. Revised: June 2008.
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ABSTRACT

In this paper, using geometric properties of the field rotation parameters, we present

a solution of Smale’s Thirteenth Problem on the maximum number of limit cycles

for Liénard’s polynomial system, generalize the obtained results for special classes of

polynomial systems, and complete the global qualitative analysis of a piecewise linear

dynamical system approximating a Liénard-type polynomial system with an arbitrary

number of finite singularities.

RESUMEN

En este art́ıculo, usando propriedades geometricas del campo de rotación de parametros,

nosotros presentamos una solución del problema trece de Smale sobre el número máximo

de ciclos ĺımite para el sistema polinomial de Liénard, generalizamos los resultados

obtenidos para clases especiales de sistemas polinomiales, y completamos el analisis

cualitativo global de un sistema dinamico linear por pedazos aproximando un sistema

polinomial de tipo Liérnard con un número arbitrario finito de singularidades.
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1 Introduction

We consider planar dynamical systems

.
x = Pn(x, y),

.
y = Qn(x, y), (1.1)

where Pn(x, y) and Qn(x, y) are polynomials with real coefficients in the real variables x, y and

not greater than n degree. First of all, we consider a special case of (1.1): a classical Liénard’s

polynomial system of the form

.
x = y,

.
y = −x+ µ1 y + µ2 y

2 + µ3 y
3 + . . .+ µ2k y

2k + µ2k+1 y
2k+1. (1.2)

The main problem of qualitative theory of such systems is Hilbert’s Sixteenth Problem on the

maximum number and relative position of their limit cycles, i. e., closed isolated trajectories of

(1.1). This problem was formulated as one of the fundamental problems for mathematicians of

the XX century, however it has not been solved even in the simplest (quadratic, cubic, etc.) cases

of the polynomial systems. In this paper, we suggest a new geometric approach to solving the

problem in the case of Liénard’s system (1.2). In this special case, it is considered as Smale’s

Thirteenth Problem becoming one of the main problems for mathematicians of the XXI century

[16], [20].

In Section 2 of this paper, applying a canonical system with field rotation parameters and using

geometric properties of the spirals filling the interior and exterior domains of limit cycles, we present

a solution of Smale’s Thirteenth Problem for Liénard’s polynomial system (1.2). In Section 3, by

means of the same geometric approach, we generalize the obtained result and present a solution

of Hilbert’s sixteenth problem on the maximum number of limit cycles surrounding a singular

point for an arbitrary polynomial system. In Section 4, we consider generalized Liénard’s cubic

system with three finite singularities, for which the developed geometric approach can complete

its global qualitative analysis: in particular, it easily solves the problem on the maximum number

of limit cycles in their different distribution. In this section, we give also an alternative proof of

the main theorem for the generalized Liénard’s system applying the Wintner–Perko termination

principle for multiple limit cycles. In Section 5, by means of the same principle, we complete the

global qualitative analysis of a piecewise linear dynamical system approximating a Liénard-type

polynomial system with an arbitrary number of finite singularities.
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2 Liénard’s polynomial system

System (1.2) and more general Liénard’s systems have been studied in numerous works (see, for

example, [2], [16], [17], [19], [20]). It is easy to see that (1.2) has the only finite singularity: an

anti-saddle at the origin. At infinity, system (1.2) for k > 1 has two singular points: a node at the

“ends” of the y-axis and a saddle at the “ends” of the x-axis. For studying the infinite singularities,

the methods applied in [2] for Rayleigh’s and van der Pol’s equations and also Erugin’s two-isocline

method developed in [10] can be used. Following [10], we will study limit cycle bifurcations of (1.2)

by means of a canonical system containing only the field rotation parameters of (1.2). It is valid

the following theorem.

Theorem 2.1. Liénard’s polynomial system (1.2) with limit cycles can be reduced to the canonical

form
.
x = y ≡ P,

.
y = −x+ µ1 y + y2 + µ3 y

3 + . . .+ y2k + µ2k+1 y
2k+1 ≡ Q, (2.1)

where µ1, µ3, . . . , µ2k+1 are field rotation parameters of (2.1).

Proof. Vanish all odd parameters of (1.2),

.
x = y,

.
y = −x+ µ2 y

2 + µ4 y
4 + . . .+ µ2k y

2k, (2.2)

and consider the corresponding equation

dy

dx
=

−x+ µ2 y
2 + µ4 y

4 + . . .+ µ2k y
2k

y
≡ F (x, y). (2.3)

Since F (x,−y) = −F (x, y), the direction field of (2.3) (and the vector field of (2.2) as well) is

symmetric with respect to the x-axis. It follows that for arbitrary values of the parameters µ2,

µ4, . . . , µ2k system (2.2) has a center at the origin and cannot have a limit cycle surrounding this

point. Therefore, without loss of generality, all even parameters of system (1.2) can be supposed

to be equal, for example, to one: µ2 = µ4 = . . . = µ2k = 1 (they could be also supposed to be

equal to zero).

To prove that the rest (odd) parameters rotate the vector field of (2.1), let us calculate the

following determinants:

∆µ1
= PQ′

µ1
−QP ′

µ1
= y2 ≥ 0,

∆µ3
= PQ′

µ3
−QP ′

µ3
= y2 ≥ 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

∆µ2k+1
= PQ′

µ2k+1
−QP ′

µ2k+1
= y2 ≥ 0.

By definition of a field rotation parameter [4], for increasing each of the parameters µ1, µ3, . . . ,

µ2k+1, under the fixed others, the vector field of system (2.1) is rotated in positive direction
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(counterclockwise) in the whole phase plane; and, conversely, for decreasing each of these param-

eters, the vector field of (2.1) is rotated in negative direction (clockwise).

Thus, for studying limit cycle bifurcations of (1.2), it is sufficient to consider canonical system

(2.1) containing only its odd parameters, µ1, µ3, . . . , µ2k+1, which rotate the vector field of (2.1).

The theorem is proved. 2

By means of canonical system (2.1), let us study global limit cycle bifurcations of (1.2) and

prove the following theorem.

Theorem 2.2. Liénard’s polynomial system (1.2) has at most k limit cycles.

Proof. According to Theorem 2.1, for the study of limit cycle bifurcations of system (1.2), it is

sufficient to consider canonical system (2.1) containing only the field rotation parameters of (1.2):

µ1, µ3, . . . , µ2k+1.

Vanish all these parameters:

.
x = y,

.
y = −x+ y2 + y4 + . . .+ y2k. (2.4)

System (2.4) is symmetric with respect to the x-axis and has a center at the origin. Let us input

successively the field rotation parameters into this system beginning with the parameters at the

highest degrees of y and alternating with their signs. So, begin with the parameter µ2k+1 and let,

for definiteness, µ2k+1 > 0:

.
x = y,

.
y = −x+ y2 + y4 + . . .+ y2k + µ2k+1 y

2k+1. (2.5)

In this case, the vector field of (2.5) is rotated in positive direction (counterclockwise) turning the

origin into a nonrough unstable focus.

Fix µ2k+1 and input the parameter µ2k−1 < 0 into (2.5):

.
x = y,

.
y = −x+ y2 + y4 + . . .+ µ2k−1 y

2k−1 + y2k + µ2k+1 y
2k+1. (2.6)

Then the vector field of (2.6) is rotated in opposite direction (clockwise) and the focus immediately

changes the character of its stability (since its degree of nonroughness decreases and the sign of

the field rotation parameter at the lower degree of y changes) generating a stable limit cycle.

Under further decreasing µ2k−1, this limit cycle will expand infinitely, not disappearing at infinity

(because of the parameter µ2k+1 at the higher degree of y).

Denote the limit cycle by Γ1, the domain outside the cycle by D1, the domain inside the cycle

by D2 and consider logical possibilities of the appearance of other (semi-stable) limit cycles from a

“trajectory concentration” surrounding the origin. It is clear that, under decreasing the parameter

µ2k−1, a semi-stable limit cycle cannot appear in the domain D2, since the focus spirals filling this

domain will untwist and the distance between their coils will increase because of the vector field

rotation.
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By contradiction, we can also prove that a semi-stable limit cycle cannot appear in the domain

D1. Suppose it appears in this domain for some values of the parameters µ∗

2k+1
> 0 and µ∗

2k−1
< 0.

Return to initial system (2.4) and change the inputting order for the field rotation parameters.

Input first the parameter µ2k−1 < 0:

.
x = y,

.
y = −x+ y2 + y4 + . . .+ µ2k−1 y

2k−1 + y2k. (2.7)

Fix it under µ2k−1 = µ∗

2k−1
. The vector field of (2.7) is rotated clockwise and the origin turns into

a nonrough stable focus. Inputting the parameter µ2k+1 > 0 into (2.7), we get again system (2.6),

the vector field of which is rotated counterclockwise. Under this rotation, a stable limit cycle Γ1

will immediately appear from infinity, more precisely, from a separatrix cycle of the Poincaré circle

form containing infinite singularities of the saddle and node types [2]. This cycle will contract,

the outside spirals winding onto the cycle will untwist and the distance between their coils will

increase under increasing µ2k+1 to the value µ∗

2k+1
. It follows that there are no values of µ∗

2k−1
< 0

and µ∗

2k+1
> 0, for which a semi-stable limit cycle could appear in the domain D1.

This contradiction proves the uniqueness of a limit cycle surrounding the origin in system (2.6)

for any values of the parameters µ2k−1 and µ2k+1 of different signs. Obviously, if these parameters

have the same sign, system (2.6) has no limit cycles surrounding the origin at all.

Let system (2.6) have the unique limit cycle Γ1. Fix the parameters µ2k+1>0, µ2k−1<0 and

input the third parameter, µ2k−3 > 0, into this system:

.
x = y,

.
y = −x+ y2 + . . .+ µ2k−3 y

2k−3 + y2k−2 + . . .+ µ2k+1 y
2k+1. (2.8)

The vector field of (2.8) is rotated counterclockwise, the focus at the origin changes the character of

its stability and the second (unstable) limit cycle, Γ2, immediately appears from this point. Under

further increasing µ2k−3, the limit cycle Γ2 will join with Γ1 forming a semi-stable limit cycle, Γ12,

which will disappear in a “trajectory concentration” surrounding the origin. Can another semi-

stable limit cycle appear around the origin in addition to Γ12? It is clear that such a limit cycle

cannot appear either in the domain D1 bounded on the inside by the cycle Γ1 or in the domain

D3 bounded by the origin and Γ2 because of the increasing distance between the spiral coils filling

these domains under increasing the parameter µ2k−3.

To prove impossibility of the appearance of a semi-stable limit cycle in the domainD2 bounded

by the cycles Γ1 and Γ2 (before their joining), suppose the contrary, i. e., for some set of values of

the parameters, µ∗

2k+1
> 0, µ∗

2k−1
< 0, and µ∗

2k−3
> 0, such a semi-stable cycle exists. Return to

system (2.4) again and input first the parameters µ2k−3 > 0 and µ2k+1 > 0:

.
x = y,

.
y = −x+ y2 + . . .+ µ2k−3 y

2k−3 + y2k−2 + y2k + µ2k+1 y
2k+1. (2.9)

Both parameters act in a similar way: they rotate the vector field of (2.9) counterclockwise turning

the origin into a nonrough unstable focus.

Fix these parameters under µ2k−3 = µ∗

2k−3
, µ2k+1 = µ∗

2k+1
and input the parameter µ2k−1 < 0

into (2.9) getting again system (2.8). Since, by our assumption, this system has two limit cycles
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for µ2k−1 > µ∗

2k−1
, there exists some value of the parameter, µ12

2k−1
(µ∗

2k−1
< µ12

2k−1
< 0), for

which a semi-stable limit cycle, Γ12, appears in system (2.8) and then splits into a stable cycle,

Γ1, and an unstable cycle, Γ2, under further decreasing µ2k−1. The formed domain D2 bounded

by the limit cycles Γ1, Γ2 and filled by the spirals will enlarge since, on the properties of a field

rotation parameter, the interior unstable limit cycle Γ2 will contract and the exterior stable limit

cycle Γ1 will expand under decreasing µ2k−1. The distance between the spirals of the domain D2

will naturally increase, what will prevent the appearance of a semi-stable limit cycle in this domain

for µ2k−1 < µ12

2k−1
.

Thus, there are no such values of the parameters, µ∗

2k+1
> 0, µ∗

2k−1
< 0, and µ∗

2k−3
> 0, for

which system (2.8) would have an additional semi-stable limit cycle. Obviously, there are no other

values of the parameters µ2k+1, µ2k−1, and µ2k−3 for which system (2.8) would have more than

two limit cycles surrounding the origin. Therefore, two is the maximum number of limit cycles for

system (2.8). This result agrees with [19], where it was proved for the first time that the maximum

number of limit cycles for Liénard’s system of the form

.
x = y,

.
y = −x+ µ1 y + µ3 y

3 + µ5 y
5 (2.10)

was equal to two.

Suppose that system (2.8) has two limit cycles, Γ1 and Γ2 (this is always possible if µ2k+1 ≫

−µ2k−1 ≫ µ2k−3 > 0), fix the parameters µ2k+1, µ2k−1, µ2k−3 and consider a more general system

than (2.8) (and (2.10)) inputting the fourth parameter, µ2k−5 < 0, into (2.8):

.
x = y,

.
y = −x+ y2 + . . .+ µ2k−5 y

2k−5 + y2k−4 + . . .+ µ2k+1 y
2k+1. (2.11)

Under decreasing µ2k−5, the vector field of (2.11) will be rotated clockwise and the focus at the

origin will immediately change the character of its stability generating the third (stable) limit

cycle, Γ3. Under further decreasing µ2k−5, Γ3 will join with Γ2 forming a semi-stable limit cycle,

Γ23, which will disappear in a “trajectory concentration” surrounding the origin; the cycle Γ1 will

expand infinitely tending to the Poincaré circle at infinity.

Let system (2.11) have three limit cycles: Γ1, Γ2, Γ3. Could an additional semi-stable limit

cycle appear under decreasing µ2k−5, after splitting of which system (2.11) would have five limit

cycles around the origin? It is clear that such a limit cycle cannot appear either in the domain

D2 bounded by the cycles Γ1 and Γ2 or in the domain D4 bounded by the origin and Γ3 because

of the increasing distance between the spiral coils filling these domains under decreasing µ2k−5.

Consider two other domains: D1 bounded on the inside by the cycle Γ1 and D3 bounded by the

cycles Γ2 and Γ3. As before, we will prove impossibility of the appearance of a semi-stable limit

cycle in these domains by contradiction.

Suppose that for some set of values of the parameters µ∗

2k+1
> 0, µ∗

2k−1
< 0, µ∗

2k−3
> 0, and

µ∗

2k−5
< 0, such a semi-stable cycle exists. Return to system (2.4) again, input first the parameters

µ2k−5 < 0, µ2k−1 < 0 and then the parameter µ2k+1 > 0:

.
x = y,

.
y = −x+y2+. . .+µ2k−5y

2k−5+. . .+µ2k−1y
2k−1+y2k+µ2k+1y

2k+1. (2.12)
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Fix the parameters µ2k−5, µ2k−1 under the values µ∗

2k−5
, µ∗

2k−1
, respectively. Under increasing

µ2k+1, the node at infinity will change the character of its stability, the separatrix behavior of the

infinite saddle will be also changed and a stable limit cycle, Γ1, will immediately appear from the

Poincaré circle at infinity [2]. Fix µ2k+1 under the value µ∗

2k+1
and input the parameter µ2k−3 > 0

into (2.12) getting system (2.11).

Since, by our assumption, (2.11) has three limit cycles for µ2k−3 < µ∗

2k−3
, there exists some

value of the parameter µ23

2k−3
(0 < µ23

2k−3
< µ∗

2k−3
) for which a semi-stable limit cycle, Γ23, appears

in this system and then splits into an unstable cycle, Γ2, and a stable cycle, Γ3, under further

increasing µ2k−3. The formed domain D3 bounded by the limit cycles Γ2, Γ3 and also the domain

D1 bounded on the inside by the limit cycle Γ1 will enlarge and the spirals filling these domains

will untwist excluding a possibility of the appearance of a semi-stable limit cycle there.

All other combinations of the parameters µ2k+1, µ2k−1, µ2k−3, and µ2k−5 are considered in

a similar way. It follows that system (2.11) has at most three limit cycles. If we continue the

procedure of successive inputting the odd parameters, µ2k−7, . . . , µ3, µ1, into system (2.4), it is

possible first to obtain k limit cycles (µ2k+1 ≫ −µ2k−1 ≫ µ2k−3 ≫ −µ2k−5 ≫ µ2k−7 ≫ . . .) and

then to conclude that canonical system (2.1) (i. e., Liénard’s polynomial system (1.2) as well) has

at most k limit cycles. The theorem is proved. 2

3 An arbitrary polynomial system

Let us consider an arbitrary polynomial system

.
x = Pn(x, y, µ1, . . . , µk),

.
y = Qn(x, y, µ1, . . . , µk), (3.1)

where Pn and Qn are polynomials in the real variables x, y and not greater than n degree containing

k field rotation parameters, µ1, . . . , µk, and having an anti-saddle at the origin. Generalizing the

main result of the previous section, we will prove the following theorem.

Theorem 3.1. Polynomial system (3.1) containing k field rotation parameters and having a

singular point of the center type at the origin for the zero values of these parameters can have at

most k − 1 limit cycles surrounding the origin.

Proof. Vanish all parameters of (3.1) and suppose that the obtained system

.
x = Pn(x, y, 0, . . . , 0),

.
y = Qn(x, y, 0, . . . , 0) (3.2)

has a singular point of the center type at the origin. Let us input successively the field rotation

parameters, µ1, . . . , µk, into this system.

Suppose, for example, that µ1 > 0 and that the vector field of the system

.
x = Pn(x, y, µ1, 0, . . . , 0),

.
y = Qn(x, y, µ1, 0, . . . , 0) (3.3)
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is rotated counterclockwise turning the origin into a stable focus under increasing µ1.

Fix µ1 and input the parameter µ2 into (3.3) changing it so that the field of the system

.
x = Pn(x, y, µ1, µ2, 0, . . . , 0),

.
y = Qn(x, y, µ1, µ2, 0, . . . , 0) (3.4)

would be rotated in opposite direction (clockwise). Let be so for µ2 < 0. Then, for some value of

this parameter, a limit cycle will appear in system (3.4). There are three logical possibilities for

such a bifurcation: 1) the limit cycle appears from the focus at the origin; 2) it can also appear from

some separatrix cycle surrounding the origin; 3) the limit cycle appears from a so-called “trajectory

concentration”. In the last case, the limit cycle is semi-stable and, under further decreasing µ2,

it splits into two limit cycles (stable and unstable), one of which then disappears at (or tends

to) the origin and the other disappears on (or tends to) some separatrix cycle surrounding this

point. But since the stability character of both a singular point and a separatrix cycle is quite

easily controlled [10], this logical possibility can be excluded. Let us choose one of the two other

possibilities: for example, the first one, the so-called Andronov–Hopf bifurcation. Suppose that, for

some value of µ2, the focus at the origin becomes non-rough, changes the character of its stability

and generates a stable limit cycle, Γ1.

Under further decreasing µ2, three new logical possibilities can arise: 1) the limit cycle Γ1

disappears on some separatrix cycle surrounding the origin; 2) a separatrix cycle can be formed

earlier than Γ1 disappears on it, then it generates one more (unstable) limit cycle, Γ2, which joins

with Γ1 forming a semi-stable limit cycle, Γ12, disappearing in a “trajectory concentration” under

further decreasing µ2; 3) in the domain D1 outside the cycle Γ1 or in the domain D2 inside Γ1,

a semi-stable limit cycle appears from a “trajectory concentration” and then splits into two limit

cycles (logically, the appearance of such semi-stable limit cycles can be repeated).

Let us consider the third case. It is clear that, under decreasing µ2, a semi-stable limit cycle

cannot appear in the domain D2, since the focus spirals filling this domain will untwist and the

distance between their coils will increase because of the vector field rotation. By contradiction, we

can prove that a semi-stable limit cycle cannot appear in the domain D1. Suppose it appears in

this domain for some values of the parameters µ∗

1
> 0 and µ∗

2
< 0. Return to initial system (3.2)

and change the inputting order for the field rotation parameters. Input first the parameter µ2 < 0:

.
x = Pn(x, y, µ2, 0, . . . , 0),

.
y = Qn(x, y, µ2, 0, . . . , 0). (3.5)

Fix it under µ2 = µ∗

2
. The vector field of (3.5) is rotated clockwise and the origin turns into a

unstable focus. Inputting the parameter µ1 > 0 into (3.5), we get again system (3.4), the vector

field of which is rotated counterclockwise. Under this rotation, a stable limit cycle, Γ1, will appear

from some separatrix cycle. The limit cycle Γ1 will contract, the outside spirals winding onto this

cycle will untwist and the distance between their coils will increase under increasing µ1 to the value

µ∗

1
. It follows that there are no values of µ∗

2
< 0 and µ∗

1
> 0, for which a semi-stable limit cycle

could appear in the domain D1.

The second logical possibility can be excluded by controlling the stability character of the
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separatrix cycle [10]. Thus, only the first possibility is valid, i. e., system (3.4) has at most one

limit cycle.

Let system (3.4) have the unique limit cycle Γ1. Fix the parameters µ1 > 0, µ2 < 0 and

input the third parameter, µ3 > 0, into this system supposing that µ3 rotates its vector field

counterclockwise:

.
x = Pn(x, y, µ1, µ2, µ3, 0, . . . , 0),

.
y = Qn(x, y, µ1, µ2, µ3, 0, . . . , 0). (3.6)

Here we can have two basic possibilities: 1) the limit cycle Γ1 disappears at the origin; 2) the second

(unstable) limit cycle, Γ2, appears from the origin and, under further increasing the parameter µ3,

the cycle Γ2 joins with Γ1 forming a semi-stable limit cycle, Γ12, which disappears in a “trajectory

concentration” surrounding the origin. Besides, we can also suggest that: 3) in the domain D2

bounded by the origin and Γ1, a semi-stable limit cycle, Γ23, appears from a “trajectory concentra-

tion”, splits into an unstable cycle, Γ2, and a stable cycle, Γ3, and then the cycles Γ1, Γ2 disappear

through a semi-stable limit cycle, Γ12, and the cycle Γ3 disappears through the Andronov–Hopf

bifurcation; 4) a semi-stable limit cycle, Γ34, appears in the domain D2 bounded by the cycles Γ1,

Γ2 and, for some set of values of the parameters, µ∗

1
, µ∗

2
, µ∗

3
, system (3.6) has at least four limit

cycles.

Let us consider the last, fourth, case. It is clear that a semi-stable limit cycle cannot appear

either in the domain D1 bounded on the inside by the cycle Γ1 or in the domain D3 bounded by

the origin and Γ2 because of the increasing distance between the spiral coils filling these domains

under increasing the parameter µ3. To prove impossibility of the appearance of a semi-stable limit

cycle in the domain D2, suppose the contrary, i. e., for some set of values of the parameters, µ∗

1
> 0,

µ∗

2
< 0, and µ∗

3
> 0, such a semi-stable cycle exists. Return to system (3.2) again and input first

the parameters µ3 > 0, µ1 > 0:

.
x = Pn(x, y, µ1, µ3, 0, . . . , 0),

.
y = Qn(x, y, µ1, µ3, 0, . . . , 0). (3.7)

Fix these parameters under µ3 = µ∗

3
, µ1 = µ∗

1
and input the parameter µ2 < 0 into (3.7) getting

again system (3.6). Since, by our assumption, this system has two limit cycles for µ2 > µ∗

2
, there

exists some value of the parameter, µ12

2
(µ∗

2
< µ12

2
< 0), for which a semi-stable limit cycle, Γ12,

appears in system (3.6) and then splits into a stable cycle, Γ1, and an unstable cycle, Γ2, under

further decreasing µ2. The formed domain D2 bounded by the limit cycles Γ1, Γ2 and filled by

the spirals will enlarge, since, on the properties of a field rotation parameter, the interior unstable

limit cycle Γ2 will contract and the exterior stable limit cycle Γ1 will expand under decreasing µ2.

The distance between the spirals of the domain D2 will naturally increase, what will prevent the

appearance of a semi-stable limit cycle in this domain for µ2 < µ12

2
.

Thus, there are no such values of the parameters, µ∗

1
> 0, µ∗

2
< 0, µ∗

3
> 0, for which system

(3.6) would have an additional semi-stable limit cycle. Therefore, the fourth case cannot be realized.

The third case is considered absolutely similarly. It follows from the first two cases that system

(3.6) can have at most two limit cycles.
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Suppose that system (3.6) has two limit cycles, Γ1 and Γ2, fix the parameters µ1 > 0, µ2 < 0,

µ3 > 0 and input the fourth parameter, µ4 < 0, into this system supposing that µ4 rotates its

vector field clockwise:

.
x = Pn(x, y, µ1, . . . , µ4, 0, . . . , 0),

.
y = Qn(x, y, µ1, . . . , µ4, 0, . . . , 0). (3.8)

The most interesting logical possibility here is that when the third (stable) limit cycle, Γ3, appears

from the origin and then, under preservation of the cycles Γ1 and Γ2, in the domain D3 bounded

on the inside by the cycle Γ3 and on the outside by the cycle Γ2, a semi-stable limit cycle, Γ45,

appears and then splits into a stable cycle, Γ4, and an unstable cycle, Γ5, i. e., when system (3.8)

for some set of values of the parameters, µ∗

1
, µ∗

2
, µ∗

3
, µ∗

4
, has at least five limit cycles. Logically, such

a semi-stable limit cycle could also appear in the domain D1 bounded on the inside by the cycle

Γ1, since, under decreasing µ4, the spirals of the trajectories of (3.8) will twist and the distance

between their coils will decrease. On the other hand, in the domain D2 bounded on the inside by

the cycle Γ2 and on the outside by the cycle Γ1 and also in the domain D4 bounded by the origin

and Γ3, a semi-stable limit cycle cannot appear, since, under decreasing µ4, the spirals will untwist

and the distance between their coils will increase. To prove impossibility of the appearance of a

semi-stable limit cycle in the domains D3 and D1, suppose the contrary, i. e., for some set of values

of the parameters, µ∗

1
> 0, µ∗

2
< 0, µ∗

3
> 0, and µ∗

4
< 0, such a semi-stable cycle exists. Return to

system (3.2) again, input first the parameters µ4 < 0, µ2 < 0 and then the parameter µ1 > 0:

.
x = Pn(x, y, µ1, µ2, µ4, 0, . . . , 0),

.
y = Qn(x, y, µ1, µ2, µ4, 0, . . . , 0). (3.9)

Fix the parameters µ4, µ2 under the values µ∗

4
, µ∗

2
, respectively. Under increasing µ1, a separatrix

cycle is formed around the origin generating a stable limit cycle, Γ1. Fix µ1 under the value µ∗

1
and

input the parameter µ3 > 0 into (3.9) getting system (3.8).

Since, by our assumption, system (3.8) has three limit cycles for µ3 < µ∗

3
, there exists some

value of the parameter µ23

3
(0 < µ23

3
< µ∗

3
) for which a semi-stable limit cycle, Γ23, appears in this

system and then splits into an unstable cycle, Γ2, and a stable cycle, Γ3, under further increasing

µ3. The formed domain D3 bounded by the limit cycles Γ2, Γ3 and also the domain D1 bounded

on the inside by the limit cycle Γ1 will enlarge and the spirals filling these domains will untwist

excluding a possibility of the appearance of a semi-stable limit cycle there.

All other combinations of the parameters µ1, µ2, µ3, and µ4 are considered in a similar way. It

follows that system (3.8) has at most three limit cycles. If we continue the procedure of successive

inputting the field rotation parameters, µ5, µ6, . . . , µk, into system (3.2), it is possible to conclude

that system (3.1) can have at most k − 1 limit cycles surrounding the origin. The theorem is

proved. 2



CUBO
10, 3 (2008)

Limit Cycles of Liénard-Type Dynamical Systems 125

4 Generalized liénard’s cubic system

In [13], we considered generalized Liénard’s cubic system of the form:

.
x = y,

.
y = −x+ (λ− µ) y + (3/2)x2 + µxy − (1/2)x3 + αx2y . (4.1)

This system has three finite singularities: a saddle (1, 0) and two antisaddles — (0, 0) and (2, 0). At

infinity system (4.1) can have either the only nilpotent singular point of fourth order with two closed

elliptic and four hyperbolic domains or two singular points: one of them is a hyperbolic saddle and

the other is a triple nilpotent singular point with two elliptic and two hyperbolic domains. We

studied global bifurcations of limit and separatrix cycles of (4.1), found possible distributions of its

limit cycles and carried out a classification of its separatrix cycles. We proved also the following

theorems.

Theorem 4.1. The foci of system (4.1) can be at most of second order.

Theorem 4.2. System (4.1) has at least three limit cycles.

Using the results obtained in [13] and applying the approach developed in this paper, we can

easily prove a much stronger theorem.

Theorem 4.3. System (4.1) has at most three limit cycles with the following their distributions :

((1, 1), 1), ((1, 2), 0), ((2, 1), 0), ((1, 0), 2), ((0, 1), 2), where the first two numbers denote the numbers

of limit cycles surrounding each of two anti-saddles and the third one denotes the number of limit

cycles surrounding simultaneously all three finite singularities.

Theorem 4.3 agrees, for example, with the earlier results by Iliev and Perko [15], but it does

not agree with a quite recent result by Dumortier and Li [5] published in the same journal. The

authors of both papers use very similar methods: small perturbations of a Hamiltonian system.

