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ABSTRACT

Partial fraction decomposition method is applied to evaluate a general determinant of
shifted factorial fractions, which contains several Gaussian binomial determinant iden-
tities.
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RESUMEN

El método de descomposicion en fraccion parciales aplicado para evaluar un determinante
general de fracciones factoriales trasladadas, la cual contiene varias identidades determi-
nante binomial Gaussiano.

Key words and phrases: The Cauchy double alternant, Partial fractions, g-Binomial coeffi-
cients.

Math. Subj. Class.: 15A15, 11C20.

Binomial determinant evaluation plays an important role in combinatorial enumeration,
particularly in plane partitions. This paper will establish a very general determinant identity
through partial fraction decomposition method. It will be shown to be useful in g-binomial
determinant evaluations with several interesting known and new formulae being exemplified.

1 Partial Fraction Decomposition

For two sequences {ay,Yr}r>0, define the generalized shifted factorials by

n-1

(xla)g=1 and (x|a),= n(l—xak) with neN, (1a)
k=0
n—1

(yly)o=1 and (ylpn=][@-yyr) with neN. (1b)
k=0

When a;, =y = g* for k € Ny, they will reduce to the usual shifted factorials
(x;@)0=1 and (x;9), =(1-x)(1—qx)---(1-¢" 'x) with neN. 2)

For the triangular matrix given by a=[a;;lo<i<j<c0, denote its j-th column by a; =(ag;, a1}, ag;,
-+, aj;). Then the main result may be stated as follows.

Theorem 1 (Generalized Cauchy determinant). Let {x;},_, be distinct complex numbers.
Then there holds the following determinant identity:

(x;laj); [Mo<i<j<n(xi —x;Xaij —v;)
-e- [ . . ] = n
0=i,j=n L(x;ly)j+1 [Tk IYIn+1

The very special case of this theorem with «;; = y; for i, € Ng results in the celebrated
Cauchy’s double alternant (cf. [6, 7]):

1 ] _ H05i<jsn(xi_xj)(7’i_7’j)' )

det
o<, j<n(1=2;7;)

O<ij=nl1l—x;y;
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Proof. Expanding the rational function in partial fractions, we have

1 .
ilap); T A-xa;) L wyy

(ilp)jen [T _y (L= x;7) S isol-xine

where the connected coefficients are determined by the following limit relation

-1
. (ilay); T (@ —vz)
Wgj = hIIl1 (1—xl-yk)( 'l )j' J = jl 0 .
xi— xilY)j+1 T, (e = 12)
This leads us to the following determinant factorization
(xilaj); 1

x det [wpj].

e [ = det [
0<i,j<n (xily)j+1 0<i,k=<n 1—xl-yk O<k,j<n

For the matrix [wy, j] is upper triangular, its determinant is equal to the product of its

0<k,j<n
diagonal entries:

det [wp)] = [wy = [] 21,
O<k,j<n 7=0 o<i<jsn Yi~Yj

While the first determinant can be evaluated by Cauchy’s double alternant (2). Their combi-
nation yields the determinant identity stated in Theorem 1. O

Shifting the y-parameters by y;, — yr-1, we may state the determinant identity in Theo-
rem 1 in the following more convenient form.

Proposition 2 (Determinant identity). Let {x;};_, be distinct complex numbers. Then there
holds the following determinant identity:

. (xi|06j)j] _ Mosicjsn(xi —x)@ij —yj-1)
osi,jsn b (xily); =0Xk1)n

Letting a;; = ply i and yp = g" further in Proposition 2, we have the identity.

Corollary 3 (Bibasic determinant evaluation formula).

(xiyj;p)j n+l1 n 1-k :
det [SEPU] 20 [T Gy-xn [ (@' Fyipe
0<i,j<n (DCiQQ)j 0<i<j<n =0 (xk;q)n

From this corollary, we can derive numerous g-binomial determinant identities.

2 g-Binomial Determinant Identities

Define the Gaussian binomial coefficients by

=————— where neNyg and xeC.

n (g;9n

Applying Corollary 3, we show now ten classes of g-binomial determinant identities.
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2.1 Expressing the g-binomial coefficient in terms of shifted factorials

Xi—Jj| _ _aj|Xi (@2 %i;9);
A A (¢ %)
we derive the corresponding determinant formula
X, —J ) . i
d'.e't [ 1 .] ] — H (q_XJ _q—Xl)(l_q1+A+l—])
osijsnl| A Osi<jsn
n+ n+ —1
x g2(5DAC) n x| [n-1-X,
(GRS | A n

2.2 Rewriting the g-binomial coefficient in terms of shifted factorials

A
Xi—j

we get the corresponding determinant identity

A
X;

(q%i;9);

— (_1)] _(é)"'in
q (q1+A—X,-;q)j

det g% ] = [l @*-q*na-g )
0<i,j<n X, —J Osigsn
q("§1)+(1+A)(";1) n[Al[A+n-X, -t
N AR .
(GOr™t oo | Xk n

2.3 Reformulating the g-binomial coefficient in terms of shifted factorials

A+Xi—j
Xi—J

A+Xi
A

(g%i;9);
(g4 %Xi;q);

—Aj

we obtain the following determinant evaluation formula

det

0<i,j<n

A+XifJ _ 1—[ (q—Xj_q—Xi)(l_q1+A+i—j)
Xi—Jj 0<i<j=n

q2(n§1)_2A(n§1) n A +Xk

X

[—1—A+n—Xk]_1

(GOR 0| A n
2.4 Applying the g-binomial relation
A 1A (ql—A+X,-;q)j

(4a)

(4b)

(5a)

(5b)

(6a)

(6b)
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we find the corresponding determinant formula
det [ itJ H (qX‘] _qu )(1 _q1+A+l—]) (7a)
0<i,j=n O<i<j<n
q2(n§1)+(1—A)(n§1) n X, | Xp-A+n - (7h)
« -
(Gor™t ol A n
2.5 Observing the g-binomial relation
. —A+Xi . .
A |- Cyquxorg| A4 59
Xi+j Xi| (g %i;q);
we recover the determinant identity due to Carlitz [4] (cf. Chu [5] also)
det |g/%i 1| = (@ - ¥ -g A7) (8a)
0<i,j<n Xi+j Osi<l_£'sn
q(n§1)+(1+A)(n;1) n [AllXL+n B (8b)
(GOF o[ Xr]| n
2.6 By invoking the g-binomial relation
A+X;i+j|  [A+X;] (@A)
Xi+j A | (@),
we recover another determinant identity due to Carlitz [4] (see Menon [9] also)
A+X;+] X, X 1+A+i—j
det . (@ —g?)(1—g T4T) (92)
0<i,j<n Xi+jJ Osi<l_£'sn
gD ) m A+ X, ] [Xp+n] (9b)
x 2 "
(GO p=0| A n
which reduces, for ¢ — 1, to the binomial determinant of Ostrowski [10].
Furthermore for § = 0,1, we can show the following determinant identity
) _ (1+n)(L+n+8)+2X" X, n(n+1)(1+2n+65)/6
et [09) @] = @0 g (102)
2 (4;42)142(0:4%)s+ X, _ _
% 5 ; +Xp H (qQXl _q2X]) (10b)
k=0 (g%;q )1+6+Xk+n 0<i<j<n
where the g-Catalan numbers due to Andrews [2] has been slightly extended by
29)1+0+2n  5+2n 1-
COq):= 22 2 (11)

1-g2+20+2nl I(=q;@)n(~q;Qs4n
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When x;, =k + ¢, we get the following Hankel determinant identity

det

0<i,j<n

Cgi)1+[(q)] — (zq)(1+n)(1+5+2n+2€)qn(n+1)(4n+6[+65—1)/6 (12a)

ﬁ (@D 1+26(q39D 51840

(12b)
k=0 (q2§q2)1+6+k+n+[

Letting § = 0 and ¢ — 1, we recover further the related results [1, 8, 11] on the classical

Catalan numbers C,, = ﬁ (2:):
det Ci+j] =1, det Ci+j+1] =1, det |Ciyjs2|=n+2. (13)
0<i,j<n 0<i,j<n 0<i,j<n

2.7 By means of the g-binomial relation

Xi+Yj !

J

A+Xi
J

-X;-Y;. R
_ q(Yj_A)j(q 759);
(g A~ %Xi;q);

we get the following determinant identity

X;+Y;|[A+X; -1 q2("§1)—ZZ=O(ZkA+nXk—kYk)
det . . = % (14a)
0<i,j<n J J (Q;Q)z-ﬂ szo [n— _n - k]
x l_[ (le _ qu )(1 _ q1+A—Yj+i—j). (14b)
O<i<j<n
2.8 In view of the g-binomial relation
. -1 LY
Xi+Y;+j| | Xi+Y; _ (q1+Xl+YJ§Q)j
Y; Y; (g1*%i;q);
we obtain the corresponding determinant formula
-1 n+ n+ -
det [[XitYiti||Xi+Y; ] P3N n (X (15a)
e = — a
0<i,j<n Y; Y; (@Rt k20| 7
< 1 @ -g%Ha-qg™¥itim, (15b)
O<i<j<n
2.9 According to the g-binomial relation
-1 Y
A+X;+Y | [Xi+j] 0 (@A),
J J (g1*%isq);
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2,3 (2 )

we derive the corresponding determinant identity

A+X+ Y] (X447 @O 2 (X en]”
det : , = (16a)
0<i,j=n J J (@™ k=o| 7
x H (qXJ _qu )(1_q1+A+Yj+i—2j). (16b)
0<i<j<n
2.10 Similarly, the g-binomial relation
J n-j i n (@A %),
leads us to the following binomial determinant evaluation formulae
det [[X +Y A+X —j]] 1—[ (q %7 — g Xiy(1 - g1HA+I=I~Y)) (17a)
0<i,j<n 0<i<j<n
n —1- A+X,
) qZh-ok1-24+Y)k IE[ [7)[A* %] ar
. +1 -1-A+n-Xp7’
CH =0 [0
det [[X +j] [A+X +Y; ]] X; _q—Xj)(l_q1+n—A—Yn_j+i—j) (18a)
0<i,j<n 0<l<]<n
2" o(k=1+A-20+Y, Dk n [n”n+Xk]
1 [T 5% (18b)
(g;:9)7 k=0 [, 0F]

where the last identity is derived from the first one under substitution j — n—j on the column
index.

3 Duplicate Determinant Identities
Performing the parameter replacements in Proposition 2
xp — axp-+clxp,

Yi — dyp/(l+acd®y?),

a;; — ba;/(1+ abzca?j);
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and then applying factorizations

xi—x; — (x;—xj)a—clx;x;),
(ba;j —dyr)1l—abcda;;y)
(1+abZca? ) (1+acd?yy)
(1-adyrxi)(1—cdyr/x;)
1+acd?y}

®ij —Yr —

1-xive —

>

(1-abxpa;;)1-bdea;;/xy) )

l-xpa;; — >

1+abZca?,
J
we find the following duplicate determinant identity.

Proposition 4. Let {x;};_, be distinct complex numbers. Then there holds the following de-
terminant identity:

(abxilaj)j(bc/xilaj)j

e = (bajj—dyj_1)1—abeda;iiyi-1)
0<i,j<n (adxl-ly)j(cd/xily)j ] Oiig'sn ij Yi-1 ijYj-1
H05i<jsn(xi —x;a—clxix;)

I} _o(adxg 1 Y)n(cd/ap V)

This identity contains the following three determinant evaluations.

Corollary 5 (¢ =b =1 and y; — 0 in Proposition 4).

d.e.tn[(xl'|aj)j(0/xi|aj)j]: I1 {aij(xi_xj)(l_C/xixj)}'

0<i,j= 0<i<j<n

Corollary 6 (d =1 and «a;; — 0 in Proposition 4).

= Hyg—l'

1 ] _ H05i<j5n(xj—xi)(a—c/xixj) n
[T, _olaxpnlc/xrIV)n =1

det

0<i,j<n [(axily)j(c/xily)j
Putting a;; = ply ;and yg = ¢* in Proposition 4, we find the following determinant eval-

uation formula of factorial fractions with two different bases.

Corollary 7 (Bibasic determinant identity).

dot (abx;yj;p)j(beyjlxi;p);
osij=nl (adx;;q)i(cd/x;;q);

] = d(ngl) l_[ (xj—x;)a—clx;x;)

O<i<j<n

« 2T (q**byr/d; p)r(q* Tabedyr; Pl
A0 (adxp;q)n(cdixp;@n ’
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9
When p = g and y;, = 1, it reduces to the following determinant identity
(abx;;q)(be/xi;q); p("3h)
e i—xi)a—clxjx;) (19a)
0<i,j<n [ (adxi;q)j(cd/xi;q)j] 0<L<1_£<n / T
nily T . k-1 .
. g (d/b;@)e(q* "abed; @) (19b)

=0 (adxp;@nlcd/xg;q)n

The determinant evaluation formulae established in this section contain numerous ¢-binomial

determinant identities as special cases, which will be illustrated by the following five exam-

ples.

3.1 Expressing the g-binomial coefficients in terms of shifted factorials

A1[X; B c _p_ -
(KA [ e _ Ay [Xi-3-C) (A, (q_X’ A;q)j
BXAC X;,-A-C 1+X;-B-C— .
[f][ n_j] [F7A7F] (g "q)j(qg%i7B;q);
we establish from Corollary 7 the determinant evaluation formula
[Xi+A] [X B C
i —J i -1+C-X;-X;
oot [ ey o] = T @ - 2
J

n—j 0<l<]<n

B(”;l) n [n+A+B+C—k] [B—A] [Xk —B—C]

X
(q;q)ﬁﬂ Pt [Z] [an+B] [n—1+Bn+C—Xk] [Xk—;:x—c]

which contains, as special case, the following g-binomial determinant identity

[/1i+A][ ]

i (J 1—[ (M — gM)(1 = g1 MA

le - q"-q¢")1-¢q )
0<i,j<n [A’;TB] [’Z;‘ 0<i<jsn

n+l +A+B-k1[B-A1[Ak-B

SR S |

(g;9)7

n

3.2 Rewriting the g-binomial coefficients in terms of shifted factorials

[Xi*-'Yj][A—X‘ﬁ—YJ] X,-A-Y;. q)

;Q)j

2sv,-m) @ T 50);(g
(g%i=B;q)(g%i

W X;~A-B.

we recover from Corollary 7 the determinant identity due to Joris Van Jeugt

Xi+Yj11A-X;+Y,
[ ’]
J J
2] [Mijz]

det

0<i,j<n

1_[ (q _qu)(l_qA—Xi—Xj)

0<l<]<n

kY n [1+A+E]i+Yk_k] [B—kYk]
IS 55

q
x +1
(@R =0

)n+1 =0 [Z] [Ak+B] [n—1+f—/1k] [/Uen—A] '

(20a)

(20Db)

(21a)

(21b)

(22a)

(22b)
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This identity can further be specialized to the g-binomial determinant evaluation

[T @ -g)a-qg4) (23a)

O<i<j<n

[A+/ll+j] [A /11+j] ]

0<i,j<n W
qZLOk(AHe) n [1+12+B] [B—A—k]

R

(q; !

3.3 Reformulating the g-binomial coefficients in terms of shifted factorials

Xi+Y;+j A+2C+2j
v sl (c-vp; L 2C-2Y; ] @ 5q), (g4 ),
X;+Y; X;+C+j 1 A+2C1[C+X; 1+X;+C. A-X;+C. ).
[X,-—Yj—JA] [Xi—A—CJ—j] A+2Y][A+zc (q s9)i(q 1),
we derive from Corollary 7 the following determinant formula
[ Xi+Y;+j ]
Xi—Y;-A-j X; A-1-X;-X;
det ! — | = H(1- T4 24
Osi,ejsn [ X;+Y; ][ X;+C+j ] 0<E<n(q q )( q ) ( a)
Xi—Yj—A Xi—A—C—j Si<J=
n+2y_ (n+1 n A+2C+2k1[Y,~C1[-k—A—-C-Y,
2( 3 )+ NC-A)+nYy_ (X n [ 22'_2},6 ][ kk ” A k]
x A+2C+2 n+lropn+l H n11A+2C 11 Xp+C+n (24b)
(G 4 I e R 2 [k][A+2Yk][A+ZC+2n]
which reduces, for X; = bi and Y; =0, to the g-binomial determinant identity:
bi+j|[bite+s]"
d_e_t [ J J ] — l_[ (q—bl _q—bj)(l _q1+bl+bj) (253)
0=i,j<n 2j 2¢+2j 0<i<j<n
ZZ_Ok(nb+C+k) n 2c+2k][ ][—k—c
x n+l 2c+2n n+l 2n n+l H bk+c+nk ' (25b)
(g;9)% [ ] [ k= [k] 2¢+2n
3.4 According to Corollary 6, the g-binomial relation
ix, | XivA-j]  c1g®A(g9)x .4 1
q’ . = X
Xi+j (;9x,(q;9)a—2j (q1*Xi;q)i(g~AXisq);
yields the determinant evaluation formula
x | Xi+A—J ) ) e
d.e.t qJX; i . J ] _ l—[ (q_X’ —q_XJ)(l—q1+A+X’+XJ) (26a)
0<i,j<n Xi+]J 0<i<j<n
n +A-— nXp,
y H Xk A-n - ;] . (26b)
reo| Xetno |(@HA72rq)y,
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2,3 (2 )

In particular for X; = ¢ + bi, it becomes the g-binomial determinant identity

Na+bi—i . . o
det bij| @ l J 1—[ (q—bz _q—b])(l_q1+a+c+bz+b]) (27a)
0<i,j<n c+bi +J O<i<j<n
TR .
% qnb("Zl) l—[ (@;Q)a+bk—n (27b)

220 (@G Da-c—20(q; Qe rbhin

which is the g-analogue of the determinant evaluated by Amdeberhan and Zeilberger [3,
Eq2].

3.5 In view of Corollary 5, the g-binomial relation

Xi+Y;+j |[Xi-Y;+A (~1) gAY~

—jX; _ x ( 1+X;+Y5. . Yi—Xi-A. y.
: = q :9)j(q 3q)
Xi-Y;j+A-j|| Xi+Y; (@:9)2v;-4+2j(q;9)A-2y; ! !
leads to the following determinant evaluation
x| Xi+Y;+j Xi-Y;+A
det |qXi| SITHTS |T (28a)
0<i,j<n X, -Y;+A-j Xi+Y;
_ Mosicjzn(@™X - g 001 - g4 X% (28b)
[1;-0(2: @) a-2v,(q5Q)2y, -A+2k '
In particular for X; =a +bi and Y; =0, the last identity gives
. ~bj _ _—bi 1 bi+bj
deot “bij a+b1:+]' _ H05i<jsn(q J_q l)(l_q +a+c+bi+ J) 29)
0=i,j=n c+bi—j 17 _ (@ % @) o (q5 @Qa—cr2n

which results in the g-analogue of the binomial determinant identity due to Amdeberhan and
Zeilberger [3, Eq 1].

a+bi

Similarly, letting x; = ¢ and a;; = g%~ we find from Corollary 5 another determi-

nant identity

det a+bz'+dj [C—bl'+d] q(é)] (308)
0<i,j<n J J
n qk(c+dk) . . Lo
— l_[ (q—bl _q—bj)(l_qa—c+bz+b]) (30b)

)2
k=0 (q:q)k 0<i<jsn

which is the g-analogue of the result in Amdeberhan and Zeilberger [3, Eq 14]. The list of
examples can be endless. However, we are not going further to prolong it due to the space
limitation.
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ABSTRACT

In this work, we present a interesting family of stationary solutions for the Euler equations,
which behaves in the same way that the approximated solutions presented in [6].

RESUMEN

En este trabajo, presentamos una familia interesante de soluciones estacionarias para las

ecuaciones de Euler, que se comportan de la misma manera que las soluciones aproximadas
presentadas en [6].
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1 Introduction

An ideal incompressible fluid moving inside D < R” is classically described by a velocity field
u(t,x) and a pressure field p(¢,x), subject to the classical Euler equations:

{ oiu+w-Vu+Vp=0 (1.1)

V-u=0,
with the boundary condition that u is tangent to 0D.

In classical continuous mechanics [1], the motion of an incompressible inviscid fluid in a
compact domain D c R" can be seen as a geodesic on the group of all diffeomorphisms of D
with unit jacobian determinant, G(D). This set is included in S(D) the semigroup of all Borel
maps A& of D that satisfy

/ f(h(x)dx = / feodx, VfeCD).
D D

For more details see [1], [2] or [6].
We will denote

V.= {u:[O,T]xD—>R” such that uECO(Q), u(t,")€e Lip(D)
uniformly in 0<¢<7,divu=0, u(t,)-| =o}.
[

Note that the flow (¢,x) — g(¢,x) describing the motion of fluid particles is defined by

{ 0:8(t,x) = u(t, g(t,x)) .

2(0,x) =x.

By Cauchy-Lipschitz theorem, for each u € V, there is a unique solution to (1.2) and
for each time ¢ the map g(¢,x) = g(¢,-) € G(D). Then, by elementary calculations, the Euler
equations can be replaced by the following equivalent equations:

{ R (1.3)

detD,g(t,x)=1.
Lets call (1.3) by the “Lagrangian formulation” of the Euler equations.

From a geometrical point of view, different from the natural PDE point of view which
consists in adressing the Euler equations as an evolution equation with prescribed initial
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velocity field, it is natural to solve the problem to minimize the action

1 /T
A(g)=—/ /Iatg(t,x)Idedt,
2 /o Jp

among all trajectories on G(D) connecting g(0,-) = Id and g(T,-) =h.

The corresponding system of PDE’s is the lagrangian formulation of the Euler equations
(1.3).

Ebin and Marsden showed local existence and uniqueness for this problem, namely, if A
and I are sufficiently close in a sufficiently high order Sobolev norm, then there is a unique
geodesic connecting Id to h, see [9]. In the large, uniqueness can fail. However, in [12], A. 1.
Shnirelman shows that existence of minimal geodesics may fail to a class of data.

To solve the problem to find minimal geodesics in a generalized sense, in particular for
data A2 in Shnirelman class, was introduced suitable “Young measure", (see [15] and [18])
of different ways as in [4], [6], [12] and [13]. In [4], was used a concept that takes into
account the dynamics of the particles. To each path ¢ € [0,T] — z(¢) € D, one associates
the probability that it is followed by some material particle. More precisely, was proposed a

0,71 of all curves

notion of the generalized flow, as been a probability measure on set Q =D
t€[0,T1 — z(t) € D, namely, a Borel probability measure , on product space Q = DI such

that each projection y; for 0 <¢ < T is a Lebesgue measure on D. The action in this context is

Ty,
/ / ~lz ()P du2)dt.
alo 2

Brenier showed the existence of generalized solutions and, later in [5], the existence and

express by

uniqueness of the pressure gradient linked to them through a suitable Poisson equation, but
did not obtain for them a complete set of equations beyond the classical Euler equations.
However, in [6] it was possible. The problem to find minimal geodesics was reformulated in
terms of a pair of measures associated to the field u, solution of the Euler equations, in the
following way: Given a smooth trajectory ¢ € [0,T]— g(¢t,x) € G(D), we define the measures
(respectively nonnegative and vector-valued)

c(t,x,a)=6(x—g(t,a)), m(t,x,a)=0;8(t,a)0(x—g(t,a)), (1.4)
defined on Q’ =[0,T1x D x D. These measures satisfy
/ c(t,x,a)da =1, (1.5)
D

0;c+Vy-m=0, (1.6)

c(0,x,a)=0(x—a); c(T,x,a)=06(x—h(a)). 1.7
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Moreover, the measure m is absolutely continuous with respect to ¢, with a density v €
L2(Q,,dc), so that m = cv, and the action is given by

1 /1
Ag) == / / lv(t,x,a)%c(t,x,a)dxda,
2Jo Jp
or equivalently, A(g) = Kl[c,m], where

Klc,m]:=sup{{c,F) + (m, D)}, (1.8)
X
where (¢, m) is of the form (1.4) and

X = {(F,cD) eC'@)x(C°@)"; Fit.xa)+ %|<I><t,x,a>|2 < o}.

Then, Brenier defined the relaxed problem, as the problem to look for pairs of measures
(¢,m) that minimize K[c,m] and are admissible in the sense of (1.5), (1.6) and (1.7), but do
not necessarily satisfy (1.4).

Also was showed that, for D =[0,1]" and each data h € S(D), the relaxed problem always
has solutions (¢,m) and that there is a unique locally bounded measure V,p in the interior of
@ =[0,T1x D, depending only A, such that

0¢(cv)+Vy(cv®v)+cVyip =0,

holds in the sense of distributions on the interior of @ , where c is a extension of ¢ for which
the product c(t,x,a)V,p(t,x) is well-defined. Moreover, was showed that for any A € S([0, 11%)
of the form

h(x1,x9,x3) = (H(x1,%2),%3),

that , for any € > 0, there is a u. € V such that

1
K(ue)+ -lgu (T,) = ko) < Le(h) +,

. 1 2
where I.(h) = yelg{K(uH E“gu(T, ~)—h||L2(D,} and

1 T 9 1 (T 9
k(ug) = —/ / lue(t,x)|"dxdt = —/ / |0:g:(t,x)|"dxdt = A(g,).
2Jo Jp 2Jo Jp

In addition, the measures (c¢,m.) associated with u., through (1.4), converge, as € — 0
to the generalized solutions of the relaxed problem. Moreover, the fields u . satisfy

Viug=0, Oiue+ue-V)ug——Vp,
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weakly, as € tends to zero. As observed in [6], with each solution (¢,m) we may associated a
measure-valued solution g, in the sense of DiPerna and Majda, by setting

/ f(t,x,f)du(t,x,cf):/ f(t,x,v(t,x,a)dc(t,x,a),
QxRd Q'

for any continuous function f € @ x R? with at most quadratic growth as & — co. For more
details, see [6] and [7].

In [4], Brenier shows explicit examples of non trivial generalized solutions. A typical
example is when D is the unit disk in 2D and A(x) = —x. We know that the problem of the

imt —imt

minimal action has two trivial solutions g.(¢,x) =e x with the same

7.[2|x|2

x and g_(t,x)=e
pressure field p(x) =

. We have another (generalized) solution (¢, m) to the same problem
which is given by

1
/f(t,x,a)c(t,x,a)dtdxdaz/ /f(t,G(t,a,H),a)detda,
Q' [0,11xD Jo

1
/f(t,x,a)m(t,x,a)dtdxda:/ /OtG(t,a,B)f(t,G(t,a,H),a)dBdtda,
Q [0,11xD J 0

for all continuous function f, where
1.
G(t,0,a) = acos(nt) + (1-|al?)? %™ sin(xt) € D.

1
Note that each particle initially located at a € D splits up along a circle of radius (1-|al?)2
sin(xt), with center acos(rt), that moves across the unit disk and shrinks down to the point
—a when t=1.

In general, is very difficult to obtain explicit examples of non trivial generalized solu-
tions and the explicit examples constructed by Brenier, are based on the model presented in
[4], which takes in account a concept purely Lagrangian of Young measures, the so-called
generalized flows. Beyond supplying an application of the model developed in [6], the results
of this paper give an interesting information for the limit of a sequence of the stationary so-
lutions, showing that they are associated with measures that satisfy the Euler equations in
a specified weak sense. For another point of view, the results of the paper give example of
as a sequence of highly oscillatory solutions still can have a limit that is solution in some
sense. Namely, we exhibited a family u, (which behavior as the“approximated solutions" ar-
gued above) such that when ¢ — 0, the velocity field gets more and more oscillatory, but the
measures (cg,m.) associated to the field u, converges to a solution (c,m) of the equations

/ c(t,x,a)da=1, 0;c+V,-m=0,
D



18 Juliana C. Precioso

and
0¢(cv)+ Vy(cv®v)+cVyp =0.

Equivalent vector fields to those ones treaties in this work have been studied as appli-
cation of high order essentially no oscillatory (ENO) schemes for smooth solutions of Navier-
Stokes and Euler equations, (see [14]), in problems involving the Taylor-Green vortex, (see
[8], [3] and [10]) and to explore a discrete singular convolution algorithm (DSC) for solving
certain mechanics problems, (see [16] and [17]).

2 A Family of (Stationary) Solutions

In this work we consider the following family of stationary solutions to the Euler equations:

unp(x,y)= (— cos(x)sin(ny), % sin(x)cos(ny), 0) s

1 1
pnlx,y)=—-— (cos(2x) +— cos(Zny)) .
4 n2
Note that, |Dp,(x,y)] < C, and when n goes to infinity the pressure field strongly con-
verges to p(x,y) = ~1 cos(2x). Then, is easy verify that (v, -V)u, + Vp — 0, when n — co.
For a moment, let us observe the behavior of family u,. For n = 1 we have,
u1(x,y) = (—cos(x)sin(y), sin(x) cos(y), 0)
and

{ % = —cos(x)sin(y) (2.1)

y = sin(x) cos(y).
Then, we have (x,y) =(0,0) & (x,y) = ((Zk + l)g,(Zl + l)g) or (km,lm), where k,l € Z, (see
Figure 1).
. b4 b4 Im
For n = 2 we have, (%, 7) = (0,0) < (x,y) = ((2k +Dg, @1+ 1)2) or (kn, 3), where ,1 € Z,
(see Figure 2).
o T b4 In
Thus, for n we have, (x,y) = (0,0) & (x,y) = ((2k + 1)5,(21 + 1)2—) or (kn,—), where
n n
k,leZ.

Note that, when n — oo the velocity field gets more and more oscillatory. In the next sec-
tion we will show that the measures (c,,m,) defined by c,(¢,x,a) =6 (x — gy, (t,@)), mny(t,x,a) =
un(t,x)0(x — gy, (¢,a)) converges to the solution (¢, m) of the equations:

/ c(t,x,a)da =1, (2.2)
D
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Figure 1: Phase portrait of the velocity field u1(x,y)

By the consistency theorem in [6], or its generalization for variable density in [11], we

Figure 2: Phase portrait of the velocity field ua(x,y)
know that if u, is a solution of the Euler equations, then the pair of the measures (c,,m,)

defined as below satisfy the equations (2.2), (2.3), (2.4).
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3 The Limite (c,m)
In this section we build explicitly the limite (c,m). For this, in first we rewrite the field

up(x,y)= (— cos(x)sin(ny), % sin(x)cos(ny), 0)
as 1
un(x,y) = (u%(x,ny), ;uﬁ(x,ny),()),

where
u%(x,ny)z—cos(x)sin(ny) and u%(x,ny)zsin(x)cos(ny).

Of here in ahead, we will omit third coordinate of the fields u/ns. We also observe that the

field has period 27. Now, we define
x=x(t,y,6)
y=y(t,7,0)

the solution of

X ul(x,y) = cos(x)sin(y)

dt
Y _ 9 — o
== ui(x,y) = sin(x)cos(y) (3.1)
x(0,y,6) =y
y(07Y’6) = 6

27 2r
LetbeO0O<i<sn-1,0<aj<2n,and — <ag < — (i +1), where i, n € N. This is:
n n

e forn=1,:i=0and we have 0 < ag < 27.
e forn=2,0<i<1and we have

{ O<sag<m, if i=0

T<ag<2m, if i=1.

e forn=Fk, 0<i<k-1and we have

2
0504257”, ifi=0
27‘[< <4n o1
_ ag < I 1=
TR

om(k—1)

A <ag<2m if i=(k-1).
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27 2T 21
270 (k-1)
k
a?
o

2 T T

LF
2n
k

0 (x1 2T 0 oy 2T 0 oy 2T
n=1 n=2 n=k
Figure 3:

Then, i counts the cells (in the vertical line) from 0 to 27 for each n, as we can observe in
Figure 3.

Now, we define

; 2mi
xn(t,al,ag) =x|t,a1,n|ag — 7

. oni)\  2mi (3.2)
vt ar,a2):=—y|t,ar,n|ag— —
n n

n

Note that, by the definition above

e for n =1, we have i =0, thus

{ x(t, a1, a9) = x(t, a1, a9),

¥t a1, a9) := y(t, a1, az).
e for n =2, we have 0 <i <1, thus

x)(t,a1,a2) = x(t,a1,2a3)
0 1 ,if i=0
Yo(t, a1, a2) = §y(t,a1,2az)

and
xa(t, a1, a9) = x(t,a1,2(ag — 7))

) 1 if i=1.
Yot a1, a2) = Ey(t,a1,2(az -+
e forn=k,wehave 0<i<k -1, thus
xg(t,al,az)::x(t,al,kag)
,if i=0,

1
y,?(t,al,ag) = Ey(t,al,kaz)
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2k -1
xi_l(t, a1, a9):=x (t, ai,k (a2 - %))
yEN¢ a1, az) Jif i=k—1.
2k - 1)71)) N 2k -1)n
k k

1
= Ey (t,al,k (az

. 2ni . 2n(i+1
Then, we conclude that 0 < x}, <27, — <y}, < 2+ 1) and
n n

. omi
xZ(O,al,Olz):x(O,al,n (az - TL) =a;

i 27 27
yn(O,al,ag):;y 0,a1,n 02—7 +7=6¥2-
Moreover, by (3.2) we have
dx}, dx 271
I (t,al,a2)=5 tay,nlag-——
y'i‘(t ai,as) = 1dy (t a n(a 2”i)) o
dt > 1,42 _ndt ’ 1 2 n
Therefore, by (3.1) and (3.3)
| e e |
= uql|x|t,a,n|as——||,y|t,a1,n|ag— —
ar 1 1 2= y 1 2= —
= ui(xfl(t,al,a2),ny,il(t,a1,a2)—Zﬂi)
= u%(xi(t,a1,az),nyfl(t,al,az))
= ui(xfl(t,oq,az),yfl(t,a:l,az)),
and
dy! 1 2ni 2mi
ﬂ _u%(x(t,al,n((h_ﬂ)),y(tyal,n(QZ_ﬂ)))
dt n n n
1 . .
= —u% (x;(t,ocl, ag),ny, (t, a1, as)— 27‘[i)
n
1 ) .
= ;u% (x;(t,al, ag),ny,‘l(t,al,ag))
= u% (xfl(t,al,az),y,il(t,al,ag)).
Now defining

it 2 < ,
n

{ xn(t,al,az)::xf,(t,al,az) 271 2n(i+1)
<@g ———

yult, a1, @) = yi(t,a1,as)
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we conclude that
dx
—:(t, a1, ag) = ui (xn(t, a1, a2), yu(t, a1,as))
Y
d_tn(t’ al, a2) = uyzl (xn(t> al? a2)’yn(t’ ala az)) (3.4)

xn(O, aly aZ) = al

yn(oaal?a2) =ag.

In the remain of the work, for simplicity, we will use the following notation: D; = (0,27)! =

(0,2m) x -+-x(0,2m), i times, where i =1,---,4. Now, we are ready to show the following result:

Theorem 3.1. Consider (x,,y,) solution of (3.4). Let

{ Cn(t,x,y,al, aZ) = 5((95,3’) _(xn(tyal; a2),yn(t,a1,a2)))
mn(tvx’yvala a2) = un(xyy)‘s((x:y)_(xn(t:al,QZ)yyn(t,al,a2)))-

Then,

1 T
{p,cn) — —/ / @(x(t,a1,B2),y,a1,7,t)dtdaid Body
21 D3 Jo

and {(p,mp) —
1 T 1
= / / Lt a1, Pa),y, an, v, DU (e, @, Bo), (6, ar, fo))dtdard fadly,
D3 Jo
whenever n — oo, for any ¢ € C3°(Dy4 % (0,T)) and ¢ € (CF (D4 x (0, T)))2.

Proof. Let p € C°(D4%(0,T)) and
cn(t,x,y,a1,a2) =0 ((x,y) — (xn, Yo )&, a1, a2))

then, we have

T
(p,cn) = //(p(xn(t,al,ag),yn(t,al,a2),a1,a2,t)dtda1da2
Dy JO

n-1 2@+l p2n T '
= Z / / / (p(x;(t,al,ag),yﬁl(t,al,ag),al,ag,t)dtdaldaz
i=0J 22 o Jo

n—l/er(i+1)/‘27‘[/‘T ( ( ( an))
= Z plx tya].’n az———11»
i=0J 2 0o Jo n

1

27 27
m)) + ﬂ,al,ag,t)dtdaldag
n

-) (t’ ai,n (052 -0
n n
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271 211
Now, make B2 =n ((Xz - —) nag —21i, namely, ag = @ + ——. Then, we have
n n n

n—-1 T .

1 211
Z/ / <P(x(t,0£1,,32),—y(t,al,ﬁ2)+—,
i=0J Dy n

B2 2mi )dtd a P2 d B2

al, =+t
n n

(@, cn)

A,+B,,

n-1 T M 2 2
=— (/ / (x(t ai, B2), 2mi al,ﬂ t)dtdaldﬁz) z
=0 Dy JO n
n 1 1
o= S
i=0 " JDy
211

o
—w(x(t,al,ﬁﬂ,ﬂ,m,—l,t” dtdaidps.
n n

where

and

271 271
(x(t,al,ﬁz), Wt s, B+ 2 ay, P24 —,t)
n n n

Note that, by Mean Value Theorem, we have

2 2
' (x(t a1, B), y(t al,ﬁz)"‘%al,&"‘%,t)_

271 0
_(p (x(t’al?ﬁz)v_ )‘ ‘__y(t a17a2)+ (p & =
n 0Bz n
(H ly(t, a1, a9)l H Iﬁzl)
0y |l 1oo(0,27)4x(0,T)) n 02 llLo0,2mtx1) T
21
< <— D¢l
( Haﬁz Loo) n ¢

Then, we obtain

” 1 1 21mi 271
[Bnl = (x(t az,Pe), y(t at,f2)+—, a1,'62 +—,t)
i= 0 n J/py n n
271 2
—(p(x(t,ahﬁz),ﬂ,a 2t )”dtdaldﬂ2
— 27 21
- ¥l 2L Dy o / / / dtdasdfs
i=o
2n 2 2
= —IID(PIILoo4n T——||D(P||L°°47T T
< 7 | Do ||z 47°T.

(3.5)
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Therefore, B,, — 0, when n — co.

Now, define the function ¥ by

T
W(Y):=/ / @(x(t,a1,B2),7,a1,y,t)dtda1d B
Dy Jo

thus, we rewrite (3.5) as

12l omiven 1
A =— it et
" 2ni;)w(n)n 21

”X‘:lw(Zﬂi) (27T(i+l) _ @)

r n n n

97
By this form, if y; = s then, {yo,y1,":*,yn} is a partition of the (0,27) and A,
n

n-1

oy w(yi) (yi+1—7vi) is a Riemann sum. Therefore,
T i=0

1 2n
An—o— | wndy,
2 0

when n — oco. Then, we conclude that

1 T
{p,cn) — —/ / o(x(t, a1, B2),y,a1,7,t)dtdard fady,
21 D3 Jo

when n — oo, for any ¢ € Cgo D4 x(0,17)).
Now, consider ¢ € (C* (D4 x (0,T))” and let

my, = up(x,y)0(x,y)—(x,(¢t, a1,a2), y,(t, a1,a2)))

1
= (u%(x’ ny), ;u%(xy ny)) 5((-”0,3’) - (xn(t5 ai, a2)>yn(t, ai, aZ))) .

Then, we obtain

T
(p,mp) //qb(xn(t,al,a2),yn(t,al,ocz),al,az,t)[u}(xn(t,al,aa),
Dy JO

1
nyn(t,a1,az)), ;u?(xn(t, ai1,a),nyn(t, a1, az))] dtdaidag

n-1 p2Z@+1) p2n T )
= ) / / / Py, (t, a1, a2), 5, (¢, a1, a9), a1, a2,t)
i=0J 2 0 0

. . 1 .
[u}(x,’l(t, ai,as),nyl(t, a1, as)), ;uﬁ(x;(t, ai,as),

nyl(t, a1, az))] dtdaidas,
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omi
and therefore, making 2 =n (ag - ﬂ) we have
n

ﬁg 2mi t)
n 2

n 1 i
(p,my) = / / (x(t a1, B2), y(t ay,ag)+ = a1, =
Doy n

ul(x(t a1,B2),y(t, al,ﬁg))dtdaldﬁ2+
2711 271
/ / 2()[) (x(t al’ﬁZ) y(t alya2)+_ a1, — :t)
Doy n n
ul(x(t,061,132),3’(1‘,al,ﬁz))dtdaldﬁ2
= Al+Bl+AZ21B2,

where,
1 n=l1 Tq 271 271
Al = - - 1( t; ) s T ) _’t)
n 21 i;) (/Dz/() n(p @1, P2) n
ud(a(t, a1, B), y(t, @1, fo)dtd s d )2
1 ” 1 2mi 2mi
A2 - / / o [stt,a1,p0, 20 a0, 22
2”” i=0 "/ Dg n n

w3 t, @, B), (¢, a1, Po)dtd ard )2

L n-1 T 1 21
B! = Z/ / —[ (x(t ai, PBe), y(t a1,B2)+—,
i=0/DyJo N n
2mi L2
a1,&+ﬂ,t)—(bl(x(t,al,ﬁz),ﬂ,al, m,t”
n n n n

ui(x(t, a1, B2), y(t, a1, f2))dtd ard b,

n-1 T . .
1 1 2mi 2mi
B?L = z / / _2 |:(p2 (x(t,alyﬁQ)’ _y(t’a17ﬁ2)+_’a17&+_’t)
i DyJo N n n n n

u?(x(t, a1, B2), y(t, a1, f2))dtd ard o,

271 271
—¢* (x(t,al,ﬁz), ﬂ,al, ﬂ,t)
n n

As we seen before, we conclude that

271 211
(x(t ai,f2), y(t a1, fo)+ —, 0(1,&+—,t)—
n n n

. 2L 271 21 .
_(/)l (x(t7a1’ﬁ2)7 Tralv T’t)’ = 7 ” D(/) ”Loo, 1= 172
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Thus, we have the estimate

271 21
IB,ILI < (x(t azi, P2), y(t (11,,32)+_l a1,ﬁ2 —l,t
= 0 n Dy n n n
27[1 1
—¢t|x(t, a1,,32) 1,7,15 lug(x(t, a1, B2), y(t, a1, Be))ldidaid e,
<

2
D¢~ 4n2Tc.
n

Therefore, B,ll — 0, when n — co. Now, we go to study the term B?L.

Bo 2mi

i
|B;21| < (x(t alvﬁQ) y(t a17ﬁ2)+ 17_+_’t
n n n

LOn Dy

-¢ (x(t al,ﬁz) ak al,%,t)

luf(x(t, a1, B2), y(t, a1, Ba2))ldtd ard fe
2n 9
= w2 | D¢l 4n“TC,

and, therefore, also B% — 0, when n — co.

Defining the function ¥ by

. T . .
w’(}f):=/ / G (x(t, a1, B2),y, a1, y, ui(x(t, a1, B2), y(¢, a1, B2))dtdard P,
Dy Jo

i =1,2, we obtain,

- wsr T

An = 2n;) n
o1 2n(i+1) 27
- 2_§ ( )( n n)

97
By this form, if y; = il then, {yo,Y1,"**,Yn} is a partition of the (0,27) and A} =
n

1 n—-1
oy Y vy (yi+1—7v:) is a Riemann sum. Therefore,
T i=0

1 21
A,ll ~ 2 wl(y)dy, whenn— oco.
TJo

For the last term, we have that
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= _Z‘/’2

1 nl (2ni)(27r(i+l) Zni)
2nn 5 ’

n n n

and therefore, A2 — 0, when n — co.
Then, we conclude that

((P,m,ﬂ -
1 T 1 1
% (p (x(t, ai, :62)’,)/, ai,y, t)ul(x(t’ al,ﬁz),y(t, ai, ﬁZ))dtdaldﬁQdY’
D3 JO
when n — oo, for any ¢ € (C° (D4 x (O,T)))z.
By the last theorem we can conclude that
1 T
(p,cn) — —/ / P(x(t, a1, P2), 7, a1,y,t)dtdard fody
21 D3 Jo
and (¢p,m,) —

1 T
%/ / oL (x(t, a1, B2), 7, a1,y, Dut(x(t, ar, B2), y(t, a1, B2))dtdard fady,
D3 Jo
whenever n — oo, for any

peCP Dy x(0,T)) and ¢ € (CF(Dyg x (0,T)))°.
Now, note that
T
27 {p,cn) ~/ / plx(t, a1, B2), v, 1,7, t)dtdard fody
D3 Jo

is equivalent to

2m T
/ ((P,Cn>dﬁ2 _’/ / (P(x(t,051:,32),%“h%t)dtdaldydﬁZ
0 D3 JO

and, therefore,

/27[
0

Then, we conclude that

T
((P,Cn>—/ / p(x(t, a1, B2),7,a1,7,)dtdai1dy | dfz — 0.
Dy Jo

T
<tp,cn>~/ / @(x(t,a1,B2),v,a1,7,t)dtdaidy.
Dy JO



A Family of Stationary Solutions ... 29

Of completely analogous way, we also conclude that

<¢7mn> -
T
//(Pl(x(t,al,ﬁz),y,al,%t)u}(x(t,al,ﬁz),y(t,al,ﬁz))dtdald%
D3 J0
Thus, the limite (¢,m) is given by

{ c(x,y,a1,as,t) =8 ((x,a) — (x(¢, a1, B2), ) 5.6

m(x,y, a1, az,t) =6 ((x, az) — (x(¢, a1, B2), ) (uilx, y(t, a1, f2)),0).

4 Solution to the Relaxed Euler Equations

In this section we will conclude our work showing that the pair (c,m), build in the before
section, satisfy the relaxed Euler equations.

Theorem 4.1. The pair of measures (c,m) defined in (3.6) satisfy the following equations
/ c(t,x,y,a1,a2)daidas =1, 0;,c+V-m=0, 0¢cv)+V-(cv®v)+cVp=0.
Dy

in the sense of distributions.

T T
(1,(:):/ / dtdaldagz/ / dtdxdy.
Dy JO Dy JO
Then, we obtain

T
//(/ c(t,x,y,al,ag)dalda2—1)dtdxdy=O
Dz 0 D2

and, therefore,/ c(t,x,y,a1,as)daidag = 1.
Dsy

Proof. Note that

Now, we will show that pair (¢,m) satisfy the equation d;c +V-m = 0. Consider ¢ €
C(D4x(0,7)), thus

(px,y,a1,a2,t),01c(t,x,y,a1,a2) + V(g y) - m(t,x,y,a1,2)) =

T
= —/ / 0rp(x(t, a1, B2),y,a1,y,t)dtdaidy
Do JO

T
—/ / 0xp(x(t, a1, B2), v, a1, v, hul (x(t, a1, B2), y(t, a1, fo)) dtdardy
Dy Jo
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T
= —/ / 0¢ (p(x(t, a1, Bo), y, a1, y, 1)) dtdardy
Do JO

= —/ (pa1,y,a1,y,T)—p(B2,y,a1,y,0))daidy =0.
Dy

Finally, we will show that the pair (¢, m) also satisfy the equation d;(cv)+V-(cv®v)+cVp =
0. First note that [div(y)(u® w)' = uidiv(x,y)u +u-V(x,y)ui =u -V(x,y)ui, because div(, ,yu = 0.
Let ¢ € (C3(Dy x (0,T)))°, then

(plx,y,a1,a2,1),0; (c(t,x,y,a1,a2)v (x, y, a1, @, 8)) +
+ (e, y, a1,a2,8), Vigy) - (clt,x, y, a1, a2)v(x, y, a1, a2,t) ® v(x, y, a1, a9, )
+ <(P1(x>y,a1:a2,t),c(x,y,a1>a2,t)axp(x>y)> =
T
=—/ / ul(x(t, a1, Be), y(t, a1, B2))d:p  (x(t, a1, B2), y,a1,y,)dtdardy
Dy JO
T 2
- / / [l (e, a1, o), y(t, a1, B2))) Oup (xlt, @1, B), . 1, y, Dl td s dy
Dy JO
T
+/ / 0. p(x(t, a1, Bo), ) (x(t, a1, B2), y, a1,y t)dtd ardy
Dy JO
T
_- / / W (x(t, ay, B), y(t, v, o)0; [ x(t, @y, B2), vy a1, v, D) didardy
Dy JO
T 2
" / / [ud(x(t, a1, o), y(t, a1, o)) Oup xlt, @1, B), v, a1, y, Dl td s dy
Dy JO
T 2
—/ / [ul(x(t, a1, Ba), ¥(t, a1, B2))] 0x (x(t, a1, B2), y,a1,y,)dtdardy
Dy JO
T
+/ / 0. p(x(t, a1, B2), V) (x(t, a1, f2), v, a1,y,)dtd ardy
Dy JO
T
=/ / 0y [ug(x(t, a1, B2), ¥(t, a1, f2))] @ (x(t, a1, Ba),y, a1, y,)dtdardy
Dy JO

T
+/ / 0. p(x(t, a1, Bo), V) (x(t, a1, B2), y,a1,y, )dtdardy
Dy Jo

T
=/ / [0xul(x(t, az, Bo), (¢, a1, B2))dsx(t, a1, B2)
Dy JO
+0yui(a(t, a1, Bo), y(t, a1, B0 y(t, a1, B2)] o (x(t, a1, B2), ¥, a1, y, )dtdardy

T
+/ / 0. p(x(t,ay, Bo), V) (x(t, a1, B2), y, a1,y, )dtdardy
Dy Jo

T
:/ / ViU @lt, a1, Bo), y(t, a1, B2))
Dy Jo
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ul(x(t, a1, B2), y(t, a1, o)  (x(t, a1, Bo), ¥, a1, y,t)dtdardy

T
+/ / 0. p(x(t, a1, Bo), Vo' (x(t, a1, B2),y, a1, v, )dtd ardy.
Dy JO

1 1
Since that p(x) = — 1 cos(2x) we have that d,p = 3 sin(2x) and then,

axp(x(t, al’ ﬁ2)5y) = 0xp(x(t, al) ﬁ2)’y(x(t; al; ﬁz))

Therefore, we conclude that

(pl(x,y,a1,a2,t),0; (c(t,x,y,a1,a2)v (x,y,a1,a2,)) +
+{(px,y, a1,a2,8), Viry) - (c(t, 2, ¥, a1, a2)v(x, y, a1, @2,8) ®v(x, y, a1, A2, 1)) +

+(p e, y,a1,a2,8),¢(x,y, @1, as, )0, p(x, y)) =
T
= / / [Vieyul(at, a, fo), y(t, a1, fo))ul(x(t, a1, o), y(¢, a1, B2))
Dy JO

+0,p(x(t, a1, B2), ¥(t, a1, B2))] @' (x(t, a1, B2),y, a1, v, )dtd ardy.

Now, note that u%(x,ny) = —cos(x)sin(ny) and u%(x, ny) = sin(x)cos(ny), namely, u%(x,z) =
—cos(x)sin(z) and u%(x,z) = sin(x)cos(z), where z = ny. Then,

1
Vu% -u1 = —sin(x)cos(x) = ~3 sin(2x),

and, therefore,

1 1
Vu% ‘U1+0cp = ~3 sin(2x) + 3 sin(2x) = 0.

Then,
v(x,y)ui (x(t> ai, ﬁZ)’y(ti al’ﬁZ)) ‘ LL]_(x(t, alaﬁQ)’y(t: ai, ﬁZ))J"
+6xp(x(ta al’ﬁz):y(t5 al’ﬁz)) = 0

and we can conclude that the pair of measures (c,m = cv) satisfy

04(cv)+V-(cv®v)+cVp=0.
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This paper is devoted to study the existence of integral solutions for a nondensely defined
semilinear functional differential equations involving the Riemann-Liouville derivative in
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a Banach space. The arguments are based upon Ménch’s fixed point theorem and the
technique of measures of noncompactness.

RESUMEN

Este articulo es dedicado al estudio de existencia de soluciones integrales para ecuaciones
diferenciales funcionales semilineales envolviendo la derivada de Riemann-Liouville en un
espacio de Banach. Los argumentos se basan en un teorema de punto fijo de Ménch y la
técnica de no compacidad.

Key words and phrases: Partial differential equations, fractional derivative, fractional inte-
gral, fixed point, semigroups, integral solutions, finite delay, measure of noncompactness, fixed
point, Banach space.

Math. Subj. Class.: 34G20, 34G25, 26A33, 26A42.

1 Introduction

The theory of functional differential equations has emerged as an important branch of non-
linear analysis. It is worthwhile mentioning that several important problems of the theory
of ordinary and delay differential equations lead to investigations of functional differential
equations of various types, see the books of Hale and Verduyn Lunel [22], Kolmanovskii and
Myshkis [26], Wu [42], and the references therein. On the other hand the theory of fractional
differential equations is also intensively studied and finds numerous applications in describ-
ing real world problems (see for instance the monographs of Lakshmikantham et al. [27],
Kilbas et al. [25], Miller and Ross [31], Podlubny [39], Samko et al. [40], and the papers of
Agarwal et al. [1], Benchohra et al. [11, 12], Chang and Nieto [14], Diethelm et al. [16], Furati
and Tatar [17, 18], Gaul et al. [19], Glockle and Nonnenmacher [20], Lakshmikantham and
Devi [28], Mainardi [29], Metzler et al. [30], N’Guérékata et al [33, 34, 35], and the references
therein). Jaradat et al. [23], studied the existence and uniqueness of mild solutions for a class
of initial value problem for a semilinear integrodifferential equation involving the Caputo’s
fractional derivative.

In this paper we will examine the following semilinear functional differential equation
of fractional order
D"y(t)=Ay@)+f(t,y:), ted =[0,b], r>0 (1)

y(@)=¢(t), tel-p,0], (2)

where D" is the standard Riemann-Liouville fractional derivative, f : J x C([—p,01,E) — E
is a given function, A : D(A) c E — E is a nondensely defined closed linear operator on E.
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¢ :[-p,0] = E a given continuous function with ¢(0) =0 and (E,|:|) a Banach space. For any

function y defined on [—-p,b] and any ¢ € J we denote by y; the element of C([—p,0],E) defined
by
y(0) = y(t+0), 0 € [-p,0].

Here y;(-) represents the history of the state from time ¢ — p, up to the present time ¢.

Let us mention that the functional differential equation of the type (1) was investigated,
in the case when A generates a Cyp—semigroup, in a lot of papers and developed with the help
of various tools of fixed-point theory see, for instance Belmekki et al. [8, 9, 10].

The principal goal of this paper is to extend such results to the case when the operator A
is nondensely defined and satisfies the Hille-Yosida condition, and to initiate the application
of the technique of measures of noncompactness to investigate the problem of the existence of
integral solutions for (1)—(2). Especially that technique combined with an appropriate fixed
point theorem has proved to be a very useful tool in the study of the existence of solutions for
several types of integral and differential equations; see for example Alvarez [3], Banas et al.
[5, 6, 71, Benchohra et al. [13], Guo et al. [21], Monch [32], Monch and Von Harten [37], and
Szufla [41].

2 Preliminaries

In this section we collect some definitions, notations and results needed in the sequel. At first,
we recall the definition of Riemann-Liouville fractional primitive and fractional derivative.

Denote by C(J,E) the Banach space of continuous functions J — E, with the usual supre-
mum norm
lylloo = suplly@)I, ted}
For v € C([—p,0],E) the norm of v is defined by
lyll¢ = sup{ly(0)l, 0 € [-p,01}.

B(E) denotes the Banach space of all bounded linear operators from E into E, with norm

INlp&E) =sup{IN)I |yl =1}

Let L1(J,E) be the Banach space of measurable functions y : J — E which are Bochner inte-
grable, equipped with the norm

lyllzq =/|y(t)|dt.
J

Let L°°(J,E) be the Banach space of measurable functions y : J — E which are bounded,
equipped with the norm

lyllzeo =infle > 0: ||y(D)| <c, a.e. t€J}.
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For a given set V of functions v:[—p,b] — E, let us denote by
Vit)={w@):veV}, te[-p,b]

and
V()={v@®):veV, te[-p,bl}.

Definition 2.1. (/25, 39]). The Riemann-Liouville fractional primitive of order r > 0 of a
function h :(0,b] — E is defined by

1

Igh(t) = m

t
/ (t—s) L h(s)ds,
0

provided the right side is pointwise defined on (0,b], and where I is the gamma function.

Definition 2.2. (/25, 39]). The Riemann-Liouville fractional derivative of order r € (0,1] of a
continuous function h :(0,b] — E is defined by

d"h(t) 1 d [t
G = r(1—r)E/0 (t—s)""h(s)ds
_ 4 I3 h(@).

dt
Definition 2.3. A map f :J x C([-p,0],E) — E is said to be Carathéodory if
(i) t— f(t,u) is measurable for each u € C([-p,0],E);

(it) u+—— F(t,u) is continuous for almost each t € J.

For completeness we gather some definitions and basic facts of integrated semigroups,
and operators satisfying Hille-Yosida condition.

Definition 2.4. [4]. Let E be a Banach space. An integrated semigroup is a family of operators
(S(t))¢=0 of bounded linear operators S(t) on E with the following properties:

(1) S(0)=0;
(it) t — S(¢) is strongly continuous;
(iti) S(s)S(¥) = / (Sit+1)-S(1))dt, forall t,s = 0.
0

Definition 2.5. [24]. An operator A is called a generator of an integrated semigroup if there

exists w € R such that (w,00) < po(A) (po(A), is the resolvent set of A) and there exists a strongly

continuous exponentially bounded family (S(t));=0 of bounded operators such that S(0) =0 and
(o0}

R, A) :=(AM[-A)1= JL/ e MS(t)dt exists for all A with 1 > w.
0
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Proposition 2.1. [4]. Let A be the generator of an integrated semigroup (S(¢));=o. Then for
allxe Eand t=0,

¢ ¢
/ S(s)xds € D(A) and S(t)x = A/ S(s)xds + tx.
0 0

Definition 2.6. We say that the linear operator A satisfies the Hille-Yosida condition if there
exists M = 0 and w € R such that (w,00) < po(A) and

sup{A—w)" (AL -A)"|:neIN, A>w}< M.

Definition 2.7. [24].

(i) An integrated semigroup (S(t))¢=0 is called locally Lipschitz continuous if, for all T > 0,
there exists a constant L such that

IS#)—-S(s)|<L|t-sl|, t,sel0,T].

(it) An integrated semigroup (S(t));=0 is called non degenerate if S(t)x =0, for all t = 0,
implies that x =0.

Theorem 2.1. [24]. The following assertions are equivalent:

(i) A is the generator of a non degenerate, locally Lipschitz continuous integrated semi-
group;

(ii) A satisfies the Hille-Yosida condition.

If A is the generator of an integrated semigroup (S(¢));>¢0 which is locally Lipschitz,
then from [4], S(-)x is continuously differentiable if and only if x € D(A) and (S'(¢));=0 is a
Co—semigroup on D(A).

Let (S(#));>0 be the integrated semigroup generated by A. We note that, if A satisfies
the Hille-Yosida condition, then [|S'(t)lpE) < Me®?, t =0, where M and w are the constants
considered in the Hille-Yosida condition.

Now let us recall some fundamental facts of the notion of Kuratowski measure of non-
compactness.

Definition 2.8. (/6]) Let E be a Banach space and Qg the bounded subsets of E. The Kura-
towski measure of noncompactness is the map a : Qg — [0,00] defined by

a(B) =infle >0:B<cU? | B; and diam(B;) <¢}; here B€ Qg.
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Properties: The Kuratowski measure of noncompactness satisfies the following properties
(for more details see [6]).

(a) a(B)=0< B is compact (B is relatively compact).
(b) a(B)=a(B).

(¢c) AcB= a(A) < a(B).

(d) a(A+B)=a(A)+a(B)

(e) a(cB)=|cla(B);ceR.

(0 alconvB) = a(B).

Theorem 2.2. (/2, 32]) Let D be a bounded, closed and convex subset of a Banach space such
that 0 € D, and let N be a continuous mapping of D into itself. If the implication

V=convN(V) or V=NWV)u{0}=a(V)=0

holds for every subset V of D, then N has a fixed point.

Lemma 2.1. (/41]) Let D be a bounded, closed and convex subset of the Banach space C(J,E),
G a continuous function on J x J and f a function from J x C([—p,01,E) — E which satisfies
the Carathéodory conditions and there exists p € LY(J,IR.) such that for each t € J and each
bounded set B < C([—p,0],E) we have

kh%l+ alf(Jyr xB)) < p(t)a(B); here Jyp, =[t—k,tInd.

If V is an equicontinuous subset of D, then

a({/G(s,t)f(s,ys)ds:yEV}) s/ I1G(t,8) | p(s)a(V (s))ds.
J J

3 Main Results

We start with the following principal assumption and the definition of integral solutions to
the problem (1)-(2).

(H1) A satisfies the Hille-Yosida condition.

Definition 3.1. We say that a continuous function y :[-p,b] — E is an integral solution of
problem (1)-(2) if
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t
) / (t—3) "Ly(s)ds € D(A) for t € dJ,
0

(it) y(t) = ¢@), te[-p,0], and

(iii) y(t) = r( ) / (t-s)~ 1y(s)ds+m / (t—s)"1f(s,y5)ds, ted.

From the definition it follows that y(¢) € D(A),V t = 0. Moreover, y satisfies the following
variation of constants formula:

y(t)=ir /S(t )t —8) " f(s,ys)ds, t=0. 3)

Let By = AR(A,A), then for all xe D(A), Byx— x as A+— oo.
We notice also that, if y satisfies (3), then

y() = lim ()/ S'(t—s)t—s)V 'Byf(s,ys)ds, t=0.

A—oo I

Without lost of generality, we will assume that w > 0.

Let us list some conditions on the functions involved in the problem (1)-(2).

(H2) The operator S’(¢) is compact in D(A) whenever ¢ > 0 and
IS’ )l p@) < Me™, ted.

H3) f:dJ xC(-p,0],E)— E is of Carathéodory.

(H4) There exists a function p € L°°(J,IR ;) such that

If (¢, w)| < p@®)lullc +1), for a.e.tedJ, and each u e C([—p,0],E).

(H5) For almost each ¢ € J and each bounded set B < C([-p,0],E) we have

hlir{)l+ a(f(J;p x B)) < p(t)a(B); here J; p, =[t—h,tINndJ.

(H6) Assume
br * wb

— <
I'r+1)
Let p* = ||pllLe~. Our main result reads as follows

Theorem 3.1. Assume that assumptions (H1)— (H6) hold. Then the the problem (1)-(2) has
at least one integral solution.
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Proof. We shall reduce the existence of solutions of (1)-(2) to a fixed point problem.
Consider the operator N : C([-p,bl,E) — C([—p,b],E) defined by

¢>(t> tel-p,0],

N(y)t) = 1
/(t s T S(t-s)f(s,ys)ds, t€[0,b].

F(r) dt
Let ro > 0 be such that
Mp b"e wb
T'(r+1)—Mb" p*ewd’

ro=

and consider the set
ro =1y €C(-p,bLE): lyllco =70}

Clearly, the subset D, is closed, bounded and convex. We shall show that N satisfies the
assumptions of Theorem 2.2. The proof will be given in three steps.

Step 1: N is continuous.
Let us consider a sequence {y,} such that y, — y in C([—p,b],E). Then for each ¢t € J

IN(yn)(#) - Ny = /(t ) LS(t = 9)f (5,9n,) — F(s,y5)lds

‘l"(r) dt

M wt
< ¢ e_‘“s(t—s)r_llf(s,yns)—f(S,ys)|dS
I'(r) 0
M wb t
¢ / (t =)V f (s, ym.) — £ (s, y5)lds.
I Jo

Let u > 0 be such that
lynlloo <ty ¥lloo < g

By (H4) we have

It =) L f(s,5n) = Fls, 91 < 2p* (u+ 1t —s) L e LYJ,IR,).

Since f is a Carathéodory function, the Lebesgue dominated convergence theorem im-
plies that
IN(yn)-NWllowo—0 as n—oo.

Step 2: N maps D, into itself.
For each y € D,,, by (H{4) and (H6) we have for each ¢ € J

IN(y)(@®)| / (t—s) 1St —3)f(s,ys)ds

- ‘ruczt
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Mb" p*e®l(ro +1)
I'(r+1)

IA

ro

Step 3: N(D,,) is bounded and equicontinuous.

By Step 2, it is obvious that N(D;,) = D, is bounded.

For the equicontinuity of N(D;,). Let 71, 10 €, 71 <72, thusife >0 and e <71 <72 we
have for any y € D, ;

IN(y)(T2) = N(y)(71)l

. 1 2 r-1q/
/%Lrgom/o (t2—8)""S(12-8)Bf(s,ys)ds

: 1 & r-1q/ _
_ }Lngom/o (t1-8)Y S (t1—9)Bf(s,ys)ds
T1—€
< Mp*(ro+1) 1 / [(re =)t =(z1-5)11ds
F(r) 0

1 T1—€
+ 18" (ra—711+€)-S"@)lBE) { I(r) /0 (72 —S)r_lds}

71
+ %/ﬁ_e[(rz—sy‘l —(r1-5)" tlds

T1

1 _
+ IIS'(Tz—T1)—IIIB(E){m (tg—s)" ldS}
T1—€

T2

- _ 1
+F(r) 5 (t9—8) ds).

As 11 — 72 and € sufficiently small, the right-hand side of the above inequality tends to zero,
since S'(¢) is a strongly continuous operator and the compactness of S’(¢) for ¢ > 0 implies the
continuity in the uniform operator topology (see [38]).

Now let V be a subset of D, such that V cconv(N(V)u{0}).
V is bounded and equicontinuous and therefore the function v — v(¢) = a(V(t)) is continuous
on [-p,b]l. By (H5), Lemmas 2.1 and the properties of the measure a we have for each ¢ €

[—p,b]

v(@) = aN(V)@)U{0h
= alV(V)(@)
<

: 1 ‘ r-1gq/
%Lrgom/o (t—8)""S'(t—s)Byrp(s)a(V(s))ds
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< ||vllm%
This means that Mb" p* e
R e

By (H6) it follows that |[v]e =0, that is v(¢) = 0 for each ¢ € [-p,b], and then V (?) is relatively
compact in E. In view of the Ascoli-Arzela theorem, V is relatively compact in D,,. Applying
now Theorem 2.2 we conclude that N has a fixed point which is an integral solution for the
problem (1)-(2). ]

4 An Example

As an application of our results we consider the following fractional time partial functional
differential equation of the form

a 2
a—z(t,x) = a—z(t,x) +Q(t,z(t—r,x)), x€[0,n], t€[0,1], a €(0,1], 4)
ote 0x2
z(t,0) =z(t,m1) =0, ¢t €[0,1] (5)
Z(tax) = (p(tyx)y te [_ry 0]5 X € [0,77:], (6)

where r >0, ¢ :[-r,0] x[0,7] — IR is continuous and @ :[0,1] x IR — IR is a given function.

Let
y()(x) =2z(t,x), ted, x€[0,n],

P0)(x) = p(0,x), 6 €[-r,0], x €[0,n],

F(t,)x) = Q(t,9(0,x)), 6 € [-r,0], x €[0,7].

We choose E = C([0,7];IR) endowed with the uniform topology and consider the operator
A :D(A)c E — E defined by:

D(A)={y € C%([0,7],IR): y(0) = y(n1) =0} Ay=y".

It is well known (see [15]) that the operator A Satisfies the Hille-Yosida condition with
1
(0,+00) € p(A), AT -A) 1| < n for 1>0, and

DA)={ycE;y(0)=y(n)=0} £E.
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It follows that A generates an integrated semigroup (S());=0 and [|S/(¢)|| < e # for ¢t = 0 and
for some constant p > 0. We can show that problem (1)-(2) is an abstract formulation of
problem (4)-(6).

Assume that the function @ satisfies the following conditions

(i) The function @ : J x IR — IR is of Carathéodory.

1
ol 2

(i) 1Q(,2) =

(Jz] +1) for each (¢,z)eJ xIR.
It is clear that conditions (H1)-(H4) are satisfied. We shall show that (H6) holds with

1
p(t) = et—+2’ te [051]5

1
M=1,b=l,p*=—2.
e

Indeed, we have
Mbrp*ewb - 1
I'r+1) ~ e2I'(r+1)

<1, for each r €(0,1].

Hence, Theorem 3.1 implies that problem (4)-(6) has an integral solution z on [—r,1] x
[0,7].
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ABSTRACT

We generalize the “hamiltonian topology” on hamiltonian isotopies to an intrinsic “symplec-
tic topology” on the space of symplectic isotopies. We use it to define the group SSympeo
(M, w) of strong symplectic homeomorphisms, which generalizes the group Hameo(M,w) of
hamiltonian homeomorphisms introduced by Oh and Miiller. The group SSympeo(M,w)
is arcwise connected, is contained in the identity component of Sympeo(M,w); it con-
tains Hameo(M,w) as a normal subgroup and coincides with it when M is simply con-
nected. Finally its commutator subgroup [SSympeo(M,w), SSympeo(M,w)] is contained
in Hameo(M,w).

RESUMEN

Generalizamos la “topologia hamiltoniano” sobre isotopias hamiltonianas para una “to-
pologia simpléctica” intrinseca en el espacio de isotopias simplécticas. Nosotros usamos
esto para definir el grupo SSympeo(M,w) de homeomorfismos simplécticos fuertes, el qual
generaliza el grupo Hameo(M,w) de homeomorfismos hamiltonianos introducido por Oh
y Miiller. El grupo SSympeo(M,w) es conexo por arcos, es contenido en la componente
identidad de Sympeo(H,w); este contiene Hameo(M,w) como un subgrupo normal y co-
incide con este cuando M es simplemente conexa. Finalmente su subgrupo conmutador
[SSympeo(M,w), SSympeo(M,w)] es contenido en Hameo(M,w).
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1 Introduction

No natural metric on the group Symp(M,w) of symplectic diffeomorphisms of a symplectic
manifold (M,w) is known. In this paper we construct a “Hofer-like” metric, depending on
several ingredients. However, we prove that all these metrics are equivalent and hence define
a natural metric topology on Symp(M,w) ( theorem 1’). We use this natural topology on
Symp(M,w) to define a new group of symplectic homeomorphisms, herein called the group of
strong symplectic homeomorphisms (Theorem 2). This group may carry a Calabi invariant.

The Eliashberg-Gromov symplectic rigidity theorem says that the group Symp(M,w) of
symplectomorphisms of a closed symplectic manifold (M, w) is C° closed in the group Diff>®(M)
of C*° diffeomorphisms of M [7],[9]. This means that the “symplectic” nature of a sequence
of symplectomorphisms survives topological limits. Also Lalonde-McDuff-Polterovich have
shown in [11] that for a symplectomorphism, being “hamiltonian” is topological in nature.
These phenomenons attest that there is a C® symplectic topology underlying the symplectic
geometry of a closed symplectic manifold (M, w).

According to Oh-Miiller ([13]), the automorphism group of the C° symplectic topology
is the closure of the group Symp(M,w) in the group Homeo(M) of homeomorphisms of M
endowed with the C° topology. That group, denoted Sympeo(M,w) has been called the group
of symplectic homeomorphisms:

Sympeo(M,w) =:Symp(M,w).
The C° topology on Homeo(M) coincides with the metric topology coming from the metric
d(g,h) = max(supepdo(gx), h(x)),suprepdolg™ (x),h 1 (x))

where d is a distance on M induced by some riemannian metric [3].

On the space PHomeo(M) of continuous paths y :[0,1] — Homeo(M), one has the dis-
tance
d(y, 1) = supefo,11d(y(®), u(2).

Consider the space PHam(M) of all isotopies @y = [t — (qu] where q);l is the family of
hamiltonian diffeomorphisms obtained by integration of the family of vector fields Xz for a
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smooth family H(x,t) of real functions on M, i.e.

d
anfH(x) = X (D4(x))

and ®Y =id.

Recall that Xz is uniquely defined by the equation

iXg)o=dH

where i(.) is the interior product.

The set of time one maps of all hamiltonian isotopies {quH} form a group, denoted
Ham(M,w) and called the group of hamiltonian diffeomorphisms.

Definition: The hamiltonian topology [13] on PHam(M) is the metric topology defined by the
distance
Aham(Pp, Op) = ||H - H'|| + d(Ppr, Ppyr)

where )
I\H-H'|| =/ osc(H — H')dt.
0

and the oscillation of a function u is

osc(u) = maxyepu(x) — min,epru(x).

Let Hameo(M,w) denote the space of all homeomorphisms A~ such that there exists a
continuous path A € PHomeo(M) such that A(0) = id, A(1) = h and there exists a Cauchy
sequence (for the dj,, distance) of hamiltonian isotopies ®g», which C° converges to A (in
the d metric).

The following is the first important theorem in the C° symplectic topology [131:

Theorem (Oh-Miiller): The set Hameo(M,w) is a topological group. It is a normal sub-
group of the identity component Sympeoo(M,w) in Sympeo(M,w). If H{(M,R) # 0, then
Hameo(M,w) is strictly contained in Sympeoo(M,w).

Remark: It is still unknown in general if the inclusion
Hameo(M,w) c Sympeog(M,w)

is strict.

The group Hameo(M,w) is the topological analogue of the group Ham(M,w) of hamilto-
nian diffeomorphisms.



59 Augustin Banyaga (3}3}3(?

The goal of this paper is to construct a subgroup of Sympeoo(M,w), denoted

SSympeo(M,w) and nicknamed the group of strong symplectic homeomorphisms, contain-
ing Hameo(M,w), that is:

Hameo(M,w) c SSympeo(M,w) c Sympeoo(M,w).

Like Hameo(M,w), the group SSympeo(M,w) is defined using a blend of the C° topology
and the Hofer topology on the space Iso(M,w) of symplectic isotopies of (M, w).

We believe that SSympeo(M,w) is “more right” than the group Sympeo(M,w) for the C°
symplectic topology. In particular the flux homomorphism seems to exist on SSympeo(M,w).
This will be the object of a future paper.

The results of this paper have been announced in [1].

The C° counter part of the C* contact topology is been worked out in [5], [6].

2 The Symplectic Topology on Iso(M,w)

Let Iso(M,w) denote the space of symplectic isotopies of a closed symplectic manifold (M,w).
Recall that a symplectic isotopy is a smooth map ® : M x [0,1] — M such that for all ¢ € [0,1],
¢bi:M— M, x— ®(x,t) is a symplectic diffeomorphism and ¢ = id.

The “Lie algebra” of Symp(M,w) is the space symp(M,w) of symplectic vector fields, i.e
the set of vector fields X such that i xw is a closed form.

Let ¢; be a symplectic isotopy, then

. d
i) = %(Ml(x))

is a smooth family of symplectic vector fields.

By the theorem of existence and uniqueness of solutions of ODE’s,
® e Iso(M,w) — ¢;

is a 1-1 correspondence between Iso(M,w) and the space C*°([0,1],symp(M,w)) of smooth
families of symplectic vector fields. Hence any distance on C*°([0,1],symp(M,w)) gives rise
to a distance on Iso(M,w).

An intrinsic topology on the space of symplectic vector fields.