In [15], the zeros of the Melnikov functions are studied and, in particular, it is proved that at

most two limit cycles can bifurcate from either the interior or exterior period annulus of the

Hamiltonian under small parameter perturbations giving a generalized Liénard system. In [5],

zeros of the Abelian integrals are studied and it is “proved” that at most four limit cycles can

bifurcate from the exterior period annulus. Thus, Dumortier and Li “obtain” a configuration of

four big limit cycles surrounding three finite singularities together with the fifth small limit cycle

which surrounds one of the anti-saddles.

The result by Dumortier and Li [5] also does not agree with the Wintner–Perko termination

principle for multiple limit cycles [10], [18]. Applying the method as developed in [3], [7]–[13],

we can show that system (4.1) cannot have either a multiplicity-three limit cycle or more than

three limit cycles in any configuration. That will be another proof of Theorem 4.3 (the same

approach can be applied to proving Theorems 2.2 and 3.1 as well). But first let us formulate the

Wintner–Perko termination principle [18] for the polynomial system

.

x = f(x,µ), (4.2µ)
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where x ∈ R2; µ ∈ Rn; f ∈ R2 (f is a polynomial vector function).

Theorem 4.4 (Wintner–Perko termination principle). Any one-parameter family of multi-

plicity-m limit cycles of relatively prime polynomial system (4.2µ) can be extended in a unique way

to a maximal one-parameter family of multiplicity-m limit cycles of (4.2µ) which is either open or

cyclic.

If it is open, then it terminates either as the parameter or the limit cycles become unbounded;

or, the family terminates either at a singular point of (4.2µ), which is typically a fine focus of mul-

tiplicity m, or on a (compound ) separatrix cycle of (4.2µ), which is also typically of multiplicity m.

The proof of this principle for general polynomial system (4.2µ) with a vector parameter

µ ∈ R
n parallels the proof of the planar termination principle for the system

.
x = P (x, y, λ),

.
y = Q(x, y, λ) (4.2λ)

with a single parameter λ ∈ R (see [10], [18]), since there is no loss of generality in assuming that

system (4.2µ) is parameterized by a single parameter λ; i. e., we can assume that there exists an

analytic mapping µ(λ) of R into R
n such that (4.2µ) can be written as (4.2 µ(λ)) or even (4.2λ)

and then we can repeat everything, what had been done for system (4.2λ) in [18]. In particular,

if λ is a field rotation parameter of (4.2λ), the following Perko’s theorem on monotonic families of

limit cycles is valid.

Theorem 4.5. If L0 is a nonsingular multiple limit cycle of (4.20), then L0 belongs to a one-

parameter family of limit cycles of (4.2λ); furthermore:

1) if the multiplicity of L0 is odd, then the family either expands or contracts monotonically

as λ increases through λ0;

2) if the multiplicity of L0 is even, then L0 bifurcates into a stable and an unstable limit cycle

as λ varies from λ0 in one sense and L0 disappears as λ varies from λ0 in the opposite sense; i. e.,

there is a fold bifurcation at λ0.

Proof of Theorem 4.3. The proof is carried out by contradiction. Suppose that system (4.1)

with three field rotation parameters, λ, µ, and α, has three limit cycles around, for example, the

origin (the case when limit cycles surround another focus is considered in a similar way). Then we

get into some domain in the space of these parameters which is bounded by two fold bifurcation

surfaces forming a cusp bifurcation surface of multiplicity-three limit cycles.

The corresponding maximal one-parameter family of multiplicity-three limit cycles cannot be

cyclic, otherwise there will be at least one point corresponding to the limit cycle of multiplicity

four (or even higher) in the parameter space. Extending the bifurcation curve of multiplicity-

four limit cycles through this point and parameterizing the corresponding maximal one-parameter

family of multiplicity-four limit cycles by a field rotation parameter, according to Theorem 4.5, we
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will obtain a monotonic curve which, by the Wintner–Perko termination principle (Theorem 4.4),

terminates either at the origin or on some separatrix cycle surrounding the origin. Since we know

absolutely precisely at least the cyclicity of the singular point (Theorem 4.1) which is equal to

two, we have got a contradiction with the termination principle stating that the multiplicity of

limit cycles cannot be higher than the multiplicity (cyclicity) of the singular point in which they

terminate.

If the maximal one-parameter family of multiplicity-three limit cycles is not cyclic, on the same

principle (Theorem 4.4), this again contradicts to Theorem 4.1 not admitting the multiplicity of

limit cycles higher than two. Moreover, it also follows from the termination principle that either

the ordinary separatrix loop or the eight-loop cannot have the multiplicity (cyclicity) higher than

two (in that way, it can be proved that the cyclicity of three other separatrix cycles [13] is at most

two). Therefore, according to the same principle, there are no more than two limit cycles in the

exterior domain surrounding all three finite singularities of (4.1). Thus, system (4.1) cannot have

either a multiplicity-three limit cycle or more than three limit cycles in any configuration. The

theorem is proved. 2

5 A piecewise linear dynamical system

Consider a Liénard-type dynamical system

.
x = y − ϕ(x),

.
y = β − αx− y, α > 0, β > 0, (5.1)

where ϕ(x) is a piecewise linear function containing k dropping sections and approximating an

arbitrary polynomial of degree 2k + 1. The line β − αx − y = 0 and the curve y = ϕ(x) can

be considered as the isoclines of zero and infinity, respectively, for the corresponding equation.

Such systems and equations may occur, for example, when tunnel diode circuits and some other

problems are studied (see [1], [2], [6], [14]).

Suppose that the ascending sections of system (5.1) have an inclination k1 > 0 and the

descending (dropping) sections have an inclination k2 < 0. Then the phase plane of (5.1) can be

divided onto 2k + 1 parts in every of which (5.1) is a linear system: the ascending sections are in

k + 1 strip regions (I, III, V, . . . , 2K + 1) and the descending sections are in other k such regions

(II, IV, V I, . . . , 2K). The parameters k1, k2, and also α can be considered as rotation parameters

for the sewed vector field of (5.1) (see [2], [10]).

System (5.1) can have an odd number of simple singular points: 1, 3, 5, . . . , 2k+1. If (5.1) has

the only singular point, this point will be always an antisaddle (center, focus or node). A focus

(node) will be always stable in odd regions and unstable in even regions if k2 > 1. If system (5.1)

has 2k + 1 singularities, then k of them are saddles (they are in even regions) and k + 1 others

are antisaddles (foci or nodes) which are always stable (they are in odd regions). The pieces of

the straight lines β = x2i−1α+ y2i−1 and β = x2iα+ y2i (i = 1, 2, . . . , k), where (x2i−1, y2i−1) and
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(x2i, y2i) are the coordinates of the upper and lower corner points of the curve ϕ(x), respectively,

form a discriminant curve separating the domains in the plane (α, β), where α ≤ k2, with different

numbers of singular points. The points of the discriminant curve correspond to the sewed singular-

ities of saddle-focus or saddle-node type (α < k2) and its corner points correspond to the unstable

equilibrium segments (α = k2) which coincide with the dropping sections of the curve y = ϕ(x).

In the case when k2 < 1, closed trajectories cannot exist and only bifurcations of singular

points are possible in system (5.1). Therefore, we will consider further only the case when k2 > 1

and (k1 − 1)2 < 4k2 giving various bifurcations and, first of all, the bifurcations of limit cycles.

Studying all such bifurcations (local and global), we will give a proof of the following theorem.

Theorem 5.1. System (5.1) with k dropping sections and 2k+ 1 singular points can have at most

k + 2 limit cycles, k + 1 of which surround the foci one by one and the last, (k + 2)-th, limit cycle

surrounds all of the singular points of (5.1).

Proof of Theorem 5.1. To prove the theorem, we will study both local and global bifurcations

of limit cycles. The limit cycle of system (5.1) will be called small if it belongs to at most two

adjoining regions; the cycle will be called big if it belongs to at least three adjoining regions.

5.1 Local bifurcations

Following [1], we will study first stability of the singular points on the line of sewing. Suppose that

the straight line β − αx− y = 0 passes through the corner point (x1, y1) of the curve y = ϕ(x) on

the boundary of regions I, II and that α > (k2 + 1)2/4. Then the region I (II) will be filled by

the pieces of trajectories of the stable (unstable) focus.

Introduce positive coordinates S0 (lower (x1, y1)) and S1 (upper (x1, y1)) on the line of sewing

of regions I and II; S2 (lower (x2, y2)) and S3 (upper (x2, y2)) on the line of sewing of regions

II and III, etc. The maps S0 → S1 along the trajectories of region I and S1 → S0 along the

trajectories of region II are written as follows:

S1 = S0e
πσ1/ω1 , S̄0 = S1e

πσ2/ω2 , (5.2)

where σi, ωi (i = 1, 2) are the real and imaginary parts of the roots of the characteristic equation

for a singular point of regions I, II, respectively.

The singular point (x1, y1) will be a sewed center (S̄0 = S0) iff σ1/ω1 + σ2/ω2 = 0, i. e., when

α = α∗ ≡ (1−k1/k2)/(k2−k1 +2). The sewed focus (x1, y1) will be stable (S̄0 < S0) when α > α∗

and unstable (S̄0 > S0) when α < α∗.

Consider the return map S0 → S̄0 along the trajectories of regions I and II. For region I, we
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will have

S0 =
δ0

sinω1τ1
(ω1 cosω1τ1 − σ1 sinω1τ1 − ω1e

−σ1τ1) ≡ δ0ζ(τ1),

S1 =
δ0

sinω1τ1
(ω1 cosω1τ1 + σ1 sinω1τ1 − ω1e

σ1τ1) ≡ δ0χ(τ1),

(5.3)

where δ0 is the distance from the boundary of regions I, II to the singular point; ζ and χ are

monotonic functions. The return map along the trajectories of region II has a similar form.

Calculation of the first derivative for the return map gives

dS̄0

dS0

=
S0

S̄0

e2(σ1τ1+σ2τ2), (5.4)

where τi (i = 1, 2) is motion time along the trajectories of regions I, II, respectively; σi = (1+ki)/2

(i = 1, 2).

Studying the return map S0 → S̄0 by means of (5.4), we prove that at most one limit cycle

can exist in regions I and II (see also [1]). The same result can be obtained for regions III and

IV, . . . , 2K − 1 and 2K.

Consider now the map S̄0 = f(S0) sewed of two pieces: S̄0 = ξ(S0) along the trajectories in

regions I, II, . . . , 2K and S̄0 = ψ(S0) along the trajectories in all regions, I, II, . . . , 2K, 2K + 1.

The map S0 → S1 in region I is given by (5.3). The maps S1 → S3, S3 → S5, . . . , S2k−1 → S2k−2

(S2k−1 → S2k+1, S2k+1 → S2k, S2k → S2k−2), S2k−2 → S2k−4, . . . , S2 → S0 have similar forms.

The derivatives for the functions ξ(S0), ψ(S0) are given by the following expressions, respec-

tively:
dS̄0

dS0

=
S0

S̄0

e2(σ1(τ1+τ
+

3
+τ
−

3
+...+τ2k−1)+σ2(τ

+

2
+τ
−

2
+...+τ

+

2k−2
+τ
−

2k−2
)), (5.5)

dS̄0

dS0

=
S0

S̄0

e2(σ1(τ1+τ
+

3
+τ
−

3
+...+τ2k+1)+σ2(τ

+

2
+τ
−

2
+...+τ

+

2k
+τ
−

2k
)), (5.6)

where τ1, τ2k−1, τ2k+1 are motion times in regions I, 2K − 1, 2K + 1 and τ+

2i (τ−
2i), τ

+

2i+1
(τ−

2i+1
),

i = 1, 2, . . . , k, are motion times in the upper (lower) parts of regions II, III, . . . , 2K, respectively.

Studying the return map S̄0 = f(S0) by means of (5.5) and (5.6), we prove that at most two

limit cycles can be generated by the boundary of the domain filled by closed trajectories of (5.1)

and that these two limit cycles can be only outside the boundary.

Suppose that a part of the straight line β − αx − y = 0 coincides with a dropping section of

(5.1), for example, with the first one (α = k2). The dropping section of (5.1) will be an unstable

equilibrium segment and regions I, II (because of the condition (k1 − 1)2 < 4k2) will be filled by

trajectories of the stable foci. It is easy to obtain an explicit expression for the map of the half-line

S0 into itself:

S̄0 = S0 e
2πσ1/ω1 + δ(k2 − 1)(1 + eπσ1/ω1), (5.7)

where δ is the width of regions II.
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This map has the only stable fixed point, and we can show that two stable foci surrounded by

unstable limit cycles (one by one) are generated from the ends of the equilibrium segment under

the rotation of the line β − αx− y = 0 (see also [1]).

The simplest type of separatrix cycles of (5.1) is a so-called eight-loop formed by two ordinary

saddle loops. In the case of 2k + 1 simple singular points, a separatrix cycle can contain k + 1

saddle loops, the first and the last of which are ordinary loops with one rough saddle on each and

the k − 1 others are separatrix digons with two rough saddles on each. Such a separatrix cycle

will be called nondegenerate. In the cases when the straight line β − αx − y = 0 passes through

the corner points of the curve y = ϕ(x), we will have degenerate separatrix cycles of lips-type

containing one or two sewed saddle-nodes. It is clear that the bifurcations of separatrix cycles do

not depend on the parameter β (see [1]). The separatrix cycles can be formed or destroyed only

under a variation of the parameter α. The character of their stability will be determined by the

sign of the saddle quantities which are always positive in our case, when the saddles are inside or

on the boundary of even regions II, IV, . . . , 2K and k2 > 1 (the corresponding theorems are valid

for the piecewise linear dynamical systems as well [2]). It follows that the separatrix cycles of (5.1)

are always unstable (inside and outside) and, under a variation of α, a nondegenerate separatrix

cycle can generate at most k + 1 small unstable limit cycles inside its loops (digons) or the only

big unstable limit cycle outside it.

5.2 Global bifurcations

Now we are able to consider the global bifurcations of limit cycles. Suppose again that the zero

isocline β−αx−y = 0 passes through the corner point (x1, y1) of the infinite isocline y = ϕ(x) and

that α > α∗. In this case, the only singular point in the phase plane is a sewed stable focus and

all trajectories of (5.1) tend to it when t→ +∞. For decreasing α (k2 < α < α∗), the sewed focus

becomes unstable and a stable limit cycle is generated from the boundary curve of the domain

filled by closed trajectories (immediately after passing the value α∗ by the parameter α).

For α = k2, the first dropping section of (5.1) will coincide with a part of the straight line

β − αx − y = 0 and an unstable equilibrium segment will appear inside the stable limit cycle.

If we rotate the line β − αx − y = 0 around an interior point of the segment (changing both

of the parameters, α and β), two unstable limit cycles surrounding stable foci (one by one) will

be generated from the ends (x1, y1) and (x2, y2) of the equilibrium segment. Under the further

rotation of the line β − αx − y = 0, it will pass first through the next corner point, (x4, y4), and

then, successively, through the points (x6, y6), . . . , (x2k, y2k). Every time, the corner point becomes

a sewed saddle-node generating an unstable limit cycle surrounding a stable focus. So, we will get

a piecewise linear system with 2k + 1 singular points having at least k + 1 small unstable limit

cycles surrounding the stable foci (one by one) inside a big stable limit cycle, k + 2, surrounding

all of the singular points.

Under the further rotation of the zero isocline, all k + 1 small limit cycles simultaneously
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disappear in a separatrix cycle consisting of k + 1 loops (digons), this separatrix cycle generates a

big (unstable) limit cycle which combines with another big (stable) limit cycle of (5.1) forming a

semi-stable (double) limit cycle which finally disappears in a so-called trajectory condensation.

Let us prove that system (5.1) cannot have more than k+ 2 limit cycles. The proof is carried

out by contradiction by means of the Wintner–Perko termination principle [2], [10], [18]. Since a

small limit cycle is always unique in the corresponding strip regions, suppose that system (5.1)

with three field rotation parameters, k1, k2, and α, has three big limit cycles. Then we get into

some domain in the space of these parameters which is bounded by two fold bifurcation surfaces

forming a cusp bifurcation surface of multiplicity-three limit cycles [10], [18].

The corresponding maximal one-parameter family of multiplicity-three limit cycles cannot be

cyclic, otherwise there will be at least one point corresponding to the limit cycle of multiplicity four

(or even higher) in the parameter space. Extending the bifurcation curve of multiplicity-four limit

cycles through this point and parameterizing the corresponding maximal one-parameter family of

multiplicity-four limit cycles by a field rotation parameter, for example, by the parameter α, we will

obtain a monotonic curve which, by the Wintner–Perko termination principle, terminates either

at the boundary curve of the domain filled by closed trajectories of (5.1) or on some degenerate

separatrix cycle of (5.1) [10], [18].

Since we know at least the cyclicity of the boundary curve which is equal to two, we have

got a contradiction with the termination principle stating that the multiplicity of limit cycles

cannot be higher than the multiplicity (cyclicity) of the end bifurcation points in which they

terminate [10], [18].

If the maximal one-parameter family of multiplicity-three limit cycles is not cyclic, using

the same principle, this again contradicts with the cyclicity result for the boundary curve not

admitting the multiplicity of limit cycles to be higher than two. Moreover, it also follows from the

termination principle that the degenerate separatrix cycles of (5.1) cannot have the multiplicity

(cyclicity) higher than two. Therefore, according to the same principle, there are no more than

two big limit cycles in the exterior domain outside the boundary curve of (5.1).

The same results can be obtained by means of the new geometric methods developed in [12].

The phase portraits and bifurcation diagrams for system (5.1) will be similar to that which were

constructed in [1], [2]. Thus, system (5.1) with 2k + 1 singular points cannot have more than

k + 2 limit cycles, i. e., k + 2 is the maximum number of limit cycles of such system and the

obtained distribution (k+1 small limit cycles plus a big limit cycle) is the only possibility for their

distribution. The theorem is proved. 2

Received: May 2008. Revised: June 2008.
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Applying a theorem of Reich on Dirichlet series satisfying difference-differential equa-
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RESUMEN
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1 Introduction

The Fibonacci numbers are recursively defined by

F0 = 0, F1 = 1 and Fn+2 = Fn+1 + Fn for n ∈ N.

In number theory one can often obtain arithmetic information by studying a generating function of

a given number theoretical object. In the case of Fibonacci numbers this is usually the correspond-

ing Lambert series; however, in the recent past also the generating Dirichlet series was studied; this

function is more interesting with respect to its analytic properties. Let s be a complex variable.

For Re s > 0 the Fibonacci zeta-function is defined by

ζF(s) =
∑

n∈N

F−s
n ,

and by analytic continuation throughout the complex plane except for simple poles at s = −2k +

πi(2n + k)/ log ϕ for n ∈ Z, k ∈ N0, where ϕ is the golden ratio; this was first proved by Navas

[6] (and relies mainly on Binet’s formula). In [1], Elsner et al. obtained several results on the

algebraic independence of the values taken by ζF on the positive integers, e.g. ζF(2), ζF(4), ζF(6)

are algebraically independent.

In this note we show that the Fibonacci zeta-function ζF(s) is hypertranscendental, i.e., it

satisfies no non-trivial algebraic differential equation (that is no finite collection of derivatives of

ζF) is algebraically dependent over the field of rational functions). Actually, we shall prove a

slightly stronger statement by applying Reich’s theorem on Dirichlet series satisfying holomorphic

difference–differential equations. In order to state this result denote by D the set of all ordinary

Dirichlet series f(s) =
∑

∞

n=1
ann−s satisfying the following two assumptions:

• the abscissa of absoulte convergence is finite: σa(f) < ∞,

• the set of all divisors of indices n with an 6= 0 contains infinitely many prime numbers.

Furthermore, we introduce the following abbreviation: for a non-negative integer ν we write

f [ν](s) = (f(s), f ′(s), . . . , f (ν)(s)).

Reich [9] proved the following theorem: Assume that f ∈ D. Let h0 < h1 < . . . < hm be

any real numbers, ν0, ν1, . . . , νm be any non-negative integers, and let σ0 > σa(f) − h0. Put

k :=
∑m

j=0
(νj + 1). If Φ : C

k
→ C is continuous and the difference-differential equation

Φ(f [ν0](s + h0), f
[ν1](s + h1), . . . , f

[νm](s + hm)) = 0

holds for all s with Re s > σ0, then Φ vanishes identically. To apply this result to the Fibonacci

zeta-function it suffices to show that the set of all Fibonacci numbers Fn is not generated by finitely
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many primes. However, this follows immediately from Lucas’ theorem

gcd(Fm, Fn) = Fgcd(m,n)

(see [5]), since the right-hand side is equal to F1 = 1 for any pair m, n of relatively coprime integers.

Thus we obtain:

Theorem 1. Given any real numbers h0 < h1 < . . . < hm, any non-negative integers ν0, ν1, . . . , νm,

and any σ0 > −h0, if Φ : C
k
→ C is continuous and the difference-differential equation

Φ(ζF
[ν0](s + h0), ζF

[ν1](s + h1), . . . , ζF
[νm](s + hm)) = 0

holds for all s with Re s > σ0, then Φ vanishes identically.

Notice that the proof does not use the meromorphic continuation of ζF(s) to C, obtained by Navas.

The statement of the theorem can easily be extended to other Dirichlet series built from linear

recursive sequences. Here we only need that such sequences are divisible by infinitely many prime

numbers which is true except for degenerate cases when the characteristic polynomial has two roots

whose quotient is a root of unity; since roots are counted with multiplicities, this also includes the

case of repeated roots. This was first shown by Pólya [8] and has been rediscovered by several

mathematicians (see [2, 10] for some history).

We conclude with a few historical remarks on hypertranscendence and an interesting question.

In 1887, Hölder [4] proved that the Gamma-function is hypertranscendental. In his challenging

lecture at the International Congress for Mathematicians in Paris 1900, Hilbert [3] asked in problem

18 for a description of classes of functions definable by differential equations. In this context

Hilbert stated that the Riemann zeta-function ζ(s) is hypertranscendental; the first published proof

was written down by Stadigh in his dissertation (cf. Ostrowski [7]). The idea is to deduce the

hypertranscendence of ζ(s) from Hölder’s theorem and the fact that the Gamma-function appears

in the functional equation for zeta. Besides, Hilbert [3] asked for a proof of the hypertranscendence

for the more general series
∑

∞

n=1
xnn−s. This problem was solved by Ostrowski [7] as a particular

case of a more general theorem which also applies to the case when there is no functional equation

at hand; his argument relies on a comparison of the differential independence with the linear

independence of its frequencies. Reich’s theorem [9], which we have used to prove Theorem 1,

may be regarded as the most general and powerful extension of this method. A different way for

proving hypertranscendence was found by Voronin. In [11], he developped a new technique to

study the joint value distribution of Dirichlet L-functions to pairwise inequivalent characters and

their derivatives; in [12], he extended the method in order to prove his famous universality theorem

for the Riemann zeta-function: Let 0 < r < 1

4
and suppose that g(s) is a non-vanishing continuous

function on the disk |s| ≤ r which is analytic in the interior. Then, for any ǫ > 0,

lim inf
T→∞

1

T
meas

{

τ ∈ [0, T ] : max
|s|≤r

∣

∣ζ
(

s + 3

4
+ iτ

)

− g(s)
∣

∣ < ǫ

}

> 0.
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Voronin’s results imply the hypertranscendence of these Dirichlet series. It is natural to ask whether

the Fibonacci zeta-function shares this or some other universality property: is it true or false that

any (suitable) analytic function g(s) can be uniformly approximated by certain shifts of ζF(s)?

Acknowledgements. The author wants to thank the anonymous referee for her or his remarks

and references to clarify to which extent the statement of the theorem can be generalized.
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and (i, j)-γ-US spaces, (i, j)-γ-open mappings and (i, j)-γ-irresolute mappings.



138 M. Lellis Thivagar et al. CUBO
10, 3 (2008)

RESUMEN

El objetivo de este art́ıculo es introducir las nociones de espacios (i, j)-γ-T1, (i, j)γ-R1,

(i, j)-γ-T2 y (i, j)-γ-US, aplicaciones (i, j)-abiertas y (i, j)-γ-irresolutas.

Key words and phrases: (i, j)-γ-open set, (i, j)-γ-T1 space, (i, j)-γ-R1space, (i, j)-γ-US space,

(i, j)-γ-open mapping, and (i, j)-γ-irresolute mapping.

Math. Subj. Class.: 54C55.

1 Introduction

In 1982, Mashhour et al. [11] introduced the notion of preopen sets, also called locally dense

sets by Corson and Michael [4]. The class of preopen sets properly contains the class of open sets.

As the intersection of two preopen sets may fail to be preopen, the class of preopen sets does not

always form a topology. In a submaximal space i.e. a topological space X in which every dense

subset is open, collection of all preopen sets form a topology. Indeed, many notions in Topology

can be defined in terms of preopen sets (see [3], [5], [8], [12] and [13]). In 1987, Andrijevic [2] offered

a new class of open sets called γ-open sets by utilizing preopen sets. Recently, Abd El Monsef

et al. [1] have applied preopen sets in connection with the topological applications of rough set

measures in information systems. Moreover, it has been shown in [6] that the notion preopen

sets is important with respect to the digital topology. Many researchers also used the notion of

preopen sets in fuzzy topological spaces which Professor El-Naschie has recently shown in [7] the

importance of the notion of fuzzy topology which may be relevent to quantam particle physics in

connection with string theory and ǫ∞theory.

In a bitopological space (X, τ1, τ2), the γ-open set is generalized in the form of (i, j)-γ-open

set, i, j = 1, 2 and i 6= j [14] and these sets are used to define the separation axiom (i, j)-γ-T0 [14].

In this paper we define (i, j)γ-T1, (i, j)-γ-R1, (i, j)-γ-T2 and (i, j)-γ-US spaces and show that

(i, j)-γ-US axiom is stronger than (i, j)-γ-T1 axiom and is weaker than (i, j)-γ-T2 axiom.

We recall some definitions and concepts which are useful in the following sections.

2 Preliminaries

In a topological space (X, τ), the interior and the closure of a subset A are denoted by int(A) and

cl(A), respectively.

Definition 1 A subset A of X is called pre-open set [11] if A ⊂ int(cl(A)).
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Definition 2 A subset A of a topological space (X, τ ) is called a γ-set [2] if A ∩ S ∈ PO(X) for

each S ∈ PO(X).

In the above definition, PO(X) is the family of all pre-open sets in X. The family of all γ-sets

in X is denoted by γO(X).

In the following sections by a space X , we mean a bitopological space (X, τ1, τ2).

Definition 3 A subset A of X is called (i, j)-pre-open [9] if A ⊂ τ i-int(τ j-cl(A)).

Definition 4 A subset A of X is called (i, j)-γ-open [14], if A ∩ B is (i, j)-pre-open for every

(i, j)-pre-open set B in X.

We denote the family of (i, j)-γ-open sets in X by (i, j)-γO(X).

Theorem 5 [14] The family of all (i, j)-γ-open sets in X forms a topology on X.

Definition 6 A subset A ⊂ X is called (i, j)-γ-closed [14] if its complement, Ac in X is (i, j)-γ-

open.

Definition 7 For any A ⊂ X

(i) (i, j)-γ-closure of A [14] is the intersection of all the (i, j)-γ-closed sets containing A and

is written as (i, j)-γ-cl(A).

(ii) (i, j)-γ-kernal of A [14] is the intersection of all the (i, j)-γ-open sets containing A and is

written as (i, j)-γ-ker(A).

Definition 8 A space X is called (i, j)-γ-T0[14] if for x, y ∈ X, x 6= y, there exists U ∈ (i, j)-

γO(X) such that U contains only one of x and y but not the other where i, j = 1, 2, i 6= j.

Definition 9 A map f :(X, τ1, τ2) → (Y, σ1, σ2) is called pairwise γ-continuous (briefly

p.γ-continuous)[14] if the inverse image of each σi-open set of Y is (i, j)-γ-open in X for i, j = 1, 2

and i 6= j.

In the following section the (i, j)-γ-open sets are used to define some separation axioms.
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3 Some separation axioms

In this section we define the (i, j)-γ-T1, (i, j)-γ-R1, (i, j)-γ-T2 and (i, j)-γ-US spaces and study

some characterizations.

Definition 10 A space X is called (i, j)-γ-T1 if for x, y in X, x 6= y, there exist U , V ∈ (i, j)-

γO(X) such that x ∈ U , y /∈ V and y ∈ V , x /∈ V .

Definition 11 A space X is said to be (i, j)-γ-R1 if for x, y in X, x 6= y with (i, j)-γ-cl({x}) 6=

(i, j)-γcl({y}), there exist disjoint (i, j)-γ-open sets U , V such that (i, j)-γ-cl({x}) ⊂ U and (i, j)-

γ-cl({y}) ⊂ V .

Theorem 12 A space X is (i, j)-γ-T1 if and only if the singletons in X are (i, j)-γ-closed sets.

Proof. Proof is evident since the family (i, j)-γO(X) is a topology.

Theorem 13 A space X is (i, j)-γ-R1 if and only if (i, j)-γ-ker({x}) 6= (i, j)-γ-ker({y}) for any x,

y in X , there exist disjoint (i, j)-γ-open sets U and V such that γ-cl({x}) ⊂ U and γ-cl({y}) ⊂ V .

Definition 14 A space X is said to be (i, j)-γ-T2 if for any two distinct points x, y in X, there

exist disjoint (i, j)-γ-open sets U , V such that x ∈ U and y ∈ V .