We define a norm ||.|| on symp(M,w) as follows: first we fix a riemannian metric g (which
may be the one we used to define dg above, or any other riemannian metric), and a basis 98 =
{h1,..,hr} of harmonic 1-forms. For Hodge theory, we refer to [14].
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Recall that the space harm!(M,g) of harmonic 1-forms is a finite dimensional vector

space over R and its dimension is the first Betti number of M.
On harm'(M,g), we put the following “Euclidean” norm:

for # € harm (M, g) , # =Y A;h;, define:

|70 =) _|Ail.

This norm is equivalent to any other norm since harm!(M,g) is a finite dimensional
vector space. Here we choose this one for convenience in the calculations and estimates to
come later.

Given X € symp(M,w), we consider the Hodge decomposition of ixw [14] : there is a

unique harmonic 1-form #x and a unique function ux such that

ixw=J5% +dux

Recall that the function ux is given by the following formula: ux = §G(i(X)w), where &
is the codifferential and G is the Green operator (see [14]).

This defines a decompsition of X € symp(M,w) as : X = #/x + X, ,where #./x is de-
fined by the equation i(##x)w = #x and X, is the hamiltonian vector field with ux as
hamiltonnian.

We now define a norm ||.|| on the the vector space symp(M,w) by:

IIX 1] =% |5 + 0sc(ux). (o))

It is easy to see that this is a norm. Let us just verify that ||X]|| = 0 implies that X = 0.
Indeed |#x |z = 0 implies that ixw = dux, and osc(ux) = 0 implies that ux is a constant,
therefore duyx =0.

Remark: This norm is not invariant by Symp(M,w). Hence it does not define a Finsler
metric on Symp(M,w).

The norm ||.|| defined above depends of course on the riemannian metric g and the basis
2% of harmonic 1-forms. However, we have the following:

Theorem 1: All the norms ||.|| defined by equation (1) using different riemannian metrics and
different basis of harmonic 1-forms are equivalent.

Hence the topology on the space symp(M ,w) of symplectic vector fields defined by the norm
(1) is intrinsic : it is independent of the choice of the riemannian metric g and of the basis 9B
of harmonic 1-forms.
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For each symplectic isotopy @ = (¢;), consider the Hodge decomposition of i g,w

. _ 0 @
Ly = J6 +du,
where thq’ is a harmonic 1-form.

We define the length /(®) of the isotopy ® = (¢p;) by:

1 1
1(®) = / (767 + osc(u?))dt = / llpelide.
0 0

One also writes

1
/ llpelldt = [lopelll.
0

In the expressions above, we have written Ie]z?t(I> | for Iift‘b |, where 28 is a fixed basis of
harm'(M,g), for a fixed riemannian metric g.

We define the distance Do(®, V) between two symplectic isotopies © = (¢p;) and ¥ = (y4)
by:

1
Do(®,¥) = lllps = vill] := / (172 - 76" | + 0scw® —u¥*)dt.
0
Denote by @1 = (gbt_l) and by ¥~ 1= (1//[1) the Inverse isotopies.
Remarks:
1. The distance Do(®, V) # (¥~ 1®) unless ¥ and @ are hamiltonian isotopies ( see propo-
sition 1).

2. 1(®) #1(®1) unless @ is hamiltonian. Indeed, Jﬁf’_l = -7 but u? is very differerent

from u‘tb_l. The formula of the difference u® - u?_l follows from propositions 3, 4 and 5.

In view of the remarks above, we define a more “symmetrical” distance D by:

D(@,¥) = (Do(®,¥) +Do(®~*, ¥~ )2

Following [13], we define the symplectic distance on Iso(M,w) by:

dsymp(®, W) = d(D,¥) + D(D, V).

Definition: The symplectic topology on Iso(M,w) is the metric topology defined by the dis-
tance dsymp.

Theorem 1’: The symplectic topology on Iso(M,w) is canonical: it is independent of all choices
involved in its definition.
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We may also define another distance D* on I'so(M,w):

DF(D,¥) = suptg[o,l](liftq) —th\yl)+supt€[0,1]osc(uq)’ —u¥y)

D®(®,¥) = (DP(D, V) + DX (@, w1))/2
and

A% (@, F) = d(D,¥) + D™(D, V)

Proposition 1: Let ® = (¢), ¥ = (v;) be two hamiltonian isotopies and o; = (Wt)_l(bt then

1
62111 = llipe el =/ oscu® —u¥")dt
0

Proof: This follows immediately from the equation
0= (Ult_l)*((bt -,
which is a consequence of proposition 4 stated in section 4. O

Corollary: The distance dsyn, reduces to the hamiltonian distance dpq, when ® and ¥ are
hamiltonian isotopies.

The symplectic topology reduces to the “hamiltonian topology” of [13] on paths in
Ham(M,w).

A Hofer-like metric on Symp(M,w)y

For any ¢p € Symp(M,w), define:
eo(p) =inf (D))

where the infimum is taken over all symplectic isotopies @ from ¢ to the identity. The follow-
ing result was proved in [2].

Theorem: The map e: Symp(M,w)y — RU {oo} :
e(p) =: (eo() +eo(¢p™1))2
is a metric on the identity component Symp(M,w)o in the group Symp(M,w), i.e. it satisfies
(i) e($) = 0 and e(¢p) = 0 iff ¢ is the identity.
(i) e(p) = e((p) ™)
(iii) e(p.y) < (ep) + e().

The restriction to Ham(M ,w) is bounded from above by the Hofer norm.
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Recall that the Hofer norm [10] of a hamiltonian diffeomorphism ¢ is

llplle = inf ((Pq)

where the infimum is taken over all hamiltonian isotopies from ¢ to the identity.

The Hofer-like metric above depends on the choice of a riemannian metric g and a basis
% of harmonic 1-forms. Hence it is not “natural”. However, by theorem 1, all the metrics
constructed that way are equivalent; so they define a natural topology on Symp(M,w)g.

3 Strong Symplectic Homeomorphisms

Definition: A homeomorphism h is said to be a strong symplectic homeomorphism if there
exists a continuous path A :[0,1] — Homeo(M) such that A(0) =id; M1) = h and a sequence
@" = (¢p}) of symplectic isotopies, which converges to A in the C° topology (induced by the norm
d) and such that ®" is Cauchy for the metric dgsymp.

We will denote by SSympeo(M,w) the set of all strong symplectic homeomorphisms. This
set is well defined independently of any riemannian metric or any basis of harmonic 1-forms.

Clearly, if M is simply connected, the set SSympeo(M,w) coincides with the group
Hameo(M,w).
We denote by SSympeo(M,w)* the set defined like in SSympeo(M,w) but replacing the

o0

norm dsymp by the norm dgj,, .

Let 2Homeo(M) be the set of continuous paths y :[0,1] — Homeo(M) such that y(0) =
id, and let 2°(Harm! (M) be the space of smooth paths of harmonic 1-forms.

We have the following maps:
Aq:IsoM,w) —> PHomeo(M),D — O(t)
Az : Iso(M,0) — P*®°(Harm*(M),® — FL
Ag :Iso(M,w) — C®(M % [0,1],R),® — u®

Let 2 be the image of the mapping A = A; x Ag x A3 and 2 the closure of 2 inside
I(M,0) =: PHomeo(M) x P®°(Harm (M) x C°(M x [0,1],R), with the symplectic topology,
which is the C° topology on the first factor and the metric topology from D on the second and
third factor.

Then SSympeo(M,w) is just the image of the evaluation map of the path at t= 1 of the
image of the projection of 2 on the first factor. This defines a surjective map:

a:2 —SSympeo(M,w)
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The symplectic topology on SSympeo(M,w) is the quotient topology induced by a.

Our main results are :
Theorem 2: The set 2 is a topological group.

Theorem 3: Let (M,w) be a closed symplectic manifold. Then SSympeo(M,w) is an arc-
wise connected topological group (with the sympectic topology), containing Hameo(M,w) as
a normal subgroup, and contained in the path component of the identity Sympeoo(M,w) of
Sympeo(M,w).

If M is simply connected, SSympeo(M,w) = Hameo(M,w). Finally, the commutator sub-
group [SSympeo(M,w),SSympeo(M,w)] of SSympeo(M,w) is contained in Hameo(M,w).

Conjectures:

1. Let (M,w) be a closed symplectic manifold, then [SSympeo(M,w),SSympeo(M,w)] =
Hameo(M,w).

2. The inclusion SSympeo(M,w) c Sympeoo(M,w) is strict.

3. The results in theorem 3 hold for SSympeo(M,w)>.

Conjecture 3 is supported by a result of Muller asserting that Hameo(M,w) coincides with
Hameo(M,»)™ which is defined by replacing the L1:* Hofer norm by the L> norm [12].

Measure preserving homeomorphisms

On a symplectic 2n dimensional manifold (M,w), we consider the measure y, defined
by the Liouville volume w”. Let H omeog”’ (M) be the identity component in the group of
homeomorphisms preserving . We have:

Sympeoyg(M,w) c Homeog“ (M).

Oh and Miiller [13] have observed that Hameo(M,w) is a sub-group of the kernel of Fathi’s
mass-flow homomorphism [8]. This is a homomorphism 0 : H omeog‘”(M ) — H1(M,R)/T, where
I" is some sub-group of H{(M,R). Fathi proved that if the dimension of M is bigger than 2,
then Ker6 is a simple group. This leaves open the following question [13]:

Is Homeog“ (S%)=Sympeo(S2,w) a simple group?
But Sympeoq(S2,w) contains Hameo(S?,w) as a normal subgroup. The question is to

decide if the inclusion

Hameo(Sz,w) c Sympeoo(SZ,w)
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is strict. Since SSympeo(S2,w) = Hameo(S?,w), our conjecture 2 implies that Homeog‘”(Sz) =

Sympeoy(S2,w) is not a simple group, a conjecture of [13].
Questions
1. Is SSympeo(M,w) a normal subgroup of Sympeoo(M,w)?

2. Is [Sympeoo(M,w),Sympeoy(M,w)] contained in Hameo(M,w)?

4 Proofs of the Results

4.1 Proof of theorem 1

If 2 and %' are two basis of harm(M,g), then elementary linear algebra shows that |.|¢
and |.|g are equivalent. This implies that the corresponding norms on symp(M,w) are also
equivalent.

Let us now start our construction with a riemannian metric g and a basis 8 = (h1,..h})
of harm1(M,g). We saw that for any X € symp(M,w),

ixw=J5% +duyx

and we wrote A =Y A;h;.

Let g’ be another riemannian metric. The g’-Hodge decomposition of i xw is:
ixw= My +du'y
where # is g’-harmonic.

Consider the g’-Hodge decompositions of the members %; of the basis 2 i.e.
h;= h’l +dv;

where A’ is g’ harmonic. %' = (h),..h}) is a basis of harm'(M,g'). Indeed suppose that
Zrih’i =0. The 1-form )} r;h; =d(} r;v;) is g-harmonic and exact :} r;h; =d(}_r;v;). But an
exact harmonic form must be identically zero. Therefore all r; are zero since {4;} form a basis.
Hence {h;} are linearly independent.

The 1-form
Jﬁ)’é =: Z ﬂtih;

is a g’- harmonic form representing the cohomology class of i xw. By uniqueness, Jf& = Jf§

Hence
|7 =Y 1A = |Hx |



QHEOO On The Group of Strong Symplectic Homeomorphisms

59

Furthermore #5 =Y. A;(h; —dv;) = #x +dv where v = -} 1;v;. Hence
ixw =7 +duy = Hx +dv+uly)
By uniqueness in the g-Hodge decomposition of i xw,

ux =v+uy.

Denote by ||X||g, resp. [IX]lg, the norm of X using the riemannian metric g’ and the basis

%', resp. using the riemannian metric g and the basis 9. Then:
IX|lgr = | | + 0sc(uy) = |7 | +0sc(ux —v)
< | A |a +osclux) + osc(—v)
=|Hx g +osclux)+osc(v) =||X||g +osc(v).
Let ¢ = 2max;|v;|, since v = —) A;v;, we get the following inequality:

o0sc(v) < 2max(|v)) < c| #x |z = c| #x |

Therefore
1Xlg = 1IX]1lg +o0scv) =IXllg +cl x|z < |1 X|lg + c(| #x| +o0sc(ux)) = (c+ DIIX|lg
Similarly,

IX|lg =|#x|z +o0sc(ux) = |#x|z +osc(u’y +v) < | x|z +osc(u'y) + osc(v)
=|J€)'(I<@r +osc(u'X)+osc(v) =1X|lgr +osc(v) = || X]|g +C|¢;f§(|%/

<|IX|lg +c(| A g +0sc(uy) = (c+ DXl

Hence the metrics ||X||; and [|X]|¢ are equivalent

O

For the purpose of the proof of the main theorem, we fix a riemannian metric g and a

basis B = (h1,..,hp) of harm* (M, £2). The norm of a harmonic 1-form ./ will be simply denoted

|#| and the norm of a symplectic vector field X will be simply denoted || X]|].

4.2 Proof of theorem 3

We prove first that the set SSympeo(M,w)subsetSympeo(M,w) is closed under composition

and inverse maps.

Let h; € SSympeo(M,w) i = 1,2 and let A; be continuous paths in Homeo(M) with
A;(0)=1id, 1;(1) = h; and let q):‘ be dsymp - Cauchy sequences of symplectic isotopies con-
verging C° to A;. Then q)’ll.(q)g)_l converges C? to the path A1(£)(12(2))~!. Here q)’ll.(q)g)_l(t) =

PUD(PRD) .
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By definition of the distance dgymp, " is a dsymp - Cauchy sequence if and only if both

®" and (®")~! are Dy - Cauchy and d- Cauchy sequences.
Main Lemma: If ®" = (¢}) and Y} = (y}) are dsymp - Cauchy sequences in Iso(M), so is
pr =rvy

The proof of the main lemma is very delicate; it will take most of the remaining part of
this paper. The estimates are much more involved than in the hamiltonian case, due to the

fact that the decomposition of a symplectic isotopy into a hamiltonian one and a harmonic one
does not behave nicely with respect to the product of isotopies.

It will be enough to prove that p} is a Do - Cauchy sequence. Indeed since (@")1 and
(¥™)1 are D - Cauchy by assumption, the main lemma applied to their product implies that
their product is also Dy Cauchy.

Hence (¢")"}(@")1 = (@"p") 1 = (,o;‘)_1 is a D¢ - Cauchy sequence. This will conclude
the proof that SSympeo(M,w) is a group. We leave the details to the reader.

We will use the following estimate:

Proposition 2: There exists a constant E such that for any X € symp(M,w), and A €
harmi(M,g)
|A(X)| =: suprepy | A ()X (x)) < E||X]].|A)

Proof: Let (h1,..,h,) be the chosen basis for harmonic 1-forms and let E = max;E; and E; =
supvy (supyiem|h;(x)(V(x))| where V runs over all symplectic vector fields V such that ||[V|| = 1.

Without loss of generality, we may suppose X # 0 and set V = X/||X]||. Let #£ =Y A;h;.
Then A(X)=|X||YX1;h;(V). Hence

122 < 1X 1Y i lsup (i )XV@D < 1X 1| Y 1A [E = ENIX 117,

We will also need the following standard facts:

Proposition 3: Let ¢ be a diffeomorphism, X a vector field and 0 a differential form on a
smooth manifold M. Then

@ Y lixp 01 =iy, x6

Proposition 4: If ¢;,v; are any isotopies, and if we denote by p; = ¢sw:, and by ft = ((/))t_1
then

0t = e + (o)<
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and

¢, = ~(P); s($r)

Proposition 5: Let 6; be a smooth family of closed 1-forms and ¢; an isotopy, then
(D; Ht - Ht = dl}t

where

t
Utz/ (et((bs)o(ps)ds
0

Proof of the Main Lemma: If ¢;,; are symplectic isotopies, and if p; = ¢;y;, propositions

3, 4 and 5 give:
i(ppw = 7L + 7, +dK(®,¥)

where K = K(®,¥) = ul + (u}) o ()1 +v4(®,¥), and

t
N R
(G

o))

an

Let now ¢7,y} be Cauchy sequences of symplectic isotopies, and consider the sequence

pE =Py
We have:

1
e = p71ll :/ 172" — 72" + Y — A" |+ osc(K(@",¥™) - K(O™, ¥™)dt
0

1 1
s/ |J£;"”—J£;""’)|dt+/ 7Y - 7Y \dt
0 0
1 n m 1 n m
+/ osc(u?" —uf )dt+/ oscuy YoM —ul” o(p™) Hdt
0 0
1
+/ osc( (D", P") — v, (D™, W")dt
0

1
=|||(l>'”t—(l>""t|||+/0 |7 -~ 7, \dt+ A+ B

where L
A= / ose(u? Yo (@) —u¥" o (¢Py Dt
0

and

1
Bz/ 0sc(Ve (D", V™) — v (D™, P™)dt.
0

(I
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We have:

1 1
As/ osc(u;lm)O((p?)_l—u;Pm0((b?)_1)dt+/ oscuy )o@ =@ )o(p™) Ndt
0 0

1
=/ osc(u;}m —u;ym)dt+C
0

where

1
C= / osc(uy o(pM L —u}" o(p™)Nde.
0

Hence
eE — oIl < ] — G|

1 t
+/ |Jf;"”—fft‘1’”’)|dt+/ oscuy —u}l")dt+B+C
0 0

=} — P+ yF -yl +B+C

We now show that C — 0 when m,n — oo.

Sub-Lemma 1 (Reparametrization Lemma [13]): Ve = 0,3m such that
1 m m m m
c =/ osc(wy” o —uy o) Hdt=:lluf o) —uf" 0@ Ml se
0

if m =mg and n large enough

Remark: This is the “reparametrization lemma” of Oh-Miiller [13] lemma 3.21. (2)). For the
convenience of the reader and further references, we include their proof.

Proof: For short, we write u,, for u‘tym and p} for (<p?)‘1.

First, there exists mg large such that ||up, —um, || < €/3 for m = m, since (u,,) is a Cauchy
sequence for the distance d(u,,un) = fol osc(u, —upy)dt.

Therefore
2em o gy —wm o DI < e 0 p = Umg © DI+ g © i —Umg © DI+ g © 7" = tm o DI
=lum _umOH +||um0 O,U;l —Umy O,U;n))H“' ||um0 —Unl|

5(2/3)€+ ||um0 ON? _um() o“;n))l

By uniform continuity of u,,,, there exists a positive § such that if 3(,11;",”?) <4, then
max 08c((Umg © 1} —Umg © 17)) < €/3. Hence |[umg o U} — tmy o pi* DI < €/3 for n,m large. Recall
that u} is a d- Cauchy sequence. O
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To show that p} is a Cauchy sequence, the only thing which is left is to show that B — 0

when n,m — oco.
Let us denote v,(®",¥") by v , #,¥" by #: or 7, and (¢p7) "1 by u.

For a function on M, we consider the norm

|1 =supxepm|f(x)l

We have: ,
S / (ALY o 7 = 6L (™) o s
0

1
S/ |(F, - 7€) () o g |ds
0
1
+ / |5 (7 = () o u s
0
1
+/ | TE0 (f13) 0 iy — T (f13) o it |ds
0

The last integral can be estimated as follows:

1
/ LGl — A8 (U)o s
0

1
< / L () o i = B8 (%) o s &Y
0
1
+ [ Vo - Ao uds @
0
1
b [V o u - k0 ®
0

for some integer ng.

Proposition 2 gives E| 7, |[Do((®") 71, (@)~ 1) < 2E|.#,|D(®"),(®™0)~1) as an upper bound
for (1) and (3).

It also gives the following estimates:
1 1
/ (L — L)) o ul|ds < E|FE. —Jffn|/ l1g)lds
0 0

=E.|7 - 765 1@
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and

/01 (AL, (12 = 7)) ot ds < E.|J€,;|/01 (g — fHlds
=E|7,|Do((@™) L, (@™) ) < 2E|.#, ID(@",d™).
Therefore, we get the following estimate:
! —v™| < E.|A#L - A | 1(®™) 1) + E| AL |2(D(@",®™) + 2D(P", ®™)) + G

where

1
G= [ Vo - o ds
0
Since osc(vy —vi*) < 2[v} —v}*|, we see that

1 1
/osc(v;‘—v;”)dts2E(l(<l>”)_1)/ | AL — 768 | dt
0 0

1 1
+E2(D(<I)m,(l>")+2ED((I>",(I>"°)/ Iif,illdt)+/ Gdt
0 0

We need the following facts:

Sub-Lemma 2 (Reparametrization Lemma): Ve = 0,3n¢ such that

1 1 1
Lz/ Gdtz/ (/ Iiffn(ﬂ;m)ou;‘—Jf,;(ﬂgo)ougllds)dt5€
0 0 0

for n = ngy and m sufficiently large.
Proposition 6: /(") and fol | AL, |dt are bounded for every n,m.
We finish first the estimate for fol osc(v} — vy )dt using sub-lemma 2 and proposition 6.

Putting together all the information we gathered, we see that:

1 1
/ osc(v} —vM)dt < 2E(l(<1>”)‘1)/ |7 — 768 |dt
0 0

1
+E@2D(®™,0")) + 2ED(<D",(D"°)(/ | AL, |dt) + L
0

1
s2E1((q>”)—1)D(q>”,q>'")+E(2D(q>'n,q>”)+2ED(q>”,q>”0)/ |76 |dt+L
0

Therefore:
1
/ osc(v} —vi)dt — 0
0
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when n,m — oo, and ng is chosen sufficiently large Now let ng — oo as well.. This finishes the

proof of the main lemma.

Proof of Sub-Lemma 2:

1
G = [ Vtn ot - st o i ds
0
1
< [ 100 0ut = 8 30 0u
0
1
+/ |7 (15 ) 0 iy = Fy (1) 0 s
0

1
[V o - ARG o s
0
for some my.

Exactly like in the proof of sub-lemma 1
G(t,n,m) < 2E|7}, — 765, |.(1(¥") )+ F

where L
F= [ 18,0 - A8 G0 s
0
By uniform continuity of #, (i5°), F — 0 when n,m — oo since yj is Cauchy.

By similar arguments as in the sub-lemma 1, G — 0 and hence L — 0 when m,n — oo
and mq — oo. O

We have just proved that the subset SSymp(M,w) of Symeo(M,w) is closed under com-
position and inversion. This concludes the proof that SSympeo(M,w) is a group.

The fact that it is arcwise connected in the ambiant topology of Homeo(M) is obvious
from the definition.

Hameo(M,w) is a normal subgroup of SSympeo(M,w) since it is normal in Sympeo(M,w)
[13].

Let h,g € SSympeo(M,w) and let ®",¥" be symplectic isotopies which form Cauchy
sequences and C° converge to &, g. By the main lemma the sequence ®".¥" (")~ 1(®") 1 isa
Cauchy sequence. It obviously converges C° to the commutator hgh~ g™ € SSympeo(M,w).

It is a standard fact that ®*. %" .(®")"1(¥")~! is a hamiltonian isotopy.

Indeed let ¢p; and v be symplectic isotopies, and let o; = (ptu/t(pt‘lu/t‘l, then

;=X +Y +Z; + Uy
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with X; = ¢, Yi = (Ppo)s V1, Z¢ = _((ptWt(pt_l)*(bt, and U; = —(0¢)« ;.

By proposition 5, i(X;+Z;)w and i(Y;+U;)w are exact 1-forms. Hence o; is a hamiltonnian
isotopy.

By Proposition 1, the metric D coincides with the one for hamiltonian isotopies. Hence
" P (@) 1(¥*)"1 is a Cauchy sequence for djgm,. Therefore: [SSympeo(M,w),
SSympeo(M,w)] c Hameo(M,w)]. This concludes the proof of theorem 3 O

Proof of Theorem 2: We now prove that SSympeo(M,w), with the symplectic topology, is a
topological group.

In fact, we prove that 2 ( see section 3) is a topological group. Recall that an element of
2 is a couple (y,V =(A,u)

where y € ZHomeo(M), # € L'1([0,1],harm*(M,w) , u € L'®“V([0,11xM,R), and there ex-
ists a dsymp - Cauchy sequence of symplectic isotopies ®,(¢) such that ®,(1) — y , in the C
topology and lim,, .o, (#,,uy,) = (A ,u). Here we wrote ./, for 7% and u,, for u:I;”.

The product and the inverse in 2 are given by:
(7,0, u).(Y (F,u") = (yy' (F+ 7 ,u+u oy +v))

1, (Hw) =y L (A, ~(woy +w))

where v is the limit of the Cauchy sequence v, (t) given by formula (II):
1
v,p(2) = / (F,(Gn(s))o0n(s))ds,
0

with g,(s) = (q);(s))_l. and w the limit of a similar sequence in which ¢, is replaced by ®,,.

Part 1. Let us first show that the inversion is continuous: let (y;,(#%,ur)) be a sequence
converging to (y,(#,u)), For each &, there is a Cauchy sequence q)ﬁ of symplectic isotopies
such that q)ﬁ — y3, as n — oo in the C° topology, Jf,]f — Jfk,uﬁ — Uup.

We need only to show that w;, — w, that is (¥)

1
Limp k—oco / | AR (DF () 0 DF (5) = A, (D, (5)) 0 D,y (s)Ids = 0.
0

We have the following inequalities :
|DE — b, || < [|DF —VE ||+ [VE-V||+IV - D,

and each term in the right hand of this inequality — 0 as n,k — oco.

Similarly,
| TR — 6, < |FOE — 77| + | A% — 70\ + | 6 — 7,
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and each term in the right hand of this inequality — 0 as n,k — co.

Formula (*) follows from these inequalities and the techniques developped in this paper
(including the reparametrisation lemma). We leave the details to the reader.

Part II. Now we prove that the composition is continuous: let (yk,Vk = (Jz?k, u*)) and (y’k,V’k =
(A" ,u'*)) converging to (y,(#,u)) and (y',(H,u")).

By part I, if (rfl —U* and d’fl — U’* then by part I, U* — U. Here we denoted by crﬁ, and
k . Fy— Fby—
o's respectively (®%)~1 (@)1,

We only need to prove:
D ut oy —uoy
2) vk —v.

The proof of (1) goes along the lines explained in this paper ( including the repara-
mareization lemma ) and the details are left tothe reader.

The proof of (2) follows from part I and uses the inequalities:
llok —pnll <116k = U1+ IUEUN +11U - pnll

Each of the three parts of the second member of the inequality — Oas n,k — co. The details
are left tothe reader.

This concludes the proof of theorem 2. O

Appendix: For the convenience of the reader, we give here the proofs of propositons 3, 4, and
5.

Proof of Proposition 3: Let 0 be a p-form, X a vector field and ¢ a diffeomorphism. For any
x € M and any vector fields Y1,..Y,_1, we have:

(@D lix¢*01x)(Y1,....,Yp 1) = (ixp* )P L (@NDx¢p™ H(Y1(x),....Dx ™ H(¥p_1(x))

= (@* 0N M @NX 12, Dx ¢ (Y1(2)), ...(Dxp™ (Y p-1(x))

= (PP 1 @ND 1 PX 1), D g1y PDxp ™ (Y1(2)), .. -1y Dy (Y p_1.(x)

= 0(x0) (P X))y, Y1(x),..Yp-1(x))

= ({(+ X)), ., Ypo1)

since D 10,y ¢Dxp ™! = Do(pp™V) = id.

Therefore (¢~ 1)*[ixp* 0] = i($. X)) O
Proof of Proposition 4: This is just the chain rule. See [10] page 145. O
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Proof of proposition 5: For a fixed ¢, we have

d * *
=5 P50 = b5 (L, 00),
where Lx is the Lie derivative in the direction X. Since 0 is closed, we have:
d , . . . . .
%% 0r = P (dig 0:) = d(dg (01(hs)) = d(O:(ps) o ps).
Hence for every u
“d u .
$L00—0, = / 2L pr0,ds = d / Ou(s) o ps)ds)
o ds 0
Now set u =t¢. O
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1 Introduction and Preliminaries

In this paper we study Z-random and £-fuzzy normed spaces and study completeness for
these spaces. Further we prove open mapping and closed graph theorems in this setting. The
ideas here are motivated from the functional analysis literature. The plan in sections 1-3 is to
present in detail the £-random normed space setting. In section 4 we see from the definition
how easily the theory extends to the £-fuzzy normed space situation.

Let & =(L,=1) be a complete lattice, i.e. a partially ordered set in which every nonempty
subset admits a supremum and infimum, and 0 =infL, 14 = supL. The space of lattice
random distribution functions, denoted by A}, is defined as the set of all mappings F : RU
{—00,+00} — L such that F is continuous and non-decreasing on R, F(0) =0, F(+00) = 1.

Now D} < A is defined as D} ={F € A] :1”F(+00) = 1¢}, where ™ f(x) denotes the left
limit of the function f at the point x. The space AZ is partially ordered by the usual point-wise
ordering of functions, i.e., F = G if and only if F(¢) =1, G(¢) for all ¢ in R. The maximal element
for Az in this order is the distribution function given by

0y, ift<O0,
eo(t) =
1y, ift>0.

Define the mapping 9, from L? to L by:

x, if y=p x,
LOjﬁ-/\(x,"y) =

y, ifx=p y.

Recall (see [4], [5]) that if {x,} is a given sequence in L, (J, ,\)?zlxi is defined recurrently by

(f]‘,\)il:lxi =x1 and (37);;19@- = fA((fA)?gllxi,xn) for n = 2.

A negation on £ is any decreasing mapping A : L — L satisfying A4 (0¢) = 1 and
N(1y)=0gp . If /(AN (x))=x, for all x € L, then A is called an involutive negation. In the
following £ is endowed with a (fixed) negation 4.

Definition 1.1. A lattice random normed space (briefly, £-random normed space) is a triple
(X,22,9), where X is a vector space, 9 is a t—norm on the lattice £ and & is a mapping
from X x [0,00) into DZ such that the following conditions hold:

(LRN1) Z(«x,t) = go(¢) for all ¢ > 0 if and only if x = 0;
(LRN2) P(ax,t) = ?}’(x, ﬁ) forall xin X, @ #0 and ¢ = 0;

(LRN3) P(x + y,t+3s) =1, T (P(x,t),P(y,s)) for all x,y € X and ¢,s = 0.
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We note from (LPN2) that 22(—x,t) = P(x,t) (x€X,t=0).

Example 1.2. Let L =[0,1] x[0,1] and operation <j, defined by:
L={(a1,a2):(a1,a2)€[0,1]1x[0,1]land a1 +ag <1},

(a1,a2) =g (b1,b2) = a1=<b1,as =bg, Va=(a1,a2),b=(b1,b2)eL.

Then (L,<y) is a complete lattice (see [2]). In this complete lattice, we denote its units by 07, =
(0,1) and 17 =(1,0). Let (X, -|I) be a normed space. Let I (a,b) = (min{a1,b1},max{as,bs})
for all a =(a1,a2),b=(b1,b2)€[0,1] x[0,1] and u be a mapping defined by

t llxll )

, eR".
t+lxll " t+llx|

2,0 =
Then (X,22,97) is a £-random normed space.

Definition 1.3. Let (X,2?2,9) be a £-random normed space.

(1) A sequence {x,}in X is said to be convergent to x in X if, for every ¢ > 0 and € € L\{0 ¢},
there exists a positive integer N such that £ (x, —x,t) > A (¢) whenever n = N.

(2) A sequence {x,} in X is called Cauchy sequence if, for every t > 0 and € € L\ {0 &}, there
exists a positive integer N such that 2(x,, —x,,,t) >, A (¢) whenever n =m = N.

(3) A #-random normed space (X,2?,9) is said to be complete if and only if every Cauchy
sequence in X is convergent to a point in X.

Theorem 1.4. If (X,2,9) is a £L-random normed space and {x,} is a sequence such that
Xp — x, then lim,,_ oo P(x,,t) = P(x,t).

Proof. The proof is the same as in [9]. |

Let (X,22,9) be a Z-random normed space. For ¢ > 0 we define the open ball B(x,r,t)
with center x and radius r e L\ {0 ,1 ¢} as
B(x,r,t)={yeX : Px—y,t) > N ()}
Henceforth we assume that 9 is a continuous ¢—norm on the lattice £ such that for
every p€ L\{0¢,1¢}, thereis a A € L\ {0,1%} such that
T HUN A, ety /W) > N ().

Lemma 1.5. Let (X,22,9) be a £-random normed space. Let & be a continuous negator on
%. Define Ej »:V —R"U{0} by

E ) »(x)=inf{t > 0:2(x,t) >, /' (D)}

foreach L€ L\{0¢,1¢}and x € V. Then we have the following properties.
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(i) For any pe L\{0x,1} there exists A € L\{0«,1%} such that

E'u’gz(x + y) = E,l,y(x) +E,1’gz(y)
forany x,y€V.

(ii) The sequence (xp),eN is convergent w.r.t. a ZL-random norm 2 if and only if Ej g(x;, —
x) — 0. Also the sequence (xp)neN is Cauchy w.rit. a L-random norm 2 if and only if it
is Cauchy w.rt. E) 5.

Proof. For (i), by the continuity of the t-norm 9~ and the negator A&, for every e L\{0»,1»}
we can find a A € L\ {04, 1} such that

T (NN, N (D) =z, & ().
By Definition 1.1 we have

P(x +y,E,1,g>(x) +E,1,gz»(y) +206) =, F(Q(x,El,ﬂ(x) + 5),32’(‘}/,E,1,9(y) +9))
2L T (N (D), N N)
=7 N (W),

for every 6 > 0, which implies that
Eu,g»(x +y)< E,ng»(x) +E,1,9(y) +26.
Since 6 > 0 was arbitrary, we have

E »(x+y)<E) o(x)+E)o(y).

For (i), we have
Pxn—x,m) > N(A) < E) p(x, —x)<7n

for every n > 0. O

2 Quotient Spaces

Definition 2.1. Let (V,22,9) be a £-random normed space, W a linear manifold in V and
let @ : V — V/W be the natural map, @x =x+ W. For ¢ > 0, we define:

P(x+W,t)=sup{P(x+y,t):ye W}
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Theorem 2.2. Let W be a closed subspace of a £-random normed space (V,22,9). If x€V
and € >0, then there is an x' in V such that x' + W =x+W, E} g(x') < E)5x+W)+e.

Proof. By the properties of sup, there always exists y € W such that E) g(x +y) <
E,5(x+W)+e. Now it is enough to put x=x+y. O

Theorem 2.3. Let W be a closed subspace of a £-random normed space (V,2,9) and 2 be
given in the above definition. Then:

(1) @ is a L-random normed space, on VIW.
(2) 2(Qx,t) =, P(x,1).

B)If (V,22,9) is a complete £L-random normed space, then so is (V/IW,22,9).

Proof. It is clear that 2(x + W,t) >1, 0. Let P(x + W,t) = 1. By definition there is a
sequence {x,}in W such that #(x+x,,t) — 1% . Thus, x+x,, — 0 or equivalently x,, — (—x)
and since W is closed, x € W and x + W = W, the zero element of V/W. Then we have

P(x+W)+(y+W),t) = P((x+y)+W,0b)
=7, P(x+m)+(y+n),t)
>, T (P(x+m,t1),P(y+n,t2))

form,ne W, x,y €V and t; +t2 = t. Now if we take the sup, then we have
P(x+W)+(y+ W), t) 21 T(P(x+W,t1), Py + W, t2)).

Therefore & is a #-random norm on V/W.

(2) By Definition 2.1, we have
P(Qx,t) = P(x+W,t) =sup{P(x+y,t) 1 y e Wy = P(x,1).

Note that, by Lemma 1.5,

inf{t > 0: P2(Qx,t) >1, /(N)} <inflt > 0: P(x,t) >1, N (L)}
E)o(x).

E, 5(Qx)

(3) Let {x,, + W} be a Cauchy sequence in V/W. Then there exists ng € N such that for
every n = ny, E/L@((xn +W)—(x,+1+W))<27". Let y; =0. Choose y2 € W such that

Ejpz(x1—(x2—y2),0) E) 5((x1 —x2)+ W)+ 1/2.

However E ;5 ((x1 —x2) + W) < 1/2 and so E; g(x1 — (x2 = y2)) < 1/22.
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Now suppose y,-1 has been chosen, so choose v, € W such that

Ero(@n-1+yn-1)—n+y)) < Ej 5((xn-1-2,) + W) +27"H,

Hence we have
Epo((xn-1+yn-1)—(xp +yp)) < PALAE

However for every positive integer m > n and by Lemma 1.5 for A € L there exists ye L,
such that

A

Erg((m +ym)—(n+yn)) < Ey,.@((xn+1 +Yn+1) — (X +yn)) +

o+ Ey p((Xm +ym) — (Xm-1+Ym-1))
m

< Yoo
i=n

By Lemma 1.5, {x, + y,} is a Cauchy sequence in V. Since V is complete, there is an xg in V
such that x, + y, — x¢ in V. On the other hand,

Xn+W=Q(x, +yn) — Q(x0) =x0+ W.

Therefore, every Cauchy sequence {x, + W} is convergent in V/W and so V/W is complete.
Thus (V/W,22,9) is a complete £-random normed space. O

Theorem 2.4. Let W be a closed subspace of a £-random normed space (V,22,9). If two of
the spaces V, W and V/W are complete, then so is the third one.

Proof. If V is a complete Z-random normed space, then so are V/W and W. Hence
all that needs to be checked is that V is complete whenever both W and V/W are complete.
Suppose that W and V/W are complete Z-random normed spaces and let {x,} be a Cauchy
sequence in V. Since E/L@((xn —xm)+ W) = E) »(x, —x,) for each m,n € N, the sequence
{x, + W} is Cauchy in V/W and so converges to y + W for some y € W. Thus there is a ng € N
such that for every n = ng, we have E 5((x, —y)+ W) < 27", Now by the last theorem there
exist a sequence {y,} in V such that y, + W =(x, - )+ W, E} 5(y,) < E/Lg-)((xn —y)+W)+27",
Thus we have lim, £ »(y,) < 0 by Lemma 1.5, 2(y,,t) — 1¢ for every ¢t >0, i.e. lim, y, = 0.
Therefore, {x, —y, — y} is a Cauchy sequence in W and thus is convergent to a point z e W.
This implies that {x,} converges to z + y and hence V is complete. O

3 Open Mapping and Closed Graph Theorems

Definition 3.1. A linear operator T':(V,22,9) — (V',2?',9') is said to be L-random bounded
if there exist constants 4 € R* such that for every x € V and for every ¢ > 0,

P (Tx,t) =g, P(x,t/h). 3.1



(3333? %£-Random and Fuzzy Normed Spaces ... 77

Note that, by (3.1) we have

Epp(Tx) = infit>0:9(Tx,) >, N} <inflt>0: P, t/h) > N (A} =
= hinf{t>0:P(x,t) >, N (1)}
hE,ng(x).

Theorem 3.2. Every linear operator T : (V,22,9) — (V',2?' .9 is £L-random bounded if
and only if it is continuous.

Proof. By (3.1) every Z-random bounded linear operator is continuous. Now, we prove
the converse. Let the linear operator T' be continuous but not £-random bounded. Then, for
each n in N there is a x, in V such that E 5/(Tx,) = nE) s(py). If we let y, = m then
it is easy to see y, — 0 but T'y,, do not tend to 0.

Theorem 3.3. (Open mapping theorem) If T is a £-random bounded linear operator from
a complete ¥£-random normed space (V,22,9°) onto a complete &L-random normed space
V', 2' 9) then T is an open mapping.

Proof. The theorem will be proved in several steps.

Step1: Let E be a neighborhood of the 0 in V. We show 0 € (W)o Let W be a balanced
neighborhood of 0 such that W+ W < E. Since T(V) =V’ and W is absorbing, it follows
that V' = u,T(nW), so by Theorem 3.17 in [6], there exists a ng € N such that T(noW) has
nonempty interior. Therefore, 0 € (W)D - (W)O On the other hand,

(W) - (TOW))* < TOW) - TW) = T(W) + TW) < T(E).

Thus the set T(E) includes the neighborhood (T(W))° - (T(W))° of 0.

Step 2: We show 0 € (T'(E))°. Since 0 € E and E is an open set, there exists 0y <7, a <1, 1¢
and £g € (0,00) such that B(0,a,t9) c E. However 0« <y, a <y, 1 so a sequence {€,} can be
found such that T ™A (€,+1), N (€m)) — 1o, N (@) <z, lim, T 1 (N (e1), N (€,)) in which
m > n. On the other hand, 0 € T(B(0,¢,,t},)), where ¢, = z%to, so by step 1, there exist 04 <z,
o, <t 1l and t, > 0 such that B(0,0,,t,) < T(B(0,e,,t,)). Since the set {B(0,r,1/n)} is a
countable local base at zero and ¢, — 0 as n — oo, so ¢, and 0, can be chosen such that
tn, — 0and 0, — Oy as n — oo.

Now we show B(0,01,t1) < (T(E))°. Suppose yg € B(0,01,%t1). Then yg € T(B(O,el,t’l)) and
so for 0 <7, 02 and ¢g > 0 the ball B(yg,02,t2) intersects T(B(O,el,t'l)). Therefore there exists
x1 € B(0,€e1,t)) such that Tx1 € B(yo,002,t2), i.e. 2'(yo— Tx1,t2) > AN (02) or equivalently
yo— Tx1 € B(0,09,t2) T(B(O,el,t’l)). By the similar argument there exist xg in B(O,ez,t'z)
such that

@’(yo —(Tx1+Tx2),t3) = 9'((3/0 —Tx1)—Txo,t3) >, N (03).
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If this process is continued, it leads to a sequence {x,} such that x, € B(0,ep,t),),
! (yo _Z;?:—ll ij,tn) >1, N (0p). Now if n,m € N and m > n, then

n m m

t@(zx‘]_ Z xjit):“( Z xjit) 2LLq—nl_n(y(er-l’tn+]_)5‘gz(xm,’trn))
j=1 j=n+1 j=n+1

where ;11 +tpio+ -+, =t. Put £ = min{tpi1,¢n42, - ,¢m). Since £, — 0, there exists

no € N such that 0 < ¢, <t for n > n¢. Therefore, for m >n we have

gm_n(@(xn+1,tb),@(xm,tb)) 2L gm_n(y(xnﬁ-l’tln+]_)’9(xm5tlyn))
2 TN (ene1), N (€m)).

Hence,

m
lim ?}’( Z xj,t) =7, lim T M AN (ep+1), N (€m)) =1
n—o90

R R |

That is, @(Zm xj,t) — 1, for all ¢+ > 0. Thus the sequence { ;.‘zlxj} is a Cauchy se-

j=n+1
quence and consequently the series {Z;’le j} converges to some point xg € V, because V is a
complete space.

By fixing ¢t > 0, there exists ng € N such that ¢ > ¢, for n > ng, because t, — 0. Thus

gl

n-1

i xj) ,tn) =7, N (o)

J=1

and thus &’ (yo -T (Z;.‘:_llxj) ,t) — 1. Therefore,

n—1 n—1
Y0 =hr£nT Z xj|=T hrrln Z xj| = Txo.
j=1 j=1
But, by Proposition 1 of [7],
n

J
> 115119"—1(%(61),...,%(%))>L N (@)

P(xo,t0) = hrrlng)( xj,to)zL3*"(1irxln(gw(x1,t’1),9)(xn,t’n))
1

Hence x¢ € B(0, a, tg).

Step 3: Let G be an open subset of V and x € G. Then we have
TG =Tx+T(-x+G)>Tx+(T(-x+G))°.

Hence T'(G) is open, because it includes a neighborhood of each of its point. O
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Corollary 3.4. Every one-to-one Z-random bounded linear operator from a complete £-

random normed space onto a complete £-random normed space has a £-random bounded

inverse.
Definition 3.5. Let 9 and 9’ be two continuous t-norms. Then 9’ dominates 9, denoted
by ' >, 7, if for all x1,x2,y1,y2 € £,

TT (x1,%2), T ' (y1,y2)1 <1 T[T (x1,¥1), T (x2,y2)].

Theorem 3.6. (Closed graph theorem) Let T be a linear operator from the complete £-random
normed space (V,22,9) into the complete £-random normed space (V',2' T°). Suppose for
every sequence {x,} in V such that x, — x and Tx,, — y for some elements x€V and ye V' it
follows that Tx =y. Then T is £-random bounded.

Proof. For any ¢t >0, x€V and y € V', define
O((x,¥),1) = T '(P(x,1),2'(y,1),

where 9 > . First we show that (V xV',®,9) is a complete #-random normed space.
The properties of (LRN1) and (LRN2) are immediate from the definition. For the triangle
inequality (LRN3), suppose that x,z2€V, y,u € V' and t,s > 0, then
T(D((x,9),8),D((z,u),8) = ITLT(P(x,8),2'(y,1),T " (P(z,8),2'(u,s))]
<t T'T(Px,1),P(z2,9),T (P (y,1), 2 (u,s))]
<1 T'(Px+z,t+5),P (y+u,t+s))

= O®O(x+z,y+u),t+s).

Now if {(x,,y,)} is a Cauchy sequence in V x V', then for every ¢ € L\ {0} and ¢ > 0 there
exists ng € N such that ®((x,,v,) — (Xm,ym),t) > N (€) for m,n > ng. Thus for m,n > no,

g—,(t@(xn _xm;t),t@’(yn _ym,t)) q)((xn —Xm>¥Yn _ym),t)

D((xn, yn) = X, ym), 8) > A (€).

Therefore {x,} and {y,} are Cauchy sequences in V and V', respectively, and there exist x €
V and y € V' such that x, — x and y, — y and consequently (x,,y,) — (x,y). Hence
(VxV' ®,9)is a complete Z-random normed space. The remainder of the proof is the same
as the classical case. O

4 <-fuzzy normed space

We conclude the paper with the setting of £-fuzzy normed spaces. Consider the £-fuzzy
normed space (X,%,9 ) in which & is a Z-fuzzy set on X x ]0,+oo[ satisfying the following
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conditions for every x,y in X and ¢,s in (0, +00):

(a) 0¢ <1, F(x,t);

(b) Z(x,t) =1 if and only if x = 0;

() F(ax,t)=F(x, L) for each a #0;

7 al

(d) T(F(x,t),F(y,8) <, Fx+y,t+3);

(e) F(x,-):10,00[ — L is continuous;

) lim;—0F(x,t) =04 and lim;_ o, F(x,t) = 1.

In this case & is called a #-fuzzy norm. For some details on the #-fuzzy normed spaces,

please see [1]

It is clear that all the results in section 2 and 3 can be written for #-fuzzy normed spaces.
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ABSTRACT

By decomposing the Laplacian on the Heisenberg group into a family of parametrized par-
tial differential operators L;,7 € R\ {0}, and using parametrized Fourier-Wigner trans-
forms, we give formulas and estimates for the strongly continuous one-parameter semi-
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RESUMEN

Mediante descomposicién del Laplaceano sobre el grupo de Heisenberg en una familia de
operadores diferenciales parciales parametrizados L, 7 € R\ {0}, y usando transformada de
Fourier-Wigner parametrizada, damos férmulas y estimativas para la continuidad fuerte
del semigrupo generado por L;, y la inversa de L;. Usando esas férmulas y estimati-
vas obtenemos estimativas de Sobolev para el semigrupo a un pardametro y la inversa del
Laplaceano.

Key words and phrases: Heisenberg group, Laplacian, parametrized partial differential
operators, Hermite functions, Fourier-Wigner transforms, heat equation, one parameter semi-
group, inverse of Laplacian, Sobolev spaces.

Math. Subj. Class.: 47F05, 47G30, 35J70.

1 The Laplacian on the Heisenberg Group

If we identify R? with the complex plane C via
R?3(x,y) —z=x+iyeC

and let
H=CxR,

then H becomes a non-commutative group when equipped with the multiplication - given by
1
(z,t)-(w,s)=|z+w,t+s+ Z[z,w] , (z,8),(w,s) eH,
where [z,w] is the symplectic form of z and w defined by
[z,w] =2Im(zw).

In fact, H is a unimodular Lie group on which the Haar measure is just the ordinary Lebesgue
measure dz dt.

Let b be the Lie algebra of left-invariant vector fields on H. A basis for § is then given by
X,Y and T, where

g 0,10
T ox 275t
o 1 0

=5 3%
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and 3
T=—.
ot

The Laplacian Ay on H is defined by
Ap=—(X2+Y2+T2.
A simple computation gives

(a a)a 9%
X— =Y

1 92
Ay =—A— Z(x2 +y?)— +

o2 "oy “ox)or o2
where
% 92
=—+—.
o0x2  dy?

Let g be the Riemannian metric on R? given by

1 0 /2
gy, t)=1 0 1 —x/2
y2 —x/2 a?+y?)

for all (x,v,#) € R3. Then Ay is also given by
1

Ay = 0;(v/detgg;r0r),
Vdetg 15]'%53 ! !

where 01 = 0/0x, 02 = 0/0y, 03 = 0/0t. Since the symbol o(Ay) of Ay is given by

2 2
U(AH)(x,y,tQQt,TI,T): (é+%y‘[) +(77—§xT) +T2

for all (x,y,t) and (£,n,7) in R3, it is easy to see that Ay is an elliptic partial differential
operator on R? but not globally elliptic in the sense of Shubin [11]. Let us recall that Ay is
globally elliptic if there exist positive constants C and R such that

lo (A&, y, &7, 1) = C(1+ [x] + [yl + |t + &l + Il + |71)*

whenever
lx| + 1yl + 12l + IS+ Inl + 7] = R.

The aim of this paper is to give new estimates for the strongly continuous one-parameter
semigroup e 2"y > 0, generated by Ay and the inverse Auful of Ay. More precisely, we use the
Sobolev spaces Lg(l]-l]), seR, as in [1, 2] to estimate ||e_”AHf||L%(H), u >0, in terms of || f |l 2y
forall f in L2(H), and to give an estimate for ||e_”AHf L2y in terms of || f ”LE(H)' These Sobolev
spaces are also used to estimate IIAﬂfnlflle H(H) in terms of ||f||L§(H) for all f in Lg(l]-l]).
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The function F on H x (0,00) given by
Fz,t,u) = (e “™f)z,0), (z,t)eH,u>0,
is in fact the solution of the initial value problem

& e t,u) =—(AuF)z,tu),  (z,H)eH,u>0,
F(z,t,0) = f(z,2), (z,0) €H,

for the Laplacian Ay.
Using the same techniques as in [1], we get for all £ € L2(H) and u > 0,
(0.0} . -
(e 7“2 f)(z, ) = (2m) V2 / e (e Y 2)dT, (z,8)€H, (1.1)

where L;, 7 € R\ {0}, is given by

. 1 0 0
LT=—A+Z(x2+y2)12—i(x@—ya T+712

and f7 is the function on C given by

o0

fi(z)=@n) 2 / e f(z,t)dt, z€C,
—00

provided that the integral exists. In fact, f7(z) is the inverse Fourier transform of f(z,#) with

respect to ¢ evaluated at 7. In this paper, the nonzero parameter 7 can be looked at as Planck’s

constant.

To obtain the estimates in this paper, we use formulas for e Lt and ﬂ;l in terms of the -
Weyl transforms and the 7-Fourier—Wigner transforms of Hermite functions, 7 € R\ {0}, which
we recall in, respectively, Section 2 and Section 3. The L2-boundedness and the Hilbert—
Schimdt property of 7-Weyl transforms are instrumental in obtaining the estimates.

Basic information on the classical Fourier—Wigner transforms, Wigner transforms and
Weyl transforms can be found in [13] among others.

In Section 2, we introduce the 7-Weyl transforms and prove results on the L2-bounded-
ness and the Hilbert—Schmidt property of the 7-Weyl transforms. The t-Fourier—Wigner
transforms of Hermite functions are recalled in Section 3. A formula for e %L f,u>0, for ev-
ery function f in L2(C) and an estimate for ||e_”f’ff||Lz(C), u>0,intermsof || flizr(c), 1= p =2,
are given in Section 4. This formula gives a formula for e “%%, 1 > 0, immediately using the
inverse Fourier transform as indicated by (1.1). In Section 5, we use the family L%(l]—l]), sER,
of Sobolev spaces with respect to the center of the Heisenberg group as in [1, 2] to ob-
tain Sobolev estimates for e %A f,u >0, in terms of ||fll; 2, and Sobolev estimates for
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||e_”AHf||Lz(H), u > 0, in terms of the Sobolev norms ”f||L§(|]-u) of f in L2(H). In Section 6,
we obtain a formula for ;! and estimates for L;! which are then used to estimate Anful. In
Section 7, estimates for IIA[If,]1 £l L2,,00 in terms of || f| L2@H) for all f in LE(H) are given.

We end this section by putting in perspectives the results in this paper. While the semi-
group and the inverse can be studied in the framework of functional analysis as explained in
[3,4,5,8,9, 16], the results and methods in this paper are based on explicit formulas in hard
analysis and are related to the works in [1, 2, 6, 7, 10, 12, 14, 15].

2 71-Weyl Transforms
Let f and g be functions in L2(R). Then for 7 in R\ {0}, the 7-Fourier—Wigner transform V,(f,g)
is defined by
(o0} . - <
Vi(f,8)q,p) = (2n)‘1/2|r|”2/ " (y+5)e(v-5)dy
for all ¢ and p in R. In fact,

Vi(f,)g,p) = IT1V2V(f,e)1q,p), q,pER,

where V(f,g) is the classical Fourier—Wigner transform of f and g. A proof can be found in

[1].

It can be proved that Vi(f,g) is a function in L2(C) and we have the Moyal identity
stating that

||Vr(f,g)||L2(q:) = ||f||L2(uqa)||g||L2(u;g), TeR\{0}. 2.1

We define the 7-Wigner transform W;(f,g) of f and g by

Wi (f,8) =V:(f,)". (2.2)

Then we have the following connection of the 7-Wigner transform with the usual Wigner
transform.

Theorem 2.1. Let 7 € R\ {0}. Then for all functions f and g in L2(R),
Wi (f,8)(x, &) = [T 2W(f, g)x/t,8), x,E€R,

where W(f,g) is the classical Wigner transform of f and g.

It is obvious that
Wi(f,8) =Wi(g,f), f.geL*R). 2.3)
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Let 0 € LP(C), 1 < p < oo. Then for all 7 in R\ {0} and all functions f in the Schwartz space
F(R) on R, we define W] f to be the tempered distribution on R by

WIf,g)=@m) V2 / / o, W (f, @), &) dx dé (2.4)

for all g in #(R), where (F,G) is defined by
(F,G) =/ F(2)G(z)dz

for all measurable functions F and G on R", provided that the integral exists. We call W}
the 7-Weyl transform associated to the symbol o. It is easy to see that if ¢ is a symbol in the
Schwartz space .#(C) on C, then W} is a function in S (R) for all f in F(R).

We have the following estimate for the norm of the Weyl transform W; in terms of the
L? norm of the symbol ¢ when 0 € LP(C),1<p <2.

Theorem 2.2. Let 0 € LP(C),1<p <2. Then W} :L2(R) — L%(R) is a bounded linear operator
and
IWZ I, < @m) VP~ WP g Ly ),

where IIW; I« is the operator norm of W; :L2(R) — L2(R).
Proof Let f and g be functions in .#(R). Then

(Wif,g)

(2m) 12 / / 6(x,OW(f,8)x,§)dxd
= @n) Y72 / / 6(x, OOW(F,g)x/t,&)dxdé
= @) V2 / / 61, OW(f,8)(x, ) dxdé.

But

62,8 = |7 o (x,8), x,E€R,

where 01/, is the dilation of o with respect to the first variable by the amount 1/7. More
precisely,

UI/T(q,p)ZU(q/T’p)’ qﬂPER'
So,

Wire) = @ [ [ e oW ow odrds

17 2 Wy £, 2),



CUBO

The Semigroup and the Inverse of the Laplacian ... 89

12, 3 (2010)

where Wy is the classical Weyl transform with symbol 67/;. Thus, it follows from Theorem

21.11in [14] that W} : L2(R) — L2(R) is a bounded linear operator and
IWZI < 1717 2@m) YPlloykliLe ) = @m) Pl Y2 P g Ly ).

O

We have the following result for the Hilbert—Schmidt norm of the Weyl transform W; in
terms of the L2 norm of the symbol ¢ when o € L2(C).

Theorem 2.3. Let o € L2(C). Then w; : L2(R) — L2(R) is a Hilbert—Schmidt operator and
IWZlas =) 2ol 20,

where IIWg s is the Hilbert—Schmidt norm of Wg :L2(R) — L2(R).

Proof Let f and g be functions in .#(R). Then

Wif.g) = Qo / / &, OWL(F, ), ) dx

@n) V2712 / / 6(x, OW(f,8)x/t,8)dxdE

= ©2n) 2712 / / 6(tx, EOW(F, g)(x, &) dxdE.

But
6(rx,8) = 11 2675 (x,0), x,E€R,

where o/, is the dilation of o with respect to the first variable by the amount 1/7, i.e.,
Ul/T(q,p)ZU(q/T’p)’ q’pER’

So,

Wif,e) = @o Yo ™¥2 / / T (x, OW(F, 8)x, &) dxdé
= |1 2 Ws.fl0),

where Wy is the classical Weyl transform with symbol 1;. Thus, it follows from Theorem

7.5 in [13] that W} : L2(R) — L%(R) is a Hilbert—Schmidt operator and

-1/2
Wilazs = 1t1”"“I1Wsp lms
~1/2,_-1/2
(2m) |7l lo1 L2

@) 2ol )
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3 Fourier-Wigner Transforms of Hermite Functions

For 1 e R\ {0} and for £ =0,1,2,..., we define e}e to be the function on R by

et ()= |71V er(V/I7lx), xeR.

Here, ¢}, is the Hermite function of order % defined by

1

T o 2I(x), xeR,
(Qkk!\/ﬁ)l/z

ep(x) =
where H}, is the Hermite polynomial of degree & given by
d \*
Hp(x)= (—l)ke’c2/2 (—) (e_xz), x€R.
dx
For j,k=0,1,2,..., we define e;.k on R? by
e;’k = VT(e;,eZ).
The following theorem gives the connection of {e; = 7,k =0,1,2,

0,1,2,...}, where
€k :V(ej’ek), .],k = 0,1,2,....

A proof can be found in [1].
Theorem 3.1. For 1 € R\ {0} and for j,k=0,1,2,...,

T
e’ (q,p)=lr|1/2e-k(—q, I7] ) g.peR.
J.k J» /|‘L'|

...} with {e;; : j,kb =

Theorem 3.2. {e;. i :J,k=0,1,2,...} forms an orthonormal basis for L2(R?).

Theorem 3.2 follows from Theorem 3.1 and Theorem 21.2 in [13] to the effect that {e;, :

J,k=0,1,2,...} is an orthonormal basis for L2(R?).

Theorem 3.3. For j,k=0,1,2,...,

I:Te;-’k =2k+1+ |T|)|T|e;,k.

Theorem 3.3 can be proved using Theorem 3.1, Theorem 3.3 in [2] and Theorem 22.2

in [13] telling us that for j,k = 0,1,2,..., e;; is an eigenfunction of L;
eigenvalue 2% + 1 and the fact that, L, = L, + 72.

corresponding to the
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4 A Formula and an Estimate for e‘”if, u>0

Let T € R\ {0}. Then a formula for e‘”I:T, u > 0, is given by the following theorem.

Theorem 4.1. Let f € L%(C). Then for u >0,
~ [ee]
e—quf — (27_[)1/2 Z e—(2k+l+|T\)\T|uVT(Wf‘Eez,ez )’
k=0
where the convergence of the series is understood to be in L%(C).
Proof Let f € L%(C). Then from Theorem 3.3 we have for u > 0
A S U DN v )
e f= Z Ze (f,ej,k)ej,kze e f, 4.1)
k=07=0
where the series is convergent in L2(C). Now, using the formula for e L7 f in [2] and (4.1), we
get

= (o)
e—uL-[f — (27_[)1/2 ];09_(2k+1+‘rl)|ﬂuVr(W}g92,e;)

for all £ in L2(C) and u > 0. O

For all 7 in R\ {0}, we have the following estimate for the L? norm of e~ul f,u>0,in

terms of the L? norm of f.

Theorem 4.2. Let 1 € R\ {0}. Then for all functions [ in LP(C),1<p <2,

||e_”ETf||L2(a:) < (2n)_(1/p)+(1/2)lrl_(1/2”(1/")6_’2”—2 Sh () 1£1lLr(©)-
Proof By Theorem 4.1, the Moyal identity (2.1) and the fact that
lepllz 2@ =1, k=0,1,2,...,
we get
le ™ L7 Fll 2 < (2m)Y2e T+ i e‘z’*"'”nW}e;e I 2@y u>0. (4.2)

k=0
Applying Theorem 2.2 to (4.2), we get

le ™ Fllzac)

_ _ _ 2y, [ & _
< (2n) WRIHUR)| WD +(Up),~(lrl+Ir] )u( . 2kr|u) Il
k=0
2 1
= () WPHUD) W2+ (W) plrfPu ’
7| 2emn(rl0) £ e (o)

as asserted.
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5 Sobolev Estimates for e " u >0

Let s € R. Then we define L2(H) to be the set of all tempered distributions f in &' (H) such
that f7(z) is a measurable function and

// |T|2s|fr(z)|2drdz<oo.
CJ -0

For every f in L2(H), we define the norm | f|| L2ap by

(e o)
||f||i§(H)=/C/ 721" (2)Pdr de.

Then it can be shown easily that LE(IHI) is an inner product space in which the inner product
(, )Lg(H) is giVen by

(f: 82 = / / 7> fT(2)g" (2)dTdz
CJ-0
for all f and g in L2(H).

Theorem 5.1. Let s = 1. Then for u >0, e %20 : L2(H) — L%(H) is a bounded linear operator
and

_ C
le™ 3 Fllpzen < 55 1f Iz2ay,  f ELPGD),

where
cs = sup (|7|*/sinh|7|).
TeR\{0}

Proof Let u >0 and f € L2(H). Then by (1.1), Fubini’s theorem, Plancherel’s theorem and
Theorem 4.2 with p =2,

le™ 125, = / / % 1(e " A £) (2)|2d T d 2
— / 28 (/l( uAHf)T(Z)I2dZ)dT
= / 7|28 ( / I(e_”L’fT)(z)IZdz)dr

* 2 L
= / T2 lle ™ T2, dT

(o0}

1 00 e—2rzu|.[|2s
= / ———— I3z, dT
4\ /_o sinh?(|7|u)

I e IR
— d
4/00 sinh?(|7|u) @I dz

IA
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_ 1 N
T 4qy2s+l /oo sinh2(|7|w) (/|f(2 7/u)| dZ)dT

where f is the inverse Fourier transform of f with respect to ¢. So, using a simple change of
variable and letting

Cs= sup (I7/*/sinh?|7)),
TeR\{0}

we get

le™ 4 I 2 = 55 / ( / If(z, r)|2dz) = ufan(H)
and this completes the proof. [l

The following result complements Theorem 5.1.

Theorem 5.2. Let s < —1. Then for u >0, e % :Lg([HI) — L2(H) is a bounded linear operator
and

Nfl2gy, fELIED,

—uA -
e U Hf”Lz(H)SQu—S

where

c_s = sup(|7| " ®sinh|7]).
7€{0}

The proof of Theorem 5.2 is very similar to that of Theorem 5.1 and is hence omitted.

6 Two Formulas and an Estimate for L !

Let T € R\ {0}. Then a formula for L;l is given by the following theorem.

Theorem 6.1. Let f € L%(C). Then

1

-1, _ 1/2
r f=Cm) Z(2k+1+|r|)|r|

T(W}ez,eZ),
where the convergence of the series is understood to be in L*(C).

Proof Let f € L?(C). Then

1
2k +1+[7)DI7|

(>

u[\/Jg

(f.e;z)es s, (6.1)

where the series is convergent in L2(C). Now, by Plancherel’s theorem and (2.2)—(2.4),

(frely) = /C fVi(eTep)@)dz = /C FOV(eT,e ) g
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/ FOWe],ef ) d¢ = @m)"2(Wge],e?) (6.2)
C
for j,k=0,1,2,.... Similarly, for j,2=0,1,2,..., and g in L%(C), we get

(] .8 = (g,e] ) = @m)"*(Wle} ) = (2m) (€], Wie},). (6.3)

So, by (6.1)—(6.3), Fubini’s theorem and Parseval’s identity,

o0

_1 _ P ————
(L:°f.8) = 2= Zo(zk+1+|r|)lrl

S 1

= 2 — (WZe%, Wi 6.4
Y GV Tel, Wiep). (6.4)

Z(Wrez,eE)(e},ngez)

By Plancherel’s theorem and (2.2)—(2.4),

(Wiej, Wge) = (@m) 12 /C E@Wile}, Wiep)(2)dz

(27[)—1/2 / WT(WfEeZ , ez )(Z)%dz
C

(om)12 / V.(Wiej, ep)2)g@dz ©65)
C

for £ =0,1,2,.... Thus, by (6.4), (6.5) and Fubini’s theorem,

. _ ey 1
Cife) = @Y e

S 1
om)Y2 — V.(Wlel,e! 6.6
@m (,§0<2k+1+|f|)|1| (Wiep.ex).8 6.6)

(VT(W}e}e,eZ),g)

for all f and g in L2(C). Thus, by (6.6),

W'E T T
L @ha 1o Ve

for all f in L%(C). O

The formula (6.4) is an important formula in its own right and we upgrade it to the status
of a theorem.

Theorem 6.2. For all T € R\ {0}, the inverse I:;l of the parametrized partial differential oper-
ators L, is given by
x 1

! = —(W}e} ,Wiel L.
e o(2k+1+|TI)IT|( ewWeer)h [8€LO
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For all 7 in R\ {0}, we have the following estimate for the L2 norm of I:;l f in terms of the
L2 norm of f.

Theorem 6.3. Let T € R\ {0}. Then for all functions f in L?(C),
WL iz < 111721 lz2co)-

Proof Let f and g be functions in L2(R). Then by Theorems 2.3 and 6.2,

~ 1 &
-1
IL7f.81 = 2HW};0|(W;e;,ngep|
< 2 Wils W)
= |T|2 7 HS g HS
1
= W”f"m(c)"g”m((@)
and this completes the proof. [l

7 Sobolev Estimates for A ;!

We have the following simple result giving the connection of A[;ﬂl with f,;l, 7 € R\ {0}, which
can be proved easily using the elementary properties of the Fourier transform and the Fourier

inversion formula.

Theorem 7.1. Let f € L2(H). Then

(0.0}

(At )z, 0) = (2m) V2 / e (LYY 2)dT, (z,t)eH.

—00

We can now give the following theorem, which can be seen as another manifestation of
the ellipticity of Ay.

Theorem 7.2. Let s € R. Then Ay': LE(H) — L2, ,(H) and

185 Fllzz oy S I liz2ge, £ ELIQD.
Proof By Fubini’s theorem, Plancherel’s theorem, Theorems 6.3 and 7.1,
—10,2 _ O 2542 A1 T2
1Ay f"Lgﬂ(H) = /C/_oclfl Ay ) (2)I°drdz

/ |r|2(s+2)( / AR ) (2)Pdz|dT
- C

(oo}
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= / |r|2<s+2’( / |(£;1ff)(z)|2dz)dr
—00 C

o0
2(s+2) 7 -1 2
/_ [T PEDNLT 1oy

o0

* 2 2
S T
/_ TP 17122 o dT

(0.0}

/ |r|28( / IfT(Z)Izdz)dr
—00 C

/ / 17121/ (2)12d v dz
CJ -0

2
112250

IA

as asserted. O
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ABSTRACT

We study a discrete model of the SU(2) Yang-Mills equations on a combinatorial analog of
R?. Self-dual and anti-self-dual solutions of discrete Yang-Mills equations are constructed.
To obtain these solutions we use both techniques of a double complex and the quaternionic
approach. Interesting analogies between instanton, anti-instanton solutions of discrete
and continual self-dual, anti-self-dual equations are also discussed.

RESUMEN

Estudiamos el modelo discreto de las ecuaciones de Yang-Mills SU(2) sobre un analogo
combinatério de R%. Soluciones auto-dual y anti-auto-dual para las ecuaciones discretas
de Yang-Mills son construidas. Para obtener estas soluciones usamos las técnicas de doble
complejo y abordage cuaternionico. Interesantes analogias entre soluciones instantones y
anti-instantones de ecuaciones discretas y continuas auto-dual y anti-auto-dual son discu-
tidas.

Key words and phrases: Yang-Mills equations, self-dual and anti-self-dual equations, in-
stantons and anti-instantons, difference equations.

Math. Subj. Class.: 81T13, 39A12.
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1 Introduction

It is well known that the self-dual and anti-self-dual connections are the absolute minima of
the Lagrangian for a 4-dimensional non-abelian gauge theory. The first self-dual solution -
the one instanton - to the SU(2) Yang-Mills equations on R* was obtained by Belavin et al
[3]. Later other more general multi-instanton solutions were described in [5, 11]. Since then
numerous extensions have been made. Classical references are the books by Atiyah [1], Freed
and Uhlenbeck [8].

In this paper we study a discrete analog of the SU(2) Yang-Mills equations on a combi-
natorial analog of R*. The ideas presented here are strongly influenced by book of Dezin [6].
We develop discrete models of some objects in differential geometry, including the Hodge star
operator, the differential and the covariant exterior differential operator, in such a way that
they preserve the geometric structure of their continual analogs. We continue the investiga-
tions which were originated in [7, 19, 20, 21]. The purpose of this paper is to construct the
self-dual and anti-self-dual solutions of discrete SU(2) Yang-Mills equations which imitate
the corresponding solutions of continual theory. The geometrical discretisation techniques
used here extend those introduced in [6] and [19]. A combinatorial model of R* based on the
use of the double complex construction is taken from [21].

There are many other approaches to the discretisation of Yang-Mills theories. Numerous
papers have been written on this subject. See, for example, [2, 4, 9, 10, 12, 13, 15, 18, 16] and
the references therein. Most of them are based on the lattice discretisation scheme. However,
in the case of the lattice formulation there are difficulties in keeping geometrical properties
of an origin gauge theory. An alternative geometrical discretisation scheme of a field theory
can be found in [17].

The paper is organized as follows. In Section 2 we review some basic facts of the SU(2)
Yang-Mills theory on R*. We begin by recalling the connection between the Lie group SU(2)
and the space of quaternions. Finally, we write down the basic instanton and anti-instanton
solutions in quaternionic form. The notations here are compiled from [1] and [14].

Section 3 contains a brief summary of definitions and properties due to the double com-
plex construction. We repeat here the relevant material from [21]. This article is also the main
reference for this section. In particular, we introduce discrete matrix-valued forms (analog of
differential forms) and define analogs of the main continual operations on them.

In Section 4 using the quaternionic approach we present the discrete Yang-Mills equa-
tions. We write out components of the discrete curvature 2-form in quaternionic form. The
discrete self-dual and anti-self-dual equations are described. We try to be as close to con-
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tinual SU(2) Yang-Mills theory as possible. Hence we discuss conditions when the discrete

curvature will be su(2)-valued.

Finally, Section 5 is devoted to self-dual and anti-self-dual solutions of the discrete Yang-
Mills equations. We construct these solutions as discrete quaternionic 1-forms and discuss
some analogies with continual instanton and anti-instanton solutions.

2 Quaternions and SU(2)-Connection

In this section we briefly recall some well known settings of the smooth Yang-Mills theory in
Euclidean 4-dimensional space (see, for example, [14]).

We begin with a brief review of some preliminaries about quaternions. The quaternions
are formed from real numbers by adjoining three symbols i,j,k and an arbitrary quaternion
x can be written as

x =x1 +x21 + x3j + 24K, 2.1)

where x1,x9,x3,x4 € R. The symbols i,j,k satisfy the following identities
iZ=j=k>=-1,
ij=—ji=k, jk=-kj=i, ki=-ik=j. (2.2)

It is clear that the space of quaternions is isomorphic to R*. By analogy with the complex
numbers x; is called the real part of x and x2i + x3j + x4k is called the imaginary part. In
further we will write

Imx = x0i + x3j + x4k.

The conjugate quaternion of x is defined by
X =x1—x21—x3j —x4Kk.
Then the norm |x| of a quaternion can be introduced as follows
x| = x% = x2 + x2 + x2 + x2. (2.3)
If x # 0, then it has a unique inverse x ! given by
= #x? (2.4)

The algebra of quaternions can be represented as a sub-algebra of the 2 x 2 complex matrices
M(2,C). We identify the quaternion (2.1) with a matrix f(x) e M(2,C) by setting

+x91 + x40
)= x1+x91  x3+x41 ' 2.5)

—x3+x40 X1 —X21
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Here i is the imaginary unit.

It is well known that the unit quaternions, i.e., they have norm |x| = 1, form a group and
this group is isomorphic to SU(2). The following 2 x 2 complex matrices

. ( i 0 ) ) ( 0 1) (0 i )
i= , Jj= , k= (2.6)
0 -i -1 0 i 0

realize a representation of the Lie algebra su(2) of the group SU(2). Note that multiplying
by —i these tree matrices we obtain the standard Pauli matrices. Matrices (2.6) correspond to
the units i,j,k given by (2.2). Thus the Lie algebra su(2) can be viewed as the pure imaginary
quaternions with basis i,j, k.

Let now A be an SU(2)-connection. This means that A is an su(2)-valued 1-form and we
can write
A= ZAu(x)dx“, 2.7
u

where A, (x) € su(2) and x = (x1,...,x4) is a point of R%. The connection A is also called a gauge
potential. Define a gauge transformation by a function g(x) taking value in SU(2). Then the
gauge potential A must transform like

A—glAg+gldg. (2.8)

Let us define the curvature 2-form F' by
F=dA+ANAA, (2.9)

where A denotes the exterior multiplication.

Consider also the covariant exterior differential operator d4 given by
daQ=dQ+ArQ+(-1PQnA, (2.10)

where Q is a su(2)-valued p-form.

The Yang-Mills action S can be expressed in terms of the 2-forms F and *F as
Sz—tr/ FAxF, (2.11)
R4

where * is the Hodge star operator. In R* the operator *2 is either an involution or anti-
involution, i.e., *2 = +1. The Yang-Mills Lagrangian L = —tr(F A F) is invariant under the
gauge transformation (2.8). By the physical requirement it is clear that the action S should be
finite. Hence the curvature F should be square integrable. This means that F' — 0 as |x| — oco.
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Consequently, we must describe the boundary condition at infinity for the connection A. By

virtue of gauge freedom (2.8) we have
A~ g_ldg as |x| — oo, (2.12)
where ~ implies asymptotic behaviour. Here and subsequently we do not specify the rate of
decay.
Written in terms of the covariant exterior differential operator d4 the Euler-Lagrange
equations for the extrema of (2.11) have the form

daF=0, ds+F=0. (2.13)

These equations are the Yang-Mills equations. The first equation of (2.13) is known also as
the Bianchi identity. In 4-dimensional Yang-Mills theories the following equations

F=xF, F=-xF (2.14)

are called self-dual and anti-self-dual respectively. These equations are first-order non-linear
equations for the potential A which imply the second-order Yang-Mills equations (2.13). So-
lutions of (2.14) — the self-dual and anti-self-dual connections — are called also instantons
and anti-instantons [8]. It is known that the self-dual and anti-self-dual connections are the
absolute minima of the action S.