Theorem 15 A space X is (i, j)-γ-T2 if and only if it is (i, j)-γ-T0 and (i, j)-γ-R1.

Proof. Necessity. If X is (i, j)-γ-T2 then it is (i, j)-γ-T1 and then (i, j)-γ-T0. Since X is (i, j)-

γ-T1, by Theorem 12, (i, j)-γ-cl({x}) = {x} and (i, j)-γ-cl({y}) = {y} for any two distinct points

x, y in X . Therefore, (i, j)-γ-cl({x}) 6= (i, j)-γ-cl({y}) for any two distinct points x, y in X and

hence X is (i, j)-γ-R1.

Sufficiency. If X is (i, j)-γ-T0 and if x, y are two distinct points in X , there exists an (i, j)-

γ-open set U containing only one of x and y but not the other. Let x ∈ U and y /∈ U , say. Then

y /∈ (i, j)-γ-ker({x}) and so (i, j)-γ-ker({x}) 6= (i, j)γ-ker({y}) for any two distinct points x, y in

X . Since X is (i, j)-γ-R1, by Theorem 13, there exist disjoint (i, j)-γ-open sets U and V such that

(i, j)-γcl({x}) ⊂ U and (i, j)-γ-cl({y}) ⊂ V . Thus x ∈ U and y ∈ V and U ∩ V = ∅. Hence X is

(i, j)-γ-T2.

Definition 16 A net {xα:α ∈ D,≥} is said to be bitopologically converges to a point x ∈ X,

denoted by {xα:α ∈ D,≥}
γ
→ x if the net is eventually in every (i, j)-γ-open set containing x, i,

j = 1, 2, i 6= j.
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Theorem 17 If a map f :(X, τ1, τ2) → (Y, σ1, σ2) is p.γ-continuous then for each x ∈ X and

each net {xα:α ∈ D,≥} in X, bitopologically γ-converging to x the image net {f(xα):α ∈ D,≥} is

bitopologically γ-convergent to f(x) in Y .

Proof. Let V ⊂ Y be σi-open in Y containing f(x), i = 1, 2. The bitopologically γ-convergence of

the net {xα:α ∈ D,≥} in X implies that there exists α0 ∈ D such that for all α ≥ α0, xα ∈ f−1(V ).

Therefore, f(xα) ∈ V for all α ≥ α0. Hence the net {f(xα):α ∈ D,≥}
γ
→ f(x).

Definition 18 A space X is said to be (i, j)-γ-US if every bitopologically γ-convergent net {xα:α ∈

D,≥} in X is bitopologically γ-convergent to a unique pioint in X.

Proposition 19 Every (i, j)γ-T2 space is (i, j)-γ-US.

Proof. If possible, let the net {xα:α ∈ D,≥} in a (i, j)γ-T2 space X be bitopologically γ-convergent

to two distinct points x, y in X . Then the net is eventually in every (i, j)-γ-open set containing x

and also in every (i, j)-γ-open set containing y. This contradicts that X is (i, j)-γ-T2.

Proposition 20 Every (i, j)-γ-US space is (i, j)-γ-T1.

Proof. Let x, y ∈ X , x 6= y. If xn = x for every x in the net {xα:α ∈ D,≥} then it is evident

that the net is bitopologically γ-convergent to x. Since X is (i, j)-γ-US, the net {xα:α ∈ D,≥}

cannot be bitopologically γ-convergent to y and hence there exists an (i, j)-γ-open set containing

y but not x. A similar argument gives an (i, j)-γ-open set containing x but not y. Hence X is

(i, j)-γ-T1.

Remark 21 The following diagram holds for a space X as shown in the Proposition 19 and 20.

(i, j)-γ-T2 space ⇒ (i, j)-γ-US space ⇒ (i, j)-γ-T1 space

Theorem 22 A space X is (i, j)-γ-T2 if and only if it is (i, j)-γ-R1 and (i, j)-γ-US.

Proof. If X is (i, j)-γ-T2, then it is (i, j)-γ-R1, by Theorem 15 and by Proposition 19, X is

(i, j)-γ-US.

Conversely, if X is (i, j)-γ-R1 and (i, j)-γ-US then by Proposition 20, X is (i, j)-γ-T1. Thus

X is (i, j)γ-T1 and (i, j)-γ-R1. Hence by Theorem 15, X is (i, j)-γ-T2.
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4 Some bitopolgical γ- mappings

In this section we define (i, j)-γ-open mappings and (i, j)-γ-irresolute mappings.

Definition 23 A map f :(X, τ1, τ2) → (Y, σ1, σ2) is called (i, j)-γ-open if the image of each τ i-

open set in X is (i, j)-γ-open in Y , i, j = 1, 2, i 6= j.

Recall that a map f :(X, τ1, τ2) → (Y, σ1, σ2) is called (i, j)-pre-open if for each τ i-open set in

X , f(U) is (i, j)-pre-open, i, j = 1, 2, i 6= j.

Remark 24 Every (i, j)-γ-open map is (i, j)-pre-open but the converse is not true in general as

shown in the following example.

Example 25 Let X = {a, b, c}, τ1 = {∅, {b, c}, X}, Y = {a, b, c}, σ1 = {∅, {a}, X} and σ2 =

{∅, {a, b}, X}. Define a map f :X → Y as follows f(a) = b, f(b) = a, f(c) = c. Then f is (1, 2)-

pre-open but not (1, 2)-γ-open since f({b, c}) = {a, c} which is (1, 2)-pre-open but not (1, 2)-γ-open.

Recall that a space X is said to be pairwise Hausdorff[12] if for x, y ∈ X , x 6= y, there exist

open sets U , V , U ∈ τ1, V ∈ τ2 such that x ∈ U and y ∈ V .

Theorem 26 Let f :(X, τ1, τ2) → (Y, σ1, σ2) be a bijective (i, j)-γ-open map.If X be pairwise

Hausdorff, then Y is (i, j)-γ-T2.

Proof. Let y1 and y2 be two distinct points in Y . Since f is bijective there exist x1 and x2 in X

such that f(x1) 6= f(x2). The space X is pairwise Hausdorff and so there exist disjoint sets U , V ,

U ∈ τ1 and V ∈ τ2 such that x1 ∈ Uand x2 ∈ V . Then f(x1) ∈ f(U) and f(x2) ∈ f(V ), f(U)

and f(V ) are (i, j)-γ-open sets and f(U) ∩ f(V ) = ∅. Thus Y is (i, j)-γ-T2.

Definition 27 A map f :(X, τ1, τ2) → (Y, σ1, σ2) is called (i, j)-γ-irresolute if the inverse image

of every (i, j)-γ-open set in Y is (i, j)-γ-open in X, i, j = 1, 2, i 6= j.

Theorem 28 If f :(X, τ1, τ2) → (Y, σ1, σ2) is an (i, j)-γ-irresolute bijective mapping and if Y is

a (i, j)-γ-T2 space then, X is (i, j)-γ-T2.

Proof. Let x1, x2 be two distinct points in X . Then there exist y1, y2 in Y such that f(x1) =

y1 and f(x2) = y2 and y1 6= y2. Since Y is (i, j)-γ-T2, there exist disjoint (i, j)-γ-open sets U , V

such that y1 ∈ U and y2 ∈ V . As f is (i, j)-γ-irresolute, f−1(U) and f−1(V ) are (i, j)-γ-open sets

in X containing x1 and x2 respectively. Hence X is (i, j)-γ-T2.
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Theorem 29 Let f :(X, τ1, τ2) → (Y, σ1, σ2) and g:(Y, σ1, σ2) → (Z, ̺
1
, ̺

2
) be two maps.Then

(i) If f is (i, j)-γ-irresolute and g is p.γ-continuous then, g ◦ f is p.γ-continuous

(ii) If both f and g are (i, j)-γ-irresolute then, g ◦ f is (i, j)-γ-irresolute.

Proof. Obvious.
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equilibrium solution. We classify the pathwise limiting behaviour of solutions; solution

either tends to a non-trivial, non-equilibrium and random limit, or the solution hits

zero in finite time. In the first case, the exact rate of decay can always be computed.

These results can be inferred from the square integrability of the time dependent factor,

and the asymptotic behaviour of the corresponding autonomous stochastic equation,

where the time dependent multiplier is unity.

RESUMEN

Este art́ıculo considera el comportamiento asintótico de una ecuación diferencial esto-

castica escalar no-autónoma la cual tiene cero desviación y cujo término de difusión

es un producto de una función de equilibrio. Nosotros clasificamos el comportamiento

limite por caminos de las soluciones; la solución atiende a un no equilibrio y ĺımite ran-

don no trivial, o la solución encuentra cero en tiempo finito. En el primer caso, las tasas

de decaimiento siempre pueden ser calculadas. Estos resultados pueden ser inferidos de

la integrabilidad al cuadrado del factor dependiente del tiempo, y el comportamiento

asintótico de la correspondiente ecuación estocatica autónoma, donde el multiplicador

dependiente del tiempo es la unidad.

Key words and phrases: Brownian motion, almost sure asymptotic stability, asymptotic con-

stancy, stochastic differential equation, nonautonomous, Feller’s test, explosions.

Math. Subj. Class.: 60H10, 93E15.

1 Introduction

This note considers the asymptotic behaviour of solutions of the “separable” stochastic differential

equation

dX(t) = σ(t)g(X(t)) dB(t). (1.1)

A solution of this equation with initial condition ξ is denoted by X(·, ξ). It is presumed that zero

is a point equilibrium, so X(t, 0) = 0 is a solution of (1.1). A standard deterministic change of

time scale reduces this equation to an autonomous equation

dX̃(t) = g(X̃(t)) dB̃(t), (1.2)

from which it can be shown that the condition that σ ∈ L2([0,∞); R) largely determines whether

the solution tends to the equilibrium or to a non–trivial and non–equilibrium limit. Another feature

which is examined is the relationship between the process X̃ hitting zero in a finite amount of time,

or tending to zero as t → ∞ (in the case when X̃ remains strictly positive) and the corresponding

properties of X . As will be seen, a complete picture of the dynamics of (1.1) can be deduced in

terms of conditions on g and σ.
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Even though the time–change technique employed is well–known, some novel features appear in

the analysis. First, we are unaware of an extensive literature concerning the pathwise convergence

of solutions of stochastic differential equations to non–equilibrium limits. Second, we determine

here sharp upper and lower estimates in terms of the rate at which the noise intensity fades on

the almost sure rate of convergence of the solution to this non–equilibrium limit, in the case when

σ ∈ L2([0,∞); R). This requires a delicate use of the law of the iterated logarithm, partly correcting

an error on the asymptotic behaviour of a tail martingale established in [1] and used in [2]. Finally,

in the case where σ 6∈ L2([0,∞); R), the results here, taken in conjunction with work in [3, 4] would

enable exact almost sure rates of convergence to zero of solutions of (1.1) to be established.

2 Existence of solutions

In this paper we deal with highly nonlinear stochastic differential equations, SDE, whose solutions

can hit zero at finite time, due to the non-Lipshitz behavior of the diffusion coefficients. Moreover,

for non-autonomous equations, it is convenient for the completeness of our exposition, to state

carefully and to prove an existence result. This result is a corollary of well-known existence result

and martingale time changing theorem.

Let (Ω,F , (F(t))t≥0, P) be a complete probability space with filtration (F(t))t≥0 satisfying

the usual conditions (i.e. it is increasing and right continuous while F(0) contains all P-null

sets). Let (B(t))t≥0 be a scalar standard Brownian motion, defined on the probability space

(Ω,F , (F(t))t≥0, P). Since we will consider equations with deterministic initial conditions, it is

enough to work with the natural filtration of B: that is F(t) ≡ FB(t) where FB(t) = σ(B̃(s) :

0 ≤ s ≤ t).

Suppose that the function σ obeys

σ ∈ C([0,∞); R). (2.1)

We define the local martingale M = {M(t), 0 ≤ t < ∞,FB(t)} by

M(t) =

∫ t

0

σ(s) dB(s), t ≥ 0, (2.2)

with square variation 〈M〉 given by

〈M〉(t) =

∫ t

0

σ2(s) ds.

Let T ∗ be given by

T ∗ =

∫

∞

0

σ2(s) ds, (2.3)

where we define T ∗ = ∞ if σ 6∈ L2([0,∞); R).
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Define also, for each 0 ≤ s ≤ T ∗, the FB—stopping time

T (s) = inf{t ≥ 0 : 〈M〉(t) ≥ s}. (2.4)

By the martingale time change theorem, there exists a standard Brownian motion {B̃(t); 0 ≤ t ≤

T ∗;G(t)}, such that

B̃(s) = M(T (s)), G(s) = FB(T (s)), 0 ≤ s ≤ T ∗,

and moreover

M(t) = B̃(〈M〉(t)), FB(t) = G(〈M〉(t)), t ≥ 0.

In what follows we presume that g : R → R obeys

g(0) = 0. (2.5)

Since we do not want the equation to have any other equilibria in (0,∞) we ask that the non–

degeneracy condition

g(x) > 0, for all x 6= 0, (2.6)

also be satisfied.

We are now in a position to state an existence result for the solution of the autonomous

stochastic differential equation.

Proposition 2.1. Suppose that g obeys (2.5) and (2.6) and that

there exists a strictly increasing function (2.7a)

q : [0,∞) → [0,∞) with q(0) = 0 such that
∫ ǫ

0

1

q2(u)
du = ∞, for all ǫ > 0,

and that g and q both obey

|g(x) − g(y)| ≤ q(|x − y|), x, y ∈ R. (2.7b)

Then there exists a unique strong non-exploding solution X̃ of

dX̃(t) = g(X̃(t)) dB̃(t), t ≥ 0, X(0) = ξ > 0, (2.8)

on the complete probability space (Ω,F , (G(t))t≥0, P).

This result is a corollary of the result of Yamada and Watanabe (see e.g. [7], Proposition 2.13,

page 291, and [7], Theorem 5.4., page 332).

The main concern of this paper is the asymptotic behaviour of solutions of the nonautonomous

equations

dX(t) = σ(t)g(X(t)) dB(t), t ≥ 0, X(0) = ξ > 0. (2.9)

Before conducting this asymptotic analysis however, we must verify that this equation has a well-

defined solution. This is accomplished by the following result.



CUBO
10, 3 (2008)

Asymptotic constancy and stability in SDEs 149

Proposition 2.2. Suppose that g and q obey (2.5), (2.6), (2.7a) and (2.7b) and σ obeys (2.1).

Then there exists a unique strong non-exploding solution X of (2.9) on the complete probability

space (Ω,F , (FB(t))t≥0, P).

Proof. By Proposition 2.1, X̃ is the unique strong solution of (2.8). Consider X̃(t) for t ∈ [0, T ∗),

where T ∗ is defined as in (2.3), and define

X(t) = X̃

(
∫ t

0

σ2(s)ds

)

, t ≥ 0. (2.10)

Then, as X̃(s) is G(s)-measurable, X̃(t) is G
(

∫ t

0
σ2(s)ds

)

-measurable. But G (〈M〉(t)) = FB(t),

so X(t) is FB(t)-measurable. Now, by [7], Proposition 3.4.8, we get for t ≥ 0

∫

〈M〉(t)

0

g(X̃(u))dB̃(u) =

∫ t

0

g(X(s))dM(s) =

∫ t

0

σ(s)g(X(s))dB(s),

and, therefore, as 〈M〉(t) =
∫ t

0
σ2(s)ds, we get

X(t) = X̃

(
∫ t

0

σ2(s)ds

)

= X̃ (〈M〉(t))

= X̃(0) +

∫

〈M〉(t)

0

g(X̃(u))dB̃(u) = ξ +

∫ t

0

σ(s)g(X(s))dB(s).

Therefore X defined by (2.10) is a strong solution of (2.9) on (Ω,F , (FB(t))t≥0, P).

To show uniqueness, suppose that there is another solution of (2.9), Y . Then Ỹ defined by

Ỹ (s) = Y (T (s)) obeys (2.8). Hence, as (2.8) has a unique solution, we have Ỹ = X̃ , and therefore

it follows that Y = X .

This completes the proof.

In this paper, we choose to write explicitly the dependence of solutions on their initial condi-

tions, which are always assumed to be deterministic. Thus, the value at time t ≥ 0 of the process

Y with initial condition Y (0) = ξ is denoted by Y (t, ξ).

3 Main result

In this section, we state and discuss the main results of the paper concerning the asymptotic

behaviour of non–autonomous equation. At the end of the section we present an example of a non–

autonomous linear equation which can be analysed without the use of the theorems established

here, but whose behaviour illustrates the results proven.

As seen in the proof of Proposition 2.2 the non–autonomous equation (2.9) is equivalent to

(2.8), under a deterministic time change. However the subject of Proposition 2.2 is the existence
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for non–autonomous equation. The following Proposition by contrust, focusses on the relation

between the solutions of the two equations.

Proposition 3.1. Let ξ > 0 be deterministic. Suppose that g obeys (2.5), (2.6). Let σ obey (2.1).

Suppose that X(·, ξ) is the unique strong solution of (2.9) with X(0, ξ) = ξ. Let T ∗ be given by

(2.3), and T be defined by (2.4).

(i) If σ ∈ L2([0,∞); R), then there exists a standard Brownian motion B̃ = {B̃(t); 0 ≤ t ≤

T ∗;G(t)} where G(t) = FB(T (t)) and B̃(t) = B(T (t)) such that the process X̃ = {X̃(t); 0 ≤

t ≤ T ∗;G(t)} defined by X̃(t) = X(T (t)) obeys (2.8).

(ii) If σ 6∈ L2([0,∞); R), then there exists a standard Brownian motion B̃ = {B̃(t); 0 ≤ t <

∞;G(t)} where G(t) = FB(T (t)) and B̃(t) = B(T (t)) such that the process X̃ = {X̃(t); 0 ≤

t < ∞;G(t)} defined by X̃(t) = X(T (t)) obeys (2.8).

Before stating the first result on asymptotic behaviour we present some notation and an

important auxiliary result.

Suppose that X̃(·, ξ) is the solution of (2.8), where ξ > 0. Define

S̃0(ξ) = inf{t ≥ 0 : X̃(t, ξ) = 0}. (3.1)

Let us suppose that for δ > 0 we may define the function v : (0,∞) → (0,∞) by

v(x) = 2

∫ δ

x

∫ δ

y

dz

g2(z)
dy, x > 0. (3.2)

The following result is due to Feller (see e.g. [7], Theorem 5.5.29, page 348).

Proposition 3.2. Let ξ > 0 be deterministic, and X̃(·, ξ) be a strong solution of (2.8). If S̃0(ξ)

is as defined in (3.1), then

lim
t→S̃0(ξ)

X̃(t, ξ) = 0, sup
0≤t<S̃0(ξ)

X̃(t, ξ) < ∞, a.s.

Let v be defined by (3.2). Then

(i) limx→0+ v(x) < ∞ implies S̃0(ξ) < ∞, a.s.;

(ii) limx→0+ v(x) = ∞ implies S̃0(ξ) = ∞, a.s.

We define also

S0(ξ) = inf{t ≥ 0 : X(t, ξ) = 0}. (3.3)

We can determine whether S0(ξ) is finite or infinite with the help of Proposition 2.2.

We may now state the first main result on the asymptotic behaviour in this paper. It is a

direct consequence of Proposition 3.1 and Proposition 3.2.
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Theorem 3.3. Let ξ > 0 be deterministic. Suppose that g obeys (2.5), (2.6). Let σ obey (2.1).

Suppose that X(·, ξ) is the unique strong solution of (2.9) with X(0, ξ) = ξ.

Let v be defined as in (3.2), and suppose that

lim
x→0+

v(x) = ∞.

Then we have the following case distinction:

(a) If σ ∈ L2((0,∞); R), then there exists an almost surely positive and FB(∞)–measurable

random variable L = L(ξ, ω) such that

lim
t→∞

X(t, ξ) = L(ξ) > 0, a.s. (3.4)

(b) If σ 6∈ L2((0,∞); R), then

lim
t→∞

X(t, ξ) = 0, a.s.

and S0(ξ) defined by (3.3) obeys S0(ξ) = ∞, a.s.

The proof of this result and proofs of subsequent results in the this section, are postponed to

the final section of the paper.

When σ ∈ L2([0,∞); R) the rate at which convergence to L(ξ) occurs can be determined

exactly.

Theorem 3.4. Let ξ > 0 be deterministic. Suppose that g obeys (2.5), (2.6), and let g ∈

C1((0,∞); (0,∞)). Let σ obey (2.1) and σ ∈ L2([0,∞); R). Suppose that X(·, ξ) is the unique

strong solution of (2.9) with X(0, ξ) = ξ.

Let v be defined as in (3.2), and suppose that

lim
x→0+

v(x) = ∞.

Let L(ξ) be the almost surely positive and FB(∞)–measurable random variable defined by (3.4).

Then:

(i) If σ obeys
∫

∞

t

σ2(s) ds > 0, for all t ≥ 0, (3.5)

then

lim sup
t→∞

X(t, ξ) − L(ξ)
√

2
∫

∞

t
σ2(s) ds log log

(∫

∞

t
σ2(s) ds

)−1

= g(L(ξ)), a.s., (3.6a)

lim inf
t→∞

X(t, ξ) − L(ξ)
√

2
∫

∞

t
σ2(s) ds log log

(∫

∞

t
σ2(s) ds

)−1

= −g(L(ξ)), a.s. (3.6b)
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(ii) If σ does not obey (3.5) i.e., if there exists τ ≥ 0 such that
∫

∞

t
σ2(s) ds = 0 for all t ≥ τ ,

then

X(t, ξ) = X(τ, ξ) = L(ξ), for all t ≥ τ , a.s.

Of course, in case (b) in Theorem 3.3, the rate of convergence cannot be so easily computed.

However pathwise rates of decay to zero for nonlinear autonomous stochastic differential equations

have been found in [3, 4], and could readily be applied here.

Finally, the distribution of the random limit L is in principle well–understood, by using the

forward Kolmogorov equation for the process X̃.

Theorem 3.5. Let ξ > 0 be deterministic. Suppose that g obeys (2.5), (2.6). Let σ obey (2.1)

and σ ∈ L2([0,∞); R). Let T ∗ be given by (2.3). Suppose that X(·, ξ) is the unique strong solution

of (2.9) with X(0, ξ) = ξ.

Let v be defined as in (3.2), and suppose that

lim
x→0+

v(x) = ∞,

and let L(ξ) be the almost surely positive and FB(∞)–measurable random variable defined by (3.4).

Then

P[L(ξ) ≤ x] =

∫ x

0

Γ(T ∗; y) dy, x ≥ 0,

where
∂Γ

∂t
(t; y) =

1

2

∂2

∂y2

(

g2(y)Γ(t; y)
)

, (t, y) ∈ [0, T ∗] × (0,∞),

and Γ(0; y) = δξ(y), y ∈ R, where δξ is the δ-function.

The result holds because L(ξ) = limt→T∗+ X̃(t, ξ) = X̃(T ∗, ξ). Moreover, as X̃ is a diffusion

process with known infinitesimal generator and deterministic initial condition ξ, we can deduce

its distribution function from the forward Kolmogorov equation, and therefore, the distribution of

L(ξ) is also known.

It remains merely to classify the behaviour in the case when limx→0 v(x) < ∞.

Theorem 3.6. Let ξ > 0 be deterministic. Suppose that g obeys (2.5), (2.6). Let σ obey (2.1).

Suppose that X(·, ξ) is the unique strong solution of (2.9) with X(0, ξ) = ξ.

Let v be defined as in (3.2), and suppose that

lim
x→0+

v(x) < ∞.

Then we have the following case distinction:

(a) If σ ∈ L2((0,∞); R), then there exists an almost surely positive and FB(∞)–measurable

random variable L = L(ξ, ω) such that

lim
t→∞

X(t, ξ) = L(ξ) > 0, a.s. on {S̃0(ξ) ≥ T ∗},
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and

lim
t→S0(ξ)−

X(t, ξ) = 0, a.s. on {S̃0(ξ) < T ∗},

where S̃0(ξ) defined by (3.1) and S0(ξ) is defined by (3.3).

(b) If σ 6∈ L2((0,∞); R), then

lim
t→S0(ξ)−

X(t, ξ) = 0, a.s.,

where S0(ξ) defined by (3.3) obeys S0(ξ) < +∞, a.s.

In case (a) the rate of convergence to the non–trivial random limit is the same as given in

Theorem 3.4, but only a.s. on the event {S̃0(ξ) > T ∗}.

The probability of the event {S̃0(ξ) < T ∗} can be computed for the process X̃ obeying (2.8),

by considering the limit

P[S̃0(ξ) < T ∗] = lim
a→0+

P[S̃a(ξ) < T ∗]

where for ξ > a > 0 we define S̃a(ξ) = inf{t ≥ 0 : X̃(t, ξ) = a}. It is possible to compute the

moment generating function of S̃a(ξ), λ 7→ E[e−λS̃a(ξ)] for λ ≥ 0, by solving an appropriate Sturm–

Liouville problem, from which the probability P[S̃a(ξ) < T ∗] can in principle be determined by

inverse transform methods. The interested reader can refer to [6, Chapter 4.11] for further details

on computation of the moment generating function.

3.1 An example

A simple example of a process which can be analysed completely without appealing to these results

(but which is consistent with them) is the unique strong solution of

X(t) = ξ +

∫ t

0

σ(s)X(s) dB(s), t ≥ 0,

where ξ > 0 and σ ∈ C([0,∞); R). This equation has explicit solution

X(t, ξ) = ξ exp

(
∫ t

0

σ(s) dB(s) −
1

2

∫ t

0

σ2(s) ds

)

, t ≥ 0.

Here we identify g(x) = x, x ≥ 0, and have limx→0+ v(x) = ∞. Hence Theorems 3.3, 3.4 and 3.5

can be applied to this stochastic differential equation.

In the case when σ ∈ L2([0,∞); R), the martingale convergence theorem (cf., e.g., [8, Propo-

sition IV.1.26]) ensures that limt→∞

∫ t

0
σ(s) dB(s) exists and is almost surely finite. Therefore,

there is an almost surely positive and almost surely finite FB(∞)—measurable random variable

L(ξ) given by

L(ξ) = ξ exp

(
∫

∞

0

σ(s) dB(s) −
1

2

∫

∞

0

σ2(s) ds

)
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such that

lim
t→∞

X(t, ξ) = L(ξ) > 0, a.s.

This chimes with part (a) of Theorem 3.3.

In the case when σ 6∈ L2([0,∞); R), we have that

lim
t→∞

∫ t

0

σ2(s) ds = +∞, lim
t→∞

∫ t

0
σ(s) dB(s)

∫ t

0
σ2(s) ds

= 0, a.s.

The latter fact resulting from the Strong Law of Large Numbers for martingales (cf., e.g., [8,

Exercise V.I.16]). Therefore

lim
t→∞

1
∫ t

0
σ2(s) ds

log X(t) = −
1

2
, a.s.

Hence limt→∞ X(t, ξ) = 0, a.s., which agrees with part (b) of Theorem 3.3.

Moreover, in the case when σ ∈ L2([0,∞); R), L(ξ) is lognormally distributed; this is obvious

by observation of the formula for L(ξ), but can also be confirmed by solving the partial differential

equation for the transition density Γ in Theorem 3.5.

In the case when σ ∈ L2([0,∞); R), the rate of convergence in Theorem 3.4 can be obtained,

if it is shown that

lim sup
t→∞

∫

∞

t
σ(s) dB(s)

√

2
∫

∞

t
σ2(s) ds log log

(∫

∞

t
σ2(s) ds

)−1

= 1, a.s., (3.7a)

lim inf
t→∞

∫

∞

t
σ(s) dB(s)

√

2
∫

∞

t
σ2(s) ds log log

(∫

∞

t
σ2(s) ds

)−1

= −1, a.s. (3.7b)

This can be established as follows: define T ∗ =
∫

∞

0
σ2(s) ds, and let M be the local martingale

defined in (2.2), and with square variation 〈M〉. Then, by the martingale time change theorem

there exists a Brownian motion B̃ such that M(t) = B̃(〈M〉(t)), 0 ≤ t < ∞. Thus

lim sup
t→∞

∫

∞

t
σ(s) dB(s)

√

2
∫

∞

t
σ2(s) ds log log

(∫

∞

t
σ2(s) ds

)−1

= lim sup
t→∞

M(∞) − M(t)
√

2(〈M〉(∞) − 〈M〉(t)) log log (〈M〉(∞) − 〈M〉(t))
−1

= lim sup
t→∞

B̃(〈M〉(∞)) − B̃(〈M〉(t))
√

2(〈M〉(∞) − 〈M〉(t)) log log (〈M〉(∞) − 〈M〉(t))
−1

= lim sup
s→T∗−

B̃(T ∗) − B̃(s)
√

2(T ∗ − s) log log(T ∗ − s)−1

= lim sup
u→0+

B̃(T ∗) − B̃(T ∗ − u)
√

2u log log(u)−1
= 1, a.s.,
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since B̄ defined by B̄(t) = B̃(T ∗) − B̃(T ∗ − t), 0 ≤ t ≤ T ∗, is also a standard Brownian motion,

and therefore subject to the Law of the Iterated Logarithm. (3.7) was stated in [2], but a proof

was not supplied there. A variant of this result is proven in [1] but this proof contains an error as

it is incorrectly stated there that

∫

∞

t

X(s) dB(s) =

∫

1/t

0

1

s
X(1/s) dW (s)

for a process X ∈ L2([0,∞); R) a.s., where W is the standard Brownian motion given by W (t) =

tB(1/t) for t > 0 and W (0) = 0.

4 Proofs

4.1 Proof of Theorem 3.3

By Proposition 3.2, it follows that limx→0+ v(x) = ∞ implies S̃0(ξ) = +∞, a.s.

In case (a), when σ ∈ L2([0,∞); R), T (s) → ∞ as s → T ∗−. Hence, as X̃(s) = X(T (s)) for

s ∈ [0, T ∗],

lim
t→∞

X(t) = lim
s→T∗−

X(T (s)) = lim
s→T∗−

X̃(s) = X̃(T ∗) > 0, a.s.,

because T ∗ < +∞ = S̃0(ξ), a.s.

In case (b), when σ 6∈ L2([0,∞); R), T (s) → ∞ as s → ∞. Hence, as X̃(s) = X(T (s)) for

s ∈ [0,∞), we have S0(ξ) = T (S̃0(ξ)) = +∞, a.s., and

lim
t→∞

X(t) = lim
s→∞

X(T (s)) = lim
s→∞

X̃(s) = lim
s→S̃0(ξ)

X̃(s) = 0, a.s.,

because S̃0(ξ) = ∞, a.s.

4.2 Proof of Theorem 3.4

The proof of part (ii) is straightforward, because for t ≥ τ we have

X(t) = X(τ) +

∫ t

τ

σ(s)g(X(s)) dB(s) = X(τ),

as
∫

∞

τ
σ2(s) ds = 0 and the continuity of σ imply that σ(t) = 0 for all t ∈ [τ,∞).

To prove part (i) we proceed as follows. Because σ ∈ L2([0,∞); R), and

limx→0+ v(x) = ∞, by Proposition 3.1 and Proposition 3.2, the process X̃ = {X(t); 0 ≤ t ≤

T ∗;G(t)} defined by X̃(t) = X(T (t)) is strictly positive a.s. and obeys

X̃(t) = ξ +

∫ t

0

g(X̃(s)) dB̃(s), 0 ≤ t ≤ T ∗,
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where T ∗ and T are defined by (2.3) and (2.4).

Since g in C1((0,∞); (0,∞)) we may define the function h ∈ C2((0,∞); R) by

h(x) =

∫ x

1

1

g(u)
du, x ∈ R.

Then the process Ỹ = {Ỹ (t); 0 ≤ t ≤ T ∗;G(t)} defined by Ỹ (t) = h(X̃(t)) is well–defined. Since

h ∈ C2((0,∞); R) and X̃(t) > 0 for all t ∈ [0, T ∗] a.s. Ỹ is an Itô–process, which by Itô’s rule, has

decomposition for 0 ≤ t ≤ T ∗ given by

Ỹ (t) = h(X̃(t)) = h(ξ) + B̃(t) −
1

2

∫ t

0

g′(X̃(s)) ds.

Since X̃ is almost surely positive and continuous, g ∈ C1((0,∞); (0,∞)), it follows that

lim
t→T∗−

1

T ∗ − t

∫ T∗

t

g′(X̃(s)) ds = g′(X̃(T ∗)), a.s.

Therefore

lim
t→T∗−

1
√

2(T ∗ − t) log log(1/(T ∗ − t))

∫ T∗

t

g′(X̃(s)) ds = 0, a.s.

Then for t ∈ [0, T ∗]

h(X̃(T ∗)) − h(X̃(t)) = B̃(T ∗) − B̃(t) −
1

2

∫ T∗

t

g′(X̃(s)) ds,

and

lim sup
t→T∗−

h(X̃(T ∗)) − h(X̃(t))
√

2(T ∗ − t) log log(1/(T ∗ − t))

= lim sup
t→T∗−

B̃(T ∗) − B̃(t)
√

2(T ∗ − t) log log(1/(T ∗ − t))

= lim sup
s→0+

B̃(T ∗) − B̃(T ∗ − s)
√

2s log log(1/s)
.

Now, because B̄ = {B̄(t) : 0 ≤ t ≤ T ∗;F B̄(t)} defined by B̄(t) = B̃(T ∗) − B̃(T ∗ − t) is a standard

Brownian motion, by the Law of the Iterated Logarithm for Brownian motion we have

lim sup
s→0∗+

B̃(T ∗) − B̃(T ∗ − s)
√

2s log log(1/s)
= lim sup

s→0∗+

B̄(s)
√

2s log log(1/s)
= 1, a.s.

Hence

lim sup
t→T∗−

h(X̃(T ∗)) − h(X̃(t))
√

2(T ∗ − t) log log(1/(T ∗ − t))
= 1, a.s.

Since h is in C1((0,∞); R) and X̃ has continuous sample paths, we have

lim
t→T∗−

h(X̃(T ∗)) − h(X̃(t))

X̃(T ∗) − X̃(t)
= h′(X̃(T ∗)) =

1

g(X̃(T ∗))
, a.s.
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Hence

lim sup
t→T∗−

X̃(T ∗) − X̃(t)
√

2(T ∗ − t) log log(1/(T ∗ − t))

= lim sup
t→T∗−

X̃(T ∗) − X̃(t)

h(X̃(T ∗)) − h(X̃(t))

h(X̃(T ∗)) − h(X̃(t))
√

2(T ∗ − t) log log(1/(T ∗ − t))

= g(X̃(T ∗)), a.s.

Therefore, as T (s) → ∞ as s ↑ T ∗, and 〈M〉(T (s)) = s for s ∈ [0, T ∗], we have

lim sup
t→∞

L(ξ) − X(t)
√

2
∫

∞

t
σ2(s) ds log log(1/

∫

∞

t
σ2(s) ds)

= lim sup
t→∞

X(∞) − X(t)
√

2(〈M〉(∞) − 〈M〉(t)) log log(1/〈M〉(∞) − 〈M〉(t))

= lim sup
s↑T∗

X(T (T ∗)) − X(T (s))
√

2(〈M〉(T (T ∗)) − 〈M〉(T (s))) log log(1/〈M〉(T (T ∗)) − 〈M〉(T (s)))

= lim sup
s↑T∗

X̃(T ∗) − X̃(s)
√

2(T ∗ − s) log log(1/(T ∗ − s))

= g(X̃(T ∗))

= g(L(ξ)), a.s.

An analogous argument gives

lim inf
t→T∗−

X̃(T ∗) − X̃(t)
√

2(T ∗ − t) log log(1/(T ∗ − t))
= −g(X̃(T ∗)), a.s.,

from which we can infer that

lim inf
t→∞

L(ξ) − X(t)
√

2
∫

∞

t
σ2(s) ds log log(1/

∫

∞

t
σ2(s) ds)

= −g(L(ξ)), a.s.,

as required.

4.3 Proof of Theorem 3.6

By Proposition 3.2, it follows that limx→0+ v(x) < +∞ implies S̃0(ξ) < +∞, a.s.

In case (b) when σ 6∈ L2([0,∞); R), T (s) → ∞ as s → ∞. Hence, as X̃(s) = X(T (s)) for

s ∈ [0,∞), we have S0(ξ) = T (S̃0(ξ)) < +∞, a.s., and

lim
s→S0(ξ)−

X(s) = lim
t→S̃0(ξ)−

X(T (t)) = lim
t→S̃0(ξ)−

X̃(t) = 0, a.s.,

because S̃0(ξ) < +∞, a.s.



158 John A.D. Appleby et al. CUBO
10, 3 (2008)

In case (a) when σ ∈ L2([0,∞); R), T (s) → ∞ as s → T ∗−. Define the event

A = {ω : S̃0(ξ) ≥ T ∗}.

Then because X̃(s) = X(T (s)) for s ∈ [0, T ∗], we have S0(ξ) = T (S̃0(ξ)), and so

A = {ω : S̃0(ξ) ≥ T ∗} = {ω : S0(ξ) = +∞}.

Clearly, as S̃0(ξ) ≥ T ∗ on A, we have

lim
t→T∗−

X̃(t) = X̃(T ∗) > 0, a.s. on A.

Thus, as X̃(s) = X(T (s)) for s ∈ [0, T ∗],

lim
t→∞

X(t) = lim
s→T∗−

X(T (s)) = lim
s→T∗−

X̃(s) = X̃(T ∗) > 0, a.s. on A.

Hence
{

lim
t→∞

X(t, ξ) = L(ξ) > 0, S0(ξ) = +∞
}

= {S̃0(ξ) ≥ T ∗}, a.s.

On the other hand, consider the event Ā, where

Ā = {ω : S̃0(ξ) < T ∗} = {ω : S0(ξ) < +∞},

by virtue of the fact that S0(ξ) = T (S̃0(ξ)) < T (T ∗) = +∞. Then

lim
t→S̃0(ξ)−

X̃(t) = 0, a.s. on Ā.

Thus, as X̃(s) = X(T (s)) for s ∈ [0, T ∗],

lim
t→S0(ξ)−

X(t) = lim
s→S̃0(ξ)−

X(T (s)) = lim
s→S̃0(ξ)−

X̃(s) = 0, a.s. on Ā.

Hence
{

lim
t→S0(ξ)−

X(t, ξ) = 0, S0(ξ) < +∞

}

= {S̃0(ξ) < T ∗}, a.s.

Received: July 2008. Revised: August 2008.
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Electron. J. Qual. Theory Differ. Equ., Proc. 7th Coll. QTDE, Paper no.1, 1–32, 2004.

[2] J.A.D. Appleby and D. Mackey, Almost sure polynomial asymptotic stability of scalar

stochastic differential equations with damped stochastic perturbations, Electron. J. Qual.
Theory Differ. Equ., Proc. 7th Coll. QTDE, Paper no.2, 1–33, 2004.



CUBO
10, 3 (2008)

Asymptotic constancy and stability in SDEs 159

[3] J.A.D. Appleby, X. Mao and A. Rodkina, Pathwise superexponential decay rates of

solutions of autonomous stochastic differential equations, Stochastics, 77(3), 241–270, 2005.

[4] J.A.D. Appleby, A. Rodkina and H. Schurz, Pathwise non-exponential decay rates of

solutions of scalar nonlinear stochastic differential equation, Disc. Con. Dynam. Sys. Ser. B.,
6(4), 667–696, 2006.

[5] N. Ikeda and S. Watanabe, Stochastic Differential Equations and Diffusion Processes,
North Holland, New York, 2nd edition, 1981.
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ABSTRACT

We are concerned in this paper with the partial differential equation d
dt

[u(t)+f(t, u(t))] =

Au(t) t ∈ R, where A is a (generally unbounded) linear operator which generates a

semigroup of bounded linear operators (T (t))t≥0. Under appropriate sufficient con-

ditions, we prove the existence and uniqueness of a pseudo almost automorphic mild

solution to the equation.

RESUMEN

Nosotros consideramos en este art́ıculo la ecuación diferencial parcial d
dt

[u(t)+f(t, u(t))] =

Au(t) t ∈ R, donde A es un (generalmente no acotado) operador lineal que genera
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un semigrupo de operadores lineales acotados (T (t))t≥0. Bajo condiciones suficientes

apropriadas, provamos la existencia y unicidad de una solución blanda pseudo casi

automorfica para tal ecuación.

Key words and phrases: Pseudo Almost automorphic function, exponentially stable semigroup,

partial differential equations.

Math. Subj. Class.: 34G10, 47A55.

1 Introduction

Since the publication of the monograph [12], the study of almost automorphic function (a concept

introduced by S. Bochner in the literature in the mid sixties as a generalization of almost periodicity

in the sense of Bohr) has regained great interest. Several extensions of the concept were introduced

including asymptotic almost automorphy by N’Guérékata ([10]), p-almost automorphy by Diagana

([2]), and Stepanov-like almost automorphy by N’Guérékata and Pankov ([14]). Recently, J. Liang

et al. have suggested the notion of pseudo almost automorphic functions, i.e. functions that can be

written uniquely as a sum of an almost automorphic function and an ergodic term, i.e. a function

with vanishing mean (cf [6], and [7], [8]). This latter turns out to be more general than asymptotic

almost automorphy. However it seems to be more complicated.

There has been a considerable interest in the existence of (these various types of) almost

automorphic solutions of evolution equations. Semigroups theory and fixed point techniques have

been frequently used for semilinear evolution equations. In [3] the authors studied the existence

and uniqueness of an almost automorphic mild solution to the equation

d

dt
[u(t) + f(t, u(t))] = Au(t) + g(t, u(t)) t ∈ R, (1.1)

where the functions f(t, u) and g(t, u) are almost automorphic in t, for each u. This latter

motivated our recent paper [15], where we study the existence and uniqueness of a pseudo almost

automorphic mild solution the semilinear evolution equations of the form

du

dt
= Au(t) + g(t, u(t)), t ∈ R, (1.2)

where A is an unbounded sectorial operator with not necessarily dense domain in a Banach space

X and g : R×Xα → X, where Xα, α ∈ (0, 1), is any intermediate Banach space between D(A) and

X.

In this paper, we study pseudo almost automorphic solutions to perturbations to Equations:

du

dt
= Au(t) t ∈ R, (1.3)

consisting of the class of abstract partial evolution equations of the form
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d

dt
[u(t) + f(t, u(t))] = Au(t) t ∈ R, (1.4)

where A is the infinitesimal generator of an exponentially stable C0-semigroup acting on X, B,C

are two densely defined closed linear operators on X, and f is continuous functions.

Under some appropriate assumptions, we establish the existence and uniqueness of an almost

automorphic (mild) solution to Eq. (1.4) using the Banach fixed-point principle.

We start this work by presenting some properties of pseuso almost automorphic functions in

Section 2 including an application to a Volterra-like integral equation. Our main result (Theoreme

3.3) is presented in Section 3.

2 Preliminaries

In this work, (X, ‖ ·‖) will stand for a Banach space. The collection of all bounded linear operators

from X is denoted by B(X) — this is a Banach space when it is equipped with its natural norm

‖A‖B(X) := sup
x∈X,x 6=0

‖Ax‖X

‖x‖X

.

The fields of real and complex numbers, are respectively denoted by C and R. We let BC(R,X)

denote the space of all X-valued bounded continuous functions R → X– it is a Banach space when

equipped with the sup norm ‖u‖∞ := sup
t∈R

‖u(t)‖X for each u ∈ B(R,X).

We will use the following well-known concepts in the sequel.

Definition 2.1. A continuous function f : R 7→ X is said to be almost automorphic if for every

sequence of real numbers (s′n)n∈N there exists a subsequence (sn)n∈N ⊂ (s′n)n∈N such that

g(t) := lim
n7→∞

f(t+ sn)

is well-defined for each t ∈ R, and

f(t) = lim
n7→∞

g(t− sn)

for each t ∈ R.

Similarly,

Definition 2.2. A continuous function f : R × X 7→ X is said to be almost automorphic in t ∈ R

for each u ∈ X if every sequence of real numbers (σn)n∈N contains a subsequence (sn)n∈N such that

g(t, u) := lim
n7→∞

f(t+ sn, u)

is well defined for each t ∈ R and each u ∈ X and,

f(t, u) = lim
n7→∞

g(t− sn, u)

exists for each t ∈ R and u ∈ X.
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The following natural properties hold: If f, h : R 7→ X are almost automorphic functions and

if λ ∈ R, then f + h, λf , and fλ are almost automorphic, where fλ(t) := f(t + λ). Moreover,

R(f) := {f(t), t ∈ R} is relatively compact.

Since the range of an almost automorphic function f is relatively compact on X, then it is

bounded. Almost automorphic functions constitute a Banach space AA(X) when it is endowed

with the sup norm. This naturally generalizes the concept of (Bochner) almost periodic functions.

Definition 2.3. Let X be a Banach space.

1. A bounded continuous function with vanishing mean value can be defined as

AA0(R,X) =

{

φ ∈ BC(R,X) : lim
T→∞

1

2T

∫ T

−T

‖φ(σ)‖dσ = 0

}

.

2. Similarly we define AA0(R × X,X) to be the collection of all functions f : t 7→ f(t, x) ∈

BC(R × X,X) satisfying

lim
T→∞

1

2T

∫ T

−T

‖f(σ, x)‖dσ = 0

uniformly for x in any bounded subset of X.

Now we describe the sets PAA(R,X) and PAA(R × X,X) of pseudo almost automorphic

functions:

PAA(R,X) =

{

f = g + φ ∈ BC(R,X),

g ∈ AA(R,X) and φ ∈ AA0(R,X)

}

;

PAA(R × X,X) =

{

f = g + φ ∈ BC(R × X,X),

g ∈ AA(R × X,X) and φ ∈ AA0(R × X,X)

}

.

In both cases above, g and φ are called respectively the principal and the ergodic terms of f .

We have the following elementary properties of pseudo almost automorphic functions.

Theorem 2.4. ( [8] Theorem 2.2).

PAA(R,X) is a Banach space under the supremum norm.

Let now f, h : R → R and consider the convolution

(f ⋆ h)(t) :=

∫

R

f(s)h(t− s)ds, t ∈ R,

if the integral exists.

Remark 2.5. The operator J : PAA(R,X) → PAA(R,X) such that (Jx)(t) := x(−t) is well-defined

and linear. Moreover it is an isometry and J2 = I.
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Remark 2.6. The operator Ta defined by (Tax)(t) := x(t+ a) for a fixed a ∈ R leaves PAA(R,X)

invariant.

Let us now discuss conditions which do ensure the pseudo almost automorphy of the con-

volution function f ⋆ h of f with h where f is pseudo almost automorphic and h is a Lebesgue

mesurable function satisfying additional assumptions.

Let f : R → X and h : R → R; the convolution function (if it does exist) of f with h denoted

f ⋆ h is defined by:

(f ⋆ h)(t) :=

∫

R

f(σ)h(t− σ)dσ =

∫

R

f(t− σ)h(σ)dσ = (h ⋆ f)(t), for all t ∈ R.

Hence, if f ⋆ h is well-defined, then f ⋆ h = h ⋆ f .

Let ϕ ∈ L1 and λ ∈ C. It is well-known that the operator Aϕ,λ defined by

Aϕ,λu = λu+ ϕ ⋆ u (2.1)

acts continuously in BC(R,X) i.e., there exists K > 0 such that

‖Aϕ,λu‖BC(R,X) ≤ K‖u‖BC(R,X), ∀u ∈ BC(R,X) (2.2)

Moreover Aϕ,λ leaves BC(R,X) invariant.

Now denote M := {PAP (R,X), PAA(R,X)} where PAP (R, X) is the Banach space of all

pseudo almost periodic functions f : R → X. Then we have.

Theorem 2.7. For Ω ∈ M,

Aϕ,λ(Ω) ⊂ Ω.

Proof. . It is an immediate consequence of the remarks above.

Application: A Volterra-like equation

Consider the equation

x(t) = g(t) +

∫

+∞

−∞

a(t− σ)x(σ)dσ, t ∈ R, (2.3)

where g : R → R is a continuous function and a ∈ L1(R).

Theorem 2.8. Suppose g ∈ PAA(R,X) and ‖a‖L1 < 1. Then (2.3) above has a unique pseudo

almost automorphic solution.

Proof. It is clear that the operator

x ∈ PAA(R,X) →

∫

+∞

−∞

a(t− σ)x(σ)dσ ∈ PAA(R,X)
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is well-defined. Now consider Γ : PAA(R,X) → PAA(R,X) such that

(Γx)(t) = g(t) +

∫

+∞

−∞

a(t− σ)x(σ)dσ, t ∈ R.

We can easily show that

‖(Γx) − (Γy)‖ ≤ ‖a‖L1‖x− y‖.

The conclusion is immediate by the principle of contraction.

3 Main results

This section is devoted to the proof of the main result of the paper, that is, the existence and

uniqueness of an almost automorphic (mild) solution to Eq. (1.4). For that we need to establish

a few preliminary results.

Definition 3.1. A function u ∈ BC(R,X) is said to be a mild solution to Eq. (1.4) if the function

s→ AT (t− s)f(s, u(s)) is integrable on (−∞, t) for each t ∈ R and

u(t) = −f(t, u(t)) −

∫ t

−∞

AT (t− s)f(s, u(s))ds

for each t ∈ R.

We now make the following assumptions.

(H.1) The operator A is the infinitesimal generator of an exponentially stable semigroup (T (t))t≥0

such that there exist constants M > 0 and δ > 0 with

‖T (t)‖B(X) ≤Me−δt, ∀t ≥ 0.

Furthermore, the function σ → AT (σ) defined from (0,∞) into B(X) is strongly (Lebesgue)

measurable and there exist a function γ : (0,∞) → [0,∞) such that sups≥s0
γ(s) < ∞ for

any s0 > 0, and a constant ω > 0 with ρ :=

∫

∞

0

e−ωsγ(s)ds <∞ such that

‖AT (s)‖B(X) ≤ e−ωs . γ(s), s > 0.

(H.2) The function f : R × X 7→ X, (t, u) 7→ f(t, u) is jointly continuous and

‖f(t, u)− f(t, v)‖X ≤ k(t) . ‖u− v‖, and

for all t ∈ R, and ∀u, v ∈ X. Here k ∈ L1(R,R+).

(H.3) f = g + ψ ∈ PAA(R × X,X), where g and ψ are the principal and the ergodic terms of f

respectively and f(t, u) and g(t, u) are uniformly continuous on every bounded subset K ⊂ X

uniformly in t ∈ R.
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Lemma 3.2. Suppose that assumptions (H.1)-(H.2)-(H.3) hold. Define the nonlinear operator Λ1

by: For each ξ ∈ PAA(X),

(Λ1ξ)(t) =

∫ t

−∞

AT (t− s)f(s, ξ(s))ds

Then Λ1 maps PAA(X) into itself.

Proof. Set h defined by: h(.) = f(., ξ(.)). Since h ∈ PAA(R,X) using [6, Theorem 2.4] with

assumption (H.3), we can write h = β + φ where β is the principal part and φ the ergodic term of

h. Using the same argument as in [11], we can prove that t 7→
∫ t

−∞
AT (t− s)β(s)ds is in AA(X).

Now, set:

ν(t) = −

∫ t

−∞

AT (t− s)φ(s)ds.

We have:
1

2T

∫ T

−T

‖ν(t)‖Xdt ≤
1

2T

∫ T

−T

∫ t

−∞

‖A(t− s)φ(s)‖Xdsdt

≤
1

2T

∫ T

−T

∫ t

−∞

e−ω(t−s)γ(t− s)‖φ(s)‖Xdsdt.

Let’s write:
1

2T

∫ T

−T

∫ t

−∞

e−ω(t−s)γ(t− s)‖φ(s)‖Xdsdt = I1 + I2,

where:

I1 =
1

2T

∫ T

−T

∫

−T

−∞

e−ω(t−s)γ(t− s)‖φ(s)‖Xdsdt

and

I2 =
1

2T

∫ T

−T

∫ t

−T

e−ω(t−s)γ(t− s)‖φ(s)‖Xdsdt.

We prove know that I1 → 0 and I2 → 0 as T → ∞.

Indeed, for I1, let s0 > 0 and set M(s0) = sups≥s0
γ(s), and K = supt∈R ‖φ(t)‖X. We have:

I1 ≤ K
1

2T

∫ T

−T

∫

−T

−∞

e−ω(t−s)γ(t− s)dsdt =
K

2T

∫ ∫

D

e−ω(t−s)γ(t− s)dsdt,

where D = {(s, t) ∈ R
2, |t| ≤ T, s ≤ −T }. We introduce also:

D1 = {(s, t) ∈ D, t− s ≥ s0}, D2 = D \D1.

We have:
∫ ∫

D1

e−ω(t−s)γ(t− s)dsdt ≤M(s0)

∫ ∫

D1

e−ω(t−s)dsdt

≤M(s0)

∫ ∫

D

e−ω(t−s)dsdt =
M(s0)e

−ωT

ω

∫ T

−T

e−ωtdt ≤ 2T
M(s0)e

−ωT

ω
.
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Moreover,
∫ ∫

D2

e−ω(t−s)γ(t− s)dsdt ≤

∫

−T

−T−s0

∫ s+s0

−T

e−ω(t−s)γ(t− s)dtds

≤

∫

−T

−T−s0

∫ s0

−T−s

e−ωσγ(σ)dσds

≤

∫

−T

−T−s0

∫ s0

0

e−ωσγ(σ)dσds

≤ s0

∫ s0

0

e−ωσγ(σ)dσ.

So, for any T ≥ 1, we have:

I1 ≤
K

2T

(

2T
M(s0)e

−ωT

ω
+ s0

∫ s0

0

e−ωσγ(σ)dσ

)

≤ K

(

e−ωT M(s0)

ω
+ s0

∫ s0

0

e−ωσγ(σ)dσ

)

.

Let ǫ > 0. We can find s0 > 0 such that Ks0
∫ s0

0
e−ωσγ(σ)dσ < ε/2. Let us take such an s0. After,

for T sufficiently large, Ke−ωT M(s0)

ω
< ǫ/2, and so, for sufficiently large T , I1 ≤ ǫ.

Now, we consider I2. We have:

I2 =
1

2T

∫ T

−T

‖φ(s)‖Xds

∫ T

s

e−ω(t−s)γ(t− s)dt

≤
1

2T

∫ T

−T

‖φ(s)‖Xds

∫ T−s

0

e−ωσγ(σ)dσ

≤ ρ
1

2T

∫ T

−T

‖φ(s)‖Xds→ 0 as T → ∞.

Now we are ready to state and prove the following.

Theorem 3.3. Suppose that assumptions (H.1)-(H.2) hold. Then Eq. (1.4) has a unique pseudo

almost automorphic (mild) solution if

Proof. Define the nonlinear operator Γ : AA(X) 7→ AA(X) by:

Γ(u) : t 7→ −f(t, u(t)) −

∫ t

−∞

AT (t− s)f(s, u(s))ds.

We have:

‖Γ(u)(t) − Γ(v)(t)‖X ≤ ‖f(t, u(t)) − f(t, v(t))‖X +

∫ t

−∞

‖AT (t− s)(f(s, u(s)) − f(s, v(s)))‖Xds
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≤ k(t)‖u(t) − v(t)‖X +

∫ t

−∞

e−ω(t−s)γ(t− s)k(s)‖u(x) − v(s)‖Xds

≤

[

k(t) +

∫ t

−∞

e−ω(t−s)γ(t− s)k(s)ds

]

‖u− v‖∞

≤ (1 + ρ)‖k‖∞‖u− v‖∞.

So, we obtain:

‖Γ(u) − Γ(v)‖∞ ≤ (1 + ρ)‖k‖∞‖u− v‖∞,

and we can conclude using the Banach’s fixed point principle.
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[7] J. Liang, G.M. N’Guérékata, T.-J. Xiao and J. Zhang, Some properties of pseudo

almost automorphic functions and applications to abstract differential equations, Nonlinear
Analysis TMA, (to appear).

[8] T.-J. Xiao, J. Liang and J. Zhang, Pseudo almost automorphic functions to semilinear

differential equations in Banach spaces, Semigroup Forum, 76(2008), No.3, 518–524.



170 J. Blot et al. CUBO
10, 3 (2008)

[9] A. Lunardi, Analytic semigroups and optimal regularity in parabolic problems, PNLDE
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RESUMEN
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Math. Subj. Class.: 20G42, 16S15, 13P10.

∗Supported by the NNSF of China (No.10771077) and the NSF of Guangdong Province (No.06025062).



172 Yuqun Chen et al. CUBO
10, 3 (2008)

1 Introduction

Since any algebra (commutative, associative, Lie), as well as any module over an algebra, can be

presented by generators and defining relations, it is important to have a general method to deal

with these presentations. Such a method now exists and is called the Gröbner bases method (due

to B. Buchberger [18], [19]), or standand bases method (due to H. Hironaka [21]), or Gröbner-

Shirshov bases method (due to A. I. Shirshov [35]). The original Shirshov’s paper [35] is for Lie

algebra presentations, but it can be easily adopted for associative algebra presentations as well,

see L. A. Bokut [3] and G. Bergman [1].

Let, for example, L = Lie(X |[xixj ] −
∑

αk
ijxk, i > j, xi, xj , xk ∈ X) be a Lie algebra

over a field (or a commutative ring) k presented by a k-basis X and the multiplication table.

Then S = {[xixj ] −
∑

αk
ijxk| i > j, xi, xj , xk ∈ X} is a Gröbner-Shirshov basis (subset) of the

free Lie algebra Lie(X) over k. On the other hand, the universal enveloping algebra U(L) =

k〈X |xixj −xjxi −
∑

αk
ijxk, i > j, xi, xj , xk ∈ X〉 is the associative algebra presented by the same

set X and the defining relations S(−) (we rewrite S using [xy] = xy − yx). There is a general

but not difficult result that for any S ⊂ Lie(X), S is a Gröbner-Shirshov basis in the sense of

Lie algebras if and only if S(−) ⊂ k〈X〉 is a Gröbner-Shirshov basis in the sense of associative

algebras (see, for example, [9] and [7]). This means that in our case, S(−) is a Gröbner-Shirshov

basis (subset) in k〈X〉. By Composition-Diamond lemma (see below), the S-irreducible words on

X , Irr(S) = {xi1 . . . xik
, i1 ≤ . . . ≤ ik, k ≥ 0} form a k-basis of U(L). This is a conceptional

proof of the PBW-Theorem by using Gröbner-Shirshov bases theory.