The connection 1-form A can be defined also as taking values in the space of pure imagi-
nary quaternions. To express A in quaternion form we consider the quaternion differential

dx =dx1 +dxei+dxsj+dxsk
and the conjugate quaternion of dx
dx =dx1; —dx9i—dx3j—dxsk.

Let f(x) be a function of the quaternion variable x with quaternion values. Then we can write
A as
A =Im(f(x)dx), (2.15)

where

f(x) = f1(x) + fa(x)i+ f3(x)j + fa(x)k.

Using the rules of multiplication (2.2) we have

A1(x) = fa(0)i + f3(x)j + fa(x)k,
Ag(x) = F10i + fa(x)j — f3(0)kK,
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Asz(x) = —f4(x0)i+ f1(x)j + fa(x)k,
Ag(x) = f3(0i— fo(x)j + f1(x)k.

Using (2.15) we can rewrite (2.9) as follows
F=Im(dfx)Adx+ f(x)dx A f(x)dx). (2.16)

Note that calculation of the imaginary part of f(x)dx and computing its curvature commute.

Let us take the following expression for f(x):

X

=—. 2.17
flo=— P (2.17)
Then the connection 1-form A is defined by
xdx
A=Im{——"'. 2.18
m{7; w2 } 2.18)
The explicit components A, can be written as
—xo1—x3j — x4k x11—x4j+ a3k
Aj(x)= ————————, A =
1w T+l 2=
x41+21j — 22k —xsi+x9j+x1k
Ag(y= TETEIIR gy = TR (2.19)
1+ x| 1+ x|
Putting (2.17) in (2.16) we get the pure imaginary expression
dx Adx
=——. 2.20
(1+x1%)2 (2:20)

It is easy to show that the 2-form dx A dx is anti-self-dual. Hence F is anti-self-dual too and
the connection (2.18) describes an anti-instanton . See for details [1].

Similarly, if we take

xdx
A=Im{——}, 2.21
m{7; e } @21
then we obtain the self-dual 2-form
dx ANdx
= . 2.22
(1+]x12)2 ( )

Thus the curvature is self-dual and (2.21) describes an instanton .

3 Double Complex

We will need the double complex construction described in [21]. In with section for the con-
venience of the reader we repeat the relevant material from [21] without proofs, thus making
our presentation self-contained.



CUBO Self-Dual and Anti-Self-Dual Solutions ... 105

12, 3 (2010)

Let the tensor product C(4)=C ® C ® C ® C of an 1-dimensional complex C be a combi-
natorial model of Euclidean space R* (see for details also [6]). The 1-dimensional complex C
is defined in the following way. Let C° denotes the real linear space of 0-dimensional chains
generated by basis elements x; (points), j € Z. It is convenient to introduce the shift operators
7,0 in the set of indices by

Tj=j+1, oj=j-1. 3.1)

We denote the open interval (x;, x;;) by e;. We’ll regards the set {e;} as a set of basis ele-
ments of the real linear space C! of 1-dimensional chains. Then the 1-dimensional complex
(combinatorial real line) is the direct sum of the introduced spaces C = C°®C!. The boundary
operator 0 on the basis elements of C is given by

aszo, aejzxrj—xj. (3.2)

The definition is extended to arbitrary chains by linearity.

Multiplying the basis elements x;,e; in various ways we obtain basis elements of C(4).
Let sg’), where k& = (k1,ko,k3,k4) and k; € Z, be an arbitrary basis element of C(4). Then a
p-dimensional chain is given by

_ k(P k
cp—%’;c(p)sk s CpmER (3.3)

We suppose that the superscript (p) contains the whole requisite information about the quan-

tity and places of 1-dimensional elements e; in sf,ep ). For example, the 1-dimensional basis

elements e;'e of C(4) can be written as
el=e, ®x;, ®xp. ® 2 = x, ®ep, ®xp., @
k= €k ko ®Xk3 O Xky, €p =Xk ®CLy OXpy OXpy,
3 4
e} = Xp; ®Xp, ®epy ® Xy, e} = Xp; ®Xp, ®Xp, ®ep, (3.4)

and for the 2-dimensional basis elements &;’ we have

12 23

£, =ep, ®ep, ®xp; ®epy, £ =Xp, ®€p, Bepy; ®Xpy,

13 _ 24 _

£ =€p, ®Xp, ®ep, ®xp,, £, =Xp, ®ep, X, Qep,,

14 34

€} =ep, ®Xp, ®Xp;Q€p,, €y =Xp, ®Xp,®ep; Qep,. (3.5)

Using (3.2) we define the boundary operator 0 on chains of C(4) in the following way: if ¢, ¢4
are chains of the indicated dimension, belonging to the complexes being multiplied, then

O(cp ®cq) =0cp ®cqg +(—1)Pc, ®dcq. (3.6)
For example, for the basis element 524 we have

24
0g;,” = 0(xp, ®ep,) ®Xpy ® €, — Xk, ®ep, ®0(xp, ®ep,)
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=0xp, ®ep, ®xp, ®ep, +Xp, ®0ep, ®Xp, ®ey,

—Xp, ®ep, ®0xp, ®ep, —Xp, ®ep, ®xp, ®0ey,
=Xk ®Xrpy OXpy ® €Ly — Xk, ®Xp, ®Xpy O €p,

—Xpy OXpy OXpy ®X1py +Xp; ®Xpy ®Xfg Xy

For convenience we also introduce the shift operators 7; and ¢; which act in the set of
indices k = (k1,ko,ks3,k4), k; €Z, as

Tl'k=(k1,...‘[kl',...k4), O'ik=(k1,...0'ki,...k4), (3.7)

where 17 and o are given by (3.1).

Let us introduce the construction of a double complex. Together with the complex C(4)
we consider its double, namely the complex C(4) of exactly the same structure. Define the
one-to-one correspondence

x:C(4) — C4), x:C(4)— C(4) (3.8)

in the following way. Let sg’) be an arbitrary p-dimensional basis element of C(4), i.e., the

product sg’) =5p, ®Sp, ®Sp, ®Sy, contains exactly p of 1-dimensional elements e, and 4 - p
of 0-dimensional elements x,, p =0,1,2,3,4, k; € Z. Then

* :sgf) - i§§e4_p), * :§§e4_p) - isfkp), (3.9

where
{4-p) _
S, = *Sp, ® *¥Sp, ® *Sp, ® *Sp,

"no,on

and *sp, = €y, if s, =x3, and *sp, =Xy, if 53, = ep;. In the first of mapping (3.9) we take "+
if the permutation ((p), (4 — p)) of (1,2,3,4) is even and "-" if the permutation ((p), (4 — p))
is odd. Recall that in symbol (p) the number of basis element is contained. For example,

for the 2-dimensional basis element 8%63 =ep, ®xp, ®ep, ®xp, We have *8%63 = —E%“ since the

permutation (1,3,2,4) is odd. The mapping * :§(k4_p ), isg’) is defined by analogy.

Proposition 3.1. Let ¢, € C(4) be an r-dimensional chain (3.3). Then we have
xxc, = (=14 e, (3.10)
Proof. See [21]. O
Now we consider a dual object of the complex C(4). Let K(4) be a cochain complex

with gl(2,C)-valued coefficients, where gl(2,C) is the Lie algebra of the group GL(2,C). Re-
call that gl(2,C) consists of all complex 2 x 2 matrices M(2,C) with bracket operation [-,-].



CUBO Self-Dual and Anti-Self-Dual Solutions ... 107

12, 3 (2010)

We suppose that the complex K(4), which is a conjugate of C(4), has a similar structure:
K4)=K®K®K®K, where K is a conjugate of the 1-dimensional complex C. Basis ele-
ments of K can be written as x/, e/. Then an arbitrary basis element of K(4) is given by
?p) =gkt @ gk2 @ ks ®sk4, where s* kj
dimensional basis elements of K(4) by e]lf‘, Efj respectively, cf. (3.4), (3.5). For a p-dimensional

s 7 is either x*/ or e*i. For example, we denote the 1-, 2-

cochain ¢ € K(4) we have
0=Y.Y ot (3.11)
kP
where (pf,ep Ve gl(2,C). We will call cochains forms, emphasizing their relationship with the
corresponding continual objects, differential forms.

We define the pairing operation < - , - > for arbitrary basis elements ¢; € C(4), s* € K(4)
by the rule

0,er#s
< Ek,ask >= k7 Sk (3.12)
a, €, =S, a € gl(2,C).
Here for simplicity the superscript (p) is omitted. The operation (3.12) is linearly extended to
cochains.

The operation 0 (3.6) induces the dual operation d¢ on K(4) in the following way:

<0ep,as® >=<ep,ad’s" > . (3.13)

k

For example, if p =), (pkxk, where x* = x*1 ® x*2 ® x*3 @ x*4, is a 0-form, then

4
dp=Y Y (Aigr)et, (3.14)
k i=1

where A; ¢ = ¢, — ¢ and e}i‘ is the 1-dimensional basis elements of K(4). The coboundary
operator d¢ is an analog of the exterior differentiation operator.

Now we describe a cochain product on the forms of K(4). See [6] for details. We denote
this product by U. In terms of the homology theory this is the so-called Whitney product.
First we introduce the U-product on the chains of the 1-dimensional complex K. For the basis
elements of K the u-product is defined as follows

Y ux!=x/, eluxV=e/, x'ue/=¢e/, jez,

supposing the product to be zero in all other case. To arbitrary forms the U-product be ex-
tended linearly. Let us introduce an r-dimensional complex K(r), r =1,2,3, in an obvious

notation. Let sfp) be an arbitrary p-dimensional basis element of K(r). It is convenient to

k

() is a basis element of K(r)

® s/, where s*

write the basis element of K(r + 1) in the form s ()
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and s/ is either e/ or x/, j € Z. Then, supposing that the U-product in K(r) has been defined,

we introduce it for basis elements of K(r + 1) by the rule
(sfp) ®s/)U (sfq) ®s!)=Q(/, q)(sfp) u sfq)) ®(s/ Ush), (3.15)

where the signum function Q(j,q) is equal to —1 if the dimension of both elements s/, sf‘q)
is odd and to +1 otherwise. The extension of the U-product to arbitrary forms of K(r+1) is
linear. Note that the coefficients of forms multiply as matrices.

Proposition 3.2. Let ¢ and v be arbitrary forms of K(4). Then
d(puy)=dpuy+(-1)Ppudy, (3.16)
where p is the dimension of a form .

The proof of Proposition 3.2 is totally analogous to one in [6, p. 147] for the case of discrete
forms with real coefficients.

The complex of the cochains K(4) over the double complex C(4) with the operator d° de-
fined in it by (3.13) has the same structure as K(4). The operation (3.8) induces the respective
mapping

*:K(4)—~K@4), =:K(4)—K@4)

by the rule:

<, xQ>=<*C, P>, <ec, *P >=< ¢, P >, 3.17)

where c € C(4), é € C(4), ¢ € K(4), 7 € K(4). Hence for the basic elements of K(4) or K(4) we
have relations (3.9). It is obviously that Proposition 3.1 is true for any r-dimensional cochain
c¢”" € K(4). So we have

k= (_1)r(4—r)(p

for any discrete r-form ¢ on K(4) and note that the same relation holds for the Hodge star
operator. Thus this operator is a combinatorial analog of the Hodge star operator.

Let us introduce the following operation
i:K4)—K4), 1:K4)—K®4)

by setting

~k _ ~k sk _ ok
) =85wy By =Sy (3.18)

where s* . and §* | are basis elements of K(4) and K(4). Hence for a p-form ¢ € K(4) we have

k
» (p) -
i = @. Recall that the coefficients of ¢ € K(4) and ¢ € K(4) are the same.
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Proposition 3.3. The following hold

2=1Id, ix=xi, id°=d°T, (3.19)

where ¢, v e K(4).

Proposition 3.4. Let h be a discrete 0-form. Then for an arbitrary p-form ¢ € K(4) we have
Tx(hu@)=huix*g. (3.20)
Proof. See [21]. O
Note that the definition of inner product in the double complex and a discrete analog of

the Yang-Mills actions (2.11) can be found in [21].

4 Quaternions and Discrete Forms

Let us consider a discrete 0-form with coefficients belonging to M(2,C). We put
k

where x* = x*1@x"2 ®x*3 ®x*4 is the 0-dimensional basis element of K(4), k = (k1,k9,ks,k4), k; €

Z. Suppose that the matrices f, € M(2,C) look like (2.5), i. e.

1 2 3 4 -
fk+fkl fk+fkl

fr= . B (4.2)
Ref i
where f; €R, s=1,2,3,4. Then f}, in quaternionic form can be expressed as
fi=fy + i+ i+ fik. (4.3)

Hence the form (4.1) can be considered as a discrete form with quaternionic coefficients. We
will call it simply the quaternionic form when no confusion can arise. In a proper way we
define the quaternionic 0-form f with coefficients f}, regarded as the conjugate quaternions of
f%. Let £~ be the quaternionic form, where fn L is given by (2.4). Then we have

FUuf=Y faf k=Y «F. (4.4)
k k
Proposition 4.1. Let [ be a discrete 0-form and [ #0. Then we have

d°fuft=—fuadcf (4.5)
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Proof. By definition (3.14) and according to (4.4), we have d°(f U f~1) = 0. Using Proposi-
tion 3.2 we immediately obtain (4.5). O

Let us denote by e the following quaternionic 1-form

e =Zek =Z(elf +e}§i+e§j+e§k), (4.6)
k k

where e}ie is the 1-dimensional basis elements of K(4). Let A € K(4) be a discrete 1-form. We
define the discrete SU(2)-connection A to be

4
A=Y Y Alek C%)
k i=1

where A;e € su(2) and k = (ki1,ko,k3,k4), k; € Z. Using (4.3) and (4.6) we write (4.7) in
quaternionic form as
A=TIm(fue)= Im(kaek). (4.8)
k

Then the Af,'e are given by

AL =R+ i+ ik, A2 =it fl- 2k,
Ad=—fli+fli+fik,  Ar=fli-fi+fik (4.9)

Define the quaternionic 0-form x by

x=Y xkxb, x=ky+koi+ksj+hak, (4.10)
k
where k; € Z. It is easy to check that
d°x=e. (4.11)
Therefore we can rewrite (4.8) as
A =Im(f ud®x). (4.12)

Let g be a quaternionic 0-form (4.1) with the components of unit norm, i.e., |gz| =1 for
any k. It means that the corresponding discrete form is SU(2)-valued. We now define a gauge
transformation for the discrete potential A which is analogous to (2.8). This is

A—-gluAug+gludig, (4.13)

where A is given by (4.8) or (4.12). Note that the gauge transformed discrete form A is
su(2)-valued too. It is not so obviously as in the continual case but follows immediately from
the definition of U-multiplication and formula (3.16). More generally, if we assume that the
gauge transformation g is an arbitrary quaternionic 0-form, then we take the imaginary part
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of g7lUAUg+g 1ud®g in (4.13). For a deeper discussion of gauge invariant discrete models
of the Yang-Mills theory we refer the reader to [19, 21].

An arbitrary discrete 2-form F' € K(4) can be written as follows

F=Y Y F/e, (4.14)
ki<j

where F,ij € gl(2,0), efj is the 2-dimensional basis element of K(4) and 1<1i,j <4,
k=(k1,ko,k3,kq), ki €Z. Let F is given by

F=d°A+AUA. (4.15)

Combining (4.7) and (4.15) and using (3.12), (3.13) and (3.15), we obtain

FJ =N A} -0jAL+ALAT | — AT A (4.16)

Tjk’

where AiAi = Ai»k —Ai and 7,k is given by (3.7).

Let us define a discrete analog of the exterior covariant differentiation operator (2.10) as
follows
d5Q=d‘Q+AUQ+(-1)’"1QuA, (4.17)

where ( is an arbitrary p-form of K(4) looking like (3.11). Then a discrete analog of Equations
(2.13) can be written as
dyF=0, dj*iF=0, (4.18)

where 7 is given by (3.18). It is easy to check that the combinatorial Bianchi identity:
d°F+AUF-FUA=0 (4.19)
holds for the discrete curvature form (4.15) (cf. (2.13)).

Remark 4.2. In the continual case the curvature form F (2.9) takes values in the algebra
su(2) for any su(2)-valued connection form A. Unfortunately, this is not true in the discrete
case because, generally speaking, the components A;;Ai o —A;;Ai " of the form AUA (see (4.16))
do not belong to su(2).

To define an su(2)-valued discrete analog of the curvature 2-form we use the quaternionic
form of A (4.8) and put in (4.15). Then the discrete curvature form F is given by

F=Im{d°fue+(fue)u(fue). (4.20)

It should be noted that in the discrete case calculation of the imaginary part of f Ue and
computing its curvature do not commute.
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Proposition 4.3. If A =Im(x~ 1 udx), where x is given by (4.10), then F =0.

Proof. Using (4.5) and putting f = x ™! in (4.20) we get

F=Imd(x 'ud®x)+(tudx)uxtud‘x)

=Im(d°x tud®x—dx P uxuxtudx).
According to (4.4) the form x Ux~! has unit components. Hence
dx tuxuxtudx=dxtudx

O

We now write down the components of (4.14) using quaternions. Putting (4.9) in (4.16)
we find that

F,?=(A1fkl—A2fk2—f;§ff’1k—f;ffflk—fkfzk fkfzk)l
+(A1fl?_A2fl§+fk2fr31k+fl?fr11k+fkfr2k+fkfrgk)-]
+(—A1fk3—A2f;§+fkflk fkflk fkf2k+fkf2k)k
_fiffrllk_figfflkJ“fkfnk+fkfrgk+fkfr32k_fkfrgk’

F,f’=(—A1f;?—A3fk2+fk3fT21k—f;ffrllk—fkf3k+fkf3k)l
+(A1fkl_A3fi§_kafrzlk_fl?fflk_fl?fmk_fkfrgk)-]
+(A1sz—A3f;f+fkf1k+fkf1k+fkf3k+fkf3k)k
+fk2fr41k_figfrllk_fkfrlk_fkfr3k+fkfr3k+fkfr3k’

Fyf = Oy = Dafg + i fo + Fa Fon + TR oy + P Fog)i
O = Baff = fifrn+ FeFop + T P = Faf )i
+(A1fy = Dafy - fkf fkflk fkf4k fkf4k)k
_flszlk+fk3frlk_fkfrlk+fkfr4k_fkfr4k fkfmk’

FP = (=Dofy = Dafy +Fif i+ Fofog + Fifop+ Fafeyi
+(Dafy = Dafy = Fo o+ o Foge + i Fige = Fifoi )i
+(Doff+Dsfp + o fon+ Fufon+Fafan+fafonk
+fklfr42k _flffrlzk +fk3fr22k _flffrlgk +fk1ff3k _fff%k’

24 _ 3 1, pdpl 342 2,3 1,4 s
Fy" =ofy, =Dafy + 1 Frpn = Fogn = T Foge 1 Frg i
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+(Doff—Dafy = fafon—fRf il = o f )i
+(A2fk1+A4fk3_fk1frzgk_flfffgk_fkfuk_fkfmk)k
_f}i}f‘?gk+f}§f‘[22k+f/§f712k+f/§frl4k_f]?f‘lik_f]g-f‘lik’

F;§4=(A3fk3+A4f;§+fkf3k+fkf3k+fkf4k+fkf4k)1
+(_A3ka—A4fkl+fkfrgk+fkfr3k+fkfr4k+fkfr4k)-]
+(A3f]§_A4ka+fkf3k fkf3k fkf4k+fkf4k)k
+f/?fr33k+fk1fr23k_fkfr3k_fkfr4k_fkfr4k fkfr4k‘

To obtain the components of (4.20) we must take the imaginary part of these equations.

Proposition 4.4. The discrete curvature 2-form F (4.15) is su(2)-valued if and only if

_flgfrllk_fl?fr‘llk_'_fl?f?lk+fklfr22k+fljf32k_fl§fr42k:0’
f}?f;llk_fl?frllk_f};lfik_fgf33k+flezlf33k+fle2f;lg,k=0
_flgfflkJrf}?fflk_f/?frllk+fkfr4k szfrik+fkf4k—
f}elfr‘lzk_f}?frlzk flgffzk_fkfrgk fklf?gk_fkfrgkzo’
_fkf2k+fkf2k+fkf2k+fkf4k fkf4k fkf4k
fkfrgk fkfrgk_fkfrgk_fkfr4k_fkfr4k+fkfr4k20‘

Proof. From the above it follows immediately. O
Proposition 4.5. Let e is given by (4.6). Then the 2-form e U é is self-dual, i.e.,
eue==xileue), (4.21)

and e Ue is anti-self-dual, i.e.,
eUe=—xleue). (4.22)

Proof. Denote

ei=Ze]lf°, El‘jZ%"E?j.

k

Recall that e and 8 . are the 1-dimensional and 2-dimensional basic elements of K(4) (see
also (3.4) and (3.5)). From this by (3.15) we obtain e; Ue; =¢;; and e; Ue; = —¢;; for all i < j.
Then we have

eué=(e;+egi+esgjtesk)u(e; —egi—e3j—eqsk)
=-2{(e1Ueg+egUey)i+(ejUeg—eg Ue4)j+(e1 Ueyq +egUez)k}

=—2{(e12 + £34)i + (€13 — €24)j + (€14 + £23)K}.



114 Volodymyr Sushch (3}3{}031?

Using (3.17) and (3.19) we get

*leue)=—20{(E34 + E19)i+ (—Foq + E13)j + (Eoz +E1n)k} =eUe.
In the same way we obtain (4.22). O

Corollary 4.6. For any quaternionic 0-form f the form fueué is self-dual and fuéuUe is
anti-self-dual.

Proof. This follows immediately from (3.20). O

Discrete self-dual and anti-self-dual equations (discrete analogs of Equations (2.13)) are
defined by
F=ixF, F=-ixF, (4.23)

where F is the discrete curvature form (4.4). Using (4.5), by the definitions of 7 and *, the first
equation (self-dual) of (4.23) can be rewritten as follows

FP2=F}  FB=-FM  F=F5 (4.24)

By analogue with the continual case solutions of (4.23) (or (4.24)) are called instantons and
anti-instantons respectively.

5 Discrete Instanton and Anti-Instanton

In further analogy with the continual case consider the discrete SU(2)-connection A. Let A
be the quaternionic 1-form (4.8), where the components of f are given by

K

=—), 51
= T e G-
where x = k1 +koi+ksj+kqek, k; € Z. Putting the last in (4.9) we obtain
Al _ —k2i—k3j—k4k A2 _ k1i—k4j+k3k
k 1+ 7 k T+x2 7
k4i+k1j—k2k 4 —k3i+k2j+k1k
A =22 T T A= 5.2
k 1+ k|2 k 1+ (k|2 5-2)
It is convenient to denote
1
i 1=1,2,3,4. (5.3)

T A+ kDA kB

Recall that the shift operator 7; is given by (3.7). Substituting (5.2) in (4.16) and using (5.3)
we find that

F12 = (My(1+ kS~ k2~ k1) + Ma(1+ k2 — kS — ko)l
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+{M1(ksk1+koks)— Mo(ksks +kak1)}j
+{M1(koks —k1k3)+ Ma(k1ks —kaks)tk
+M1(k1ko + ko) —Ma(kiko + k1),

F% = My (koks —k1ks) + M(k1ks — kok3)li
M1 (1 + k2~ k% — k1) + M3(1+k2 — k2 —k3)}j
+{M1(k1ka +k3ks) — M3(k3ks +k1ko)lk
+Mi(k1k3 +k3)—Ms(kiks +k1),

Fi* = (M1(k1ks +koks) - My(koks +E1ks)H
+{M1(kgks —k1ks) + My(k1ko —k3k4)}j
+{M1(1+E2 k2 — k1) + My(1+£2 — k2 —ky)lk
+Mi(kiks +ka)—Ma(k1ka + k1),

FP3 = {(~Ma(koky +k1ks) + M3(k1ks +kaka)li
+{Mao(kgks —k1ks) + M3(k1ka —k3k4)}j
—{Ma(1+k2 — k% — ko) + M3(1+ k2~ k2 —k3)lk
+Ma(koks +k3) — M3(koks + k2),

F2* = (Ma(koks — kak1) + My(k1ks — koks)li
+{Ma(1+k5 — k2 — ko) + Ma(1+k5 — k3 — ka)lj
—{Mo(kikg +kaks) — My(k3ks+ki1ko)Ik
+ Mo(koky +ka)— Mylkoks + ko),

F3 = —(Ms(1+k%—k2—k3)+ Ma(1+k% k2 - RN
+{M3(~koks —k1ks)+ Ma(k1ky +koks3)}j
+{M3(koky —k1k3) + My(k1ks —kok4)tk
+ Ms(ksks+kq)— My(ksky +Ek3).

Proposition 5.1. The 2-form F with components F,ij above is su(2)-valued if and only if

k1=ko=k3g=Fk4. (5.4)

Proof. From Proposition 4.4 F is su(2)-valued if and only if
Mi(kl‘kj +kj)—Mj(kl'kj +£;)=0

forany k; €7, i,j=1,2,3,4 and i < j. It follows immediately (5.4). O
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Thus, the su(2)-valued discrete curvature 2-form F' can be written in the quaternionic

form as follows

F= Y Mu2-2mie¥,— ek i+ (el + ek j+ ek, — bk, (5.5)
k, ki=p
From (5.2) here we have M, = m. Since k; = y, in (5.5) we can write gélj instead

of e*..
ij

If we consider the 0-form

w=Y M,(1-pat, UEZ (5.6)
Im

and use the following relation (see the proof of Proposition 4.5)
eUe =2{(e12 — €34)i + (€13 + €24)j + (€14 — £23)K},

then F can be written as
F=wuéue. (5.7)

In view of Corollary 4.6 F is anti-self-dual, i.e., F = —T* F'. Thus under condition (5.4) A with
components (5.1) describes an anti-instanton.

In the same manner we can see that the following quaternionic 1-form
A=Im(fue), (5.8)

where f has the components
K

1+ k2’

leads to an instanton solution of (4.24). Indeed, substituting (5.8) and (5.9) in (4.16) we now

fr (5.9)

obtain

FP2 = {-M1(1+k% k% — k1)~ Ma(1+ k2 — k2 — ko)l
+{M1(kyk1—koks3)+ Ma(ksks — kak1)}j
+{M1(~koky—k1k3)+ Ma(k1ks +kaks)k
+Mi(k1kg + ko) — Ma(k1ko + k1),

F{2 = {M1(~koks —k1ks) + Ma(k1ks + koks)i
—{M1(1+ k32— k3 — k1) + M3(1+ k2 — k% —k3)}j
+{M1(k1kg —k3ks) + M3(ksks —k1ko)tk
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+Mi(k1k3 +k3)—Ms(kiks +k1),

Fi* = {My(k1ks — kaks) + Ma(koky — k1k3)hi
+{M1(—kgks —ki1ks)+ Ma(k1ks + k3k4)}j
—M1(1+E2 k2 — k1) + My(1+£2 — k2 —ky)}k
+Mi(k1kys+ka)—Ma(kiks + k1),

F2? = {Mo(~koky +k1ks) + Ms(—k1ks +koka)li
+{Ma(kgky +k1ks) — M3(k1ks +k3k4)}j
—{Ma(1+k2 k% — ko) + M3(1+ k2 — k2 —k3)ik
+Mo(koks +k3)— Ms(kaks +k3),

F2* = (Ma(kaks +kak1) — My(k1ky +kok3)li
+{Ma(1+k2 — k% — ko) + Ma(1+k3 — k2 — ka)lj
+{Mgo(k1kg —k3ks) + My(ksks —k1ko)tk
+Mo(koky +ky)— My(koky +k2),

F3 = —(Ms(1+k5 - k3 —k3)+ Ma(1+k% k2 —RoH
+{Ms(=koks +k1ks) + My(=k1ks +kok3)}j
+{Ms3(koky +k1k3) — My(k1ks +koky)tk
+ Ms(kskg+kq)— My(ksky +k3).

Again, under condition (5.4) we can write F as
F=Y M,@u-2){(eh,+eh )i+ (el —eh, )i+ (el +eho)k),
o
where p € Z. Therefore

F=wueue, (5.10)

where w is given by (5.6). Thus the discrete curvature form (5.10) is self-dual and we can say
that (5.8) describes an instanton.

Now to complete the analogy with the continual case we describe more precisely how
the anti-instanton given by (5.1) behaves as |[k| — co. It is clear that f; is asymptotically
ﬁ =x"1. Then

A~Im(x'ud®x) as |k|— oo. (5.11)

Here x is given by (4.10). By virtue of Proposition 4.3 the discrete curvature F' =0 at infinity.
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Proposition 5.2. The anti-instanton (5.1) has the same form at oo as it has near 0.

Proof. Introduce the quaternionic 0-form
1

y=Y mx®,  where  y,=-—
3 K

and remind « = k1 + koi + ksj + k4k. Clearly, y = x~1. We first compute x U f UeUx !, where f
is given by (5.1). To do this, take (4.10), (4.11) and use the U-product definition. We have

xufuez(;xxk)u(%l+ﬁklzxk)ue

|2

:(§1+|Kl2xk)ue=e—(% 1+1|K|2xk)ue

— JCme _ # k c
=dx (;1+|K|2x)ud x.

From this by (4.5) we get

foUeUx_lz—decx_1+(Z

k c,.—1
L A PP 5.12
=T k2 Judca ¢-12)

Now gauge transform the form f Ue by the gauge transformation g = x 1. We must take the
imaginary part of (4.13). This yields by (5.12)

K
Im(g 'ufueug+g tudig)=Im
g lufueug+g g ((§1+|K|2

= Im((z y—kxk) Udcy).

7 1+ 1ypl?

xk) u dcx_l)

Hence the gauge transformed anti-instanton A has precisely the form (5.11) near y = 0. O

The same conclusion can be drawn for the instanton (5.8).

In the continual theory Proposition 5.2 shows that the anti-instanton (or instanton) ex-
tends to the 4-sphere S%. This follows from the fact that S* can be obtained from R* by adding
the point at infinity, i.e., S* =~ R* U{oo}. To obtain the same result for our discrete model we
need to construct a suitable combinatorial analog of the 4-sphere. It would be interesting to
connect the above constructions with discrete model of S* described in [21]. This connection
must be investigated and we hope to treat its further in future work.
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ABSTRACT

In this paper we recall recent results that are direct consequences of the fact that
(Woo (1), we0 (1)) is a Banach algebra. Then we define the set W; = D;woo and charac-
terize the sets W; (A) where A is either of the operators A, £, A(A), or C(A). Afterwards
we consider the sets [A1,Agly, of all sequences X such that A1 (1) (|Ag (1) X|) € W; where
A1 and Aj are of the form C (&), C* (&), A(¢), or AT (§) and it is given necessary conditions
to get [A1(1),Aq (”)]W, in the form W;. Finally we apply the previous results to statis-
tical convergence. So we have conditions to have xj, — L(S(A)) where A is either of the
infinite matrices D1/;C(1)C (1), D1/ A A (1), D1 AA)C (1). We also give conditions to
have xj, — 0(S(A)) where A is either of the operators D1,;,C* (1)A(u), D1;,CT (1)C (p),
D1/7C+ ner (#)7 or Dl/TA(A)C+ (:u)
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RESUMEN

Recordamos resultados recientes que son consecuencia directa del hecho de que (wxo(A),
Woo(A)) es una algebra de Banach. Entonces nosotros definimos el conjunto W; = D;weo
y caracterizamos los conjuntos W; (A) donde A es uno de los siguientes operadores A, X,
A(A), o C(A). Después consideramos los conjuntos [AI,A2]W, de todas las sucesiones X
tal que A1 (1) (|42 () X|) € Wy donde A y Ag son de la forma C(é), C* (&), A), 0 AT (&)
y son dadas condiciones necesarias para obtener [A1(1),Ag (“)]Wz en la forma W;. Final-
mente, aplicamos los resultados previos para tener x;, — L(S(A)) donde A es una de las
matrices infinitas D1/,C(1)C (1), D1/ AW A (g), D1/ A(A)C (). Nosotros también damos
condiciones para tener x; — 0(S(A)) donde A es uno de los operadores Dl/TC+ (A)A(u),
Dy:C* (W (), Dy C* (MC (), 0 Dyyr ADICT ().

Key words and phrases: Banach algebra, statistical convergence, A—statistical convergence,
infinite matrix.

Math. Subj. Class.: 40C05, 40F05, 40J05, 46A15.

1 Introduction

In this paper we consider spaces generalizing the well-known sets w® and we, introduced
and studied by Maddox [12, 13]. Recall that w® and wo, are the sets of strongly summable

and strongly bounded sequences. In [15] Malkowsky and Rakocevi¢ gave characterizations

0w, or weo and wZ, and between w®, w, or we and I1. In [2] de

Malafosse defined the spaces wq (1), wff)(ﬂt) and wg (A) of all sequences that are a—strongly

of matrix maps between w

bounded, summable and summable to zero respectively. For instance recall that w, (1) is the
set of all sequences (x,), such that 1/, an:l |xm| = @O (1) as n tends to infinity. It was
shown that these spaces can be written in the form s, s(;) and sg under some condition on «
and A.

More recently in [5] it was shown that if A is a sequence exponentially bounded then
(Woo (1), we0(A)) is a Banach algebra. This result led to consider bijective operators mapping
between wy, (1). Here we will use these results to study sets of the form W; = D;woo,, W; (A(1)),
W; (C (1)) and W; (C + (/1)) generalizing the well-known set of strongly bounded sequences co, =
Woo (A (1)) where p, = n for all n. These results lead to the study of statistical convergence
which was introduced by Steinhaus in 1949, see [16], and studied by several authors such as
Fast [7], Fridy, Orhan [8-11] and Connor. Here we will deal with the notion of A— statistical
convergence which generalizes the notion of statistical convergence, see [6], where A belongs
to a special class of operators.
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The paper is organized as follows. In Section 2 among other things we recall a recent

result on the operators A, and Ag considered as map from wqy (1) to itself. In Sections 3
and 4 our aim is to give necessary conditions to have W; (A) in the form W; when A is either
one of the matrices A(1), C(1) or C*(1). Then we consider spaces generalizing the well-
known set of all strongly bounded sequences [C,A] = ¢, defined and studied by Maddox.
Then we will define the sets [A1,Az]y, of all sequences X with A1 (1) (|A2 (1) X|) € W; where
A1 and Ay are of the form C (&), C* (&), A(é), or A (¢) and we will give necessary conditions
to get [A1(1),A2(y)] in the form W;. In Section 5 we apply these results to A— statistical
convergence, where A is equal to D1;A1A92 and A1, Ag are of the form C (&), A(¢é), A(u), or
C* ().

2 Well Known Results

For a given infinite matrix A = (@, )n,m=1 We define the operators A, for any integer n = 1,
by

Apn(X)= )Y anm¥m 1)

m=1

where X = (x,),>1, the series intervening in the second member being convergent. So we are
led to the study of the infinite linear system

A, X)=b, n=12,.. (2)

where B = (b,),>1 is a one-column matrix and X the unknown, see [2-5]. The equations (2)
can be written in the form AX = B, where AX = (A, (X)),>1- In this paper we shall also
consider A as an operator from a sequence space into another sequence space.

We will write s for the set of all complex sequences and ¢, for the set of all bounded
sequences.

Let E and F be any subsets of s. When A maps E into F we write that A € (E,F).
So for every X e E, AX € F, (AX € F means that for each n = 1 the series defined by y, =
o1 AnmXm is convergent and (y,),>1 € F).

Body Math For any subset E of s, we put

Body Math
AE={Yes : Y =AX for some X € E}. 3)

If F is a subset of s, we shall denote

F(A)=Fy={Xes :Y=AX€F}. 4)
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In all what follows we will use the set

U'={un)ps1€s: un>0foralln}

and the notation e = (1,...,1,...). So for A =(A,),>1 € U* we will consider the sets of strongly
bounded and strongly summable sequences, respectively, that is

1 n
Weo(A) = {X=(xn)n21€s : sup— Y Ixm|<oo},
n An m=1
1 n
W) = {X=@upz1€5: lim — Y |x,|=0
n—»ooAn el

and

wD)={X =(xy)p=1€5 : X—lec€ w?(1) for some [ eC}

were studied by Malkowsky, with the concept of exponentially bounded sequences, see [3].
Recall that Maddox [12, 13], defined and studied the sets weo (1) = Weo, wo(A) = w? and w(A) =
w where A, =n for all n.

A Banach space E of complex sequences with the norm |||z is a BK space if each projection
P, :X — P,X = x, is continuous. A BK space E is said to have AK if every sequence X =
(xn)n=1€ E has a unique representation X = Z‘,’f’:lxnen where e, is the sequence with 1 in the
n-th position and 0 otherwise.