There are many results on Gröbner-Shirshov bases for associative and Lie algebras, as well as

for semigroups, groups, conformal algebras, dialgebras, and so on, see, for example, surveys [14],

[15], [25] and [8]. Let us mention those for simple Lie algebras and Lie superalgebras via Serre’s

presentations ([10], [11], [12], [13], [9]), for modules over simple Lie algebras and Iwahori-Hecke

algebras ([23], [24], [25]), for Kac-Moody algebras of types A
(1)

n , B
(1)

n , C
(1)

n , D
(1)

n ([31], [32], [33]),

for Coxeter groups ([17]), for braid groups via Artin-Burau, Artin-Garside and Briman-Ko-Lee

presentations ([4], [5] and [6]).

Drinfeld-Jimbo ([20], [22]) presentations for quantized enveloping algebras Uq(g), where g is

a semisimple Lie algebra, are a natural source of associative presentations. M. Rosso [34] and I.

Yamane [36] found the PBW-basis of Uq(AN ). G. Lusztig [29] and [30], and M. Kashiwara [26]

and [27] found the bases of Uq(g) for any semisimple algebra g, as well as for their representations.

Their approach work equally well for quantized enveloping algebras associated with arbitrary sym-

metrizable Cartan matrix, not just those corresponding to finite dimensional Lie algebras. V. K.

Kharchenko [28] found the approach to linear bases of quantized enveloping algebras via the so

called character Hopf algebras.

It the paper [16], Gröbner-Shirshov bases approach was applied to study Uq(g) for any sym-

metrizable Cartan matrix. Using this approach, they got a new proof of the triangular decomposi-
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tion of Uq(g) (see, for example, Jantzen [37]). For Uq(AN ), it was proved by Bokut and Malcolmson

[16] that the Jimbo relations (see [36]) of U+

q (AN ) constitute a Gröbner-Shirshov basis of U+

q (AN )

in Jimbo generators xij , 1 ≤ i, j ≤ N + 1 (see below).

In this paper, we give an elementary proof that Jimbo relations S is a Gröbner-Shirshov basis

of U+

q (AN ). For such a purpose, we just check all possible compositions of polynomials from S and

proved that all them can be resolved. Also in §1 in this paper, we are giving necessary definitions

and Composition-Diamond lemma following Shirshov [35].

2 Preliminaries

We first cite some concepts and results from the literature which are related to the Gröbner-

Shirshov bases for associative algebras.

Let k be a field, k〈X〉 the free associative algebra over k generated by X and X∗ the free

monoid generated by X , where the empty word is the identity which is denoted by 1. For a word

w ∈ X∗, we denote the length of w by deg(w). Let X∗ be a well ordered set. Let f ∈ k〈X〉 with

the leading word f̄ . Then we call f monic if f̄ has coefficient 1.

Definition 2.1. ([35], see also [2], [3]) Let f and g be two monic polynomials in k〈X〉 and < a

well ordering on X∗. Then, there are two kinds of compositions:

(i) If w is a word such that w = f̄ b = aḡ for some a, b ∈ X∗ with deg(f̄)+deg(ḡ) >deg(w),

then the polynomial (f, g)w = fb− ag is called the intersection composition of f and g with respect

to w.

(ii) If w = f̄ = aḡb for some a, b ∈ X∗, then the polynomial (f, g)w = f − agb is called the

inclusion composition of f and g with respect to w.

Definition 2.2. ([2], [3], cf. [35]) Let S ⊂ k〈X〉 such that every s ∈ S is monic. Then the

composition (f, g)w is called trivial modulo (S, w) if (f, g)w =
∑

αiaisibi, where each αi ∈ k,

ai, bi ∈ X∗, si ∈ S and aisibi < w. If this is the case, then we write

(f, g)w ≡ 0 mod(S, w).

In general, for p, q ∈ k〈X〉, we write p ≡ q mod(S, w) which means that p − q =
∑

αiaisibi,

where each αi ∈ k, ai, bi ∈ X∗, si ∈ S and aisibi < w.

Definition 2.3. ([2], [3], cf. [35]) We call the set S with respect to the well ordering < a

Gröbner-Shirshov set (basis) in k〈X〉 if any composition of polynomials in S is trivial modulo S.

If a subset S of k〈X〉 is not a Gröbner-Shirshov basis, then we can add to S all nontrivial

compositions of polynomials of S, and by continuing this process (maybe infinitely) many times,

we eventually obtain a Gröbner-Shirshov basis Sc. Such a process is called the Shirshov algorithm.
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A well ordering > on X∗ is called a monomial order if it is compatible with the multiplication

of words, that is, for u, v ∈ X∗, we have

u > v ⇒ w1uw2 > w1vw2, for all w1, w2 ∈ X∗.

A standard example of monomial order on X∗ is the deg-lex order to compare two words first by

degree and then lexicographically, where X is a well ordered set.

The following lemma was first proved by Shirshov [35] for free Lie algebras (with deg-lex order)

in 1962 (see also Bokut [2]). In 1976, Bokut [3] specialized the approach of Shirshov to associative

algebras (see also Bergman [1]). For the case of commutative polynomials, this lemma is known

as the Buchberger’s Theorem in [18] and [19].

Lemma 2.4. (Composition-Diamond Lemma) Let k be a field, k〈X |S〉 = k〈X〉/Id(S) and <

a monomial order on X∗, where Id(S) is the ideal of k〈X〉 generated by S. Then the following

statements are equivalent:

(i) S is a Gröbner-Shirshov basis.

(ii) f ∈ Id(S) ⇒ f̄ = as̄b for some s ∈ S and a, b ∈ X∗.

(iii) Irr(S) = {u ∈ X∗|u 6= as̄b, s ∈ S, a, b ∈ X∗} is a basis of the algebra k〈X |S〉. �

3 Rosso-Yamane theorem on PBW basis of Uq(AN)

Let k be a field, A = (aij) an integral symmetrizable N × N Cartan matrix so that aii = 2,

aij ≤ 0 (i 6= j) and there exists a diagonal matrix D with diagonal entries di which are nonzero

integers such that the product DA is symmetric. Let q be a nonzero element of k such that q4di 6= 1

for each i. Then the quantum enveloping algebra is (see [20], [22])

Uq(A) = k〈X ∪ H ∪ Y |S+ ∪ K ∪ T ∪ S−〉,

where
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X = {xi},

H = {h±1

i },

Y = {yi},

S+ = {

1−aij
∑

ν=0

(−1)ν

(

1 − aij

ν

)

t

x
1−aij−ν

i xjx
ν
i , where i 6= j, t = q2di},

S− = {

1−aij
∑

ν=0

(−1)ν

(

1 − aij

ν

)

t

y
1−aij−ν

i yjy
ν
i , where i 6= j, t = q2di},

K = {hihj − hjhi, hih
−1

i − 1, h−1

i hi − 1, xjh
±1

i − q∓diaij h±1xj , h
±1

i yj − yjh
±1},

T = {xiyj − yjxi − δij

h2

i − h−2

i

q2di − q−2di

} and

(

m

n

)

t

=







n
∏

i=1

tm−i+1
−ti−m−1

ti−t−i m > n > 0,

1 n = 0 or m = n.

Let

A = AN =



















2 −1 0 · · · 0

−1 2 −1 · · · 0

0 −1 2 · · · 0

· · · · ·

0 0 0 · · · 2



















and q8 6= 1.

It is reminded that in this case, the diagonal matrix D is identity.

We introduce some new variables defined by Jimbo (see [36]) which generate Uq(AN ):

˜X = {xij , 1 ≤ i < j ≤ N + 1},

where

xij =

{

xi j = i + 1,

qxi,j−1xj−1,j − q−1xj−1,jxi,j−1 j > i + 1.

We now order the set ˜X in the following way.

xmn > xij ⇐⇒ (m, n) >lex (i, j).
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Let us recall from Yamane [36] the following notation:

C1 = {((i, j), (m, n))|i = m < j < n},

C2 = {((i, j), (m, n))|i < m < n < j},

C3 = {((i, j), (m, n))|i < m < j = n},

C4 = {((i, j), (m, n))|i < m < j < n},

C5 = {((i, j), (m, n))|i < j = m < n},

C6 = {((i, j), (m, n))|i < j < m < n}.

Let the set ˜S+ consist of Jimbo relations:

xmnxij − q−2xijxmn ((i, j), (m, n)) ∈ C1 ∪ C3,

xmnxij − xijxmn ((i, j), (m, n)) ∈ C2 ∪ C6,

xmnxij − xijxmn + (q2 − q−2)xinxmj ((i, j), (m, n)) ∈ C4,

xmnxij − q2xijxmn + qxin ((i, j), (m, n)) ∈ C5.

It is easily seen that U+

q (AN ) = k〈 ˜X|˜S+〉.

The following theorem is from [16].

Theorem 3.1. ([16] Theorem 4.1) Let the notation be as before. Then, with the deg-lex order on
˜X∗, ˜S+ is a Gröbner-Shirshov basis for k〈 ˜X |˜S+〉 = U+

q (AN ).

Proof. We will prove that all compositions in ˜S+ are trivial modulo ˜S+. We consider the

following cases.

Case 1. f = xmnxij − q−2xijxmn, g = xijxkl − q−2xklxij , w = xmnxijxkl.

In the case, we have

(f, g)w = −q−2xijxmnxkl + q−2xmnxklxij .

There are four subcases to consider.

((i, j), (m, n)) ∈ C1 ((i, j), (m, n)) ∈ C3

((k, l), (i, j)) ∈ C1 1.1. ((k, l), (m, n)) ∈ C1 1.3. ((k, l), (m, n)) ∈ C4, C5 or C6

((k, l), (i, j)) ∈ C3 1.2. ((k, l), (m, n)) ∈ C4 1.4. ((k, l), (m, n)) ∈ C3

1.1. ((i, j), (m, n)) ∈ C1, ((k, l), (i, j)) ∈ C1 and ((k, l), (m, n)) ∈ C1.

Then, we have

(f, g)w ≡ −q−4xijxklxmn + q−4xklxmnxij

≡ −q−6xklxijxmn + q−6xklxijxmn

≡ 0.
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1.2. ((i, j), (m, n)) ∈ C1, ((k, l), (i, j)) ∈ C3 and ((k, l), (m, n)) ∈ C4.

Then, we have (i, j) = (m, l), ((k, n), (i, j)) ∈ C2 and

(f, g)w ≡ −q−2xij [xklxmn − (q2 − q−2)xknxml] + q−2[xklxmn − (q2 − q−2)xknxml]xij

≡ −q−4xklxijxmn + q−2(q2 − q−2)xknxijxml

+q−4xklxijxmn − q−2(q2 − q−2)xknxijxml

≡ 0.

1.3. ((i, j), (m, n)) ∈ C3, ((k, l), (i, j)) ∈ C1 and ((k, l), (m, n)) ∈ C4, C5 or C6.

1.3.1. If ((k, l), (m, n)) ∈ C4 (m < l), then (k, n) = (i, j), ((i, j), (m, l)) ∈ C2 and

(f, g)w ≡ −q−2xij [xklxmn − (q2 − q−2)xknxml] + q−2[xklxmn − (q2 − q−2)xknxml]xij

≡ −q−4xklxijxmn + q−2(q2 − q−2)xijxknxml + q−4xklxijxmn

−q−2(q2 − q−2)xknxijxml

≡ 0.

1.3.2. If ((k, l), (m, n)) ∈ C5 (m = l), then (k, n) = (i, j) and

(f, g)w ≡ −q−2xij(q
2xklxmn − qxkn) + q−2(q2xklxmn − qxkn)xij

≡ −xijxklxmn + q−1xijxkn + xklxmnxij − q−1xknxij

≡ −q−2xklxijxmn + q−2xklxijxmn

≡ 0.

1.3.3. If ((k, l), (m, n)) ∈ C6 (m > l), then

(f, g)w ≡ −q−2xijxklxmn + q−2xklxmnxij

≡ −q−4xklxijxmn + q−4xklxijxmn

≡ 0.

1.4. ((i, j), (m, n)) ∈ C3, ((k, l), (i, j)) ∈ C3 and ((k, l), (m, n)) ∈ C3.

This case is similar to 1.1.

Case 2. f = xmnxij − q−2xijxmn, g = xijxkl − xklxij , w = xmnxijxkl.

In the case, we have

(f, g)w = −q−2xijxmnxkl + xmnxklxij .

There are also four subcases to consider.

((i, j), (m, n)) ∈ C1 ((i, j), (m, n)) ∈ C3

((k, l), (i, j)) ∈ C2 2.1. ((k, l), (m, n)) ∈ C2, C3 or C4 2.3. ((k, l), (m, n)) ∈ C2

((k, l), (i, j)) ∈ C6 2.2. ((k, l), (m, n)) ∈ C6 2.4. ((k, l), (m, n)) ∈ C6
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2.1. ((i, j), (m, n)) ∈ C1, ((k, l), (i, j)) ∈ C2 and ((k, l), (m, n)) ∈ C2, C3 or C4.

2.1.1. If ((k, l), (m, n)) ∈ C2 (n < l), then

(f, g)w ≡ −q−2xijxklxmn + xklxmnxij

≡ −q−2xklxijxmn + q−2xklxijxmn

≡ 0.

2.1.2. If ((k, l), (m, n)) ∈ C3 (n = l), then

(f, g)w ≡ −q−4xijxklxmn + q−2xklxmnxij

≡ −q−4xklxijxmn + q−4xklxijxmn

≡ 0.

2.1.3. If ((k, l), (m, n)) ∈ C4 (n > l), then ((k, n), (i, j)) ∈ C2, ((i, j), (m, l)) ∈ C1 and

(f, g)w ≡ −q−2xij [xklxmn − (q2 − q−2)xknxml] + [xklxmn − (q2 − q−2)xknxml]xij

≡ −q−2xklxijxmn + q−2(q2 − q−2)xknxijxml + q−2xklxijxmn

−q−2(q2 − q−2)xknxijxml

≡ 0.

For the cases 2.2, 2.3 and 2.4, the proofs are similar to 2.1.1.

Case 3. f = xmnxij − q−2xijxmn, g = xijxkl − xklxij + (q2 − q−2)xkjxil, w = xmnxijxkl.

In the case, we have

(f, g)w = −q−2xijxmnxkl + xmnxklxij − (q2 − q−2)xmnxkjxil.

There are two subcases to consider.

((i, j), (m, n)) ∈ C1 ((i, j), (m, n)) ∈ C3

3.1. 3.2.

((k, l), (i, j)) ∈ C4 ((k, l), (m, n)), ((k, j), (m, n)) ∈ C4 ((k, l), (m, n)) ∈ C4, C5 or C6

((k, j), (m, n)) ∈ C3

3.1. ((i, j), (m, n)) ∈ C1, ((k, l), (i, j)) ∈ C4 and (k, l), (m, n)), ((k, j), (m, n)) ∈ C4.

Then, we have ((k, n), (i, j)) ∈ C2, ((i, l), (m, n)) ∈ C1, ((i, l), (m, j)) ∈ C1, ((m, l), (i, j))
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∈ C1 and

(f, g)w ≡ −q−2xij [xklxmn − (q2 − q−2)xknxml] + [xklxmn − (q2 − q−2)xknxml]xij

−(q2 − q−2)[xkjxmn − (q2 − q−2)xknxmj ]xil

≡ −q−2[xklxij − (q2 − q−2)xkjxil]xmn + q−2(q2 − q−2)xknxijxml + q−2xklxijxmn

−(q2 − q−2)xknxmlxij − q−2(q2 − q−2)xkjxilxmn + q−2(q2 − q−2)2xknxilxmj

≡ q−4(q2 − q−2)xknxmlxij − (q2 − q−2)xknxmlxij + q−2(q2 − q−2)xknxmlxij

≡ 0.

3.2. ((i, j), (m, n)) ∈ C3, ((k, l), (i, j)) ∈ C4, (k, l), (m, n)) ∈ C4, C5 or C6 and ((k, j), (m, n)) ∈

C3.

3.2.1. If ((k, l), (m, n)) ∈ C4 (l > m) and ((k, j), (m, n)) ∈ C3, then ((k, n), (i, j)) ∈ C3, ((i, j), (m, l)) ∈

C2, ((i, l), (m, n)) ∈ C4 and

(f, g)w ≡ −q−2xij [xklxmn − (q2 − q−2)xknxml] + [xklxmn − (q2 − q−2)xknxml]xij

−q−2(q2 − q−2)xkjxmnxil

≡ −q−2[xklxij − (q2 − q−2)xkjxil]xmn + q−4(q2 − q−2)xknxijxml + q−2xklxijxmn

−(q2 − q−2)xknxijxml − q−2(q2 − q−2)xkj [xilxmn − (q2 − q−2)xinxml]

≡ 0.

3.2.2. If ((k, l), (m, n)) ∈ C5 (l = m) and ((k, j), (m, n)) ∈ C3, then ((k, l), (i, j)) ∈ C4, ((k, n), (i, j)) ∈

C3, ((i, l), (m, n)) ∈ C5 and

(f, g)w ≡ −q−2xij(q
2xklxmn − qxkn) + (q2xklxmn − qxkn)xij − q−2(q2 − q−2)xkjxmnxil

≡ −[xklxij − (q2 − q−2)xkjxil]xmn + q−3xknxij + xklxijxmn − qxknxij

−q−2(q2 − q−2)xkj [q
2xilxmn − qxin]

≡ q−3xknxij − qxknxij + q−1(q2 − q−2)xknxij

≡ 0.

3.2.3. If ((k, l), (m, n)) ∈ C6 (l < m) and ((k, j), (m, n)) ∈ C3, then ((i, l), (m, n)) ∈ C6 and

(f, g)w ≡ −q−2xijxklxmn + xklxmnxij − q−2(q2 − q−2)xkjxmnxil

≡ −q−2[xklxij − (q2 − q−2)xkjxil]xmn + q−2xklxijxmn − q−2(q2 − q−2)xkjxilxmn

≡ 0.

Case 4. f = xmnxij − q−2xijxmn, g = xijxkl − q2xklxij + qxkj , w = xmnxijxkl.

In the case, we have

(f, g)w = −q−2xijxmnxkl + q2xmnxklxij − qxmnxkj .
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There are two subcases to consider.

((i, j), (m, n)) ∈ C1 ((i, j), (m, n)) ∈ C3

4.1. 4.2.

((k, l), (i, j)) ∈ C5 ((k, l), (m, n)) ∈ C5 ((k, l), (m, n)) ∈ C6

((k, j), (m, n)) ∈ C4 ((k, j), (m, n)) ∈ C3

4.1. ((i, j), (m, n)) ∈ C1, ((k, l), (i, j)) ∈ C5, ((k, l), (m, n)) ∈ C5 and ((k, j), (m, n)) ∈ C4.

Then, we have ((k, n), (i, j)) ∈ C2 (m = i) and

(f, g)w ≡ −q−2xij(q
2xklxmn − qxkn) + q2(q2xklxmn − qxkn)xij

−q[xkjxmn − (q2 − q−2)xknxmj ]

≡ −(q2xklxij − qxkj)xmn + q−1xknxij + q2xklxijxmn

−q3xknxij − qxkjxmn + q(q2 − q−2)xknxmj

≡ 0.

4.2. ((i, j), (m, n)) ∈ C3, ((k, l), (i, j)) ∈ C5, ((k, l), (m, n)) ∈ C6 and ((k, j), (m, n)) ∈ C3.

Then, we have

(f, g)w ≡ −q−2xijxklxmn + q2xklxmnxij − q−1xkjxmn

≡ −q−2(q2xklxij − qxkj)xmn + xklxijxmn − q−1xkjxmn

≡ 0.

Case 5. f = xmnxij − xijxmn, g = xijxkl − q−2xklxij , w = xmnxijxkl.

In the case, we have

(f, g)w = −xijxmnxkl + q−2xmnxklxij .

There are four subcases to consider.

((i, j), (m, n)) ∈ C2 ((i, j), (m, n)) ∈ C6

((k, l), (i, j)) ∈ C1 5.1. ((k, l), (m, n)) ∈ C2, C3, C4, C5 or C6 5.3. ((k, l), (m, n)) ∈ C6

((k, l), (i, j)) ∈ C3 5.2. ((k, l), (m, n)) ∈ C2 5.4. ((k, l), (m, n)) ∈ C6

5.1. ((i, j), (m, n)) ∈ C2, ((k, l), (i, j)) ∈ C1, and ((k, l), (m, n)) ∈ C2, C3, C4, C5 or C6.

5.1.1. If ((k, l), (m, n)) ∈ C2 (l > n), then we have ((k, l), (i, j)) ∈ C1 and

(f, g)w ≡ −xijxklxmn + q−2xklxmnxij

≡ −q−2xklxijxmn + q−2xklxijxmn

≡ 0.
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5.1.2. If ((k, l), (m, n)) ∈ C3 (l = n), then

(f, g)w ≡ −q−2xijxklxmn + q−4xklxmnxij

≡ −q−4xklxijxmn + q−4xklxijxmn

≡ 0.

5.1.3. If ((k, l), (m, n)) ∈ C4 (m < l < n), then we have ((k, l), (i, j)) ∈ C1, ((k, n), (i, j)) ∈

C1, ((i, j), (m, l)) ∈ C2 and

(f, g)w ≡ −xij [xklxmn − (q2 − q−2)xknxml] + q−2[xklxmn − (q2 − q−2)xknxml]xij

≡ −xijxklxmn + (q2 − q−2)xijxknxml + q−2xklxmnxij − q−2(q2 − q−2)xknxmlxij

≡ −q−2xklxijxmn + q−2(q2 − q−2)xknxijxml + q−2xklxijxmn

−q−2(q2 − q−2)xknxijxml

≡ 0.

5.1.4. If ((k, l), (m, n)) ∈ C5 (m = l), then we have ((k, n), (i, j)) ∈ C1 and

(f, g)w ≡ −xij(q
2xklxmn − qxkn) + q−2(q2xklxmn − qxkn)xij

≡ −q2xijxklxmn + qxijxkn + xklxmnxij − q−1xknxij

≡ −xklxijxmn + q−1xknxij + xklxijxmn − q−1xknxij

≡ 0.

5.1.5. If ((k, l), (m, n)) ∈ C6 (l < m), the proof is similar to 5.1.1.

For the cases of 5.2, 5.3 and 5.4, the proofs are also similar to 5.1.1.

Case 6. f = xmnxij − xijxmn, g = xijxkl − xklxij , w = xmnxijxkl.

In the case, we have

(f, g)w = −xijxmnxkl + xmnxklxij .

There are four subcases to consider.

((i, j), (m, n)) ∈ C2 ((i, j), (m, n)) ∈ C6

((k, l), (i, j)) ∈ C2 6.1. ((k, l), (m, n)) ∈ C2 6.3. ((k, l), (m, n)) ∈ C2, C3, C4, C5 or C6

((k, l), (i, j)) ∈ C6 6.2. ((k, l), (m, n)) ∈ C6 6.4. ((k, l), (m, n)) ∈ C6

6.1. ((i, j), (m, n)) ∈ C2, ((k, l), (i, j)) ∈ C2 and ((k, l), (m, n)) ∈ C2.

Then, we have

(f, g)w ≡ −xijxklxmn + xklxmnxij

≡ −xklxijxmn + xklxijxmn

≡ 0.
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6.2. ((i, j), (m, n)) ∈ C2, ((k, l), (i, j)) ∈ C6 and ((k, l), (m, n)) ∈ C6.

This case is similar to 6.1.

6.3. ((i, j), (m, n)) ∈ C6, ((k, l), (i, j)) ∈ C2 and ((k, l), (m, n)) ∈ C2, , C3, C4, C5 or C6.

6.3.1. If ((k, l), (m, n)) ∈ C2 (l > n), the proof is similar to 6.1.

6.3.2. If ((k, l), (m, n)) ∈ C3 (l = n), then

(f, g)w ≡ −q−2xijxklxmn + q−2xklxmnxij

≡ −q−2xklxijxmn + q−2xklxijxmn

≡ 0.

6.3.3. If ((k, l), (m, n)) ∈ C4 (m < l < n), then we have ((k, n), (i, j)) ∈ C2, ((i, j), (m, n)) ∈

C6 and

(f, g)w ≡ −xij [xklxmn − (q2 − q−2)xknxml] + [xklxmn − (q2 − q−2)xknxml]xij

≡ −xijxklxmn + (q2 − q−2)xijxknxml + xklxmnxij − (q2 − q−2)xknxmlxij

≡ −xklxijxmn + (q2 − q−2)xknxijxml + xklxijxmn − (q2 − q−2)xknxijxml

≡ 0.

6.3.4. If ((k, l), (m, n)) ∈ C5 (m = l), then we have ((k, n), (i, j)) ∈ C2 and

(f, g)w ≡ −xij(q
2xklxmn − qxkn) + (q2xklxmn − qxkn)xij

≡ −q2xijxklxmn + qxijxkn + q2xklxmnxij − qxknxij

≡ −q2xklxijxmn + qxknxij + q2xklxijxmn − qxknxij

≡ 0.

6.3.5. If ((k, l), (m, n)) ∈ C6 (l < m), the proof is similar to 6.1.

6.4. ((i, j), (m, n)) ∈ C6, ((k, l), (i, j)) ∈ C6 and ((k, l), (m, n)) ∈ C6.

This case is also similar to 6.1.

Case 7. f = xmnxij − xijxmn, g = xijxkl − xklxij + (q2 − q−2)xkjxil, w = xmnxijxkl.

In the case, we have

(f, g)w = −xijxmnxkl + xmnxklxij − (q2 − q−2)xmnxkjxil.

There are two subcases to consider.

((i, j), (m, n)) ∈ C2 ((i, j), (m, n)) ∈ C6

7.1. 7.2.

((k, l), (i, j)) ∈ C4 ((k, l), (m, n)) ∈ C2, C3, C4, C5 or C6 ((k, l), (m, n)),

((k, j), (m, n)) ∈ C2 ((k, j), (m, n)) ∈ C6
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7.1. ((i, j), (m, n)) ∈ C2, ((k, l), (i, j)) ∈ C4, ((k, l), (m, n)) ∈ C2, C3, C4, C5 or C6 and

((k, j), (m, n)) ∈ C2.

7.1.1. If ((k, l), (m, n)) ∈ C2 (n < l) and ((k, j), (m, n)) ∈ C2, then we have ((i, l), (m, n)) ∈ C2

and

(f, g)w ≡ −xijxklxmn + xklxmnxij − (q2 − q−2)xkjxmnxil

≡ −[xklxij − (q2 − q−2)xkjxil]xmn + xklxijxmn − (q2 − q−2)xkjxilxmn

≡ 0.

7.1.2. If ((k, l), (m, n)) ∈ C3 (n = l) and ((k, j), (m, n)) ∈ C2, then ((i, l), (m, n)) ∈ C3 and

(f, g)w ≡ −q−2xijxklxmn + q−2xklxmnxij − (q2 − q−2)xkjxmnxil

≡ −q−2[xklxij − (q2 − q−2)xkjxil]xmn + q−2xklxijxmn − q−2(q2 − q−2)xkjxilxmn

≡ 0.

7.1.3. If ((k, l), (m, n)) ∈ C4 (m < l < n) and ((k, j), (m, n)) ∈ C2, then we obtain

((k, n), (i, j)) ∈ C4, ((i, j), (m, l)) ∈ C2, ((i, l), (m, n)) ∈ C4 and

(f, g)w ≡ −xij [xklxmn − (q2 − q−2)xknxml] + [xklxmn − (q2 − q−2)xknxml]xij

−(q2 − q−2)xkjxmnxil

≡ −xijxklxmn + (q2 − q−2)xijxknxml + xklxmnxij − (q2 − q−2)xknxmlxij

−(q2 − q−2)xkj [xilxmn − (q2 − q−2)xinxml]

≡ −[xklxij − (q2 − q−2)xkjxil]xmn + (q2 − q−2)[xknxij − (q2 − q−2)xkjxin]xml

+xklxijxmn − (q2 − q−2)xknxijxml

≡ 0.

7.1.4. If ((k, l), (m, n)) ∈ C5 (m = l) and ((k, j), (m, n)) ∈ C2, then ((k, n), (i, j)) ∈ C4, ((i, l), (m, n)) ∈

C5 and

(f, g)w ≡ −xij(q
2xklxmn − qxkn) + (q2xklxmn − qxkn)xij − (q2 − q−2)xkjxmnxil

≡ −q2xijxklxmn + qxijxkn + q2xklxmnxij − qxknxij

−(q2 − q−2)xkj(q
2xilxmn − qxin)

≡ −q2[xklxij − (q2 − q−2)xkjxil]xmn + q[xknxij − (q2 − q−2)xkjxin]

+q2xklxijxmn − qxknxij − q2(q2 − q−2)xkjxilxmn + q(q2 − q−2)xkjxin

≡ 0.

7.1.5. If ((k, l), (m, n)) ∈ C6 (l < m) and ((k, j), (m, n)) ∈ C2, then ((i, l), (m, n)) ∈ C6. This

case is similar to 7.1.1.
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7.2. ((i, j), (m, n)) ∈ C6, ((k, l), (i, j)) ∈ C4, ((k, l), (m, n)), ((k, j), (m, n)) ∈ C6.

This case is also similar to 7.1.1.

Case 8. f = xmnxij − xijxmn, g = xijxkl − q2xklxij + qxkj , w = xmnxijxkl.

In the case, we have

(f, g)w = −xijxmnxkl + q2xmnxklxij + qxmnxkj .

There are two subcases to consider.

((i, j), (m, n)) ∈ C2 ((i, j), (m, n)) ∈ C6

8.1. 8.2.

((k, l), (i, j)) ∈ C5 ((k, l), (m, n)) ∈ C6 ((k, l), (m, n)), ((k, j), (m, n)) ∈ C6

((k, j), (m, n)) ∈ C2

8.1. ((i, j), (m, n)) ∈ C2, ((k, l), (i, j)) ∈ C5, ((k, l), (m, n)) ∈ C6 and ((k, j), (m, n)) ∈ C2.

Then, we have

(f, g)w ≡ −xijxklxmn + q2xklxmnxij + qxkjxmn

≡ −(q2xklxij − qxkj)xmn + q2xklxijxmn + qxkjxmn

≡ 0.

8.2. ((i, j), (m, n)) ∈ C6, ((k, l), (i, j)) ∈ C5, ((k, l), (m, n)), ((k, j), (m, n)) ∈ C6.

This case is similar to 8.1.

Case 9. f = xmnxij − xijxmn + (q2 − q−2)xinxmj , g = xijxkl − q−2xklxij , w = xmnxijxkl.

In the case, we have

(f, g)w = −xijxmnxkl + (q2 − q−2)xinxmjxkl + q−2xmnxklxij .

There are two subcases to consider.

((i, j), (m, n)) ∈ C4

((k, l), (i, j)) ∈ C1 9.1. ((k, l), (m, n)), ((k, l), (m, j)) ∈ C4, C5 or C6

((k, l), (i, j)) ∈ C3 9.2. ((k, l), (m, n)) ∈ C4 ((k, l), (m, j)) ∈ C3

9.1. ((i, j), (m, n)) ∈ C4, ((k, l), (i, j)) ∈ C1 and ((k, l), (m, n)), ((k, l), (m, j)) ∈ C4, C5 or

C6.
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9.1.1. If ((k, l), (m, n)), ((k, l), (m, j)) ∈ C4 (l > m), then we have ((i, j), (k, n)) ∈ C1, ((k, n), (m, l)) ∈

C2, ((k, j), (i, n)) ∈ C1, ((k, l), (i, n)) ∈ C1, ((i, j), (m, l)) ∈ C2 and

(f, g)w ≡ −xij [xklxmn − (q2 − q−2)xknxml] + (q2 − q−2)xin[xklxmj − (q2 − q−2)xkjxml]

+q−2[xklxmn − (q2 − q−2)xknxml]xij

≡ −xijxklxmn + (q2 − q−2)xijxknxml + (q2 − q−2)xinxklxmj

−(q2 − q−2)2xinxkjxml + q−2xklxmnxij − q−2(q2 − q−2)xknxmlxij

≡ −q−2xklxijxmn + (q2 − q−2)xijxknxml + q−2(q2 − q−2)xklxinxmj

−q−2(q2 − q−2)2xkjxinxml + q−2xkl[xijxmn − (q2 − q−2)xinxmj ]

−q−2(q2 − q−2)xknxijxml

≡ (q2 − q−2)xijxknxml − q−2(q2 − q−2)2xkjxinxml − q−4(q2 − q−2)xijxknxml

≡ 0.

9.1.2. If ((k, l), (m, n)), ((k, l), (m, j)) ∈ C5 (l = m), then we have ((i, j), (k, n)) ∈ C1, ((k, l), (i, n), ((k, j), (i, n)) ∈

C1 and

(f, g)w ≡ −xij(q
2xklxmn − qxkn) + (q2 − q−2)xin(q2xklxmj − qxkj)

+q−2(q2xklxmn − qxkn)xij

≡ −q2xijxklxmn + qxijxkn + q2(q2 − q−2)xinxklxmj − q(q2 − q−2)xinxkj

+xklxmnxij − q−1xknxij

≡ −xklxijxmn + qxijxkn + (q2 − q−2)xklxinxmj − q−1(q2 − q−2)xkjxin

+xkl[xijxmn − (q2 − q−2)xinxmj ] − q−3xijxkn

≡ qxijxkn − qxkjxin + q−3xkjxin − q−3xijxkn

≡ 0.

9.1.3. If ((k, l), (m, n)), ((k, l), (m, j)) ∈ C6 (l < m), then we have ((k, l), (i, n)) ∈ C1 and

(f, g)w ≡ −xijxklxmn − (q2 − q−2)xinxklxmj + q−2xklxmnxij

≡ −q−2xklxijxmn − q−2(q2 − q−2)xklxinxmj + q−2xkl[xijxmn − (q2 − q−2)xinxmj ]

≡ 0.

9.2. ((i, j), (m, n)) ∈ C4, ((k, l), (i, j)) ∈ C3, ((k, l), (m, n)) ∈ C4 and ((k, l), (m, j)) ∈ C3.



186 Yuqun Chen et al. CUBO
10, 3 (2008)

Then, we have ((k, n), (i, j)) ∈ C2, ((k, l), (i, n)) ∈ C4, ((i, j), (m, l)) ∈ C3 and

(f, g)w ≡ −xij [xklxmn − (q2 − q−2)xknxml] + q−2(q2 − q−2)xinxklxmj

+q−2[xklxmn − (q2 − q−2)xknxml]xij

≡ −xijxklxmn + (q2 − q−2)xijxknxml + q−2(q2 − q−2)xinxklxmj + q−2xklxmnxij

−q−2(q2 − q−2)xknxmlxij

≡ −q−2xklxijxmn + (q2 − q−2)xknxijxml + q−2(q2 − q−2)[xklxin

−(q2 − q−2)xknxil]xmj + q−2xkl[xijxmn − (q2 − q−2)xinxmj ]

−q−4(q2 − q−2)xknxijxml

≡ (q2 − q−2)xknxijxml − q−2(q2 − q−2)xknxilxmj − q−4(q2 − q−2)xknxijxml

≡ 0.

Case 10. f = xmnxij − xijxmn + (q2 − q−2)xinxmj , g = xijxkl − xklxij , w = xmnxijxkl.

In the case, we have

(f, g)w = −xijxmnxkl + (q2 − q−2)xinxmjxkl + xmnxklxij .

There are two subcases to consider.

((i, j), (m, n)) ∈ C4

((k, l), (i, j)) ∈ C2 10.1. ((k, l), (m, n)) ∈ C2, C3 or C4 ((k, l), (m, j)) ∈ C2

((k, l), (i, j)) ∈ C6 10.2. ((k, l), (m, n)), ((k, l), (m, j)) ∈ C6

10.1. ((i, j), (m, n)) ∈ C4, ((k, l), (i, j)) ∈ C2, ((k, l), (m, n)) ∈ C2, C3 or C4 and ((k, l), (m, j)) ∈

C2.

10.1.1. If ((k, l), (m, n)) ∈ C2 (l > n), then we have ((k, l), (i, n)) ∈ C2 and

(f, g)w ≡ −xijxklxmn + (q2 − q−2)xinxklxmj + xklxmnxij

≡ −xklxijxmn + (q2 − q−2)xklxinxmj + xkl[xijxmn − (q2 − q−2)xinxmj ]

≡ 0.

10.1.2. If ((k, l), (m, n)) ∈ C3 (l = n), then we have ((k, l), (i, n)) ∈ C3 and

(f, g)w ≡ −q−2xijxklxmn + (q2 − q−2)xinxklxmj + q−2xklxmnxij

≡ −q−2xklxijxmn + q−2(q2 − q−2)xklxinxmj + q−2xkl[xijxmn − (q2 − q−2)xinxmj ]

≡ 0.
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10.1.3. If ((k, l), (m, n)) ∈ C4 (l < n), then we have ((k, n), (i, j)) ∈ C2, ((k, l), (i, n)) ∈

C4, ((i, j), (m, l)) ∈ C4 and

(f, g)w ≡ −xij [xklxmn − (q2 − q−2)xknxml] + (q2 − q−2)xinxklxmj

+[xklxmn − (q2 − q−2)xknxml]xij

≡ −xijxklxmn + (q2 − q−2)xijxknxml + (q2 − q−2)xinxklxmj

+xklxmnxij − (q2 − q−2)xknxmlxij

≡ −xklxijxmn + (q2 − q−2)xknxijxml + (q2 − q−2)[xklxin − (q2 − q−2)xknxil]xmj

+xkl[xijxmn − (q2 − q−2)xinxmj ] − (q2 − q−2)xkn[xijxml − (q2 − q−2)xilxmj ]

≡ 0.

10.2. ((i, j), (m, n)) ∈ C4, ((k, l), (i, j)) ∈ C6, ((k, l), (m, n)), (k, l), (m, j)) ∈ C6.

This case is similar to 10.1.

Case 11. f = xmnxij −xijxmn +(q2−q−2)xinxmj , g = xijxkl−xklxij +(q2−q−2)xkjxil, w =

xmnxijxkl.

In the case, we have

(f, g)w = −xijxmnxkl + (q2 − q−2)xinxmjxkl + xmnxklxij − (q2 − q−2)xmnxkjxil,

with
((i, j), (m, n)) ∈ C4

((k, l), (i, j)) ∈ C4 ((k, l), (m, n)), ((k, l), (m, j)) ∈ C4, C5 or C6

11.1. If ((k, l), (m, n)), ((k, l), (m, j)) ∈ C4 (l > m), then we have ((k, n), (i, j)) ∈ C2, ((k, l),

(i, n)) ∈ C4, ((k, j), (i, n)) ∈ C4, ((i, j), (m, l)) ∈ C2, ((i, l), (m, n)) ∈ C4,

((i, l), (m, j)) ∈ C4 and

(f, g)w ≡ −xij [xklxmn − (q2 − q−2)xknxml] + (q2 − q−2)xin[xklxmj − (q2 − q−2)xkjxml]

+[xklxmn − (q2 − q−2)xknxml]xij − (q2 − q−2)[xkjxmn − (q2 − q−2)xknxmj ]xil

≡ −xijxklxmn + (q2 − q−2)xijxknxml + (q2 − q−2)xinxklxmj

−(q2 − q−2)xinxkjxml + xklxmnxij − (q2 − q−2)xknxmlxij

−(q2 − q−2)xkjxmnxil + (q2 − q−2)2xknxmjxil

≡ −[xklxij − (q2 − q−2)xkjxil]xmn + (q2 − q−2)xknxijxml + (q2 − q−2)[xkjxin

−(q2 − q−2)xknxil]xmj − (q2 − q−2)[xkjxin − (q2 − q−2)xknxij ]xml

+xkl[xijxmn − (q2 − q−2)xinxmj ] − (q2 − q−2)xknxijxml

−(q2 − q−2)xkj [xilxmn − (q2 − q−2)xinxml]

+(q2 − q−2)2xkn[xilxmj − (q2 − q−2)xijxml]

≡ 0.



188 Yuqun Chen et al. CUBO
10, 3 (2008)

11.2. If ((k, l), (m, n)), ((k, l), (m, j)) ∈ C5 (l = m), then we have ((k, n), (i, j)) ∈ C2, ((k, l),

(i, n)) ∈ C4, ((k, j), (i, n)) ∈ C4, ((i, l), (m, n)) ∈ C5, ((i, l), (m, j)) ∈ C5 and

(f, g)w ≡ −xij(q
2xklxmn − qxkn) + (q2 − q−2)xin(q2xklxmj − qxkj) + (q2xklxmn − qxkn)xij

−(q2 − q−2)[xkjxmn − (q2 − q−2)xknxmj ]xil

≡ −q2xijxklxmn + qxijxkn + q2(q2 − q−2)xinxklxmj − q(q2 − q−2)xinxkj

+q2xklxmnxij − qxknxij − (q2 − q−2)xkjxmnxil + (q2 − q−2)2xknxmjxil

≡ −q2[xklxij − (q2 − q−2)xkjxil]xmn + qxknxij + q2(q2 − q−2)[xklxin

−(q2 − q−2)xknxil]xmj − q(q2 − q−2)[xkjxin − (q2 − q−2)xknxij ]

+q2xkl[xijxmn − (q2 − q−2)xinxmj ] − qxknxij

−(q2 − q−2)xkj [q
2xilxmn − qxin] + (q2 − q−2)2xkn[q2xilxmj − qxij ]

≡ 0.

11.3. If ((k, l), (m, n)), ((k, l), (m, j)) ∈ C6 (l < m), then ((k, j), (m, n)) ∈ C4, ((k, l), (i, n)) ∈

C4, ((i, l), (m, n)), ((i, l), (m, j)) ∈ C6 and

(f, g)w ≡ −xijxklxmn + (q2 − q−2)xinxklxmj + xklxmnxij

−(q2 − q−2)[xkjxmn − (q2 − q−2)xknxmj ]xil

≡ −[xklxij − (q2 − q−2)xkjxil]xmn + (q2 − q−2)[xklxin − (q2 − q−2)xknxil]xmj

+xkl[xijxmn − (q2 − q−2)xinxmj ] − (q2 − q−2)xkjxilxmn + (q2 − q−2)2xknxilxmj

≡ 0.

Case 12. f = xmnxij−xijxmn+(q2−q−2)xinxmj , g = xijxkl−q2xklxij+qxkj , w = xmnxijxkl,

with
((i, j), (m, n)) ∈ C4

((k, l), (i, j)) ∈ C5 ((k, l), (m, n)), ((k, l), (m, j)) ∈ C6

((k, j), (m, n)) ∈ C4 ((k, l), (i, n)) ∈ C5

In the case, we can deduce that

(f, g)w = −xijxmnxkl + (q2 − q−2)xinxmjxkl + q2xmnxklxij − qxmnxkj

≡ −xijxklxmn + (q2 − q−2)xinxklxmj + q2xkjxmnxij

−q[xkjxmn − (q2 − q−2)xknxmj ]

≡ −(q2xklxij − qxkj)xmn + (q2 − q−2)(q2xklxin − qxkn)xmj

+q2xkl[xijxmn − (q2 − q−2)xinxmj ] − qxkjxmn + q(q2 − q−2)xknxmj

≡ −q2xklxijxmn + qxkjxmn + q2(q2 − q−2)xklxinxmj − q(q2 − q−2)xknxmj

+q2xklxijxmn − q2(q2 − q−2)xklxinxmj − qxkjxmn + q(q2 − q−2)xknxmj

≡ 0.
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Case 13. f = xmnxij − q2xijxmn + qxin, g = xijxkl − q−2xklxij , w = xmnxijxkl.

In the case, we have

(f, g)w = −q2xijxmnxkl + qxinxkl + q−2xmnxklxij .

There are two subcases to consider.

((i, j), (m, n)) ∈ C5

((k, l), (i, j)) ∈ C1 13.1. ((k, l), (m, n)) ∈ C6 ((k, l), (i, n)) ∈ C1

((k, l), (i, j)) ∈ C3 13.2. ((k, l), (m, n)) ∈ C5 ((k, l), (i, n)) ∈ C4

13.1. ((i, j), (m, n)) ∈ C5, ((k, l), (i, j)) ∈ C1, ((k, l), (m, n)) ∈ C6 and ((k, l), (i, n)) ∈ C1.

Then, we have

(f, g)w = −q2xijxklxmn + q−1xklxin + q−2xklxmnxij

≡ −xklxijxmn + q−1xklxin + q−2xkl(q
2xijxmn − qxin)

≡ −xklxijxmn + q−1xklxin + xklxijxmn − q−1xklxin

≡ 0.

13.2. ((i, j), (m, n)) ∈ C5, ((k, l), (i, j)) ∈ C3, ((k, l), (m, n)) ∈ C5 and ((k, l), (i, n)) ∈ C4.

Then, we have ((k, n), (i, j)) ∈ C2 and

(f, g)w ≡ −q2xij(q
2xklxmn − qxkn) + q[xklxin − (q2 − q−2)xknxil]

−q−2(q2xklxmn − qxkn)xij

≡ −q4xijxklxmn + q3xijxkn + qxklxin − q(q2 − q−2)xknxil + xklxmnxij

−q−1xknxij

≡ −q2xklxijxmn + q3xknxij + qxklxin − q3xknxil

+q−1xknxil + q2xklxijxmn − qxklxin − q−1xknxij

≡ 0.

Case 14. f = xmnxij − q2xijxmn + qxin, g = xijxkl − xklxij , w = xmnxijxkl.

In the case, we have

(f, g)w = −q2xijxmnxkl + qxinxkl + xmnxklxij .

There are two subcases to consider.

((i, j), (m, n)) ∈ C5

((k, l), (i, j)) ∈ C2 14.1. ((k, l), (m, n)), ((k, l), (i, n)) ∈ C2, C3 or C4

((k, l), (i, j)) ∈ C6 14.2. ((k, l), (m, n)), ((k, l), (i, n)) ∈ C6



190 Yuqun Chen et al. CUBO
10, 3 (2008)

14.1. ((i, j), (m, n)) ∈ C5, ((k, l), (i, j)) ∈ C2 and ((k, l), (m, n)), ((k, l), (i, n)) ∈ C2, C3 or C4.

14.1.1. If ((k, l), (m, n)) and ((k, l), (i, n)) ∈ C2 (l > n), then

(f, g)w = −q2xijxklxmn + qxklxin + xklxmnxij

≡ −q2xklxijxmn + qxklxin + xkl(q
2xijxmn − qxin)

≡ 0.

14.1.2. If ((k, l), (m, n)) and ((k, l), (i, n)) ∈ C3 (l = n), then

(f, g)w = −xijxklxmn + q−1xklxin + q−2xklxmnxij

≡ −xklxijxmn + q−1xklxin + xklxijxmn − q−1xklxin

≡ 0.

14.1.3. If ((k, l), (m, n)), ((k, l), (i, n)) ∈ C4 (l < n), then we have ((k, n), (i, j)) ∈ C2, ((i, j), (m, l)) ∈

C5 and

(f, g)w ≡ −q2xij [xklxmn − (q2 − q−2)xknxml] + q[xklxin − (q2 − q−2)xknxil]

+[xklxmn − (q2 − q−2)xknxml]xij

≡ −q2xijxklxmn + q2(q2 − q−2)xijxknxml + qxklxin − q(q2 − q−2)xknxil

+xklxmnxij − (q2 − q−2)xknxmlxij

≡ −q2xklxijxmn + q2(q2 − q−2)xknxijxml + qxklxin − q(q2 − q−2)xknxil

+xkn(q2xijxmn − qxin) − (q2 − q−2)xkn(q2xijxmn − qxil)

≡ 0.

14.2. ((i, j), (m, n)) ∈ C5, ((k, l), (i, j)) ∈ C6 and ((k, l), (m, n)), ((k, l), (i, n)) ∈ C6.

This case is similar to 14.1.1.

Case 15. f = xmnxij−q2xijxmn+qxin, g = xijxkl−xklxij +(q2−q−2)xkjxil, w = xmnxijxkl,

with

((i, j), (m, n)) ∈ C5

((k, l), (i, j)) ∈ C4 ((k, l), (m, n)) ∈ C6 ((k, l), (i, n)) ∈ C4

((k, j), (m, n)) ∈ C5 ((i, l), (m, n)) ∈ C6
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Then, we have

(f, g)w = −q2xijxmnxkl + qxinxkl + xmnxklxij − (q2 − q−2)xmnxkjxil

≡ −q2xijxklxmn + q[xklxin − (q2 − q−2)xknxil] + xklxmnxij

−(q2 − q−2)(q2xkjxmn − qxkn)xil

≡ −q2[xklxij − (q2 − q−2)xkjxil]xmn + qxklxin − q(q2 − q−2)xknxil

+xkl(q
2xijxmn − qxin) − q2(q2 − q−2)xkjxmnxil + q(q2 − q−2)xknxil

≡ −q2xklxijxmn + q2(q2 − q−2)xkjxilxmn + qxklxin − q(q2 − q−2)xknxil

+q2xklxijxmn − qxklxin − q2(q2 − q−2)xkjxilxmn + q(q2 − q−2)xknxil

≡ 0.

Case 16. f = xmnxij − q2xijxmn + qxin, g = xijxkl − q2xklxij + qxkj , w = xmnxijxkl, with

((i, j), (m, n)) ∈ C5

((k, l), (i, j)) ∈ C5 ((k, l), (m, n)) ∈ C6 ((k, l), (i, n)), ((k, j), (m, n)) ∈ C5

In the case, we have

(f, g)w = −q2xijxmnxkl + qxinxkl + q2xmnxklxij − qxmnxkj

≡ −q2xijxklxmn + q(q2xklxin − qxkn) + q2xklxmnxij − q(q2xkjxmn − qxkn)

≡ −q2(q2xklxij − qxkj)xmn + q3xklxin − q2xkn + q2xkl(q
2xijxmn − qxin)

−q3xkjxmn + q2xkn

≡ 0.

Thus, ˜S+ is a Gröbner-Shirshov basis. This completes the proof of Theorem 3.1. �

Similarly, with the deg-lex order on ˜Y ∗, ˜S− is a Gröbner-Shirshov basis for U−

q (AN ) =

k〈˜Y |˜S−〉.

We now use the same notation as before. Order the generators by: xi > xj , hi > h−1

i > hj >

h−1

j , yi > yj if i > j, and xi > h±1

j > ym for all i, j, m. Then we obtain a well ordering (deg-lex)

on ˜X ∪ H ∪ ˜Y . Thus, by Theorem 3.1, we re-obtain the following theorem in [16].

Theorem 3.2. ([16] Theorem 2.7) Let the notation be as before. Then with the deg-lex order on

{ ˜X ∪ H ∪ ˜Y }∗, ˜S+ ∪ T ∪ K ∪ ˜S− is a Gröbner-Shirshov basis for Uq(AN ) = k〈 ˜X ∪ H ∪ ˜Y |˜S+ ∪

T ∪ K ∪ ˜S−〉.
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[23] S.-J. Kang and K.-H. Lee, Gröbner-Shirshov bases for repesentation theory, J. Korean
Math. Soc., 37(1) (2000), 55–72.
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ABSTRACT

For a finite group G, let σ(G) be least cardinality of a collection of proper subgroups

whose set-theoretical union is all of G. We study the structure of groups G containing

no normal non-trivial subgroup N such that σ(G/N) = σ(G).

RESUMEN

Para un grupo G, sea σ(G) la menor cardinalidad de la colección de subgrupos propios

cujas union (de conjuntos) es todo G. Nosotros estudiamos la estructura de grupos G

contiendo no trivial no normales subgrupos N tal que σ(G/N) = σ(G).

Key words and phrases: n-sum groups; minimal coverings; monolithic groups.

Math. Subj. Class.: 20D60.

1 Introduction

If G is a non cyclic finite group, then there exists a finite collection of proper subgroups whose

set-theoretical union is all of G; such a collection is called a cover for G. A minimal cover is one
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of least cardinality and the size of a minimal cover of G is denoted by σ(G) (and for convenience

we shall write σ(G) = ∞ if G is cyclic). The study of minimal covers was introduced by J.H.E.

Cohn [8]; following his notation, we say that a finite group G is an n-sum group if σ(G) = n and

that a group G is a primitive n-sum group if σ(G) = n and G has no normal non-trivial subgroup

N such that σ(G/N) = n. We will say that G is σ-primitive if it is a primitive n-sum group for

some integer n. Notice that if N is a normal subgroup of G, then σ(G) ≤ σ(G/N); indeed a cover

of G/N can be lifted to a cover of G.

It is clear that if G is a non cyclic monolithic primitive group (i.e. G has a unique minimal

normal subgroup and the Frattini subgroup of G is trivial) and G/ soc(G) is cyclic, then G is a

σ-primitive group.

Moreover Cohn proved that an abelian σ-primitive group is the direct product of two cyclic

groups of order p, a prime number.

Tomkinson [14] showed that in a finite solvable group G, σ(G) = |V | + 1, where V is a chief

factor of G with least order among chief factors of G with multiple complements. This allows to

prove (see for example [5]) that a σ-primitive solvable group G is as described above, i.e. either G

is abelian or G is monolithic and G/ soc(G) is cyclic.

However there exist examples of σ-primitive groups with G/ soc(G) non cyclic: actually with

G/ soc(G) ∼= Alt(p) for some prime p (see Corollary 9 and Corollary 12).

The aim of this paper is to collect information on the structure of the σ-primitive groups. In

particular we prove that if G is σ-primitive, then G contains at most one abelian minimal normal

subgroup; moreover two non-abelian minimal normal subgroups of G are not G-equivalent (we

refer to an equivalence relation among the chief factors of a finite group introduced in [10] and

[9], whose main properties are summarized at the beginning of Section 2). Furthermore if G is

non-abelian, then all the solvable factor groups of G/ soc(G) are cyclic.

No example is known of a non-abelian σ-primitive group containing two distinct minimal

normal subgroups. This leads to conjecture that a non-abelian σ-primitive group is monolithic.

We prove a partial result supporting this conjecture.

Theorem 1. Let G be a σ-primitive group with no abelian minimal normal subgroups. Then either

G is a primitive monolithic group and G/ soc(G) is cyclic, or G/ soc(G) is non-solvable and all the

non-abelian composition factors of G/ soc(G) are alternating groups of odd degree.

A better knowledge of the σ-primitive groups is useful in dealing with several questions about

the minimal covers. For example, confirming a conjecture of Tomkinson, we prove:

Theorem 2. There is no finite group G with σ(G) = 11.

Another application concerns the study of σ(G) when G = H×K is a direct product of two fi-

nite groups. Cohn proved that if H and K have coprime order, then σ(H×K) = min{σ(H), σ(K)}.

We prove the following more general result:
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Theorem 3. Let G = H×K be the direct product of two subgroups. If no alternating group Alt(n)

with n odd is a homomorphic image of both H and K, then either σ(G) = min{σ(H), σ(K)} or

σ(G) = p + 1 and the cyclic group of order p is a homomorphic image of both H and K.

2 Preliminary results and easy remarks

For the reader’s convenience, we recall the definition of an equivalence relation among the elements

of the set CF(G) of the chief factors of G, that was introduced in [10] and studied in details in

[9]. A group G is said to be primitive if it has a maximal subgroup with trivial core. The

socle soc(G) of a primitive group G can be either an abelian minimal normal subgroup (I), or

a non-abelian minimal normal subgroup (II), or the product of two non-abelian minimal normal

subgroups (III); we say respectively that G is primitive of type I, II, III and in the first two cases

we say that G is monolithic. Two chief factors of a finite group G are said to be G-equivalent if

either they are G-isomorphic between them or to the two minimal normal subgroups of a primitive

epimorphic image of type III of G. This means that two G-equivalent chief factors of G are either

G-isomorphic between them or to two chief factors of G having a common complement (which

is a maximal subgroup of G). A chief factor H/K is called Frattini if H/K ≤ Φ(G). For any

A ∈ CF(G) we denote by IG(A) the set of those elements of G which induces by conjugation an

inner automorphism in A. Moreover we denote by RG(A) the intersection of the normal subgroups

N of G contained in IG(A) and with the property that IG(A)/N is non-Frattini and G-equivalent

to A. We collect here a sequence of basic properties of the subgroups IG(A) and RG(A), proved

and discussed in [9]:

Proposition 4. Let A ∈ CF(G) and let I/R = IG(A)/RG(A). Then:

1. either R = I, in which case we set δG(A) = 0, or I/R = soc(G/R) and it is a direct product

of δG(A) minimal normal subgroups G-equivalent to A;

2. each chief series of G contains exactly δG(A) non-Frattini chief factors G-equivalent to A;

3. if A is abelian, then I/R has a complement in G/R;

4. if δG(A) ≥ 2, then any two different minimal normal subgroups of I/R have a common

complement, which is a maximal subgroup;

5. a chief factor H/K of G is non-Frattini and G-equivalent to A if and only if RH/RK 6= 1

and RH ≤ I.

Note that if δG(A) = 1, then G/RG(A) is a monolithic primitive group (the monolithic prim-

itive group associated to A).

In the rest of the section we will discuss some basis results on the relation between σ(G) and

σ(G/N) when N is a minimal normal subgroup of G. We start summarizing some known properties

of σ.
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Lemma 5. Let N be a minimal normal subgroup of a group G. If σ(G) < σ(G/N), then

1. if N has c complements which are maximal subgroups, then c + 1 ≤ σ(G);

2. if N = Sr where S is a non-abelian simple group and l(S) is the minimal index of a maximal

subgroup of S, then l(S)r + 1 ≤ σ(G).

Proof. (1) (See e.g. [14, Proof of Theorem 2.2]) Let M = {Mi | i = 1, . . . , σ(G)} be a set of maximal

subgroups whose union covers G and let M be a complement of N . Clearly M =
⋃

1≤i≤σ(G)
M∩Mi,

however σ(M) = σ(G/N) > σ(G), hence M = M ∩Mi for some i; in particular if M is a maximal

subgroup of G, then M = Mi ∈ M. So M contains all the c complements of N which are maximal;

since the union of these complements does not cover N , we need at least c + 1 subgroups in M.

(2) Let lG(N) be the smallest index of a proper subgroup of G supplementing N . By Lemma

3.2 in [14] a minimal cover M of G contains at least lG(N) subgroups which supplement N . On

the other hand, if all the subgroups in M are supplements of N , then by [8, Lemma 1] we have

lG(N) ≤ σ(G) − 1. In any case we conclude σ(G) ≥ lG(N) + 1 ≥ l(S)r + 1.

Corollary 6. Let N be a minimal normal subgroup of a group G. If σ(G) < σ(G/N), then

1. if N is abelian, complemented and non-central, then |N | + 1 ≤ σ(G);

2. if N = Sr where S is a non-abelian simple group, then 5r + 1 ≤ σ(G).

Proposition 7. Let N be a non-solvable normal subgroup of a finite group G. Then σ(G) ≤ |N |−1.