Recall that a nondecreasing sequence A = (1,),>1 € U™ is exponentially bounded if there

is an integer m = 2 such that for all non-negative integers v there is at least one term

Ay € Ig:;) — [mv,mv+1

—1]. It was shown (cf. [14, Lemma 1]) that a non-decreasing sequence
A = (An)n=1 1s exponentially bounded if and only if there are reals s < ¢ such that for some
subsequence (An; ),

O<s<—4

<t<lforalli=1,2,..;

nj+1
such a sequence is called an associated subsequence. Consider now the norm

1 n
1X112 = sup| = 3 lxml|.
n

n m=1

In [5] it was shown that if A = (A,),,»1 € U" is exponentially bounded the class (weo (1), weo (1))
is a Banach algebra with the norm

||AX||/1)

AN oo (1), w00 (A =SUP( (5)
(Woo(1),woo(A)) X£0 ”X”/'l
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For p = (pn),; consider now the following matrices

A = 1 —pn and A, =

It can easily be shown that if p = (p,),.; and (A4+1/An)y>1 € foo then A} € (Weo (1), Weo (A)).
We also see that A, € (Woo (1), weo (1)) for p, (An-1/A1)5>2 € £oo. Recall the next result which is
a direct consequence of [5, Theorem 5.1 and Theorem 5.12].

Lemma 2.1. Let A€ U" be a sequence exponentially bounded.

G) If

— (A S 1
lim( n+1)<ooand lim ‘pn‘<_7, (6)
n—oo\ A, n—oo Tim (AXH)

n—oo n

for given B € woo (1) the equation A;X =B has a unique solution in weo (A).

(i) If )
IEJPn‘ < %, (7

lim
n—oo n

then for any given B € wo (1) the equation ApX = B has a unique solution in we, (A).

When 1 is a strictly increasing sequence tending to infinity we obtain similar results on
the Banach algebra (w®(1),w® (1)) with the norm [| Al (1).0u(A)-

3 On the Sets W, (A) Where A is Either A(1), C(1) or C*(A)

In the following we will use the operators represented by C (1) and A(A1). Let U be the set of
all sequences (u,),>1 With u, # 0 for all n. We define C (1) for 1 =(1,),>1 €U, by
1
— ifm=<=n,
[CDlpm =1 An
0 otherwise.
We will write C(W)T =C* (1), C(e) =2, =* = 2T, and for A, = n, the matrix C1 = C((n),) is
called the Cesaro operator. If It can be proved that the matrix A(A) with

An ifm=n,
[AMlpm =3 -Ano1 fm=n-1landn=2,

0 otherwise,
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is the inverse of C (1), see [2, 3]. We will use the following sets

r = {XeU+: 1im(x”‘1)<1},
n—oo\ x,

rt = {XeU+: lim(xn+1)<1}.
n—oo\ x,

Note that X eI't ifand only if /X €T

For given sequence T = (7,),>1 € U*, we write D, for the diagonal matrix defined by
[D+1,, = Tn for all n. For any subset E of s, we write

D.E-= {Xz(xn)nzles : (x—”) EE}.

Tn

We put W; =D, we, for te U, that is

1 & |xml
W =4X: I Xllw, =sup|— Z —|<ooy.
n n m=1 Tm
It can easily be seen that W; = wo,(D1/;) is a BK space with norm ||{lw,, (cf. [17, Theorem
4.3.6, p. 52]). In all that follows we will use the convention that the entries with subscripts
strictly less than 1 are equal to zero. Then we are interested in the study of the following sets
where A, TeU™.

W:(AA) = {X Sup(l Z i|/1mxm_Am—lxm—ﬂ)<OO},
n n ., =1Tm
W€y = {X:supt Y [—2 3 )<
T = -S%panI AT = Xk o,
Wo(Ct ) = {x:supe 3 [E T )
i ' npnm:1 Tm f=m M ’

Note that for 1, =n and 7 = e, W;(A(1)) is the well known set of all strongly and bounded
sequences Co,. We obtain the following result that is a direct consequence of Lemma 2.1.

Proposition 3.1. (i) If 7 € T then the operators A and X are bijective from W into itself and

W (A)=W;, W, (2)=W,.

(ii) a) If A\t €T then
W (C () =W),.

b) If T €T then
W (AA)) = Wr//l-



QHEOO Calculations in New Sequence Spaces ... 127

(iii) Let t€T". Then

a) the operators A* and X" are bijective from W; into itself and

W, (Z%) = W,

b) the operator C™ (M) is bijective from W, into W, and

W: (CT (1) = Wy

Proof. (i) By Lemma 2.1 where p, =7,-1/7, and A, = n for all n, we easily see that if

T 1
Tim 2L < -1,

n—oo Tp lim,, oo (nT—l)

that is 7 € T', then Dy, AD; is bijective from wy, to itself. This means that A is bijective from
D,wo to itself. Since X is also bijective from D;wq, to itself, this shows W;(A) = W; and
W (Z)=W,.

(i1)) We have X € W, (C (1)) if and only if X € D j;wo = W);. This means that X € W, ()
and by (i) the condition A7 € ' implies W3, (Z) = W,;. Then W,;(C(1)) = Wy, and C(A) is
bijective from Wy, to W;. Since A(1)=C (M)~! we conclude A(1) bijective from W; to W;; and
Wi (A(L)) = W;. We deduce that for 1 € I', W; (A(A)) = W,3.

(iii) a) By Lemma 2.1 with p, = 7,+1/7, and A, = n we have A; =Dy;ATD; and A" is
bijective from D;w, = W; into itself for 7 € I'* and it is the same for Z*. Now the equation
>*X =Y for Y € W; is equivalent to

o0
)" %m =yn for all n. 8
m=n

We deduce (8) has a unique solution X = (y, — Yn+1)p=1 = ATY € W; and W, (£7) = W,.
b) We have
W, (C* (1) = {X :* D1y X € Wy} = Dy Wy (5F).

Now as we have seen above since 7 € I't we get W; (Z+) =W; and
W (CT (D) =DaW; (27) =D W; =Wj,.

This gives the conclusion. O
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4 Calculations in New Sequence Spaces

4.1 The sets [C,Aly,, [C,Cly., [C+’A]W,’ [C+,C]WT and [C+,C+]WT.
In [4], were defined and studied the sets
[A1,Ag]= [Al (1),Az (/J)] = {X €s: A1 () (|A2 (/J)XD EDTZOO}

where |X| = (Ix,1),51, A1 and Ag of the form C (&), C* (&), A(é), or A*(é) for Ee U*. It was
given necessary conditions to get [A1(1),A2 ()] in the form s,.

Similarly in the following we will put
[A1,Azly, = [A1 (1), A2 (1)]yy, ={X €s : A1 (D) (|A2 (1) X|) € W}

for A, u, € U*. We can explicitly write the previous sets [A1,Asly, as follows.

1 n m
[C,Aly, = {Xﬁsup = Z ) |Hkxk—,uk—1xk—1|)<00},
n \ =1 AnTm (21
1 1 o1&
[C,C] = X :sup|— —
W { ”p nn;& AmekZN ; )) }
[CT,Aly, = {X:sup 1 i L OZO: i‘ﬂkxk_ﬂk 1%p-1] || <00t
' n A\ i\ Tm o AR
131 & 11 |&
Ct,Cly = AX:sup|= Y [=— Y ——
[ ]WT { lip nmxz“l ka:Z Ap g ; )) }
12 1 &1
ct,ct = {X:sup|=- — — 2l <oot.
€,C ]y, { npnmz:”_zllm)) }

Note that if A, = u, for all n we get the well known set of sequences that are strongly
bounded [C, Aly, = ¢ (1). We can state the following.

Theorem 4.1. Let A, u,te U™,

(@) If A\t €T then
[C,Alw, = Wy

(ii) if A1, Aut €T then
[C,C]W, =Waur;

(iii)) if teT" and At €T then
[C+’A]WT = W/lr/p;
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(iv)ifteTt and Aut €T then

[C+’C]W, = W/I;n;

() ift, ATeT™ then
[C+’C+]W, = Wapur.

Proof. In the following we will use the fact that for any ¢ e U* we have |X| € W; if and only if
Xe Wg.

(i) We have C (1) (|A (1) X |) € W; if and only if |A (u) X | € W, (C (1)) and by Proposition 3.1,
since At € T we get W; (C (1)) = Wy,. Then by Proposition 3.1 (ii) we have Wy, (A (1)) = Wiz
and we conclude A (i) X € W), if and only if X € Wy, (A (1)) = Wiz, that is [C,Aly, = Waz.

(ii) Here we have C (1) (|C (1) X|) € W; if and only if |C (1) X | € W; (C (1)); and since AT € T
by Proposition 3.1 we have W; (C (1)) = Wy;. So X €[C,Cly, if and only if C (1) X € Wy, that
is X € W), (C (1)). Then by Proposition 3.1 (i) a) Aut € T implies W), (C (1)) = Waur and we
have shown (ii).

(iii) For any given X € [C+’A]W, we have A(u)X € W (C* (1)) and for 7 € I'* we have
W (C* (1)) = W),. Now the condition A7 € T implies X € [C+’A]W, ifand only if X € Wy, (A (1)) =
W)/ and we have shown (iii).

(iv) Let X € [C+’C]W,' We have 7 € I'* implies W, (C* (1)) = W), and so X € [C+’C]W,
if and only if C (1) X € Wj,. Now since Aut € I' we have Wy, (C (1)) = Wiy and we conclude
[C+’C]W, =Wapur.

(v) As above X € [C+’C+]W, if and only if C* (1) X € W; (C* (1)) and the condition 7 € T'*
implies W; (C* (1)) = W),. Since At € I'* we conclude W), (C* () = Wy, that is [C+’C+]W, =
WMLT- |

Now we are led to study sets of the form [A,Az]W, for Ag € {A,A, C+}.

4.2 The sets [A,Aly., [A,Cly, and [A’C+]WT

Using the convention pp = 0, and the notation A(u) Xm = UmXm — Mm-1Xm—1 for m = 1 we
explicitly have

1 &1
ALy, = {X:sup(—z—|am|A(u)xm|—am_lm(u)xm_ln)<oo},
n n,=1Tm
12 1 1 1 m—1
ACly. = {X:sup|= Y — [Am|— A ,
[A,Clyw, { Sgp(nmg’lfm | kg,lxk m1| k;lxk )<00}
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J<oo}.

As a direct consequence of Proposition 3.1 we also obtain the following results.

[A’C+]W, Am _Am—l

12 1
{X:sup(— Y =
n \n

m=1Tm

00 xp
k;,n Hr

k=m-1Hk

Theorem 4.2. Let A, u, Te U*. Then

(@) If 1, T/A €T then
[A,Alw, = WT//lu'

(i) If 1, T/ A €T then
[A,C]W, = WT,u//l-

(iii) If 7, /A €T then
[A’C+]WT = Wru/r-

Proof. (i) Let X €[A,Aly,. Since 7 €T we have W; (A(1)) = Wy, and A(A) |A(u) X| € W; means
A(u) X € Wy/5. We conclude Wy (A (u)) = Wyypy for /A €T

(ii) Reasoning as above since 7 € I' we have X € [A,Cly, if and only if C (p)X € W;/n. We
conclude since the condition 7p/A € T implies Wy (C (1)) = Wepa.

(iii) Here under the conditions 7, 7/4 € I't, we have X € [A,C+]WT if and only if X €
Wi (C+ (H)) = Wry//l- O

The previous results can be applied to the case when we is replaced by w?.

4.3 The sets [Al,Az]WTo

Using the Banach algebra (wo ), w° (1)) we get similar results to those given above replacing
Weo () by w?%(1) and W, by WTO =D, w". Note that X € WT0 if and only if

1 & lxml

-0 (n—o0).

no=1 Tm
By [17, Theorem 4.3.6, p. 52] the set WT0 is a BK space with AK normed by [[w,. So we can
state the following.

Proposition 4.3. Let A, ueU™.
; _wo .
(@) If A\t €T then [C,A]W? = W/W#,

(i) if At, Apt €T then [C,Clyo =W}, ;

(iti) if T € T* and AT €T then [C*,A]yo = Wfﬂu;
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(iv) if TeT* and Apt €T then [C*,Cly0 = WY

pr’
() if T, At then [C+,C+]W$ :W/(l)m;

(vi) if T, TIA €T then [A,Alyo =W,

(vir) if 7, Tw/A €T then [A,Clyo = WTOH/A;

(viid) if T, T/A € T then [A,C*|yo = W] .
We immediatly get the next remark.

Remark 4.4. It can easily be seen that in Proposition 4.3 each of the sets [A1,A2]W$ is equal
to WT0 (A1A2). This result is a direct consequence of the previous proofs and of the fact that WT0
is of absolute type, that is | X| € WT0 ifand only if X € WTO.

These results can be applied to statistical convergence.

5 Application to A—Statistical Convergence

In this section we will give conditions to have x;, — L (S (A)) where A is either of the infinite
matrices D1/;,C(1)C (u), D1zAA)A(p), or D1AA)C (). Then we give conditions to have
xp, — 0(S(A)) where A is either of the operators D1,;C" (A)A (), D1,C* (W) C (1), D1,C* (1)
C* (1) and D1/ AV C™ (p).

The sequence X = (x,),~1 is said to be statiscally convergent to the number L if

1
lim —|{k<n:lxp —L|=¢}=0forall e>0,

n—oon
where the vertical bars indicate the number of elements in the enclosed set. In this case we
will write xp — L(S) or st —limX = L.

Let A € (E,F) for given L € C and for every ¢ > 0 we will use the notation
Ic(A)={k=<n:|[AX]-L|=¢},

(where we assume that every series [AX], = Ap(X) =X 7°_; agmXn for k = 1 is convergent).
We will say that X = (x,),,»1 is A— statistically convergent to L if for every € >0,

1
lim — |7, (A)I=0.
n—oopn

Then we will write x; — L(S(A)) and for A =1, x;, — L(S(I)) means that st —lim X = L, (cf.
[6]).

Now we require a lemma where we will put 7 le = I=q n)n=1 for given triangle T, that
is T' = (tnmIn,m=1 With t,n, #0 and t,m = 0if m > n for all n, m.
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We can state the following.

Lemma 5.1. If X — LI € w°(T') then x;, is T— statistically convergent to L.

Proof. The condition X -Lle w?(T) means that T (X —LZ) e w’. Since
TX-Le=T(X-LT 'e)=T(X-LI)

for any £ > 0 we have

12 1
yn = — 2 ITXl-Li=— 3 |[T(X-L])]|

m k=1 n k=1
1 ~

> 1y -y
kel (T)
1

= — £
kel (T)

> Slk<n:ITX-Lizé)l.
n

We conclude that X — Ll € w(T) implies y, — 0 (n — oo) and x3 — L(S(T)). O

We are led to state the next results.

Theorem 5.2. (i) Let A1, Aruel. If

d —-L{A _ Ap_1Tp—1—Ap—ofp_oTh—
lim lz |xk (ArtrTr + (He—1+ He) Ak—1Th—1 — Ah—20k—2Tk 2]| -0 )
n—oon ;= AktrTh

then xp, — L (S (D1;C(1)C (1)), that is for every € >0

o1 1 &1 (d
r}g&; {ksn: Akal;Z(j;xj)_L 25} =0.
(ii) Let 7, T/A€T. If
lim 2 3 2K —L(iii ) rj) =0
n—oon =y Tk HE o1 A j=1

then xy, — L (S (D1 A A (1)), that is for every € >0

1
{ksn:

lim —
n—oon

1
ﬁ [/lkA(u)xk _Ak—lA(ﬂ)xk—l] —-L|=

(iit) Let 7, tw/AeT. If

1 A _ k-1
lim =Y M g - (“_k_M)zr,+_ka ~0
n—oon ;= UpTh M M1l 3
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then xj, — L (S (D1:A)C (u))), that is for every € >0

1 1A Ap_p)isl 2
lim = |[{k<n:|— (—k—ﬂ)zxﬁ—kxk ~L|=eb|=0.
n—con, e 1) 5 e

Proof. (i) First by Proposition 4.3 (ii) and Remark 4.4, we easily see that for Ar, Aru eI’ we
have W2 (C(1)C (u)) = W? . Then putting T' = D1,,C (1) C (u) we get

At
w’ (1) =W (CAC (1) =Wy, (10)
Thenl=T"le=A (1) A(V)D+e for each n with
Ln=[A() AN Dre], = AnpinTn + (Hn-1+ Hn) An-1Tn-1— An—2Hn-2Tn—2 (11)

Using (10) and (11) we see that condition (9) is equivalent X —LI € w(T). We conclude by
Lemma 5.1 that x; — L(S(T')). This completes the proof of (i).

(ii) By Proposition 4.3 (vi) and Remark 4.4, since 7, 7/A € T we have W (A(V)A (u)) = Wro//m
Then putting 7" = D1, A(A) A (u) we get

w® (') = W2 (A)A (1)) = W

T/Au” (12)

Since I’ = T""le = C (1) C(A)D+e we have

I, =[C(r)C\)Dre], = Z (er)foralln

J=1
By Lemma 5.1 we conclude xj, — L (S (D1 A(A) A (p))) for all X with

A
AeHE _
T

n—oon

lim 1 Z |xk Ll
k=

This shows (i1).

(iii) Again by Proposition 4.3 (vii) and Remark 4.4, since 7, /A € T we have W2 (A1) C (u)) =

WTOH/A' Then putting T = D1, AA)C (i) we get

W’ (T") =W (AC (1) = WD, . (13)

Writing I = T"~'e = A (1) C (1) D, e we successively get

D;e=(1p)p>1,C(A)Dse = ((Z Tl-)/itn)
i=1

n=1
and

n n—1
_[En . _Hn1 .
A(p)C(A)Dre = (/1 YT T i—lel)

n ;=1 n— n=>1



134 Bruno de Malafosse & Viadimir Rakocevic¢ (3}3{?1?

So for each n we have

I = [A(u)C(W)Dye], (’;" ’;" 1)21,

n

We conclude that for every X with

nll_r%lon Z |xk Ll RTh =0
then x, — L (S (T")). Finally we easily get
1 (2 n A,_q ol
[T"X], = — (,u_: ;xi - ,UZ—I lzzlxl)
1]|(A
) (?Z‘u: 1)2% n”’
This shows (iii). O

We are led to illustrate the previous results with some examples where we must have in
mind that the condition x3/7; — 0 (2 — co) implies X € WT0 .

Example 5.3. The condition

lim —
n—oon

=0. (14)

1 1
{ksn: 2_k

Indeed it is enough to apply Theorem 5.2 (i) with Aj, =k, 15, = 2*/k and ur =1 for all k. Note
that if x3/2% — TL/4 (k — o0) then xj, — L (S (D n/any, C1Z)).

We can also state the next application.

Example 5.4. Iflim,Hm(l/n)Zg:1 kal/k2k =0 then x;, — L (S (D(z—n)nAcl)), that is for each

>0
1
{k<n >g}

lim —
n—oon

This result is a direct consequence of Theorem 5.2 (iii) with Ap =1, 1}, = 2k and ur =k for all

k. Again note that we have x;, — L (S (D(2-ny, AC1)) if x/k2* — 0 (k — c0).

1(1 1 )kl
=0.

1
BTRCT) AN
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In the following we will use the previous Proposition 4.3 and the expressions of
WO (C* DA (W) = [C*Alya, WE(CTWC (W) = [C7,Clyas WO (CNIC* (1) = [C*.C ]y
and W7 (A()C* () = [A,C*]yy0. We now require a lemma which is a direct consequence
of Lemma 5.1.

Lemma 5.5. Let A be an infinite matrix. If X € w®(A) then

xp — 0(S(A)).

we deduce the next results.

Theorem 5.6. (i) Let 1€ and At €T If

1 n
lim =y %, 2o (15)

then xj, — 0(S (D1:C* (M)A (p))), that is for every € >0

1 1 o0 cAr e — . .
lim—{ksn:—ZM ngzo. (16)
n—oon Tk iZh A;
(it) Let e T and Aut € T. If
1 n
lim £y L g 17)

n—con ;=1 ApUpTk

then xp — 0(S (D1:C* (M) C (1)), that is for every € >0

lim = esn:| =3 225 a|[zel|=0 (18)
im = |{k<n:|—) —|=) «x;||=e}|[=0.
n—oon Tk i=p Ai \ i j=1 /
(iii) Let T, At If
1 n
im £y L (19)
n—oon (= Ar Uk Tk
then xp — 0(S (D1:C* (V) C* (1)), that is for every € >0
1 121 (&g
lim = il - = =0. 2
nLngon { kz/l (Z/,t]) EH 0 20)

(iv) Let 7, T/AeT*. If
1& A2
lim L 3 Al
TN 21 HETE

then xj, — 0(S (D1 A C* (), that is for every € >0

lim 1 =0. (21)

n—oon
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Proof. (i) Condition (15) implies X € W/(l)r u and by Proposition 4.3 and Remark 4.4 since 7€ I'*
and At € T we have W/(l)r/ﬂ =W2(C* (M)A (p)) and X € W2 (C*(A)A(n)). Now it can be easily
seen that

1 (o)
[Dl/TC (A)A _Zﬁ’
Tn iy A;

so by Lemma 5.5 with A = D1,C*(1)A(u) we conclude x; — 0(S (D1,C* (A)A(u))). This
shows (i).

(ii) Here condition (17) means X € W/%” and by Proposition 4.3 and Remark 4.4 since

7e€l* and Aur €T we have W0 _=W?(C*(1)C (u)) and X € W2 (C* (1) C (u)). Now since
Aut T T

i

[D1:C*(VC (u =—ZA( Y x )

Tn j=n Hi j=1
by Lemma 5.5 where A’ = D1,C*(1)C (u), we conclude x; — 0(S (D1,C*(1)C (u))). So we
have shown (ii).

(ili) can be obtained reasoning as above with A” = D1,C*(A)C* (1) and so xz — 0
(S (DurCT WC (1),

(iv) can also be obtained similarly. It is enough to put A” = D1,A(A)C* (). An elemen-
tary calculation gives

[A"X], == |Ap—Ap-1) Y, =+ =y
i=k-1Hi  He
and we conclude that x; — 0(S (D1;A(A1)C* (u))), that is (21). O

We can state the next example

Example 5.7. for each ¢ >0 and for every X € Wy, we have x; — 0(S (D), Z*C((3")n))),

that is
1
{ksn: 8}

lim —

n—oopn
It is enough to apply Theorem 5.6 (ii) with 1, = 27%, up = 3% and A, = 1 for all k. So if
(2/3)% %3, — 0 (k — 00) then (22) holds.

=0. (22)
i=1

koo 1 i
Jj=1

We also have the next example.
Example 5.8. From Theorem 5.6 (iit) with Ap = up =k and 13, = 27 the condition

. 1 k|xk|
lim 2 =0
nl—>oonkZ k2
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implies x3, — 0(S (D), C1C7)) that is, for each £ >0
. g}

. {ksn:zkfl(fﬁ)

lim — -
n—oon i=p L \j=i J

=0. (23)

As in the previous cases (23) holds if 2% x/k% — 0 (k — co).
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ABSTRACT

In this article, a generalization of a Kakutani-Fan fixed point theorem for multi-valued
mappings in Banach spaces is proved under weaker upper semi-continuity condition and
it is further applied to derive a generalized version of Krasnoselskii’s fixed point theorem
and some nonlinear alternatives of Leray-Schauder type for multi-valued closed mappings
in Banach spaces.

RESUMEN

En este articulo probamos una generalizacion para el teorema del punto fijo de Kakutani-
Fan para aplicaciones multi-valuadas en espacios de Banach, bajo condicién de semi-conti-
nuidad superior debil. Este resultado es aplicado para obtener una versién generalizada
del teorema del punto fijo Krasnoselskii y algunas alternativas de tipo Leray-Schauder
para aplicaciones multi-valuadas cerradas en espacios de Banach.

Key words and phrases: Multi-valued mappings, fixed point theorem, nonlinear alternative.
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1 Introduction

Throughout this paper, unless otherwise mentioned, let E be a Banach space and let Z2(E)
denote the class of all subsets of E. Denote

Pp(E)={A cE|A is non-empty and has a property p}.

Here, p may be the property p = closed (in short cl), or p = compact (in short cp), or p =
convex (in short cv), or p = bounded (in short bd) etc. Thus, Pq(E), P (E), Py (E), Pep(E),
Pe1 pd(E), Pep,co(E) denote the classes of all bounded, closed, convex, compact, closed-bounded
and compact-convex subsets of E respectively. Similarly, & o, pq(E) and &, (E) denote re-
spectively the classes of closed, convex and bounded and relatively compact subsets of E.

A correspondence @ : E — 2,(E) is called a multi-valued operator or multi-valued map-
ping on E into E. A point u € E is called a fixed point of @ if u € Qu. For the sake of
convenience, we denote Q(A) = U,ea Tx for all subsets A of E.

Let E1 and E3 be two Banach spaces and let @ : E1 — &, (E2) be a multi-valued operator.
Then for any non-empty subset A of E9, define

QtA)={xecE | TxcA},

Q (A)={xcE|TxnA#¢},

and
Q NA)={xeE1|UTx=A}.

Definition 1.1. A multi-valued operator Q : E1 — 2,(E>) is called upper semi-continuous
(resp. lower semi-continuous and continuous) if @ (U) (resp. @ (U) and @ 1(U)) is open set
in E1 for every open subset U of Es.

In what follows,we confine ourselves only to the fixed point theory related to upper semi-
continuous multi-valued mappings in Banach spaces. The first fixed point theorem in this
direction is due to Kakutani-Fan [11] which is as follows.

Theorem 1.1. Let K be a compact subset of a Banach space E and let Q : E — 2., ., (E) be an
upper semi-continuous multi-valued operator. Then @ has a fixed point.

Note that following are the main three ingredients for the above Theorem 1.1.

(i) The domain space E,
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(i1) The domain set K, and

(iii) The nature of the multi-valued operator .

Theorem 1.1 has been extended in the literature by generalizing or modifying the above three
hypotheses with the same conclusion. In the following discussion, we do not change the hy-
pothesis on the domain space, and thus keep us in the practical applicability of the so obtained
fixed point theorem to other areas of mathematics. However, the generalizations of the above
Theorem 1.1 with change of domain space may be found in the works of Browder-Fan [11] and
Himmelberg [9] etc.

A first generalization of Theorem 1.1 is due to Bohnenblust-Karlin as given in Petrugel
[12].

Theorem 1.2 (Bohnenblust-Karlin). Let X be a closed convex and bounded subset of a Banach
algebra E and let Q : X — Pp v (X) be a upper semi-continuous multi-valued operator with a
relatively compact range. Then @ has a fixed point.

A multi-valued map @ : X — 22, (X) is called compact if Q(X) is a compact subset of X.
Q is called totally bounded if for any bounded subset A of X, Q(A) = U,ca @x is a totally
bounded subset of X. It is clear that every compact multi-valued operator is totally bounded,
but the converse may not be true. However, these two notions are equivalent on a bounded
subset of X. Finally, @ is called completely continuous if it is upper semi-continuous and
totally bounded on X.

The upper semi-continuity is further weakened to closed graph operators as follows. If
Q@ :E1 — E9 is a multi-valued operator, then the graph Gr(®) of the operator @ is defined by

Gr@)={(x,y)eE1xEg|yeTx}.

The graph Gr(®) of the operator @ is said to be closed if {(x,,y,)} be a sequence in Gr(®) such
that (x,,y,) — (x,y), then we have that (x,y) € Gr(Q).

Definition 1.2. A multi-valued operator Q : E1 — 2,;(E3) is called closed if it has a closed
graph in E1 x Es.

The following result concerning the upper semi-continuity of multi-valued mappings in
Banach spaces is very much useful in the study of multi-valued analysis. The details appears
in Deimling [5].

Lemma 1.1. A multi-valued operator @ : E1 — Z.;(E2) is upper semi-continuous if and only
if it is closed and has compact range.
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Theorem 1.3 (O’Regan [13]). Let X be a closed convex and bounded subset of a Banach
algebra E and let Q : X — Pp (X)) be a compact and closed multi-valued operator. Then
Q@ has a fixed point.

The compactness of @ in Theorem 1.3 is further weakened to condensing operators with
the help of measure of noncompactness in the Banach space E. The Kuratowskii measure o
and the ball or Hausdorff measure f of noncompactness of a bounded set in the Banach space
E are the functions a, §: %,4(E) — R* defined by

() =inf{r>0:Ac U A;, diam(S) <7 Vi}, (1.1)
and .
B(A) = inf{r >0 A c | B (x;) for some x; € X} (1.2)
=1

for all A € &,4(E), where diam (A;) = sup{llx — x| : x,y € A;} and %B,(x;) are the open balls
centered at x; of radius r.

Definition 1.3. A multi-valued operator Q : E — 2 pq(E) is called B-condensing if for all
bounded sets A in E, Q(A) is bounded and B(Q(A)) < B(A) for f(A)>0.

Theorem 1.4. Let X be a closed convex and bounded subset of a Banach space E and let
Q : X — P v(X) be a upper semi-continuous and f-condensing multi-valued operator. Then
Q has a fixed point.

In this article, we generalize Theorem 1.1 by weakening the upper semi-continuity as
well as compactness of the multi-valued operator @ in a Banach space E and discuss some of
its applications.

2 Fixed Point Theory

A function dp : 2,(E) x ,(E) — R* defined by

dH(A,B)zmax{supD(a,B), supD(b,A)} (2.1)
a€A beB

satisfies all the conditions of a metric on &?,(E) and is called a Hausdorff-Pompeiu metric
on E, where D(a,B) = inf{||la —b| : b € B}. It is known that the hyperspace (Wcz(E),dH) is a
complete metric space.

The axiomatic way of defining the measures of noncompactness has been adopted in
several papers in the literature. See Akhmerov et al. [2], Banas and Goebel [3], and the
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references given therein. In this paper, we define the measure of noncompactness in a Banach

space on the lines of Dhage [6] which is slightly different manner from that given in the above
monographs.

Definition 2.1. A sequence {A,} of non-empty sets in 2,(E) is said to converge to a set A,
called the limiting set, if dg(A,,A) — 0 as n — oco.

Definition 2.2. A mapping u: 2,(E) — R* is continuous if for any sequence {A,} in P,(E),
we have that
dpg(A,,A)—0 implies |u(A,)—uA)—-0 as n—oco.

Definition 2.3. A mapping p: 2,(E) — R is called nondecreasing if A,B € 2,(E) are any
two sets with A € B, then u(A) < u(B), where < is a order relation by inclusion in &2, (E).

Now we are equipped with the necessary details to define the measures of noncompact-
ness of a bounded subset of the Banach space E.

Definition 2.4. A function p: 2, pq(E) — R" is called a measure of noncompactness if it
satisfies

(1) B # pH(0) € Prep(E),

(u2) p(A)=u(A), where A denotes the closure of A,

(u3) p(ConvA)= u(A), where Conv A denotes the convex hull of A,

(u4) pis nondecreasing, and

(us) if {A,} is a decreasing sequence of sets in P pq(E) satisfying r}Lngo WA,) =0, then the

limiting set Aoo = lim A, is non-empty.
n—oo

Note that the functions a and f defined by (1.1) and (1.2) satisfy the conditions (1)
through (us5). Hence a and f are the measures of noncompactness on E. Moreover, they are
locally Lipschitz and hence are locally continuous on & p4(E). Some nice properties of @ and
B have been discussed in Akhmerov et al. [2] and Banas and Goebel [3].

We remark that if (4) holds, then Ay, € Z..,(E). To see this, let lim, .o (A,) = 0. As
A <A, for each n=0,1,2,...; by the monotonicity of i, we obtain
WA < lim A, = lim u(A,)=0.
n—oo n—oo
Hence, by assumption (u1), we get Ao, is nonempty and A, € Prcp(E).

A measure p is called complete or full if the kernel of u consists of all possible relatively
compact subsets of E. Next, a measure p is called sublinear if it satisfies
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(ug) WAA)=|A|u(A) for 1€ R, and

(u7) (A +B) =< u(A)+wB) for A,B e P pq(E).

There do exist the sublinear measures of noncompactness in Banach spaces E. Indeed, the
measures a and B of noncompactness defined by (1.1) and (1.2) are sublinear on E.

Now we prove a fixed point theorem for the mappings in Banach spaces involving the
measures of noncompactness. Before going to the main results, we give a useful definition.

Definition 2.5. A multi-valued mapping € :E — P pq(E) is called 2-set-Lipschitz if there
exists a continuous nondecreasing function v : R* — R* such that w(@Q(A)) < w(u(A)) for all
A€ P pd(E) with Q(A) € P pq(E), where 9(0) = 0. Sometimes we call the function v to be a
2-function of Q on E. In the special case, when y(r) =kr,k > 0, Q is called a k-set-Lipschitz
mapping and if k < 1, then Q is called a k-set-contraction on E. Further, if w(r) <r for r >0,
then Q is called a nonlinear Z-set-contraction on E.

We need the following lemma in the sequel.

Lemma 2.1 (Dhage [8]). If v is a 2-function with y(r) <r for r >0, then ’}Ln;ow”(t) =0forall
t€[0,00).

Theorem 2.1. Let X be a non-empty, closed, convex and bounded subset of a Banach space
E and let Q : X — % ¢,(X) be a closed and nonlinear 9-set-contraction. Then @ has a fixed
point.

Proof. Define a sequence {X,} of sets in & y4(E) by
Xo=X, X,+1=Conv@Q(X,),n=0,1,...

Clearly,
XooX12 20X, 2 Xps1 -

and so, {X,} is a decreasing sequence of subsets of E. Since
H(Xp 1) = 4 (ConvQ(X,)) = QX)) < (X))

foralln =0,1,2,..., we have
(X n11) = p" ((Xo)).

Therefore
limsup (X, +1) <limsup ¥ (u(Xyp)) = 0.

n—oo n—oo
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From the monotonicity of u it follows that lim X, = X, is a compact subset of E. As X,,11 <
n—oo
X,and @ : X, — X, foralln=0,2,..., we have

[o.0]
Xoo=lim X, =X, #%
n—oo n=1
is a convex subset of E and @ : Xoo — Z;p cv(Xo) which is upper-semi-continuous in view
of Lemma 1.1. Now the desired conclusion follows by an application of Theorem 1.1 to the
operator @ on X,. This completes the proof. O

Remark 2.1. The fixed point set Fix(®) of the multi-valued operator @ in above Theorem
2.1 is compact. In fact if (Fix(Q)) > 0, then from nonlinear Z-set-contraction it follows that
wFix(Q)) = wQ(Fix(}]))) < w(w(Fix(Q))) which is a contradiction since y(r) < r for r > 0.

As a consequence of Theorem 2.1 we obtain a fixed point theorem of Darbo [3] type for
linear set-contractions,
Corollary 2.1. Let X be a closed, convex and bounded subset of a Banach space E and let
Q : X — P v(X) be a closed and k-set-contraction. Then € has a fixed point.

Before stating the generalization of Theorem 2.1of Sadovskii [14] type, we give a useful
definition.

Definition 2.6. A multi-valued mapping @ : E — P(E) is called p-condensing if for any
bounded subset A of E, Q(A) is bounded and (Q(A)) < u(A) for u(A) > 0.

Theorem 2.2. Let X be a nonempty, closed, convex and bounded subset of a Banach space E

and let @ : X — P .,(X) be a closed and p-condensing mapping. Then Q has a fixed point.

Thus, we have a one way implication that Sadovskii’s type theorem = Theorem 2.1 =
Darbo’s type theorem. However, it is rather difficult to find the operators satisfying the condi-
tions on Banach spaces given in Sadovskii’s type fixed point theorem.

3 Applications

3.1 Hybrid fixed point theory
First, we derive a Krasnoselskii type fixed point theorem for the sum of two multi-valued
mappings in Banach spaces. Before stating this result, we need the following definition.

Definition 3.1. A multi-valued mapping Q : E — 2 ¢, (E)is said to be nonlinear 9-contraction
if there is a D-function v such that

dr(Qx,Qy) < y(d(x,y))
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for all x,y € E, where y(r)<r.

Theorem 3.1. Let X be a closed, convex and bounded subset of a Banach space E and let u
be a sublinear measure of noncompactness in it. Let S,T : X — %, .,(E) be two operators such
that

(a) S is closed and nonlinear 9-set-contraction,
(b) T is compact and closed, and

(¢) Sx+TxcX forall xeX.

Then the operator inclusion x € Sx + Tx has a solution and the set of all solutions is compact
in E.
Proof. Define a mapping @ : X — 2 ,(X) by

Qx=Sx+Tx. (3.1)

We show that @ satisfies all the conditions of Theorem 2.1. Obviously, by hypothesis (c), @
defines a mapping @ : X — 22 .,(X). Since S and T are closed, the sum @ = S+ T is also
closed on X. As hypothesis (a) holds, there is a Z-function ¢ such that y(r) < r for r > 0.
Further, let A be a non-empty subset of X.Then A bounded and

QR(A)cX and Q(A)=SA)+T(A),
and hence Q(A) is bounded. By sublinearity of u, we obtain
WRQA)) = u(S(A)) + w(T(A)) = w(u(A))

where, (r) <r for r > 0. This shows that @ is a nonlinear Z-set-contraction on X into itself.
Now an application of Theorem 2.1 yields that @ has a fixed point. Consequently, the operator
equation x € Sx + T'x has a solution. This completes the proof. O

The following lemma is obvious and the proof may be found in the monographs of Deim-
ling [5] and Hu and Papageorgiou [10].

Lemma 3.1. If Q : E — 2., ¢,(E) is nonlinear contraction. Then for any bounded subset A of E
with Q(A) bounded, we have B(Q(A)) < yw(B(A)), where B is a ball measure of noncompactness
in E defined by (1.2).

Theorem 3.2. Let X be a closed, convex and bounded subset of a Banach space E and let
S,T:X — Pep cv(E) be two multi-valued operators such that
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(a) S is a nonlinear P-contraction,

(b) T is compact and closed, and

(¢) Sx+TxcX forall xeX.

Then the operator inclusion x € Sx + Tx has a solution and the set of all solutions is compact
in E.