Proof. Consider the centralizers in G of the nontrivial elements of N : if there exists an element

g ∈ G which does not belong to
⋂

16=n∈N CG(n) then the subgroup 〈g〉 acts fixed point freely on

N . By the classification of finite simple groups (see e.g. [15]), it follows that N is solvable, a

contradiction. Hence σ(G) ≤ |N | − 1.

Corollary 8. If N is a non-abelian minimal normal subgroup of G and δG(N) > 1, then σ(G) =

σ(G/N).

Proof. Assume by contradiction that σ(G) < σ(G/N). Since δG(N) > 1, there exists a maximal

subgroup M of G, such that G/MG is a primitive group of type III and M/MG is a common

complement of the two minimal normal subgroups of the socle H/MG × NMG/MG of G/MG. In

particular M is a non-normal complement of N and it has |N | conjugates, hence |N | + 1 ≤ σ(G)

by Lemma 5. This contradicts Proposition 7.

Corollary 9. Let p a large prime not of the form (qk − 1)/(q − 1) where q is a prime power and

k an integer; then σ(Alt(5) ≀ Alt(p)) < σ(Alt(p)).

Proof. By Proposition 7, σ(Alt(5) ≀Alt(p)) < |Alt(5)|p. On the other hand, by Theorem [12, 4.4],

σ(Alt(p)) ≥ (p − 2)! > 60p for a large enough prime not of the form (qk − 1)/(q − 1).
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Proposition 10. Let G be a finite group. If V is a complemented normal abelian subgroup of G

and V ∩ Z(G) = 1, then σ(G) < 2|V |. In particular, if V is a minimal normal subgroup, then

σ(G) ≤ 1 + q + · · · + qn where q = |EndG(V )| and |V | = qn.

Proof. Let H be a complement of V in G; we shall prove that G is covered by the family of

subgroups A = {Hv | v ∈ V } ∪ {CH(v)V | 1 6= v ∈ V }. Let g = hw ∈ G, where h ∈ H , w ∈ V .

If h /∈ CH(v) for every v ∈ V \ {1}, then CV (h) = 1 and the cardinality of the set {hv | v ∈ V }

is |V : CV (h)| = |V |. Therefore {hv | v ∈ V } = {hv | v ∈ V } and g = hw ∈ Hv for some v ∈ V .

Thus σ(G) ≤ |A| ≤ |V | + (|V | − 1) < 2|V |. In particular, if V is H-irreducible, then EndG(V ) =

EndH(V ) = F is a finite field. We may identify H with a subgroup of GL(n, q), where |F| = q and

dimF V = n. In this case G is covered by A = {Hv | v ∈ V } ∪ {CH(W )V | W ≤ V, dimF W = 1},

so σ(G) ≤ qn + (1 + · · · + qn−1).

Corollary 11. Let H be a finite group, V an H-module, G = V ⋊ H the semidirect product of V

by H and assume that CV (H) = 0. Then

1. if H1(H, V ) 6= 0, then σ(G) = σ(H);

2. if σ(H) ≥ 2|V |, then H1(H, V ) = 0.

Proof. Assume by contradiction that σ(G) < σ(H). By Lemma 5, c + 1 ≤ σ(G) where c is the

number of complements of V in G. If H1(H, V ) 6= 0, then there are at least two conjugacy classes

of complements for V in G and, since CV (H) = 0, any conjugacy class consists of |V | complements,

hence c ≥ 2|V | and σ(G) > 2|V | against Proposition 10.

Corollary 12. Let V the fully deleted module for Alt(n) over F2 and let G be the semidirect

product of V by Alt(n).

1. If n = p is a large odd prime not of the form (qk − 1)/(q − 1) where q is a prime power and

k an integer, then σ(G) < σ(Alt(n)).

2. If n is even, then σ(G) = σ(Alt(n))

Proof. 1) Since |V | = 2p−1 (see e.g. [11, Prop. 5.3.5]), Proposition 10 gives that σ(G) < 2|V | < 2p.

On the other hand, by Theorem [12, 4.4], σ(Alt(p)) ≥ (p − 2)! > 2p for a large enough prime not

of the form (qk − 1)/(q − 1).

2) This follows from Corollary 11 and the fact that H1(Alt(n), V ) 6= 0 whenever n is even (see e.g.

[2, p. 74]).

Corollary 13. Let V 6= W be non-Frattini non-central abelian minimal normal subgroups of G.

Then

1. if δG(V ) > 1, then σ(G) = σ(G/V );
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2. σ(G) = min{σ(G/V ), σ(G/W )}.

Proof. 1) By a result in [3], the number c of complements of V in G is

c = |Der(G/V , V )| = |EndG/V (V )|δG(V )−1|Der(G/CG(V ), V )|

hence c ≥ 2|V | whenever δG(V ) > 1. If σ(G) < σ(G/V ), then by Lemma 5 and Proposition 10,

2|V | < c + 1 ≤ σ(G) < 2|V |, a contradiction.

2) If V and W are G-equivalent, then by (1) σ(G) = σ(G/V ) = σ(G/W ). So assume that V and W

are not G-equivalent and, by contradiction, that σ(G) < min{σ(G/V ), σ(G/W )}. A complement

of V in G has at least |V | conjugates and it is a maximal subgroup of G, so we can find at least

|V | complements of V . In the same way there are at least |W | distinct complements of |W | in G.

Moreover, since V and W are not G-equivalent, V and W cannot have a common complement.

Arguing as in Lemma 5 we see that all the complements of V and W have to appear in a minimal

cover of G. Therefore σ(G) ≥ |V | + |W | ≥ min{2|V |, 2|W |}, against Proposition 10.

3 The structure of σ-primitive groups

We collect some known properties of σ-primitive groups and some consequences of the previous

section.

Corollary 14. Let G be a non-abelian σ-primitive group. Then:

1. Z(G) = 1;

2. the Frattini subgroup of G is trivial;

3. if N is a minimal normal subgroup of G, then δG(N) = 1;

4. there is at most one abelian minimal normal subgroup of G;

5. the socle soc(G) = G1 × · · · × Gn is a direct product of non-G-equivalent minimal normal

subgroups and at most one of them is abelian.

6. G is a subdirect product of the monolithic primitive groups Xi = G/RG(Gi) associated to the

minimal normal subgroups Gi, 1 ≤ i ≤ n.

Proof. Part (1) is Theorem 4 in [8]. If Φ(G) is the Frattini subgroup of G and H is a proper

subgroup of G, then also H Φ(G) is a proper subgroup of G. Hence we can assume that Φ(G) is

contained in every subgroup of a minimal cover of G so that σ(G) = σ(G/ Φ(G)) and therefore (2)

holds. Parts (3) and (4) follows from Corollaries 8 and 13. Then (3) and (4) implies (5). To prove

(6) we consider the intersection R =
⋂n

i=1
RG(Gi). If R 6= 1, then R contains a minimal normal
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subgroup N of G. By (2) and (5), N is non-Frattini and G-equivalent to Gi for some 1 ≤ i ≤ n.

Hence by Proposition 4 (5), RG(Gi)N 6= RG(Gi), in contradiction with N ≤ R ≤ RG(Gi).

Definition 15. Let X be a primitive monolithic group and let N be its socle. For any non-empty

union Ω =
⋃

i ωiN of cosets of N in X with the property that 〈Ω〉 = X, define σΩ(X) to be the

minimum number of supplements of N in G needed to cover Ω. Then we define

σ∗(X) = min

{

σΩ(X) | Ω =
⋃

i

ωiN, 〈Ω〉 = X

}

.

Proposition 16. Let G be a non-abelian σ-primitive group, G1, . . . , Gn the minimal normal

subgroups, and X1, . . . Xn the monolithic primitive groups associated to Gi, i = 1, . . . n. Then

σ(G) ≥
∑n

i=1
σ∗(Xi).

Proof. Let M be a set of σ = σ(G) maximal subgroups whose union is G. Define M¬Gi
= {M ∈

M | M 6≥ Gi}; note that

• M¬Gi
6= ∅ for each 1 ≤ i ≤ n; otherwise every maximal subgroup of M would contain Gi

and the set {M/Gi | M ∈ M} would cover G/Gi with σ(G) < σ(G/Gi) subgroups.

• M¬Gi
∩M¬Gj

= ∅ for i 6= j; indeed if there exists M ∈ M¬Gi
∩M¬Gj

, then GiMG/MG and

GjMG/MG are minimal normal subgroups of the primitive group G/MG, hence δG(Gi) ≥ 2,

contrary to Corollary 14.

Therefore M contains the disjoint union of the non-empty sets M¬Gi
, 1 ≤ i ≤ n, and we are

reduced to prove that |M¬Gi
| ≥ σ∗(Xi), for every i. Let us fix an index i and let π : G 7→ X be

the projection of G over X = Xi. We set N = socX ∼= Gi, Mi = {M ∈ M | M ≥ Gi} = M\M¬Gi

and

Ω =

{

π(g) | g ∈ G \
⋃

M∈Mi

M

}

.

By minimality of the cover M, G 6=
⋃

M∈Mi
M hence Ω 6= ∅. Moreover, as Gi ≤ M ∈ Mi and

π(Gi) = socX = N , we get that for every x ∈ Ω the coset xN is contained in Ω. If 〈Ω〉 = H 6= X ,

then G is covered by the set Mi ∪ {π−1(H)} and this actually is a minimal cover of G, since

|Mi| + 1 ≤ σ. But then, as π−1(H) ≥ Gi, we would have σ(G/Gi) ≤ |Mi| + 1 = σ(G), a

contradiction. Hence 〈Ω〉 = X.

Now we shall prove that |M¬Gi
| ≥ σΩ(X) ≥ σ∗(X). By [9, Proposition 11] the kernel

R = RG(Gi) of the projection πi of G over X has the property that if H is a proper subgroup of

G such that HGi = G then HR 6= G. Therefore every maximal subgroup M ∈ M¬Gi
contains

R, M = π−1(π(M)) and π(M) is a a maximal subgroup of X supplementing N. Clearly, as
⋃

M∈M¬Gi

M covers G \
⋃

M∈Mi
M , we have that

⋃

M∈M¬Gi

π(M) covers Ω. Therefore |{π(M) |

M ∈ M¬Gi
}| = |M¬Gi

| ≥ σΩ(X) ≥ σ∗(X).
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Remark 17. For every primitive monolithic group Xi, σ∗(Xi) ≤ lXi
(soc(Xi)), where lXi

(soc(Xi))

is the smallest index of a proper subgroup of Xi supplementing soc(Xi). Indeed, if a supplement

of Ni = soc(Xi) in Xi has non trivial intersection with a coset gNi, then |gNi ∩ M | = |Ni ∩

M | = |gNi|/|G : M |, and therefore we need at least lXi
(soc(Xi)) supplements to cover gNi. So in

particular the previous proposition implies that σ(G) ≥
∑n

i=1
lXi

(Ni).

Lemma 18. Let N be a normal subgroup of a group X. If a set of subgroups covers a coset yN

of N in X, then it also covers every coset yαN with α prime to |y|.

Proof. Let s be an integer such that sα ≡ 1 mod |y|. As s is prime to |y|, by a celebrated result

of Dirichlet, there exists infinitely many primes in the arithmetic progression {s + |y|n | n ∈ N};

we choose a prime p > |X | in {s + |y|n | n ∈ N}. Clearly, yp = ys. As p is prime to |X |, there

exists an integer r such that pr ≡ 1 mod |X |. Hence, if yN ⊆ ∪i∈IMi, for every g ∈ yαN we have

that gp ∈ (yα)pN = (yα)sN = yN ⊆ ∪i∈IMi and therefore also g = (gp)r belongs to ∪i∈IMi.

Corollary 19. Let G be a non-abelian σ-primitive group, N a minimal normal subgroup and X

the monolithic primitive groups associated to N . Then:

1. if X = N , then G = N ;

2. if |X/N | is a prime, then G = X.

Proof. Note that if X = N , then there is only one coset of N in X hence Ω = N , σ∗(N) =

σN (N) = σ(N). By Proposition 16, σ∗(N) = σ(N) ≤ σ(G). As N = X is a homomorphic image

of G, we get G = N .

Now let |X/N | be a prime. Let Ω be a non-empty union of cosets of N in X with the property

that 〈Ω〉 = X ; then Ω contains a coset yN which is a generator for X/N . By Lemma 18 we have

that if
⋃

i Mi covers Ω, then
⋃

i Mi covers every coset of N with the exception, at most, of the

subgroup N itself. Hence, σ(X) ≤ σΩ(X) + 1 that is σ∗(X) ≥ σ(X) − 1. By Proposition 16,

σ(G) ≥
∑n

i=1
σ∗(Xi). Moreover, by Remark 16, σ∗(Xi) ≥ 2. Therefore, as σ(G) ≤ σ(X), there is

no room for another minimal normal subgroup in G.

Corollary 20. If N = Alt(n), n 6= 6, is a normal subgroup of G, then either σ(G) = σ(G/N) or

G ∈ {Sym(n), Alt(n)}.

Proof. It is sufficient to consider a σ-primitive image of G and then apply Corollary 19.

Actually, the corollary holds also for n = 6, thanks to the following proposition.

Proposition 21. Let G be a σ-primitive group and let O∞(G) be the smallest normal subgroup of

G such that G/ O∞(G) is solvable. If G is non solvable, then G/ O∞(G) is a cyclic group.



CUBO
10, 3 (2008)

On the Structure of Primitive n-Sum Groups 203

Proof. By Corollary 14, G is a subdirect product of the monolithic primitive groups Xi associated

to the minimal normal subgroups Gi, 1 ≤ i ≤ n; call Ni = soc(Xi) ∼= Gi. Let M be a set of

σ = σ(G) maximal subgroups whose union is G and define M¬Gi
= {M ∈ M | M 6≥ Gi}. Let mi

be the minimal index of a supplement of Ni in Xi: by Remark 17, σ(G) ≥
∑n

i=1
mi.

Let R = O∞(G) and assume by contradiction that G/R is not cyclic. Then, by Tomkinson’s

result [14], σ(G/R) = q + 1 where q is the order of the smallest chief factor A = H/K of G/R

having more than a complement in G/R. As G is not solvable, then σ(G) < σ(G/R) = q + 1.

Since G is the subdirect product of the Xi’s, without loss of generality we can assume that A is a

chief factor of X = X1.

If N = soc(X) is an elementary abelian p-group, then, by Corollary 6 and Corollary 14 (1),

|N | + 1 ≤ σ(G) < q + 1. Therefore |N | < q and A is a chief factor, say U/V , of an irreducible

linear group X/N ≤ GL(N) acting on N . By Clifford Theorem, U is a completely reducible linear

group hence Op(U) = 1. Then, by Theorem 3 in [4], |U/U ′| < |N | < q, against |A| = |U/V | = q.

Assume now that N = S is a simple non-abelian group. Then A is isomorphic to a chief

factor of a subgroup of Out(S) hence q = |A| ≤ |Out(S)| < m1 (see e.g. Lemma 2.7 [4]). But

σ(G) ≥
∑n

i=1
mi ≥ m1 > q, against σ(G) < q + 1.

We are left with the case N = Sr where S is a simple non-abelian group. Then X/N is

isomorphic to a subgroup of Out(S) ≀ Sym(r). If A is isomorphic to a chief factor of a transitive

subgroup of Sym(r), then Theorem 2 in [4] gives that q = |A| ≤ 2r < (n1)
r ≤ m1, where n1 is

the minimal index of a subgroup of S. But this contradicts m1 ≤ σ(G) ≤ q. Therefore A has to

be a chief factor of a subgroup of Out(S)r. Then q = |A| ≤ |Out(S)|r ≤ nr
1
≤ m1 gives the final

contradiction.

Lemma 22. Let G be a non-solvable transitive permutation group of degree n. Then either σ(G) ≤

4n or every non-abelian composition factor of G is isomorphic to an alternating group of odd degree.

Proof. Let G be a non-solvable transitive permutation group of degree n. We can embed G into a

wreath product of its primitive components, let say G ≤ K1 ≀ K2 ≀ · · · ≀ Kt where Ki is a primitive

permutation group of degree ni and n1n2 · · ·nt = n (see for example [7]). Let Kj be a non-solvable

component and assume that Kj is not an alternating or symmetric group of odd degree; then G

has an homomorphic image G which is embedded in a wreath product K ≀ H where K = Kj is a

permutation group of degree a = nj and H has degree b with ab ≤ n. If K does not contain Alt(a)

then |K| ≤ 4a [13] and G has a non-solvable normal subgroup of order at most 4ab. By Proposition

7 this implies that σ(G) ≤ σ(G) ≤ 4ab ≤ 4n. So assume that K contains Alt(a) where a is even.

We identify G with its image in K ≀ H : G is a transitive group of degree ab, with a system of

imprimitivity B with blocks of size a and K is the permutation group induced on a block by its

stabilizer. Let M1 be the set of subgroups G ∩M where M is a maximal intransitive subgroup of

Sym(ab) and let M2 be the set of subgroups G∩(M ≀H) where M ∼= Sym(a/2)≀Sym(2) is a maximal

imprimitive subgroup of Sym(a); if T ∈ M2 and B ∈ B, then the permutation group induced on

B by the stabilizer TB is isomorphic to the imprimitive proper subgroup Sym(a/2) ≀ Sym(2) of K,
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hence T is a proper subgroup of G. Now let x ∈ G: if x is not a cycle of length ab then there exists

T ∈ M1 containing x; otherwise there exists T ∈ M2 containing x. Hence the set M1∪M2 covers

G with
ab/2
∑

i=1

(

ab

i

)

+
1

2

(

a

a/2

)

≤ 2ab ≤ 2n

proper subgroups. Therefore σ(G) ≤ 2n.

Proposition 23. Let G be a σ-primitive group with a non-abelian minimal normal subgroup N .

If G/NCG(N) is not cyclic, then all the non-abelian composition factors of G/NCG(N) are alter-

nating groups of odd degree.

Proof. Let N = Sr, where S is a non-abelian simple group. By Corollary 6, 5r + 1 ≤ σ(G).

Denote by X the monolithic primitive group associated to the G-group N ; then X is a subgroup

of Aut(S) ≀ Sym(r). Let K be the image of X in Sym(r). If K is solvable, then, by Schreier

Conjecture, X/ soc(X) ∼= G/NCG(N) is solvable. By Proposition 21 it follows that G/NCG(N) is

cyclic.

Thus, if G/NCG(N) is not cyclic, then K is non-solvable. Since 5r + 1 ≤ σ(G) ≤ σ(K), the

previous lemma implies that every non-abelian composition factor of K is an alternating group of

odd degree. Then, by Schreier Conjecture, the same holds for G/NCG(N).

Theorem 24. Let G be a σ-primitive group with no abelian minimal normal subgroups. Then

either G is a primitive monolithic group and G/ soc(G) is cyclic, or G/ soc(G) is non-solvable and

all the non-abelian composition factors of G/ soc(G) are alternating groups of odd degree.

Proof. By Corollary 14, G is a subdirect product of the monolithic primitive groups Xi associated

to the minimal normal subgroups Gi, 1 ≤ i ≤ n. By Proposition 23 and Proposition 21, for every i,

G/GiCG(Gi) ∼= Xi/ soc(Xi) is either cyclic or non-solvable and all of its non-abelian composition

factors are alternating groups of odd degree. Therefore either G/ soc(G) is solvable (hence cyclic

by Proposition 21) or non-solvable and all of its non-abelian composition factors are alternating

groups of odd degree.

We are left to prove that if G/ soc(G) is cyclic then n = 1. Assume by contradiction that

n ≥ 2.

Let ui be the number of distinct prime divisors of the order of the cyclic groups Xi/ soc(Xi)

and assume that u1 ≤ · · · ≤ un.

Step 1. Let mi be the minimal index of a supplement of soc(Xi) in Xi; then mi ≥ ui

If soc(Xi) = S is a simple group, then Xi/S is isomorphic to a subgroup of Out(S), and thus

ui ≤ 2ui ≤ |Out(S)| ≤ mi (see e.g. Lemma 2.7 [4]).

If soc(Xi) = Sr where r 6= 1, then Xi/ soc(Xi) is isomorphic to a subgroup Y of Out(S) ≀

Sym(r). Let K be the intersection of Y with the base subgroup (Out(S))r of the wreath product
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Out(S) ≀ Sym(r) and let a be the number of distinct prime divisors of |K|; since |K| divides

|Out(S)|r, we get that 2a ≤ |Out(S)| ≤ ni where ni is the minimal index of a subgroup of

S. Now b = ui − a is smaller or equal than the number of distinct prime divisors of the order

of Y/K which is isomorphic to a non trivial subgroup of Sym(r), hence 1 ≤ b < r and thus

ui = a + b ≤ (2a)b ≤ (2a)r ≤ (ni)
r ≤ mi whenever a > 0. If a = 0, then Xi/ soc(Xi) is isomorphic

to a subgroup of Sym(r) and thus ui < r ≤ (ni)
r ≤ mi. This proves the first step.

Let π be the projection of G over X = X1 and call N = socX . Note that there exist precisely

u1 maximal subgroups of the cyclic group X/N ; let H1, . . . , Hu1
be the maximal subgroups of G

such that their images in X/N give all the maximal subgroups of X/N .

Let M be a set of σ = σ(G) maximal subgroups whose union is G and define A to be the set

of maximal subgroups of M containing G1, B = M\A and

Ω =

{

π1(g) | g ∈ G \
⋃

M∈A

M

}

.

Step 2. Assume that Ω contains a coset yN such that 〈yN〉 = X/N .

By Lemma 18, if Ω is covered by σΩ(X) maximal subgroups, then the same subgroups cover

every coset yαN with α prime to |y|. All the other elements of X are covered by the u1 maximal

subgroups π(H1), . . . , π(Hu1
), since the images of these elements are not generators of X/N . Then

σ(X) ≤ σΩ(X)+u1. On the other hand, by Proposition 16, σΩ(X)+
∑

i6=1
σ∗(Xi) ≤ σ(G) < σ(X),

hence
∑

i6=1
σ∗(Xi) < u1. Remark 17 and Step 1 give that

∑

i6=1
ui ≤

∑

i6=1
mi < u1, and this

contradicts the minimality of u1.

Step 3. Assume that Ω does not contain a coset yN such that 〈yN〉 = X/N .

Then Ω is covered by the images in X of the subgroups H1, . . . , Hu1
and thus, by definition of

Ω, G is covered by the subgroups in A and H1, . . . , Hu1
. It follows that |B|+ |A| = σ(G) ≤ u1+ |A|,

hence, by Step 1, |B| ≤ u1 ≤ m1, against Lemma 3.2 in [14]. This final contradiction implies that

G has to be a primitive monolithic group and proves the proposition.

4 There is no group for which σ(G) = 11

In this section we will show that σ(G) can never be equal to 11. The first trivial observation is

that σ(G) 6= 11 whenever G is solvable, since in this case by Tomkinson’s result σ(G) = q + 1, for

a prime power q.

Assume by contradiction that there exists a primitive 11-sum group G. By Corollary 14,

soc(G) is the direct product of n non G-equivalent minimal normal subgroups G1, . . . , Gn, where

at most one of them is abelian.
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Lemma 25. Suppose that G is a primitive 11-sum group. Then G has no abelian minimal normal

subgroups.

Proof. Assume by contradiction that G1 is abelian. By Corollary 14, G1 is a complemented non-

central factor of G, hence, by Corollary 6, |G1| + 1 ≤ σ(G) = 11. Moreover, by Proposition 10,

11 = σ(G) < 2|G1|. Hence |G1| can only be 7, 23 or 32. Actually, if |G1| = 7, then the bound in

Proposition 10 gives σ(G) ≤ 1 + 7, against σ(G) = 11.

Note that, by Proposition 16, σ(G) = 11 ≥
∑n

i=1
σ∗(Xi) where Xi are the monolithic groups

associated to the Gi’s; since G1 is the only abelian subgroup and σ∗(Xi) ≥ 5 if Gi is non-abelian,

then G1 is the unique minimal normal subgroup of G and G ≤ G1 ⋊ Aut(G1).

If |G1| = 9, then G ≤ F
2

3
⋊ GL(2, 3); hence G is solvable, a contradiction.

Thus |G1| = 8 and G = F
3

2
⋊ GL(3, 2), since every proper subgroup of GL(3, 2) is solvable.

Let M = {M1, · · · , M11} be a set of 11 maximal subgroups covering G. In [6] it is proved that

σ(GL(3, 2)) = 15 and, in particular, that one needs at least 7 subgroups to cover the seven point

stabilizers of GL(3, 2). It follows that all the 8 complement of G1 in G occur in M, let say they

are M1, . . . , M8. As in the proof of Proposition 10, for every point stabilizer g ∈ GL(3, 2) there

exists an element vg ∈ G1 such that gvg does not belong to any complement of G1 in G. Hence

the remaining subgroups M9, M10, M11 of M have to cover all the elements gvv where g is a point

stabilizer. Since M9, M10 and M11 contain G1, this would imply that we can cover the seven point

stabilizers of GL(3, 2) with only three subgroups, a contradiction.

Theorem 26. There is no group G with σ(G) = 11.

Proof. Suppose that G is a primitive 11-sum group and let G1, . . . , Gn be its minimal normal

subgroups. By the previous lemma every Gi is non-abelian. If Gi = Alt(5) for some i, then,

by Corollary 20, G = Alt(5) or Sym(5). Otherwise, σ∗(Xi) ≥ lXi
(Gi) > 5 for every i and

Proposition 16 implies that there is at most one minimal normal subgroup in G. By the same

argument, if G1 = Sr, where S is a simple non-abelian group, since lX1
(G1) ≥ 5r and, by Lemma

5, 5r +1 ≤ σ(G) = 11, we have that G1 = S and lX1
(G1)+1 ≤ 11. Therefore G is an almost-simple

group with socle S and lG(S) ≤ 10, in particular

S ∈ {Alt(n) | 5 ≤ n ≤ 10} ∪ {Sym(n) | 5 ≤ n ≤ 10} ∪ {PSL(2, q) | 7 ≤ q ≤ 8}.

Thanks to the works of Maroti [12] and Bryce et al. [6], we can exclude most of these cases: indeed

σ(Alt(n)) ≥ 2n−2 if n 6= 7, 9, σ(Alt(5)) = 10, σ(Alt(9)) ≥ 80, σ(Sym(n) = 2n−1 if n is odd and

n 6= 9, σ(Sym(9)) ≥ 172, σ(PSL(2, 7)) = 15, σ(PGL(2, 7)) = 29, σ(PSL(2, 8)) = 36. Moreover,

σ(Aut(Alt(6))) ≤ σ(C2 × C2) = 3 and σ(Sym(6)) = 13 (see e.g. [1]). The remaining cases are

G = Alt(7), Sym(8), Sym(10), M10, PGL(2, 9) and Aut(PSL(2, 8)).

• G 6= Alt(7). Assume by contradiction σ(Alt(7)) = 11. There are seven maximal subgroups of

Alt(7) isomorphic to Alt(6); since σ(Alt(6)) = 16 > 11, each of them has to appear in a minimal

cover of G. Moreover, there are two conjugacy classes with 15 maximal subgroups isomorphic to
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PSL(3, 2) and since σ(PSL(3, 2)) = σ(PSL(2, 7)) = 15 > 11 we have that σ(Alt(7)) is at least

7 + 15 + 15.

• G 6= Sym(8). If σ(Sym(8)) ≤ 11 then, since σ(Sym(7)) = 26 and σ(Alt(8)) ≥ 26, arguing as

in the previous case we get that a minimal cover M of Sym(8) contains the 8 point stabilizers

and Alt(8). Let g1 = (1, 2, 3, 4, 5, 6, 7, 8), g2 = (1, 2, 3, 7, 4, 5, 6, 8) and g3 = (1, 2, 3, 5, 4, 6, 7, 8);

any couple of them generate Sym(8) so that we need at least 3 more subgroups in M, and thus

σ(Sym(8)) > 11.

• G 6= Sym(10). If σ(Sym(10)) ≤ 11, then, as σ(Sym(9)) = 28 and σ(Alt(10)) ≥ 28, a minimal

cover M of Sym(10) contains 10 point stabilizers and Alt(10). But these subgroups do not cover

the 10-cycles. Thus σ(Sym(10)) > 11.

• G 6= M10. In M10 there are 180 elements of order 8. The only maximal subgroups containing

elements of order 8 are the Sylow 2-subgroups and each of them contains 4 of these elements; thus

we need at least 180/4 = 45 subgroups to cover the elements of order 8.

• G 6= PGL(2, 9). In PGL(2, 9) there are 144 elements of order 10. The only maximal subgroups

containing elements of order 10 are the normalizers of the Sylow 5-subgroups and each of them

contains 4 of these elements; thus we need at least 144/4 = 36 subgroups to cover the elements of

order 10.

• G 6= Aut(PSL(2, 8)). In Aut(PSL(2, 8)) \ PSL(2, 8) there are 336 elements of order 9. The only

maximal subgroups containing elements of this kind are the normalizers of the Sylow 3-subgroups;

each of them contains 12 of these elements thus we need at least 336/12 = 28 subgroups to cover

Aut(PSL(2, 8)).

5 Direct products

Proposition 27. Let G = H1 ×H2 be the direct product of two subgroups. Let Ni be the smallest

normal subgroup of Hi such that Hi/Ni is a direct product of simple groups. If H1/N1 and H2/N2

have at most one non-abelian simple group S in common and the multiplicity of S in H1/N1 is at

most one, then either σ(G) = min{σ(H1), σ(H2)}, or the cyclic group Cp is an epimorphic image

of both H1 and H2 and σ(G) = p + 1.

Proof. Let G be a counterexample with minimal order. We first prove that G is a σ-primitive group.

As Φ(G) = Φ(H1) × Φ(H2), we have Φ(G) = 1. Let N be a minimal normal subgroup of G and

assume by contradiction that σ(G) = σ(G/N). If N ≤ H1, then, by minimality of |G|, we have that

either σ(G/N) = σ(H1/N × H2) = min{σ(H1/N), σ(H2)} ≥ min{σ(H1), σ(H2)} ≥ σ(G), and so

σ(G) = min{σ(H1), σ(H2)}, or Cp is a common factor of H1/NN1 and H2/N2, and σ(G/N) = p+1;

in this case σ(G) = σ(G/N) = p + 1. Now assume that N is not contained in H1 or H2. Then N

is a central minimal normal subgroup of G, N = Cp
∼= N1N/N1

∼= N2N/N2 and G has a factor

group isomorphic to Cp × Cp; therefore σ(G) ≤ p + 1. On the other hand, N = NH2 ∩ H1
∼= N is
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a central minimal normal subgroup of G contained in H1; by the previous case, σ(G) < σ(G/N).

Since δG(N) ≥ 2, N has at least |N | = p complements; hence, by Lemma 5, σ(G) ≥ p + 1 and

therefore σ(G) = p + 1. Thus a counterexample G with minimal order is a σ-primitive group.

If G is solvable, then either G ∼= C2

p and σ(G) = p+1 or G is monolithic: the second possibility

cannot occur as G is the direct product of two non trivial normal subgroups. So from now on we

may assume that G is non solvable, and in particular, by Proposition 21, that H1/N1 and H2/N2

have no common abelian factor.

Now observe that if M is a maximal subgroup of G and M does not contain H1 and H2,

then G/MG is a primitive group with nontrivial normal subgroups H1MG/MG and H2MG/MG. If

H1MG/MG = H2MG/MG, then G/MG = H1MG/MG = H2MG/MG is a central factor of G/MG

and H1/N1 and H2/N2 have a common abelian factor, a contradiction. Thus H1MG/MG 6=

H2MG/MG, and since G/MG = H1MG/MG × H2MG/MG is a primitive group, H1MG/MG and

H2MG/MG are isomorphic simple groups. Therefore, if H1/N1 and H2/N2 have no simple groups

in common, then every maximal subgroup M of G contains either H1 or H2, and we obtain the

result arguing as in Lemma 4 of [8].

So, we assume that H1/N1 and H2/N2 have precisely one non-abelian simple group S in

common and the multiplicity of S in H1/N1 is one: let Ki ≥ Ni be the normal subgroups of

Hi such that H1/K1 = S and H2/K2 = Sn, being n the multiplicity of S in H2/N2 , and set

K = K1 × K2.

Let M be a minimal cover of G given by σ(G) maximal subgroups of G. We set:

M1 = {L ∈ M | L ≥ H1} = {H1 × M | M a maximal subgroup of H2},

M2 = {L ∈ M | L ≥ H2} = {M × H2 | M a maximal subgroup of H1},

M3 = M\ (M1 ∪M2).

Then we define the two sets

Ω1 = H1 \
⋃

M×H2∈M2

M, Ω2 = H2 \
⋃

H1×M∈M1

M,

and their images under the projection πKi
of Hi over Hi/Ki

Ωi = {πKi
(w) | w ∈ Ωi}.

As H1/K1 is not cyclic, we can cover Ω1 with |Ω1| subgroups. Hence we can cover H1 =

{
⋃

M×H2∈M2
M} ∪ Ω1 with the images of the maximal subgroups in M2 plus |Ω1| maximal sub-

groups, and thus σ(H1) ≤ |M2|+ |Ω1|. On the other hand, |M2|+ |M3| ≤ σ(G) < σ(H1), and we

obtain that

|Ω1| > |M3|.

Now observe that the elements of the set Ω1 × Ω2 can not belong to any of the subgroup

of M1 or M2, thus the set Ω1 × Ω2 has to be covered by the subgroups of M3. If M ∈ M3,
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then G/MG is a primitive group and G/MG = H1MG/MG × H2MG/MG = S × S; in particular

M ≥ K and M/K is a maximal subgroup of diagonal type of G/K. This means that there exists

an automorphism α of S and an index i ∈ {1, . . . n}, such that the set (M/K)∩ (Ω1 ×Ω2) is given

by elements of the type (x, y1, y2, . . . , yn) where x ∈ Ω1, (y1, y2, . . . , yn) ∈ Ω2 and yi = xα. For

every y ∈ S we denote by sy the number of vectors (y1, y2, . . . , yn) such that (y1, y2, . . . , yn) ∈ Ω2

and yi = y: note that
∑

y∈S

sy = |Ω2| = |Ω1 × Ω2|/|Ω1|.

On the other hand

|(M/K) ∩ (Ω1 × Ω2)| ≤
∑

y∈S

sy = |Ω1 × Ω2|/|Ω1| < |Ω1 × Ω2|/|M3|,

since |Ω1| > |M3|. This implies that we can not cover Ω1 ×Ω2 with the |M3| subgroups of M3, a

contradiction.

Theorem 28. Let G = H1 × H2 be the direct product of two subgroups. If no alternating group

Alt(n) with n odd is a homomorphic image of both H1 and H2, then either σ(G) = min{σ(H1), σ(H2)}

or σ(G) = p + 1 and S = Cp is a homomorphic image of both H1 and H2.

Proof. Let G be a counterexample with minimal order. Let Ni be the minimal normal subgroup

of Hi such that Hi/Ni is a direct product of simple groups. As in the proof of Proposition 27, it

is easy to see that G is a σ-primitive group, H1/N1 and H2/N2 have at least one simple group S

in common and S is non-abelian.

By Corollary 14, G has at most one abelian minimal normal subgroup, so we can assume that

every minimal normal subgroup of H1 is non-abelian.

Let K be a normal subgroup of G with G/K ∼= S. Note that δG(G/K) ≥ 2, indeed δG(G/K)

coincides with the multiplicity of S in G/(N1×N2). Hence, by Corollary 14 (3), no minimal normal

subgroup of G is G-equivalent to G/K. This implies in particular that S is an epimorphic image

of H1/ soc(H1), and consequently S is an homomorphic image of X/N where X is a monolithic

primitive group associated to a minimal normal subgroup N of H1. By the remark above N is non-

abelian, so N = T r with T a non-abelian simple group. Since X is a subgroup of Aut(T ) ≀ Sym(r)

and S is non-abelian, S is an homomorphic image of a transitive group Y of degree r. Then Y

satisfies the assumption of Lemma 22 and, since S is not an alternating group of odd degree, we

get σ(Y ) ≤ 4r. Since, by Corollary 6, 5r + 1 ≤ σ(G) ≤ σ(Y ), we get a contradiction.

Received: July 2008. Revised: August 2008.
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ABSTRACT

In this paper we prove the following result. Let A be a semisimple H∗−algebra and

let T : A → A be an additive mapping satisfying the relation (n + 1)T (xnm+1) =

T (x)xnm + xmT (x)x(n−1)m + · · · + xnmT (x), for all x ∈ A and some fixed integers

m ≥ 1, n ≥ 1. In this case T is a two-sided centralizer.

RESUMEN

En este art́ıculo probamos el siguiente resultado. Sea A una H∗−algebra semi-simple

y T : A → A una aplicación aditiva satisfaziendo la relación (n + 1)T (xnm+1) =

∗This research has been supported by the Research Council of Slovenia.
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T (x)xnm +xmT (x)x(n−1)m + · · ·+xnmT (x), para todo x ∈ A y ciertos m ≥ 1, y n ≥ 1

enteros fixados. En este caso T es un centralizador “two-sided”.

Key words and phrases: Prime ring, semiprime ring, Banach space, standard operator algebra,

H∗-algebra, left (right) centralizer, left (right) Jordan centralizer, two-sided centralizer.

Math. Subj. Class.: 16W10, 46K15, 39B05.

Introduction

Throughout, R will represent an associative ring with center Z(R). Given an integer n ≥ 2, a

ring R is said to be n−torsion free, if for x ∈ R, nx = 0 implies x = 0. As usual the commutator

xy − yx will be denoted by [x, y] .Let us recall that a ring R is prime if for a, b ∈ R, aRb = (0)

implies that either a = 0 or b = 0, and is semiprime in case aRa = (0) implies a = 0. An additive

mapping x 7−→ x∗ on a ring R is called involution in case (xy)∗ = y∗x∗ and x∗∗ = x hold for

all pairs x, y ∈ R. A ring equipped with an involution is called a ring with involution or ∗−ring.

We denote by Qr and C Martindale right ring of quotients and extended centroid of a semiprime

ring R. For the explanation of Qr and C we refer to [3] . An additive mapping T : R → R,

where R is an arbitrary ring, is called a left centralizer in case T (xy) = T (x)y holds for all pairs

x, y ∈ R. The concept appears naturally in C∗-algebras. In ring theory it is more common to work

with module homomorphisms. Ring theorists would write T : RR → RR of a right ring module

R into itself. For a semiprime ring R all such homomorphisms are of the form T (x) = qx, for

all x ∈ R, where q is some fixed element of Qr (see Chapter 2 in [3]). In case R has the identity

element T : R → R is a left centralizer iff T is of the form T (x) = ax, for all x ∈ R, where

a is some fixed element of R.An additive mapping T : R → R is called a left Jordan centralizer

in case T (x2) = T (x)x holds for all x ∈ R.The definitions of right centralizer and right Jordan

centralizer are self-explanatory. We call T : R → R a two-sided centralizer in case T is both a

left and a right centralizer. In case T : R → R is a two-sided centralizer, where R is a semiprime

ring with extended centroid C, then there exists an element λ ∈ C such that T (x) = λx, for all

x ∈ R (see Theorem 2.3.2 in [3]). One of the initial papers using the concept of centralizers (also

called multipliers) is due to Wendel [33] for group algebras. Helgason [9] introduced centralizers

for Banach algebras. Wang [32] studied centralizers of commutative Banach algebras. Johnson

[11] introduced the concept of centralizers for rings. We refer to Busby [7] for a study of so-

called double centralizers in the extension of C∗−algebras. Akemann, Pedersen and Tomiyama

[1] have studied centralizers of C∗-algebras. Several authors have also studied spectral properties

of centralizers on Banach algebras (see [15, 16]). Johnson [12] has studied centralizers on some

topological algebras. Johnson [13] has studied the continuity of centralizers on Banach algebras

(see also [11]). Husain [10] has also investigated centralizers on topological algebras with particular

reference to complete metrizable locally convex algebras and topological algebras with orthogonal

bases. Khan, Mohammad and Thaheem [14] have studied centralizers and double centralizers

on certain topological algebras. Centralizers have also appeared in a variety, among which we
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mention representation theory of Banach algebras, the study of Banach modules, Hopf algebras

(see [18, 19]), the theory of singular integrals, interpolation theory, stohastic processes, the theory

of semigroups of operators, partial differential equations and the study of approximation problems

(see Larsen [16] for more details). Zalar [34] has proved that any left (right) Jordan centralizer on

a 2-torsion free semiprime ring is a left (right) centralizer. Molnár [17] has proved that in case we

have an additive mapping T : A → A, where A is a semisimple H∗−algebra, satisfying the relation

T (x3) = T (x)x2 (T (x3) = x2T (x)) for all x ∈ A, then T is a left (right) centralizer. Let us recall

that a semisimple H∗-algebra is a semisimple Banach ∗-algebra A whose norm is a Hilbert space

norm such that (x, yz∗) = (xz, y) = (z, x∗y) is fulfilled for all x, y, z ∈ A (see [2]). Benkovič and

Eremita [4] have proved that in case there exists an additive mapping T : R → R,where R is a

prime ring with suitable characteristic restrictions, satisfying the relation T (xn) = T (x)xn−1, for

all x ∈ R and some fixed integer n > 1, then T is a left centralizer. Vukman and Kosi-Ulbl

[26] have proved that any additive mapping T , which maps a semisimple H∗−algebra A into

itself and satisfies the relation 2T (xn+1) = T (x)xn +xnT (x), for all x ∈ A and some fixed integer

n ≥ 1, is a two-sided centralizer (see also [5]). A result of Vukman and Kosi-Ulbl [27] states that

in case there exists an additive mapping T : R → R, where R is a 2−torsion free semiprime
∗−ring, satisfying the relation T (xx∗) = T (x)x∗ (T (x∗x) = x∗T (x)), for all x ∈ R,then T is a

left (right) centralizer. For results concerning centralizers on prime and semiprime rings, operator

algebras and H∗-algebras we refer to [8, 20 − 31] . Let X be a real or complex Banach space and

let L(X) and F (X) denote the algebra of all bounded linear operators on X and the ideal of all

finite rank operators in L(X), respectively. An algebra A(X) ⊂ L(X) is said to be standard in

case F (X) ⊂ A(X). Let us point out that any standard algebra is prime, which is a consequence

of Hahn-Banach theorem. We denote by X∗ the dual space of a Banach space X and by I the

identity operator on X.

Vukman [20] has proved the following result.

THEOREM A. Let R be a 2-torsion free semiprime ring and let T : R → R be an additive

mapping. Suppose that

2T (x2) = T (x)x + xT (x)

holds for all x ∈ R. In this case T is a two-sided centralizer.

Vukman and Kosi-Ulbl [23] have proved the result below.

THEOREM B. Let R be a 2-torsion free semiprime ring and let T : R → R be an additive

mapping. Suppose that

3T (xyx) = T (x)yx + xT (y)x + xyT (x)

holds for all pairs x, y ∈ R. In this case T is of the form T (x) = λx, for all x ∈ R and some

fixed element λ from the extended centroid C of R.
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Motivated by Theorem A and Theorem B Fošner and Vukman [8] have proved the following

theorem.

THEOREM C. Let R be a prime ring and let T : R → R be an additive mapping satisfying

the relation

nT (xn+1) = T (x)xn−1 + xT (x)xn−2 + ... + xn−1T (x),

for all x ∈ R, where n ≥ 2 is some fixed integer. If char(R) = 0, then T is of the form

T (x) = λx, for all x ∈ R and some fixed element λ from the extended centroid C of R.

In the proof of Theorem C Fošner and Vukman used as the main tool the theory of func-

tional identities (Beidar-Brešar-Chebotar theory). The theory of functional identities considers

set-theoretic maps on rings that satisfy some identical relations. When threatening such relations

one usually concludes that the form of the maps involved can be described, unless the ring is very

special (see[6]).

It this paper we consider the following more general relation

(n + 1)T (xnm+1) = T (x)xnm + xmT (x)x(n−1)m + ... + xnmT (x), (1)

where m ≥ 1, n ≥ 1 are some fixed integers. One can notice that the expression (1) for

n = m = 1 is the same as hypothesis of Theorem A. Obviously, any two-sided centralizer on

arbitrary ring satisfies the above relation. We proceed with the following conjecture.

CONJECTURE. Let R be a semiprime ring with suitable torsion restrictions and let T :

R → R be an additive mapping satisfying the relation (1) for all x ∈ R and some fixed integers

m ≥ 1, n ≥ 1. In this case T is a two-sided centralizer.

It is our aim in this paper to prove the above conjecture in semisimple H∗-algebras and in

semiprime rings with the identity element. Our methods differ from those used in [8].

THEOREM 1. Let A be a semisimple H∗-algebra. Suppose T : A → A is an additive

mapping satisfying the relation (1) for all x ∈ A and some fixed integers m ≥ 1, n ≥ 1. In this case

T is a two-sided centralizer.

For the proof of Theorem 1 we need the theorem below which is of independent interest.

THEOREM 2. Let X be a Banach space over the real or complex field F , let A(X) ⊂ L(X)

be a standard operator algebra. Suppose T : A(X) → L(X) is an additive mapping satisfying the

relation

(n + 1)T (Anm+1) = T (A)Anm + AmT (A)A(n−1)m + ... + AnmT (A),
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for all A ∈ A(X) and some fixed integers m ≥ 1, n ≥ 1. In this case T is of the form

T (A) = λA, for all A ∈ A(X) and some fixed λ ∈ F .In particular, T is continuous.

Proof. We have the relation

(n + 1)T (Anm+1) = T (A)Anm + AmT (A)A(n−1)m + ... + AnmT (A). (2)

Let us first consider the restriction of T on F (X). Let A be from F (X) and let P ∈ F (X),

be a projection with AP = PA = A. From the above relation one obtains T (P ) = PT (P )P, which

gives

T (P )P = PT (P ). (3)

Putting A + P for A in the relation (2), we obtain

(n + 1)

nm+1
∑

i=0

(

nm + 1

i

)

T
(

Anm+1−iP i
)

= (T (A) + B)

(

nm
∑

i=0

(

nm

i

)

Anm−iP i

)

+

(

m
∑

i=0

(

m

i

)

Am−iP i

)

(T (A) + B)





(n−1)m
∑

i=0

(

(n − 1)m

i

)

A(n−1)m−iP i



+ ... + (4)

(

nm
∑

i=0

(

nm

i

)

Anm−iP i

)

(T (A) + B) ,

where B stands for T (P ) . Using (2) and rearranging the equation (4) in sense of collecting

together terms involving equal number of factors of P we obtain

nm
∑

i=1

fi (A, P ) = 0, (5)

where fi (A, P ) stands for the expression of terms involving i factors of P. Replacing A by

A + 2P, A + 3P, . . . , A + nmP in turn in the equation (1), and expressing the resulting system

of nm homogeneous equations of variables fi (A, P ), i = 1, 2, ..., nm, we see that the coefficient

matrix of the system is a van der Monde matrix















1 1 · · · 1

2 22 · · · 2nm

...
...

...
...

nm (nm)2 · · · (nm)nm















.
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Since the determinant of the matrix is different from zero, it follows that the system has only

the trivial solution.

In particular,

fnm−1 (A, P ) = (n + 1)
(

nm+1

nm−1

)

T
(

A2
)

−
(

nm

nm−1

)

T (A) A −
(

nm

nm−2

)

BA2−
(

m

m−2

)(

(n−1)m

(n−1)m

)

A2B −
(

m

m−1

)(

(n−1)m

(n−1)m

)

AT (A)P −
(

m

m−1

)(

(n−1)m

(n−1)m−1

)

ABA−

(

m

m

)(

(n−1)m

(n−1)m−1

)

PT (A)A −
(

m

m

)(

(n−1)m

(n−1)m−2

)

BA2 − · · · −

(

m

m

)(

(n−1)m

(n−1)m−2

)

A2B −
(

m

m

)(

(n−1)m

(n−1)m−1

)

AT (A)P −
(

m

m−1

)(

(n−1)m

(n−1)m−1

)

ABA−

(

m

m−1

)(

(n−1)m

(n−1)m

)

PT (A)A −
(

m

m−2

)(

(n−1)m

(n−1)m

)

BA2−
(

nm

nm−2

)

A2B −
(

nm

nm−1

)

AT (A) = 0

and

fnm (A, P ) = (n + 1)
(

nm+1

nm

)

T (A) −
(

nm

nm

)

T (A)P −
(

nm

nm−1

)

BA−
(

m

m−1

)(

(n−1)m

(n−1)m

)

AB −
(

m

m

)(

(n−1)m

(n−1)m

)

PT (A)P −
(

m

m

)(

(n−1)m

(n−1)m−1

)

BA − · · · −

(

m

m

)(

(n−1)m

(n−1)m−1

)

AB −
(

m

m

)(

(n−1)m

(n−1)m

)

PT (A)P −
(

m

m−1

)(

(n−1)m

(n−1)m

)

BA−

(

nm

nm−1

)

AB −
(

nm

nm

)

PT (A) = 0.

The above equations reduce to

6 (n + 1) (nm + 1)T
(

A2
)

= 12 (T (A)A + AT (A)) + 6 (n − 1) (AT (A)P + PT (A)A)+

(n + 1) ((2n + 1)m − 3)
(

A2B + BA2
)

+ 2m (n − 1) (n + 1)ABA, (6)

and

2 (n + 1) (nm + 1)T (A) = 2 (T (A) P + PT (A))+

n (n + 1)m (AB + BA) + 2 (n − 1)PT (A) P. (7)

Right multiplication of the relation (7) by P gives

2 (n + 1) (nm + 1)T (A)P = 2 (T (A)P + PT (A))+

n (n + 1)m (AB + BA) + 2 (n − 1)PT (A) P. (8)

Similarly one obtains

2 (n + 1) (nm + 1)PT (A) = 2 (T (A)P + PT (A))+
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n (n + 1)m (AB + BA) + 2 (n − 1)PT (A) P. (9)

Combining (8) with (9) we arrive at

T (A)P = PT (A),

which reduces the relation (6) to

6 (mn + 1)T
(

A2
)

= 6 (T (A)A + AT (A))+

((2n + 1)m − 3)
(

A2B + BA2
)

+ 2m (n − 1)ABA, (10)

and the relation (7) to

2 (mn + 1)T (A) = 2T (A)P + mn (AB + BA) . (11)

Right multiplication of the above relation by P and combining the relation so obtained with (11)

gives

T (A) = T (A)P.

According to the above relation the relation (11) reduces to

2T (A) = AB + BA. (12)

From the above relation one obtains

2T
(

A2
)

= A2B + BA2. (13)

Right and then left multiplication of the relation (12) by A gives

2T (A) A = ABA + BA2 (14)

and

2AT (A) = A2B + ABA, (15)

respectively. Using the relations (13), (14) and (15) in the relation (10) gives after some calculation

A (m, n)BA2 + A (m, n)A2B − 2A (m, n)ABA = 0,

where A (m, n) stands for mn − m + 3. The above relation reduces to

A2B + BA2 − 2ABA = 0. (16)

Applying the relations (13) and (16) in the relation (10) one obtains

2T
(

A2
)

= T (A)A + AT (A). (17)

From the relation (12) one can conclude that T maps F (X) into itself. We have therefore an

additive mapping T : F (X) → F (X) satisfying the relation (17) for all A ∈ F (X). Since F (X)
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is prime one can apply Theorem A and conclude that T is a two-sided centralizer of F (X). We

intend to prove that there exists an operator C ∈ L(X), such that

T (A) = CA, for all A ∈ F (X). (18)

For any fixed x ∈ X and f ∈ X∗ we denote by x⊗ f an operator from F (X) defined by (x⊗ f)y =

f(y)x, for all y ∈ X. For any A ∈ L(X) we have A(x ⊗ f) = ((Ax) ⊗ f).Let us choose f and y

such that f(y) = 1 and define Cx = T (x ⊗ f)y. Obviously, C is linear. Using the fact that T is

left centralizer on F (X) we obtain

(CA)x = C(Ax) = T ((Ax) ⊗ f)y = T (A(x ⊗ f))y = T (A)(x ⊗ f)y = T (A)x, x ∈ X.

We have therefore T (A) = CA for any A ∈ F (X). Since T right centralizer on F (X) we ob-

tain C(AP ) = T (AP ) = AT (P ) = ACP, where A ∈ F (X) and P is arbitrary one-dimensional

projection. We have therefore [A, C] P = 0. Since P is arbitrary one-dimensional projection it

follows that [A, C] = 0 for any A ∈ F (X). Using closed graph theorem one can easily prove that C

is continuous. Since C commutes with all operators from F (X) one can conclude that Cx = λx

holds for any x ∈ X and some λ ∈ F , which gives together with the relation (17) that T is of the

form

T (A) = λA (19)

for any A ∈ F (X) and some λ ∈ F. It remains to prove that the above relation holds on A(X) as

well. Let us introduce T1 : A(X) → L(X) by T1(A) = λA and consider T0 = T −T1. The mapping

T0 is, obviously, additive and satisfies the relation (2). Besides, T0 vanishes on F (X). It is our aim

to prove that T0 vanishes on A(X) as well. Let A ∈ A(X), let P be an one-dimensional projection

and S = A+PAP −(AP +PA). Note that S can be written in the form S = (I−P )A(I−P ), where

I denotes the identity operator on X, Since, obviously, S − A ∈ F (X), we have T0(S) = T0(A).

Besides, SP = PS = 0. We have therefore the relation

(n + 1)T0(A
nm+1) = T0(A)Anm + AmT0(A)A(n−1)m + ... + AnmT0(A), (20)

for all A ∈ A(X). Applying the above relation we obtain

T0(S)Snm + SmT0(S)S(n−1)m + ... + SnmT0(S) = (n + 1)T0(S
nm+1) =

(n + 1)T0(S
nm + P ) = (n + 1)T0((S + P )nm+1) =

T0(S + P )(S + P )nm + (S + P )mT0(S + P )(S + P )(n−1)m + ...+

(S + P )(n−1)mT0(S)(S + P )m + (S + P )nmT0(S + P ) = T0(S)Snm+

SmT0(S)S(n−1)m + ... + SnmT0(S) + T0(S)P + SmT0(S)P+

PT0(S)S(n−1)m + ... + S(n−1)mT0(S)P+

PT0(S)Sm + PT0(S) + (n − 1)PT0(S)P.
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We have therefore

T0(A)P + SmT0(A)P + PT0(A)S(n−1)m + ... + S(n−1)mT0(A)P+

PT0(A)Sm + PT0(A) + (n − 1)PT0(A)P = 0. (21)

Multiplying the above relation from both sides by P we obtain

PT0(A)P = 0. (22)

Now right multiplication of the relation (21) by P gives because of (22)

T0(A)P + SmT0(A)P + ... + S(n−1)mT0(A)P = 0. (23)

Replacing A by 2A, 3A, . . . , nA in turn in the equation (23), and expressing the resulting

system of n homogeneous equations of variables T0(A)P, SimT0(A)P , i = 1, 2, ..., n−1, we see that

the coefficient matrix of the system is a matrix of the form















1 1 · · · 1

1 2m · · · 2(n−1)m

...
...

...
...

1 nm · · · n(n−1)m















.

Since the determinant of the matrix is different from zero, it follows that the system has

only the trivial solution. We have therefore T0(A)P = 0. Since P is an arbitrary one-dimensional

projection, one can conclude that T0(A) = 0, for any A ∈ A(X), which completes the proof of the

theorem.

It should be mentioned that in the proof of Theorem 2 we used some ideas similar to those

used by Molnár in [17]. Let us point out that in Theorem 2 we obtain as a result the continuity

of T under purely algebraic assumptions concerning T, which means that Theorem 2 might be of

some interest from the automatic continuity point of view.

Proof of Theorem 1. The proof goes through using the same arguments as in the proof of

Theorem in [17] with the exception that one has to use Theorem 2 instead of Lemma in [17].

We are ready for our last result.

THEOREM 3. Let n ≥ 1, m ≥ 1 be integers and let R be a 2, m, n, n + 1 and

((n − 1)m + 3)−torsion free semiprime ring with the identity element. Suppose that we have

an additive mapping T : R → R satisfying the relation (1) for all x ∈ R. In this case T is of the

form T (x) = ax, for all x ∈ R and some fixed element a ∈ Z(R).
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Proof. We have the relation (1). Using similar approach as in the proof of Theorem 2, with

the exception that we use the identity element e instead of a projection, we obtain from the above

relation

6(nm + 1)T
(

x2
)

= 6 (T (x)x + xT (x))+

((2n + 1)m − 3)
(

x2a + ax2
)

+ 2 (n − 1)mxax, x ∈ R (24)

and

2T (x) = xa + ax, x ∈ R, (25)

where a stands for T (e). In the procedure mentioned above we used the fact that R is m, n and

n + 1-torsion free.

The substitution x2 for x in (25)gives

2T
(

x2
)

= x2a + ax2, x ∈ R. (26)

Multiplying the relation (25) first from the right side then from the left side by x we obtain

2T (x) x = xax + ax2, x ∈ R (27)

and

2xT (x) = x2a + xax, x ∈ R. (28)

Using (26), (27) and (28) in the relation (24)and applying the fact that R is (n− 1)m + 3−torsion

free we obtain after some calculation

x2a + ax2 − 2xax = 0, x ∈ R,

which can be written in the form

[[a, x] , x] = 0, x ∈ R. (29)

Putting x + y for x in the above relation we obtain

[[a, x] , y] + [[a, y] , x] = 0, x, y ∈ R. (30)

The substitution xy for y in relation (30) gives because of (29) and (30)

0 = [[a, x] , xy] + [[a, xy] , x] =

= [[a, x] , x] y + x [[a, x] , y] + [[a, x] y + x [a, y] , x] =

= x [[a, x] , y] + [[a, x] , x] y + [a, x] [y, x] + x [[a, y] , x] = [a, x] [y, x] , x, y ∈ R.

Thus we have

[a, x] [y, x] = 0, x, y ∈ R.
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The substitution ya for y in the above relation gives [a, x] y [a, x] = 0, for all pairs x, y ∈ R.

Let us point out that so far we have not used the assumption that R is semiprime. Since R is

semiprime, it follows from the last relation that [a, x] = 0, for all x ∈ R. In other words, a ∈ Z (R) ,

which reduces the relation (25) to T (x) = ax, x ∈ R, since R is 2−torsion free. The proof of the

theorem is complete.

Received: May 2008. Revised: August 2008.

References

[1] C.A. Akemann, G.K. Pedersen and J. Tomiyama, Multipliers of C∗−algebras, J. Funct.
Anal., 13(1973), 277–301.

[2] W. Ambrose, Structure theorems for a special class of Banach algebras, Trans. Amer. Math.
Soc., 57(1945), 364–386.

[3] K.I. Beidar, W.S. Martindale III and A.V. Mikhalev, Rings with generalized identi-
ties, Marcel Dekker, Inc., New York, 1996.
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