Proof. Since S is nonlinear 2-contraction, it is closed on X and there is a 2-function y of S
on X with the properties that w(r) <r for r > 0. Again from Lemma 3.1, it follows that it is a
also nonlinear Z-set-contraction with respect to the Hausdorff measure of noncompactness 8
and with a Z-function ¥ on X. Now the desired conclusion follows by a direct application of
Theorem 2.1. O

3.2 Nonlinear alternative

The following nonlinear alternative for multi-valued mappings in Banach spaces is well-
known in the literature.

Theorem 3.3 (O’'Regan [13]). Let U be a open bounded subset of a Banach space E with 0 e U
and let @ U — Pel,c0(E) be a compact and closed multi-valued operator. Then either

(i) the operator inclusion x € Qx has a solution in U, or

(ii) there is an element u € 0U such that Au € Qu for some A > 1, where 0U is the boundary
of Uin E.
A generalization of above Theorem 3.4 is

Theorem 3.4. Let U be a open bounded subset of a Banach space E with 0 € U and let @ :
U— Pel,cv(E) be a p-condensing and closed multi-valued operator. Then either

(i) the operator inclusion x € Qx has a solution in U and the set of all solutions is compact
in E, or

(ii) there is an element u € 0U such that Au € Qu for some A > 1, where 0U is the boundary
of U in E.

Proof. The proof is similar to that given for Theorem 3.3 in O’Regan [13]( see also Agarwal et
al. [1]) and now the conclusion follows by an application of Theorem 3.2. O
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As a consequence of Theorem 3.4, we obtain

Corollary 3.1. Let %,(0) be a open ball in a Banach space E centered at origin 0 € E of radius
r and let Q : %,(0) — Pe1,v(E) be a p-condensing and closed multi-valued operator. Then
either

(i) the operator inclusion x € Qx has a solution in %A,(0) and the set of all solutions is
compact in E, or

(it) there is an element u € E such that |u|l = r satisfying Au € Qu for some A > 1.

Corollary 3.2. Let E be a Banach space and let @ : E — % .,(E) be a y-condensing and
closed multi-valued operator. Then, either

(i) the operator inclusion x € Qx has a solution and the set of all solutions is compact in E,

or

(i) the set & ={u € E | Au € Qu} is in unbounded for some 1 > 1.

The above Corollary 3.1 includes the following fixed point result due to Martelli [10]
which has been used by several authors in the literature for proving the existence theorems
for differential and integral inclusions.

Corollary 3.3. Let E be a Banach space and let @ : E — 2, ., (E) be a upper semi-continuous
and a-condensing( or B-condensing) multi-valued operator. Then, either

(i) the operator inclusion x € Q@x has a solution in X, or

(i) the set & ={u € E | A\u € Qu} is in unbounded for some 1> 1.

Similarly, we can apply Theorem 3.4 to obtain the following nonlinear alternatives for
sum of the two multi-valued operators in Banach spaces.

Theorem 3.5. Let U be a open bounded subset of a Banach space E with 0 € U and let S,T :
U— Pe1,cv(E) be two multi-valued operators such that

(a) S is closed and nonlinear 9-set-contraction, and

(b) T is compact and closed.
Then, either

(i) the operator inclusion x € Sx + Tx has a solution in U and the set of all solutions is
compact in E, or
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(ii) there is an element u € 0U such that Au € Su+ Tu for some A > 1, where 0U is the
boundary of U in E.

Theorem 3.6. Let U be a open bounded subset of a Banach space E with 0€ U and let S,T :
U— Pep,cv(E) be two multi-valued operators such that

(a) S is nonlinear P-contraction, and

(b) T is compact and closed.
Then, either

(i) the operator inclusion x € Sx + Tx has a solution in U and the set of all solutions is
compact in E, or

(ii) there is an element u € 0U such that Au € Su+ Tu for some A > 1, where 0U is the
boundary of U in E.

Corollary 3.4. Let %,(0) be a open ball in a Banach space E centered at origin 0 € E of radius
randlet S,T :Qr(O) — Pepco(E) be two multi-valued operators such that

(a) S is nonlinear P-contraction, and

(b) T is compact and closed.
Then, either

(i) the operator inclusion x € Sx + Tx has a solution in %.(0) and the set of all solutions is
compact in E, or

(ii) there is an element u € E such that |u| = r satisfying Au € Su + Tu for some A > 1.

Corollary 3.5. Let E be a Banach space E and let S,T : E — Zj, ¢, (E) be two multi-valued
operators such that

(a) S is nonlinear P-contraction, and

(b) T is compact and closed.
Then, either

(i) the operator inclusion x € Sx + Tx has a solution and the set of all solutions is compact
in E, or
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(it) theset & ={u € E | Au € Su+ Tu} is in unbounded for some A > 1.

Remark 3.1. Note that our Theorem 3.6 and Corollary 3.4 improve the hybrid fixed point the-
orems for multi-valued mappings proved in Dhage [6, 7] under weaker upper semi-continuity
conditions.

4 The Conclusion

Finally, while concluding, we remark that the multi-valued fixed point theorems of this paper
have some nice applications to differential and integral inclusions for proving the existence
as well as some characterizations of solutions such as global and local asymptotic attractivity
of solutions on bounded and unbounded intervals of real line. The investigations of these and
other similar problems form the scope for further research work in the theory of differential
and integral inclusions under weaker upper semi-continuity conditions. Some of the results
in this direction will be reported elsewhere.
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RESUMEN

Usando el teorema del punto fijo de Kranoselskii y el teorema de continuacién de Mawhin
establecemos la existencia de soluciones periédicas de una ecuacion diferencial neutral de
segundo orden con argumento de desviacién multiple.

Key words and phrases: Periodic solution, Multiple deviating arguments, Neutral differen-
tial equation, Kranoselskii fixed point theorem, Mawhin’s continuation theorem.

Math. Subj. Class.: 34K15; 34C25.

1 Introduction

In this paper, we discuss the second-order neutral differential equation with multiple deviat-
ing arguments of the form

x (B +ex (t—1)+a®)x@) + g(t,x(t — 11 (®)),x(t — T2(8) -+, x(¢ — o () = p(2), (1.1)

where |c| < 1, 7 is a constant, 7;(¢)(i =1,2,---,n), a(t) and p(¢) are real continuous functions
defined on R with positive period 7" and g(¢,x1,x2, - ,x,) E CARxR xR x--- x R,R) and is
T —periodic in ¢.

Periodic solutions for differential equations were studied in [2-4, 6-10, 12, 15] and we
note that most of the results in the literatue concern delay problems. There are only a few
papers[1, 5, 11, 13, 14] which discuss neutral problems.

For the sake of completeness, we first state Kranoselskii fixed point theorem and Mawhin’s
continuation theorem [3].

Theorem A (Kranoselskii). Suppose that Q is a Banach space and X is a bounded, convex
and closed subset of Q. Let U,S : X — Q satisfy the following conditions:

(1) Ux+SyeX forany x,y € X;
(2) U is a contraction mapping;
(3) S is completely continuous.
Then U + S has a fixed point in X.

Let X and Y be two Banach space and L : DomL c X — Y is a linear mapping and
N : X — Y is a continuous mapping. The mapping L will be called a Fredholm mapping of
index zero if dimKerL = codimImL < +oo, and ImL is closed in Y. If LL is a Fredholm map-
ping of index zero, there exist continuous projectors P : X — X and @ : Y — Y such that
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ImP =KerL and ImL = Ker@ = Im(I — Q). 1t follows that Lipomrngerp : I —P)X — ImL
has an inverse which will be denoted by Kp. If Q is an open and bounded subset of X, the
mapping N will be called L—compact on Q if N(Q) is bounded and Kp(I - Q)N(Q) is com-
pact. Since Im@ is isomorphic to KerL, there exists an isomorphism ¢/ : Im@ — KerlL.

Theorem B (Mawhin’s continuation theorem[3]). Let L be a Fredholm mapping of in-
dex zero, and let N be L—compact on Q. Suppose

(1) for each 1 €(0,1) and x € 0Q),Lx # ANx and
(2) for each x € 0Q N Ker(L),Nx #0 and deg(QN,QnKer(L),0) #0.

Then the equation Lx = Nx has at least one solution in Q n D(L).

2 Main Results

Now we make the following assumption on a(#):

(Hq) (%)2 > M =max tE[O’T]a(t) >a(t)=m= mintg[o,T] a(t) > 0.

Our main results are the following theorems.

Theorem 2.1 Suppose (H1) holds and also assume there exists a constant K; > 0 such that
(Hs)

lgllo =m—3lelM —lpllo,

where || gllo = max ye[0, 77,1 |<K; -, xa I<K1} | 8(F, %1, %2, -+ ,x,)| and [|pllo = max e, p(2)].
Then Eq.(1.1) possesses a nontrivial T'—periodic solution.

Theorem 2.2 Suppose (H1) holds and also assume
(H3)

lg(t,x1,%2, -, x ) Y X il

Then Eq.(1.1) has at least one T'—periodic solution as 0 <y < %[(1 —lel)m —|e|M].

In order to prove the main theorems we need some preliminaries. Set
X :={xlxe C2(R,R),x(t + T) = x(t),Vt € R}
and x9(¢) = x(¢) and define the norm on X as follows

! n
[lx|| = max sefo, 1 |x(£)] + max sefo, 71l (£)| + max sepo 7ylx (2.
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Remark 2.3 If x € X, then it follows that x®(0) = x)(T)(i = 0,1,2).

In order to prove our main results, we need the following Lemma [10].

Lemma 2.4 ([10]). Suppose that M is a positive number and satisfies 0 < M < (%)2. Then

for any function ¢ defined in [0,T'], the following equation
x (1) + Max(t) = p(2),
2(0) = x(T),x' (0) = 2 (T)
has a unique solution
(@) = [ G(t,9)p(s)ds,
where
w(t—s), (R-1DT<s<t<kT

G(t,s)
w(T+t-s), (B-1)T<t<s<kT(keN),

T
cosa(t—3)

w(t) = ———%
@ 2asin§

and a = VM. Here

T
max te[0,T] fO |G(t,s)lds = %

Proof of Theorem 2.1: For Vx € X, define the operators U : X — X and S : X — X respec-

tively by
Ux)(t) = —cx(t—1)

and

Sx)) =cxt—1)+ [) Gt 9)—cx" (s — DM — als)x(s) + p(s)

—8(s,x(s —71(5)),x(s — 72(8)) - - ,x(s — T, (s)))ds.
It is clear that a fixed point of U + S is a T'—periodic solution of Eq.(1.1).

We are going to demonstrate that U and S satisfy the conditions of Theorem A.

Let x,y € X and |x| < K1,|y| < Ki(here K; is as in the statement of Theorem 2.1). Now we

prove that [Ux + Sy| < K7 holds.

First, we have the following equality:

fOT G(t,s)x (s—1)ds = MfOT G(t,s)x(s —1)ds.
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In fact, we have from Lemma 2.4

t cosa(t— s—g) Tcosa(t s+ )

T n
Jo Gt,9)x (s—1)ds = [, 2asin I dlx (s — D+ [, 2 d[x' (s —1)]
_ cos a(t— s—g) t sina(t—s— 2)
20¢smT2 (S T)|0 0 2gsin d[x(s T)]
cosa(t—s+3 ) feo T _ T sina(t—s+5 )
W x (s T)| ¢ —2a d[x(s—1)] ©2.4)
_ sina(t-s—T) sina(t-s+71) T
__a[Tn?x(S T)|0 TTJ?’C(S—T)U]
2[ft cosa(tA s—i)x(s T)ds+fT cosa(t s+ )x(s 1)ds]
=MfOTG(t,s)x(s—T)ds,
s0 (2.3) holds.
From (H1), (H2) and (2.1)-(2.3), we have
(Uy)@)+(Sx)B) = |[(Uy)d)|+1(Sx)(2)]
<2[c|K1+] fOT G(t,8)(M —a(s))x(s)— cx (s —1)+ p(s)
—8(s,x(s = 71(8)),x(s — 12(8)) -+ , (s — T (s))]ds| + [c| K
(2.5)
< 2lclK + M2 Ky + 1810 e\ [ G2, 9)x(s — 1)ds]
< 3|C|K1 + M[&mKl + ||g||0]‘:'4||17”0
=K;, x,y€X,
where ||gllo and |[plo are given in (H3).
Set
Ky = LAM=mKs oKy iglo+iplo), 2.6)
where pg = m,
Ks= MK1+1||g|||c()|+”P||0 2.7
and

G={xeX:|xt) <Ki,lx () <Kg,|x (t) < K3).

It is clear that (G is a bounded, convex and closed subset of X.

(1) For Vx,y € G, we will show that

| LU y)t)+(Sx)t)]| < Ko (2.8)
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and

|d2[(Uy)<(itt)+(Sx)(t)]| <K, (2.9)
From (2.1) we have

LU0 = —cx (t-1) (2.10)

and

P~ oy (¢ 7). (2.11)

Also from Lemma 2.4 and (2.2) we have

LISOD] = [i] Gult, (M —als)x(s) - cx” (s — 1) + p(s)

(2.12)
—g(s,2(s—71(8)),x(s = T2(8)) -+ ,x(s — Tp(s))Ids + cx (t 1),
where
w(t-s), (-1)T<s<t<kT
G(t,s)
W(T+t-s), (k—1)T<t<s<kT(keN)
and
~ _ sinlx(t—%)
w(t) = 25in§ ’
since

LSB] =[] G, )M —als)x(s) - cx" (s — 1)+ p(s)

—g(s,x(s —71(8)),x(s —72(8)) -+ ,x(s — T, (s))]ds + ex (t-T1)

={J, cosa("i e 2) [(M - a(s)x(s) —cx’ (s — 1)+ p(s)

—g(s,x(s —71(8)),x(s —72(8)) -+ ,x(s — T, (s))]ds + ex (t-T1)

{fs cos a(t— s+ )

t  2gsinle

22 [(M —a(s)x(s) — cx (s — 1)+ p(s)

—g(s,x(s —71(8)),x(s —72(8)) -+ ,x(s — T, (s))]ds + ex (t-T1)

{ft cos a(t— s—g)

2asin L&

[(M - a(s))x(s) —cx (s —1) + p(s)
—g(s,2(s = 11(8)),x(s —T2(8)) -+ ,x(s — Tp(s)))1ds + cx (¢t —T)}
+al[; = cosalizsry )[(M a(s)x(s) —cx’ (s—1)+ p(s)

—g(s,x(s —71(8)),x(s —T2(8)) -+ ,x(s — T (s)))]ds + ex (-7}
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Note
Jy 1Gute,slds < 52 = po
and
PUSDO) = (1)~ at)e(t) - gt 2(t 71 (8,2t~ T2(8) -+ ,2(t = T (B))). (2.13)
From (2.6),(2.7) and (2.10)-(2.13), we have
LUy + SO < L IUNDO] +1L(Sx)D)]]
<2|c|Kg + pol(M —m)K1 +|c|K3+gllo+ llplo] (2.14)
<Ky
and
2 "
| LLODDAEDON = (M - ae)e(t) — ey (= 1) + p(t)
—g(t,x(t—11(@),x(t —12(2)) - ,x(t — T, (E))I
(2.15)

=M -m)K1+IclKs+lglo+Ilplo
<Kj.
From (2.5), (2.14) and (2.15), we have Ux + Sy € G for Vx,y € G.

(2) U is a contraction mapping.

Let x,y € G and we from (2.1) that

IUx-Uyl =max;eo,rlcx(t—7)—cy(t—1)+max tg[o,T]ch’(t —-T7)— cyl(t —-1)|

+maxt€[0,T]|cx”(t -T)— cy”(t -1)|

= |ellmax sefo, lx(t — 7) — y(t — 7)| + max tE[O,T]Ix/(t —-7)— y’(t -1)|
" "

+max (ol E—1)—y (-7

=lelllx—yl.

Since |c| < 1, U is a contraction mapping.

(3) S is completely continuous.

We can obtain the continuity of S from the continuity of a(¢), p(¢) and g(t,x(t —11(¢)),x(t —
19(2))--- ,x(t — 1,(8))) for t € [0,T],x € G. In fact, suppose that x; € G and ||x; —s|| — 0 as
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k — +00. Since G is closed convex subset of X, we have x € G. Then

ISxp —Sx| =clxp(t—1)—x(t — 1)+ clxp(t—1)—x(t —1)]

+ [y G, M~ ale))ag (8) — 2(s) — clcy (s — T) — (s = )]
(2.16)

—Lg(s,x(s = 71(s)), 2 (s = T2(8)) - -+ ,xp (s — T (8)))

—8(s,x(s = 11(8)),x(s — 72(8)) - - ,x(s — T, (s)))]}ds.

Using the Lebesgue dominated convergence theorem, we have from (2.12), (2.13) and (2.16)
that

limy, . oo ISxz —Sx|| = 0.

Then S is continuous.

Next, we prove that Sx is relatively compact. It suffices to show that the family of
functions {Sx : x € G} is uniformly bounded and equicontinuous on [0,7"]. From (2.2), (2.12)
and(2.13), it is easy to see that {Sx : x € G} is uniformly bounded and equicontinuity. Since S
is continuous and is relatively compact, S is completely continuous. By Theorem A (Kranosel-
skii fixed point theorem), we have a fixed point x of U +S. That means that x is a T'—periodic
solution of Eq.(1.1).

In order to prove Theorem 2.2, we need some preliminaries. Set
Z :={xlx e CX®R,R),x(t + T) = x(t),Vt € R}
and x(9(¢) = x(¢) and define the norm on Z as follows
|lx]| = max {max e 711%(2)], max sego 7112 (I},
and set

Y :={ylye CR,R),y(t+T)=y(#),VteR}.

We define the norm on Y as follow ||y|lo = max e[o,7ly(#)]. Thus both (Z,[|-]]) and (Y, ]-[lo) are
Banach spaces.
Remark 2.5 Ifx € Z, then it follows that x®(0) = x(T)(i = 0,1).

Define the operators L : Z — Y and N : Z — Y respectively by

Lx@#)=x"(t), teR, (2.17)
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and
Nx(t) =-—cx (t—1)—a(@®)x(t)+ p(t)
(2.18)
—g(t,x(@t—11(@),x(t —T2(?)),--- ,x(t - 7,(#)), teR.
Clearly,
KerL={xe€Z :x(t)=ceR} (2.19)
and
ImL={yeY: [ y@®)dt=0) (2.20)
is closed in Y. Thus L is a Fredholm mapping of index zero.
Let us define P:Z — Z and @ : Y — Y/Im(L) respectively by
Px(t)= % [T x(t)dt = x(0), teR, (2.21)
for x =x(¢) € X and
Qy() =2 [T y(dt, teR (2.22)

for y =y(¢) €Y. It is easy to see that ImP = KerL and ImL = KerQ@ =Im(I - Q). It follows
that Lipomrnkerp : (I —P)Z — ImL has an inverse which will be denoted by Kp.

Let Q be an open and bounded subset of Z, we can easily see that @ N(Q) is bounded and
Kp(I-Q)N(Q) is compact. Thus the mapping N is L—compact on Q. That is, we have the
following result.

Lemma 2.6. Let L, N, P and @ be defined by (2.17), (2.18), (2.21) and (2.22) respectively.
Then L is a Fredholm mapping of index zero and N is L—compact on {, where Q is any open
and bounded subset of Z.

In order to prove Theorem 2.2, we need the following Lemma [12].

Lemma 2.7 ([12 and Remark 2.5]). Let x(t) e C™(R,R)nCy. Then
15Pllo < § [y 160 D (s)lds, i=1,2,,n-1,
where n =2 and Cr:={x|xe C(R,R),x(t+T) = x(¢),Vt € R}.
Now, we consider the following auxiliary equation

x () +edx (t—1)+a(®)Ax(t) = Ap(t)
(2.23)

—Ag(t,x(t —11(),x(t —12(2)), -, x(t — T,(2))),
where 0 < A < 1.

Lemma 2.8. Suppose that conditions of Theorem 2.2 are satisfied. If x(¢) is a T'—periodic
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solution of Eq.(2.23), then there are positive constants D;(i = 0,1), which are independent of
A, such that
lxDlo<D;, tel0,T], i=0,1. (2.24)

Proof: Suppose that x(t) is a T'—periodic solution of (2.23). We have from (H3) and (2.23) that
" (O] < max efo rylelle’ (B + Mllxllo +1pllo +ynllxllo- (2.25)
From (2.25), we have
max ejo,71lx (O < 2 (M +yn)lIxllo +Ipllo]. (2.26)
On the other hand, from Lemma 2.4 and (2.23), we get

x(t) = fOT G(t,9)ALM — a(s))x(s) + p(s)—cx (s—1)
(2.27)
—8(s,2(s —71(5)),x(s = 72(5)), -+ ,2(s — T (s))]ds,

where
_ w(t—-s), (R—1)T<s<t<kT
G(t,s) (2.28)
w(T+t-s), (B—-1)T<t<s<kT(keN),
~ _ cosal(t—%)
w(t) = 72a1sin¥ , (2.29)
a1 =vVAM and
maxeqo.r1 fy 1G(t,8)lds = 747 (2.30)

From (H3), (2.27) and (2.30), we have

lxllo =max el fOT G(t,$)AM(M —a(s))x(s) + p(s) —cx (s —T1)
—g(s,x(s = 71(8)),x(s = T2(5)),- - ,2(s = T, (s))]ds]| (2.31)

"
< &M —m)lxllo + Ipllo + lelmax sefo rylx (B)] +ynlxlol.

From (2.31), we have

\C\maxte[o,T]\xll(t)I+|\p||0 (2.32)
m—yn : ’

lxllo =<

Thus combining (2.26) and (2.32), we see that

max sefo,711% (O] < rormpat A=y = ¢ (2.33)
and
lacllg < <ltlplo — . (2.34)

m—yn
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Finally from Lemma 2.4, (2.33) and (2.34), we get

llacllo < D1. (2.35)
The proof of Lemma 2.8 is complete.

Proof of Theorem 2.2: Suppose that x(¢) is a T-periodic solution of Eq.(2.23). By Lemma
2.8, there exist positive constants D;(i = 0,1) which are independent of A such that (2.24) is
true. Consider any positive constant D> maxo<i<1{D;i}+ lIpllo-

Set
Q:={xeZ:llxl|<D}.
We know that L is a Fredholm mapping of index zero and N is L-compact on Q(see [3]).
Recall
Ker(L)={xeZ :x(t)=ceR}
and the norm on Z is
I/l = max {max sefo,r1l(®)], max ego il (A)I}.

Then we have

x=D or x=-D for xe€dQnKer(L). (2.36)

From (H3) and (2.36), we have(if D is chosen large enough)
a@®)D +g(t,D,D,---,D)~|plo>0 for tel0,T] (2.37)

and
x@#)=0 and x (=0, for te[0,T]. (2.38)

Finally from (2.18), (2.22), (2.37) and (2.38), we have
@Nx) =4 [Tl-cx"(t - 1) - a®)x(®) + p(t)ld¢
—g(t,x(t —11(8)),x(t = 12(2)), -+, x(t — T, (D))]d¢

#0, VxedQnKer(L).

Then, for any x € KerL Nn0Q and n €[0, 1], we have
xH(x,n) = -nx2 - &(1-1) [ lex" (¢~ 1) + a(®x(®) - p(®)
+g(t,x(t—11(8),x(t — 12(2)), -+ ,x(¢ — T,,(£)))d t1d ¢t

#0.
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Thus

degiQN, QnKer(L),0}
=deg{~+ [ lex"(t= 1)+ a(®x(®) - p(t)
+g(t,x(t—11(),x(t —T2(2)), - ,2(t —T,())]dt, AN Ker(L),0}
=deg{-x,QnKer(L),0}

#0.

From Lemma 2.8 for any x € 0Q N Dom(L) and A € (0,1) we have Lx # ANx. By Theorem B
(Mawhin’s continuation theorem), the equation Lx = Nx has at least a solution in Dom(L)nQ,

so there exists a T-periodic solution of Eq.(1.1). The proof is complete.
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ABSTRACT

We consider in this paper Wigner type representations Wig, depending on a parameter
7 €[0,1] as defined in [2]. We prove that the Cohen class can be characterized in terms of
the convolution of such Wig, with a tempered distribution. We introduce furthermore a
class of “quadratic representations” Sp” based on the 7-Wigner, as an extension of the two
window Spectrogram (see [2]). We give basic properties of Sp” as subclasses of the general
Cohen class.
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RESUMEN

Nosotros consideramos en este articulo representaciones de tipo Wigner Wig; dependiendo
de um pardmetro 7 € [0,1] como definido en [2]. Probamos que la clase Cohen puede ser
caracterizada en terminos de la convolucién de tales Wig, con una distribucién temper-
ada. Introducimos también la clase de “representaciones cuadraticas” Sp” basado en el
7-Wigner, como una extensién de dos ventanas espectrograma (ver [2]). Nosotros damos
propiedades bésicas de Sp” como subclases de la clase Cohen.

Key words and phrases: Time-Frequency representation, 1-Wigner distribution, generalized

Spectrogram.

Math. Subj. Class.: 42B10, 47A07, 33C05.

1 Introduction

One of the basic problems in time-frequency analysis is the representation of the energy
of a signal simultaneously with respect to time and frequency. Considering for generality
signals as square-integrable functions on R?, the classical mathematical tool used for this
aim are sesquilinear maps @ : L2(R?) x L2(R?) — L2(R%%). For a given signal f, the function
Q(f, f)(x,w), or for short Q(f)(x,w), plays a role corresponding to that of density of mass in
classical mechanics or that of probability distribution in statistics. In contrast however to
these situations, in the case of the energy of a signal the time-frequency distribution to be
used is not unique. Many proposals have been presented in the literature, each having ad-
vantages and drawbacks, see [5], [6], [7], [8], [9] for detailed presentations of these topics.

This is due essentially to the presence of the Heisenberg uncertainty principle which
makes some of the natural requirements of a joint time-frequency distribution incompatible
(see [11]).

Two of the most used time-frequency representations are the Wigner distribution:
Wig(f,f)x,w)=Wig(f)x,w)= / e 2O F(x + 1/2)f (x — t/2) dt (1.1)
Rd
and the Spectrogram
Sp (£, w) = [Vg(f)x,w)? (1.2)
where V,(f) is the Gabor transform (also known as short-time Fourier transform) and is de-
fined by

V() x,0) = / ) e 2 £ () g(x — ) dit (1.3)
R
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in dependence on the “window” g(x), which in the most generality can be supposed to be a
tempered distribution.

This paper is based on these two representations of which we present modifications de-
pending on parameters. We shall analyze the properties of these new representations with
respect to classical requirements such as reality of values, marginal distribution conditions,
and their relations with the Cohen class. This is a very general class of time-frequency rep-
resentations, introduced by L. Cohen, see [6], and widely studied since the 1970’s. It can be
defined as the set of representations of the form

C(f)=c+«Wig(f) (1.4)

where, in our context, o will be supposed to be a tempered distribution in .'(R2%) and will be
called Cohen kernel. The wide possibility of choice of the Cohen kernel permits to cover most
time-frequency representations.

We recall next that some considerations concerning shifts of the ghost frequencies led in
[2] to the introduction of the representations

Wig (f,8)(x,0) = / ) e T r(x + )g(x —(1—1)) dt (1.5)
R

which are a parameterized version of the Wigner representation in dependence on 7 € [0,1].
It was also showed in [2] that these representations constitute the natural “quadratic form”
counterparts to the 7-pseudo-differential operators which are extensions of the Weyl calculus
on R?; classical references on this subject are Shubin [14] and Wong [15], see also [1] for
generalizations concerning global hypo-ellipticity.

In the present paper we analyze at first the role of (1.5) in the definition of the Cohen
class, showing that we can replace Wig(f) in (1.4) by Wig (f), for an arbitrary fixed 7 € [0, 1],
getting equivalent definitions of the Cohen class. In the second part of the paper, we propose
a new form based on the two window spectrogram and the 7-Wigner representation. The
two window spectrogram was studied in [3]-[4] (called there generalized spectrogram) and is
defined by

Spg.u(f,e)x,w) = Vi f (x,w)Vy glx,w). (1.6)

Using 7-Wigner distribution, we generalize here definition (1.6) by replacing the classical
Wigner distribution with 7-Wigner distributions. We obtain new representations that we
shall call parameterized two window spectrograms and we study some of their basic properties
such as positivity, support properties and boundedness in the L? context. We show that our
definition is motivated by the fact that the parameterized two window spectrograms show in
some basic cases reduced interference phenomena with respect to (1.6) without a loss in the
quality of the time-frequency localization. Finally we prove that among the variety of time-
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frequency representations they constitute a peculiarity as they do not belong to the Cohen

class 1.

2 1-Wigner Representations and the Cohen Class

In the definition (1.4) of the Cohen class the Wigner representation plays a special role and
one natural question is if it can be replaced by another representation. In general this can be
achieved under some additional conditions. More precisely suppose

Co(f) =00+ Wig(f)

is a fixed representation in the Cohen class; then, as long as C’o(f )6 belongs to &’ (R24) for
every signal f € #(R%), we have

Wig(f)=F 1(Co(f)60).

But even under this somewhat restrictive condition it does not necessarily happen that Co —
F ‘1(éo(f )/G) is a convolution. Actually only if this were the case we could write

F U Co(f)60) =" = Co(f)

for a suitable fixed o' € .%'(R2%), and then for any generic representation in the Cohen class
C =0 *Wig, (with o € #'(R2%)), we would obtain

C(f)=o+*Wig(f)=(o*a")* Co(f).

In this case, under the further condition that ¢ * ¢’ € #'(R2?), we would have that every
element in the Cohen class could be expressed in terms of Cy instead of Wig.

In view of these observations it is interesting, even if not surprising, that any Wig,
representation can replace the Wigner representation in the expression of the Cohen class.

In order to prove this assertion we need the explicit expression of Wig, as a member of
the Cohen class. We recall then from [2] the following result.

Proposition 1. The representation Wig_ (f) belongs to the Cohen class for every T €[0,1], in
particular
Wig,(f)x,w) = (07 * Wig(f))(x,w), (2.1)

for every f € S(RY), where

(2.2)

2d i 52— xw
27-1
ST A for 7 #
T
0 for 7 =

[N i

and 6 is the Dirac distribution.

LAccording to (1.4) we only consider signal independent kernels o
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We have now the following Proposition:

Proposition 2. Let 7 €[0,1] be fixed, then Wig, can be used to express the entire Cohen class,
i.e. every representation C in the Cohen class can be written in the form

C(f)=d *Wig.(f)
for a suitable o' € &' (R2%),

Proof. Let
C(f)=oxWig(f) (2.3)

with o € #/(R29), be the expression of C(f) in the Cohen class. From the previous proposition
we have
Wig. () =0+ Wig(f)

and a straightforward computation yields:
O;%01-7=0.

We have therefore
o1-r * Wig,(f)=Wig(f)

and substituting in (2.3) we get formally:

C(f)=(o*01-1) * Wig,(f)

This expression has actually a meaning if we show that o+o1_; is a well defined tempered
distribution. As o *01_; = F Y661_;)and o € y’(IRQd), this is equivalent to prove that §1_;
is a multiplier of #'(R2?). Since [e?"?dydp =1 we have

Fo1-1(,t) = e TI2DE (2.4)

which is a C* function with derivatives with polynomial growth and therefore our assertion
is proved. The thesis is then satisfied with ¢/ =0 * 01_+. O

We turn now our attention to the spectrograms with the aim of describing how the gen-
eral context above applies to this specific case.

As already pointed out in the Introduction, the classical spectrogram, defined by
Spe(x,w) = [V fx,w)l?, (2.5)

is a way to represent the energy of a signal f simultaneously with respect to time and fre-
quency; Vi f is the short-time Fourier transform, or Gabor transform, with window g, see
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for reference [13], [16], [10]. In [3], the two window spectrogram has been introduced and

studied: it depends on two windows and it is defined by the skew-linear form

Spey(f,8)x,w) =Vu(fIVy(g)x,w); (2.6)

when ¢ =y, f = g, formula (2.6) becomes the classical spectrogram.

The following relationship between Wigner distribution and two window spectrogram
holds (see [3]):
Spoy (), w) = Wigli,d) = Wig(F,)x,w), @7

where ¢(s) := ¢p(—s) and §(s) := w(—s). Relation (2.7), valid in suitable functional settings,
for example when f,g,¢,v € F(RY), gives us the expression of the two window spectrogram
as an element of the Cohen class, where o in (1.4) is given now by Wig({,$). As proved
in Proposition 2, we can re-write Spy (f,g) through the 7-Wigner transform. In the special
case of the two window spectrogram this can be made more explicit as showed by the following
result.

Proposition 3. For every f,g,¢,v € F(RY) and for every T € [0, 1], we have
Spey(f,8)=Wig1—(#,d) * Wig.(f,g)x,w).
Proof. Since
Wigi-:(,$) = Wig:(, D), (2.8)
we have to prove that
Let us observe that, by a simple change of variables, we can write
Wig:(f,8)x—y,w—mn) = 9t~n(e2”i“’tf(x —y—1t)glx—y+ (1~ r)t)).
Since
Wig(, 1)y, = Fron @y + 100y —(A-1)D)),
by the standard properties of the Fourier transform we get
Wig(p, )+ Wig:(f,g)x,w)

= (¢ + TG =T =10, flx—y - T0gE =y +AT-1D) , yy.-
y,t

Finally, by the change of variables

y+1t=Y
y—1-1)¢t=T
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in the L2-product, we have

Wigi (P, ) * Wig.(f,g)x,w) = (&(Y)@(T),e%w(Y-T) Fla-Y)gkx— T))

2d y*
L2®y'p)

This shows that Wig (¢, %) * Wig.(f,g)(x,w) is independent of 7 € [0,1], and so for every
7€[0,1],

From (2.8), (2.7) and this last identity, we get (2.9). O

3 The Parameterized Two Window Spectrogram: Definition and Mo-
tivations

So far we have been concerned with relationships between 7—Wigner and spectrograms rep-
resentations within the frame of the Cohen class. In this section we want to consider relation-
ships between these two types of representations under another point of view which will bring
us to the definition of a further representation. We start with some preliminary remarks. It
is well-known that the Wigner transform can be expressed in function of the spectrogram by
the following equality

Wig(f,g)(x,w) = 2% ™V, f(2x,2w), (3.1)

and viceversa we have
Vef (x,w) = 2_de_”iwaig(f,§)(g, %). (3.2)

From (2.6) it is then clear that we can then rewrite the two window spectrogram as

Spoy(fr8)x,w) = 4-dWig(f,<Z>)<§, %)Wig(g,lf/)(g, %). (3.3)

In view of this equality it is natural to introduce the following generalization of the spectro-
gram:

Definiton 4. Let 71,72 € [0,1] be two parameters, the parameterized two window spectro-

gram, denoted S pg;”)( f.g), is defined by

SpSLf @) x,w) = 4—dWigT1<f,J>)<g, %)Wigm(g,tf/)(g, %), (3.4)

where ¢,y are window functions and f, g are signals in suitable functional or distributional
spaces.
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Remark 5. When 11 = 19 = 1/2, the parameterized two window spectrogram becomes the two
window spectrogram

Spi;b;m)(f,g)(X,LU) = Squ,u,(f,g)(x’w)‘

The introduction of this new family of parameterized representations is not due to pure search
(71,
N
interesting behavior for what concerns localization properties and reduction of interference

of mathematical generality. Actually, as we describe next, the form Sp T2)( f,g) shows an
disturbances in particular in the cases where frequencies occur in time intervals very close
to one another. To this aim let us consider a signal f containing the frequency w = 2 in the
time interval [-4,0] and the frequency w = 3 in the time interval [0,4]; we fix the window
functions ¢ = ¥[_10,10; and ¥ = X EREEY where y[, 5] denotes the characteristic function of the
interval [a,b] and we compare the pictures of the parameterized two window spectrograms
S p(Tl’T2)(f ,8) for different values of 71 and 72. The two window spectrogram Spg . (f,f),

N
corresponding to case 71 =Tg = %, is visualized in Figure 1:

i

11
Figure 1: Spfp(‘;l;f)(f,f) =Speyw(f.f)

As we can see, although the localization is good both in time and in frequency, the picture
presents disturbing interference patterns. The explanation of this fact is the following. The
Gabor transform Vyf with a large window ¢ gives better information regarding frequencies,
and the Gabor transform V, f with a narrow window v gives better information concerning
time. When we consider the two window spectrogram

Speu(f,8)=VefVyg

we take a product of one Gabor transform well localized in time and another one well localized
in frequency, and so the reciprocal cut-off effect yields good localization both in time and
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frequency, see [4] for a detailed discussion on this subject. It could seem therefore that we
have overcome the Heisenberg uncertainty principle but of course it is not so. Actually what
is obtained in good localization, is “paid” terms of interference. More precisely, the fact that
each Gabor transform is well localized in one variable and, consequently, badly localized in
the other, implies that the supports of the two Gabor transforms also intersects in places
where no frequency is present. This is what is observed in Figure 1 and clearly represents a
considerable drawback in the use of the classical two window spectrogram.

Let us consider now the parameterized two window spectrogram, with the same win-

dows and signal as above. In Picture 2 we have a representation of S pigi’o‘m(f, f) and
Spfgf,’o'm(f ,f) (for simplicity we take here 71 = 72).

g 0303

Py d(F. 1) Spo2O2f, )

Figure 2: Parameterized two window spectrogram for different values of 71,73.

As we observe from the pictures, although the windows ¢ and y are kept fixed, the in-
terference between the two frequencies is considerably reduced when the parameter 7 in
S pg,’ur/)(f ,f) becomes small, keeping on the other hand the good level of localization. Inci-
dentally we also remark that the improvement of frequency localization is only apparent as
it is essentially the consequence of an effect of vertical contraction and horizontal dilation

compensated in the picture by a relabeling of the axis.

4 Properties of the Parameterized Two Window Spectrogram

(11,

LT(f ) with 71,75 €
[0,1]. More precisely we consider positivity, L? —boundedness and support property, we con-

In this section we analyze some properties of the representation Sp
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clude then our investigations by showing that the parameterized two window spectrogram

does not belong to the Cohen class.
For what positivity is concerned we limit ourself to the following basic fact, we have
SpP(F)x,w):= SPlyp (F, ), w) = 4™ Wig(f,)x, )l = 0.

and therefore the following property holds:
Proposition 6. For 11 =13, = g and ¢ =y the parameterized two window spectrogram is a
positive time-frequency representation.
We consider next the parameterized two window spectrogram in the context of the L? spaces.
For this purpose we shall need the following Proposition, which is proved in [2].
Proposition 7. Let us fix g and p satisfying q=2and ¢’ <p < q,(% + ql =1). Then:

i) For each 1 €(0,1), Wig, : LP (R) x LP(R) — L9(R??) is continuous, in particular:

1

1_1
11-71%G") |

IWig+(g,lLe < )IIgIILp/ IFllze. (4.1)

_1_1
d( P q

ii) For =0, Wigo(g, f)(x,w) = R(g, f)(x,w) and Wigo: LY(R) x LY (R) — LY(R2?) is contin-
uous, in particular
IWigo(g,liLa <llglyq IfliLa. 4.2)

iii) For =1, Wig1(g, f)(x,w) = R(g, f)(x,w) and Wig1: L9 (R) x LY(R) — LY(R2?) is contin-
uous, in particular

IWig1(g,AliLe < lglzallflipe- (4.3)

Furthermore for p,q in the remaining cases the t-Wigner transform is not bounded as sesquilin-
ear map: LP'(R) x LP(R) — LI(R2%),

The L? behavior of the parameterized two window spectrogram is specified by the follow-
ing proposition.

1.1 _1./
ot "9

IA

Theorem 8. Let g =1, q; =2,p; = 1,(j = 1,2) satisfy the following conditions:
p; <q;,(j=1,2), where q%_ + % =1. Then

J

! !
i) The parameterized two window spectrogram Sp'™02 : LP1 x LP1 x LP2 x LP2 — L9 is con-

tinuous (0 < 11,72 < 1), in particular

(t1,72)
ISPy ™ (F s <CIFI Moo ligh g Ilzes, 4.4)

where C = C1Ca with Cj = ——t— ——4—,j=1,2.

11-7| 27 97 g Pj 4j
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! !
ii) When 11 =1,79 =0 then Sp1? : LIt x L91 x L92 x L92 — L9 s continuous, in particular

(1,0)
18Py (2 lze <If Lo 19] 1 18l g 1Y lLes. (4.5)

iii) When 11 =0,79 =1 then Sp(o’l) :L% x L9 x L92 x L92 — L9 is continuous, in particular

ISPy (F-@la <71y Nplzas Nglezlyrl ;. (4.6)

iv) When 11 =19 =1 then Sp'MV : L9 x L91 x LI2 x LI2 — LY is continuous, in particular

1,1)
ISPy (f>&@lLe < 1flLa IIquILq/1 ligllzas IIUIIILq;- (4.7)

v) When 11 =19 =0 then Sp'%9 : L91 x LIt x L92 x L92 — L9 s continuous, in particular
1SS F,lLa < IFI g Il ligl s Iylze (4.8)
Qbﬂ// ’ - qu L qu L : :
Proof. It is an easy consequence of Proposition 7 and the generalized Holder’s inequality

1 1
Ifgle < flLarllflpes for —+—=—, q1=q,
q1 Q2

O

We recall now some notations. We indicate with H(suppf) the convex hull of suppf and
with II,,II,, the orthogonal projections on the first and the second factor in IR;? X Rg} respec-
tively. Properties on the support of time-frequency representations is a widely studied subject
because too large projections I, and II,, of the support of a representation in comparison
with the supports of the signal itself and its Fourier transform respectively would indicate a
“spreading” of the energy that is seen as disturbance in the applications, see for instance [12].
We have the following basic results.

Lemma 9. Let Wig.(f,g) be the t-Wigner representation defined by (1.5); then

M (suppWig:(f,g)) c H(suppf +suppg). 4.9)

and
I, (suppWig:(f,g)) c H(suppf + supp@). (4.10)

Proof. Suppose that Wig, (f,g)(x,w) # 0, then there exists ¢ € R? such that f(y1) # 0 and
8(y2) #0 with y; =x+1¢ and y9 =x— (1 —1)¢. On the other hand x = Ay; + yyg with A=1-71
and ¢ =7, 1i.e. x can be written as convex linear combination of y; and y2. We have therefore
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that x belongs to the segment [y1,y2] and (4.9) follows then immediately. To obtain (4.10) we

just need to recall that

Wig:(f,g)x,w)=Wig(f,&)w,—x).
and repeat the argument above with x replaced by w. O
From (4.9), (4.10), and the equality supp(fg) = suppf Nsuppg, we obtain the “support”
property of the parameterized two window spectrogram.

Proposition 10. The support of the parameterized two window spectrogram satisfies the fol-

lowing properties:

Hx(SuPpSPE;j,}TZ)(f,g)) < H(suppf + supp®p) N H(suppg + suppt) (4.11)
and

Hw(suppSpgjl;”)(f,g)) c H(suppf + supp(f)) N H(suppg + suppﬁ/). (4.12)

Remark 11. The meaning of the Proposition 10 becomes even more evident if we consider the
case where f = g is a signal and we suppose that one window is well localized in time and the
other one in frequency. Assume for example that supp ¢ < B® and supp ¥ < B, with B? ball of
radius & > 0, then Proposition 10 implies that

supp Spgj,}m(f,f) < H(suppf + B%) x H(supp f +B?),
i.e. we have good localization both in time and in frequency, having reduced the spread of the
energy to a ball of radius 6 with respect to each variable.

Finally we prove that the parameterized two window spectrogram, in general, does not

belong to the Cohen class. Let us consider for simplicity the case 71 = 79 := 7 in Definition
.5
(p’u/

since, as proved in [3], it coincides with Spy 4 (f,g) ). We denote for shortness S p;’u/( f,8):=

4, with 7 # % ( actually for 7 = %, the representation Sp (f,g) belongs to the Cohen class,

S pE/)TuT/ )(f,&); the following proposition holds.

Proposition 12. For 7 # % there does not exist a tempered distribution o = 074, € & (R2?)
such that

Spfp,w =oxWig, (4.13)

ie. Sp&w(f,g) =g« Wig(f,g) for every f,g € FS([R?).
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Proof. By Definition 4 and simple changes of variables we have:

SP;,W(f,g)=4_d/ 2””2/’( +Tt)gb(— —(1—T)t)dt

/2mt m (__(1 r)t)dt

_ —2misw _ _
_/e f(2Ts)(,b(2(1 7)s 2T)ds

—27Tisw X
/ g(— 218)1//( 2(1-1)s - Z) ds.

By standard properties of the Fourier transform we can write the inverse Fourier transform
of Spy ,(f,8)(x,0) in the following way:

xat(Spw(f 8)x, w))

w—¢
Fas [f(zr{)m] T [g( 210y (-2(1-7)¢ - ;_T)]
= (2T)2d [ezm(élr(l—r))tsf@.[gr) (D(QTt)] " [e—2ni(4r(1—r))t{m1/7(2_”)] ,

where the convolution is performed in both the variables (¢,¢). Finally, writing explicitly the
convolution, we obtain

x—»t (Sp¢w(f g)(x (1))) _(2T)2d 2ni(4t(1-1))té

/ o~ 2HUTA=DE £(or (¢ _ )y a(—27x) dac (4.14)

/ o 2D B9 7(¢ — 5))ij(275) ds.

We observe that, by the definition of the Wigner transform,

F L, (Wis(f,8)=F, [g:s—'w(f(x + %)g(x - %))]
w=¢ w=¢ (4.15)

= /ez”ixtf(er g)g(x— g)dx

Now let us suppose that (4.13) holds for some tempered distribution o; by taking the inverse
Fourier transform and using (4.14) and (4.15), the following should be verified for every f,g €
L(RD):

(2T)2d6271i(47(1—7))tf / 6_27-”‘(4‘[(1_7))“6}“(2.[({ _ x))de

/e—2ni(4r(1—r))58$(2r(t_s))1/}(2-[s)ds (4.16)

_ 2mixt é _é
_o(t,cf)/e f(x+2)g(x 2)dx,
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where (¢,¢) is the inverse Fourier transform of ¢. In particular, (4.16) should hold for f and

g of the following type:
f(s) — e—ﬂ/lsz, g(s) — e—ﬂﬂs2,

for every A,u > 0. In this case we can compute explicitly the integrals involving f and g in
(4.16) and we have:

/ o~ 2miAT(L-)tx , ~mA2TE~210)% [ —mp(=212)% 7, _

1/2 211
o4 T2 / - 2midT(1-D)tx e‘”(Z(“ﬂ) Tx- s )1/25) da

4.17)
=21\ A+p)" d, 4”a+u ¢ _2’”/11;/”(1 T)tf/ 2”(5&){/2 Y —my? dy
—(QTW) d 27”“”417(1 ¢ —471A”T2‘2e—n%t2

Similarly we obtain that
. M2 1 .9
/ ‘32”’“f(x+§)g(x—§)dx=<\/m)‘ izttt gt (4.18)
Now, replacing (4.17) and (4.18) in (4.16) we have for 5(¢,¢) the following expression
6(t,f) — (2_[)de2ﬂi(4T(l—T))tf—ﬂitf—2ﬂiﬁ(4T(1—T)—l)tf
Y YT pAa-n?-1 . ~ (4.19)
e T S e e /e_z”’(47(1_7))fs(p(2r(t—s)) W(21s)ds.

For 7 # % we deduce then that d(¢,¢) necessarily depends on the two parameters A and y, and
this is impossible since ¢ in (4.13) is independent of f and g. O

Remark 13. We also observe that in the case T = 1/2 all terms in (4.19) involving the param-
eters A and u cancel, making o independent of them, and confirming, as expected, that in this

case the representation is in the Cohen class.
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In this paper we describe the function space Mf,’ff; withw € A})%c together with some related
results of weighted modulation spaces.

RESUMEN

P .y . . . S, W .
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1 Modulation Spaces

Modulation spaces, which were initiated by Feichtinger in 1983 (see [5]), were investigated
for the purpose of measuring smoothness of functions and distributions in a way other than
Besov spaces. Besov spaces as well as Triebel-Lizorkin spaces are very close to Sobolev spaces
and are used in partial differential equations. These spaces are defined by way of dilations.
Feichtinger took full advantage of the group structure of R*. Recall that R” carries the struc-
ture of a Lie group not with dilation but with addition. Therefore, it seems natural that we
consider the translation.

The goal of the present paper is to combine the results in [17, 21]. The main results of
[21] can be summarized as follows: Quite a few of the results of usual modulation spaces
M, , carries over to the A(I)%C-weighted cases with 0 < p,q <oo. In the present paper we shall
establish the following results on modulation spaces. To describe the result, we make a setup.

Assume that W : R — (0,00) is a measurable function with A% condition: There exists
1 <P < oo such that W satisfies the A}gc condition

(1/W()oz)(1/W()‘%d)ﬁ .1
su —_— X X —_— X -1ax < 0. .
Q:cuIZe |Q| Q |Q| Q

Suppose that the parameters p,q,s satisfy
0<p<o0,0<qg<oo,seR. (1.2)

Fix a window function ¢ € C2° so that it satisfies the non-degenerate condition:
/ p(x)dx #0, supp(p) = [-1,1]1". (1.3)
Rn

We write ¢, 1(2) = exp(2nim - 2)p(z — x) for m € Z" and x € R”. We define

mezZ"

A >( Y (m? ( / |<f,<pm,x>|f’w<x>dx)‘i’)a (1.4)
g R?

for f € C, where we write (x) =v/1+|x|2.

Theorem 1. Assume (1.1) and (1.2). Then different choices of admissible ¢ satisfying (1.3)
will yield equivalent norms. That is, if 1,92 satisfy (1.3), then the norm equivalence

|Fomy | =|r:aay (1.5)

“‘/’1 P2

holds for f € CP(R™).
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In view of (1.5), we shall write | £ : My | instead of | : M3y Hg

As for this (new) modulation norm H f: M;”YIV “, we have the following quantitiave infor-
mation.

Lemma 1. There exist C >0 and N € N depending only on W and p,q,s such that

|<f,w)|sCHf:Mf,’XIV“ Y supeN™o%y(x) (1.6)

la|<N x€R?

holds for all w € CP.

Denote by MZ’EZ the (abstract) completion of C° with “ f: Mf,‘:y“ . In view of (1.6), we
g

see that M;”YIV is a subset of 2’ satisfying

Kf,@)=C Y supeN™a%p() (1.7)

la|<N x€R"®

holds for all ¢ € C°.

In the present paper we shall prove the molecular decomposition suitable for M;’EZ.

Definition 1 (Molecule, Atom). Let s€R.

1. Suppose that K,N € N are large enough and fixed. A CX-function 7 :R" — C is said to be
an (s;m,l)-molecule, if it satisfies

10%(e " 1 (x))| < (m) Se Ny eR?
for |a| < K.

2. Suppose that K,N € N are large enough and fixed. A CX-function 1 :R" — C is said to be
an (s;m,l)-atom, if it satisfies

0% (e T(x)] < (M)~ x141-2,21, x € R
for |la| < K.
3. Also set
M= {Y tmezn o each VY is an (s;m,1)-molecule}

A*:={al, hmiczn : each a; ; is an (s;m,l)-atom}.

Next, we introduce a sequence space m, , to describe the condition of the coefficients of
the molecular decomposition.
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Definition 2 (Sequence space m,, ). Let 0 < p,q < oco. Given a sequence A = {Ami}miezn,
define

1
1715

p P

Y AmiXi+1011(x)
lezn

W(x)dx}

. w
myl> | ¥ {/
mezZn R7

Here a natural modification is made when p and/or q is infinite. mg’,q is the set of doubly
indexed sequences A ={Ap;}, 1z for which the quasi-norm ||A : qu | is finite.

With these definitions in mind, we present a typical result in [21].

Theorem 2. Assume (1.1) and (1.2).
1 If A= Amidmieze €mSYy and (¥ by jezn € M, then

f=% Am-¥5, (1.8)

m,lezZn
converges unconditionally in the topology of Mf,’XIV.

2. Thereexists {a} ;}m,ezn € o/° such that any f € MZ’X;V admits the following decomposition:

f= 3 Am-al,, (1.9)
m,lezZn
where A ={Ami}lm 1cz» satisfies
IA:myg Il =Clf : Myl (1.10)

for some C > 0 independent of f.

In the early 90’s, more and more applications were found out. For example, time-fre-
quency analysis, which is a branch of signal analysis, deals with the translation and the
modulation, so that modulation spaces come into play naturally.

Also, it is remarkable that modulation spaces are applied effectively to the pseudo-
differential operators by Sjostrand, Tachizawa and many researchers [12, 14, 15, 19, 22, 23,
24, 25]. Modulation spaces are applicable to various partial differential equations. For exam-
ple, Baoxiang and Chunyan used modulation spaces to investigate the KdV equation (see [3]).
Recently modulation spaces can be applied even to the modeling of wireless channels and the
quantum mechanics [2].

Now we describe the organization of this paper. In Section 2 we describe other weighted
modulation spaces and compare them with ours. Section 3 is devoted to establishing Theorem
1 as well as Lemma 1. Section 4 is intended as the proof of Theorem 2. In Section 5 we
consider the weighted modulation space M;,OVZ Finally in Section 6 we present some examples.
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2 Various Weighted Modulation Spaces

Based on the standard notation of signal analysis, we adopt the following notations.

Tof (%)= flx—a), Mpf(x):=ePf(x), a,beR", fe.F'.

Fix ¢ € CP be a positinve non-zero function. Then define

1
If = My g1l > ( / ( KF My TP dx)p <y>sqdy)
R \JR"

for se R and 1 < p,q < oco. Denote by M; , the set of all tempered distributions f € &' for
which the norm is finite. An important observation is that the function space M7, , does not
depend on the specific choices of g. For more details we refer to [11, 18].

In general by weighted modulation norm we mean the following norm given by

1
4 \g
p
If: Ml > (/ ( |<f,MyTx<p>|”v(x,y)dx) dy) :
R \JRr

Note that M7, , is recovered by setting v(x,y) = (y)*?. There are many important classes of
weights.
Definition 3.

1. A weight v:R?" —[0,00) is said to be a submultiplicative, if there exists a constant C >0
such that v(x +y) < Cv(x)v(y) for all x,y € R?".

2. A weight v :R?" —[0,00) is said to be subconvolutive, if v € LY(®%")and v 1*v < cv!
for some constant ¢ > 0.
3. A weight v:R2" —[0,00) is said to satisfy the Gelfand-Raikov-Shilov condition, if
lim v(nx)n =1
n—oo
for all x #0.
4. A weight v:R2" —[0,00) is said to satisfy the Beurling-Domar condition, if

x 1
Z ogv(nx) oo

=1 N

5. A weight v:R?" — [0,00) is said to satisfy the logarithmic integral condition, if

1
/ 0BV < oo
k=1 lx™*




192 Yoshihiro Sawano (3}3{}03“?

Example 1.

1. The function e™* with a =0 is a submultiplicative weight. Similarly (x)® with a =0 is
a submultiplicative weight.

2. The function (x)"*¢ is a subconvolutive weight.

We refer to [7] for more details of the submultiplicative, moderate and subconvolutive
weights not only on R” but also on locally compact aberian groups.

Proposition 1. [13] The Bourling-Domar condition is stronger than the Gelfand-Raikov-
Shilov condition.

Proof. This is just an easy consequence of the fact that the limit of a positive summable
sequence is zero. O

In the present paper, we consider weights of the form
v(x,y) = Wx)(y)®,

where s € R and W belongs to the class A};’f described just below. As the example W(x) =
|x]%, @ > —n shows, it can happen that v fails the submultiplicative condition or subconvolutive
condition. Another similar example shows that v does not necessarily satisfy the Bouring-
Domar condition.

Before we go further, we recall the definition of A};’C-weights. In the sequel by a “weight",
we mean a non-negative measurable function W € L%Oc satisfying 0 < W < oo for a.e. and we
define the local maximal operator M°¢ by

1
M= sup / FIdy.
1Rl Jg

x€Q
Q:cube,|Q|<1

Let 1 < p <oo. Then we define

ess. s MW ) if 1

sup ———— —
Aloc(W) xER}z W) 1 g
= d 1 dx\PT
P sup (/ W(x)—x)-(/W(x)I*P _x) if 1<p<oo.
Q:cube \JQ QI Q QI
lQI=1

The quantity A};’C(W) is called the A};’C-norm of W. Then it is easy to see that

AL(W)< AP“(W), 1= q <p<oco.
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The class A};’c of weights is the set of all weights W for which the norm A}fc(W) is finite. We
also define

loc . _ I
A= Y Abe

l<p<oco
We remark that |x|?*¢ € AllOc for all 0 < £ < n and that e%*! € AllOc for all a = 0.

Let W be a weight. Then we define

1
If LV > (/ IF@PWE)dx|",1<p<oo.
Rn

Here and below we assume that W € A}gc with 1 < P < oo for the sake of definiteness.

3 Proof of Theorem 1

Now we prove Theorem 1 and Lemma 1. Before we prove Theorem 1, we first establish an
auxiliary result (Proposition 2) and then we prove Theorem 1. Proposition 2 will be strength-
ened after we prove Lemma 1.

3.1 An auxiliary result on maximal operators

We write

pn(y)> ), supe 6]

aeZ”,|a|<N x€R"

for ¢ € C°.
Proposition 2. Let k€ Z, N >0 and 0 <n<1. Then we have

My * f(x—y)|"

n
;;jpoo IMpy * f(x)] Sclezz (k= [N1N] (3.11)
pn(y)=<1

forall f € CP.
Proof. First let us consider the case when 1 = 1. Note that

Y Folx+1)?
lezn

=272 Y Flop*plx+1)
lezn

=(@2n)"% Z (/ Z Flo * el(y + Dexp(—2niy-m)dy |exp(2mix - m)
R

mezZn " lezn
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> Z @ * p(—2mm)exp(2nix-m) = @ * p(0)

mezZm"

from the Poisson summation formula. Consequently we obtain

Mpysf=cn) Myw«M@+Mgxf. (3.12)
lez

Now we shall estimate each summand. First of all, a repeated integration by parts yields that
for all N > 0 there exists ¢ = ¢y > 0 such that

My« Myp(y)| < c(k—1)"Ne NV,

As a consequence we obtain

\Mpy * My« My« f(x)| < c<k—l>‘N/ e MM g fx—y)ldy.

n

Inserting (3.12), we obtain the result when n = 1. Namely we have proved

My * f(x)| <c Z(k—l)‘N/ e NNM g« Fx—y)ldy (3.13)
lez R™

up to this point. Of course, the constant ¢ > 0 does depend on N. Now we pass to the case
when 0 <n < 1. We define

|Myy = f (x - y)
AN i f(x) = sup —r 77
il yeC®, pyp<1t (k= IyNeNly!
yeR,leZ

Then from (3.13) we deduce

1 IMpp*f(x—y—2)I
My pf(x) < Cilelug(mrgz/ (m — )N NIzl dy)
lez
My *flx—y—2)|
< cjlel[}g(ng:z (m—k)N Nly+z| Z)
n
e el f Y /IMm(p*f(x 2

= —E)NneNnlyl

Here we have used the Peetre inequality (a +b) < v2(a) - (b). As a result, we obtain

My * flx—yI"
(m — E)YN1eNnlyl Y

My * fQ" < My pf@<c )

meZ

since A rf (x) < co. O
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Proposition 3. Let W e A10c and F :R" — [0,00) a measurable function. Then we have

(L re- )’

for all p>Pnand B> 1.

1

»
W(x)dx} sc( / F(x)PW(x)dx)” (3.14)

Proof. By replacing p/n with p, we can assume that =1 and p > P. Let ¢ = 1. We denote

Ar = X(r;r) Then define M <°; fx)> sup xr * | 1(x). Then there exists @ > 0 such that

1
( / MY f ()P dx)p < e ( I ()P dx)p . (3.15)
[Rn

Indeed, this inequality is true for £ = 1 by the definition of A}gc. Since y, * y1= yr+1 forr=1,
we have
MlOC < (MIOC)k

As a consequece, we obtain (3.15).

Once we establish (3.15), (3.14) is an easy consequence of inequality

o) .
/ Fx—y)e By < Z/ F(x—y)e ? ley
n . ( 2j2j)n

S —2i-1B ]
<" Ze_ MSOSJ-F(x).
1

The proof is therefore complete. O

3.2 Proof of Theorem 1

Let W € A!% throughout. Then define

1
Ifm : Lg@ I >( Y fm :Lffuq)

mezZ"

for a family of measurable functions {f;,}mez». Let 0 < p,q < oo and s € R. Then the modula-
tion norm (1.4) can be written as

q
If = Myl > ( Y (M) Mg f :LX,VM‘I) : (3.16)

mezZ"

We are now in the position of establishing Theorem 1.
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By Proposition 2 we have

IMip1 = f(x=y)I"
(B —1)NneBnlyl

IMppo* f@)"<c )
lez JR"

If we invoke Proposition 3, we obtain

1Mz * fllw = c >

1M1+ fllpw
lez P

1
(k= 1)Nn
if n < P/p, N > 1. Hence it follows that

5% e
y (<k>SIIMk<P2 *fIILy)q <c ) (Z mllMﬂpl*fﬂLg)

kezn kezn \lez

<c ¥ (@ 1Migz+ fiw)’,

lezn

which implies || f : MZ’,YIV lgo <cllf : MZ’,YIV lp,- By symmetry Theorem 1 was proved completely.

3.3 Proof of Lemmal

Instead of dealing with (f,w) directly, we have only to deal with v * f(0), which is justified by
the isomorphism v — y(--). Proposition 3 and a normalization yield

My * f ()"

n n
e fON <epn®' Y, | = N

lez

min(p,P,1)
2 .

M f()|" dv > \My + fF())ITW(y)"'P
n eNnlyl y n eNn\yIW(y)n/p

with 0 <n <«

p-n
_ —-p/p-n) o
W(y) P\ P
S(IIMl(p*fIILgv)"'(/R" (W) | -

. L np=1) . i
Since W™ P-1 € AL%C, we see that W™« AL%C. Hence, if we choose s > 1, then we obtain

(e—Nn\yIW(y)—n/p)—p/(p—n) dy

x -1 p-n
<) / e 2 NPy (y) dy
[-27,2/]

n/(p-n)

x . j—
Y 2Ime NP1y 1(y) W)

IA
Q

dy

~.
I
=
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< 00.

As a consequence, Lemma 1 was proved.

We define .#, as the set of all C*°-functions f for which the norm

o) > Z sup exp(N|x|)|0% y(x)|
aeZ?,|a|<N x€R?
is finite. .#/ is defined as the topological dual of .#,. We remark that ./ is a special case of
Gelfand-Shilov spaces (see [16]).

Proposition 4. Proposition 3 remains vaild for f € #,.

Proof. Keep to the same notation as Proposition 3. The proof does not undergo any major
change until the end of the proof of Proposition 3. If .4y kf(x) were finite, then we would
obtain

My * "< My f@)"<c ) (3.17)

meZ

/ |My * flx—y)I"

(m— k)NTleNmﬂ

However, this does not always work because .#x k f(x) can be infinite. We shall show that
(3.17) still holds for all f € #)(R) even when .y xf(x) = co. For this purpose let us assume
the most right-hand side (3.17) is finite. Otherwise there is nothing to prove. Assuming that
the most right-hand side (3.17) is finite, we shall establish 4 kf(x) < co. Since f € F/(R),
there exist Ny >0 such that .4y g f(x) <oo for all N = N¢. As a consequence (3.17) holds for
such N and N. From this we deduce

| My * fx=yI"
(m — kYNrneNrnlyl

Mpp*f@<c Y

meZ

(3.18)

The constant in (3.17) being dependent implicitly on N, ¢ in (3.17) must be dependent on f.
To emphasize this dependence, let us write this constant as c. Then we have

My * f(x—y)|?
(m —kYNrneNrnlyl

M+ f@"<cp Y

meZ

1 | My * f(x—y)I
=cf Z <m_k)Nn/ eNnlyl dy

meZ

for all N with N < N¢. As a consequence for all N > 0, there exists ¢y such that

[ Moy s fx—y)|"

Mg+ f@ITser 3, | = mr

meZ

From the definition of the maximal operator .4y k f(x), we have

My * flx—y—-2)"
ANk (X)=cy S;elug (mZEZ/ (k — N1 (m — [yNneNn(lyl+lz) dz
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My * f(x—2)|"
< -
=cf mZEZ (k—m)NTIeNmZ\

< 00.

As a consequence (3.17) holds for all f € &/(R). O

4 Proof of Theorem 2

A fundamental technique in harmonic analysis is to represent functions or distributions as a
linear combination of functions of an elementary form. We shall investigate the structure of
weighted modulation spaces.

We refer to [1, 4, 6, 8, 9, 10, 15, 20] for the definition of the molecules and atoms for
different modulation spaces.

Now we prove Theorem 2.

1. Let N € N be fixed. An integration by parts yields

(m)® Z AmiMp * W3 ()

l,mez"
|Aml|
l,mez" <k - m>N

oo e—Nj o
<c) ) mMLJ( > ﬂmzmm)

j=1lezn mezZn"

exp(=Nlx—1|)

for some constant ¢ depending only on N. As a result, we obtain the desired result by
virtue of (3.15).

2. Note that M, * ¢ * M, + ¢ = cy for all v € 4, since we have seen that Z Fp(+

mezZn

m)2 =:1#0. We set

1
Ami(x):= —/ My ()M pp = f(x—y)dy.
I Ji0112

Then we have f = ) @,y in.¥,. Since

l,mezZ"

1
M_pap(x)= —/ My, o(y)f,exp(—im-(y + *))px—y—*))dy,
I Ji011

1
we have M,,,[0%(M _,a,,1)1(x) = = / M, p(y)M 1, [0% 1% f (x—y)dy. Therefore, if we
1+[0,1]

I
define

Ami> sup  sup [0%(M_pan)x)l,
x€l+[-2,2]" |a|l=M
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then, by Proposition 3, we have

w s, W
Wmidmgezn - mY I <clf - MEN,

Hence, it follows that f = Z Ami - % is an atomic decomposition of f. This is the
m,leZ" ml
desired result.

5 Weighted Modulation Space M3 ",

A minor modification of the results above will yield a theory of the function space MZZ,VO We
define the function space M;ZVO as follows :

Definition 4. Let 0< p <o00,0< g <ooand s € R. Assume that W € A}Qf. Then define

lezn

213
If: Mg >{ Y (m)®® (/ IMm<P*f(x)IpW(x)dx) }
[Rn

for fe ).
Lemma 2. Let O<p <oo,sER,W€A<1;’f. If € and q satisfy
€>0,0<g<o0,qe>n.

s,W s—e,W
then we have My oo — M, 7.

Proof. This follows from a fundamental inequality

: :
Y. my Tlanl?| < sup laml| Y (m)~9°
mezZn mezZn mezZn
which holds for all complex sequences {@,}mezn. O

The atomic decomposition theorem can be formulated as follows:

Theorem 3. Let 0<p <o0,0< g <ocoand seR. Assume that W € A}Qf.

1. The function space MZ’EZ does not depend on the choice of specific ¢ satisfying (1.3).

2. If A= Mmibmjezn €m3Yy and (Y5 Y 1ezn € M, then

f=3 Am-¥, (5.19)

m,leZn

converges unconditionally in the topology of #,.
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3. There exists {a} ;}m iezn € /° such that any f € MZ’,YIV admits the following decomposition:

f=Y Am-d,, (5.20)
m,lezn
where A = {Ami}m 1czn satisfies
IA:myg I =<CIf : My | (5.21)

for some C > 0 independent of f.

Proof. Almost all the proofs remains unchanged except for the convergence in (5.19). This
will be established by Lemma 2. O

6 Examples

Here we shall present some examples of weights.

Example 2. A weight W,(¢) = exp(alé]), a € R belongs to the class of our admissible weights.

It is interesting that Mf,’,‘:]V“ is much larger than M3, , = MZ’,‘;VO for a <O.

Example 3. If we define W(x)=(1+ IxIZ)%, then M;;V is the weighted Sobolev space.
Proposition 5. Let 0 < p < 00,0 < q <00 and s € R. If we define W(x) = (1 + |x|2)%, then

MY e

Proof. In analogy with Proposition 2, we can prove

M * f(x—y)|"

sup |Mpy*f(x)T<c _— (6.22)
e, Myt L Joo Mg
gn(y)=1

for all f € C2°, where gn(y) = Z sup (v |0 (x)|. Therefore, we can proceed as in the proof
|a|<N x€R™

of Lemma 1. O
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ABSTRACT

In this paper we introduce generating functions of eigenvalues of Daubechies’ localization
operator, study their analytic properties and give analytic continuation of these eigenval-
ues. Making use of generating functions, we establish a reconstruction formula of symbol
functions of Daubechies’ localization operator with rotational invariant symbols.

RESUMEN

Introducimos funciones generadas por los autovalores del operador de localizacién de
Daubechies, estudiamos sus propiedades analiticas y damos continuacién analitica de los
autovalores. Haciendo uso de las funciones generadas, establecemos la férmula de recon-
strucciéon de funciones simbolo del operador de localizacién de Daubechies con simbolos
rotacional invariante.

Key words and phrases: Hermite functions, Daubechies (localization) operator, Borel trans-
form, asymptotic expansion.
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1 Introduction

The Daubechies (localization) operator was introduced by Ingrid Daubechies in [4], where she
mainly treated localization operators with rotational invariant symbols. In particular, she
expressed eigenvalues as Mellin transforms of symbol functions. She also proved that Her-
mite functions are eigenfunctions of localization operators with rotational invariant symbols.
So far, the theory of localization operators has been studied by several researchers in various
fields ([2], [5], [7], [10], [11], [12]).

In this paper we will study analytic properties of generating functions of eigenvalues of
Daubechies’ localization operators. We will also give an analytic continuation of eigenvalues
of Daubechies’ localization operator. Making use of generating functions, we will establish
the reconstruction formula of symbol functions of Daubechies’ localization operators with ro-
tational invariant symbol.

For the simplicity, we will confine ourselves to the 1-dimensional case in this paper. In
section 2 we will introduce Daubechies’ localization operator. In section 3 we will give the
analytic continuation of eigenvalues of Daubechies’ localization operator. In section 4 we
will define the generating function of eigenvalues. In final section 5 we will establish the
reconstruction formulas for rotational invariant symbol function.

2 Daubechies’ Localization Operator

According to [4], we define the localization operator Pr as follows.

Definition 1 ([4]). Daubechies’ localization operator is

Pr(F)@) = @m)) / / F0,0),4@) < $p,f >dpda, W
R:

where F(p,q) € L\R?), f(x) e LA(R),
(pp q(x) — 7_[—1/4eipxe—(x—q)2/2

and < ¢p q,f > denotes the inner product
/(,bp,q(x)f(x)dx.
R

The function F(p,q) is called the symbol function of the operator Pg.

Daubechies obtained the following results.
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Proposition 1 ([4]). Suppose that F(p,q) € L1([R2). Then

(i) If F(p,q) =0, then Pp is a positive operator.

(ii) P is bounded operator. that is,

PE (g2 < @) Y2 (IflI21IFlIL1, (f € L2R)).

(iii) Pr is a trace class operator.
Proposition 2 ([4]). Suppose
F(p,q):F‘(rz), where r2=p2+q2.

Then

(i) The Hermite functions h,,(x) are eigenfunctions of the operator Pp:

Pr(hp)(x) = Aphp (%), meN.

(it) Secondly,

1 o —S . m
Am =— e °s"F(2s)ds, meN,
m' 0

where the Hermite functions h,(x) are defined by

B () = (-1 m!V7) 2 eXp(x2/2)(Zc—mexp(—x2),

For details on Hermite functions, we refer the reader to [6, 7, 10].

In what follows we assume that
(i) F(p,q) € L'(R?).
(i) F(p,q) is rotational invariant, that is,

F(p,q)ZF(r2), Where r2:p2+q2'

3 Analytic Continuation of Eigenvalues of Daubechies

Operator

In this section we consider the analytic continuation of the eigenvalues {1,,}7._,. By Proposi-

tion 2 we have 1 foo
Am = —/ e Ss™F(2s)ds.
m' 0
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We put

1 ©0 N
Mz) = —/ e °s°F(2s)ds, ze€C,Re(z)>0.
T+ J,

where I'(z) is Euler’s Gamma function.

Then we have the following proposition.

Proposition 3. A(z) have following properties:
(i) Mz)is holomorphic in the right half plane Re(z) > 0.

(it) There exists a positive constant C such that

A2 < ——eZY z=x+iyeC,x>0.

Vizl

(iii) Mz) interpolates the eigenvalues {A,,},,_, that is,

Am) = Ap, meN.

(iv) There exists a positive constant C such that

C

[m|

[Aml < , meN.

Proof. The proofis as follows.

(i) We can prove the holomorphicity of A(z) by Morea’s theorem and Lebesgue’s dominated
convergence theorem.

(iii) is obvious.

(iv) follows from (ii) and (iii).

So we will prove statement (ii). By Stirling’s formula,

I'(z+1)~2z%e *V2nz, Re(2)>0
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and e %s* < e *x* for s = 0, we have

1
T'(z+1)

1 *© _
= m/ e_slsZIIF(Qs)Ids
0

“S$¥|F(2s)|ds

M=) = ‘ / e $s*F(2s)ds
0

C {o o]
<— e
|zZe~%|v/2m|z| /0

Ceyarg(z) 00

S —_—
x*e *\/2m|z| Jo

iy [
ez |F'(2s)|ds
V2ar|z| 0
Cl
<
Viz|

Remark 1. The function Mz) is the unique analytic continuation of eigenvalues {An};, _, be-

e *x*|F(2s)|ds

=

ezl

cause of (i) in Proproposition 3 and Carlson’s theorem [3].

4 Generating Functions of Eigenvalues of Daubechies Op-
erator

In this section we introduce two generating functions A(w) and G(¢) of the eigenvalues {1,,}7._.
We begin with A(w). Put

Aw)= ) L™, (wl<1).

m=0

Due to (iv) in Proposition 3, the right-hand side is a convergent series if |w| < 1.

We will show some analytic properties of A(w).
Proposition 4. Suppose that {An})’_, are eigenvalues of Py. Then
(i) The function A(w) is given by the integral

Aw) = / eI E((25)ds,  Re(w)<1.
0

(ii) A(w)is holomorphic in the left-half plane {w € C : Re(w) < 1} and is bounded in its closure
{weC:Re(w) <1}

(11)) AGv) € Co(R) forv eR, that is, A(iv) € C(R) and lim|y|—o A(Zv) = 0.
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Proof. We prove the three parts.

(i) By (ii) in Proposition 2, we have

(o]
Aw) = Z Ampw™
m=0
o0 m o0
=y % / e 5" F(2s)ds
m=0 "¢+ JO
00 (ws)m

S— —

ds

e SF(2s) i
m=0 m!

e S~ F(25)ds.

(ii) For Re(w) <1, we have

o0

00
|Aw)l < / eS| F(25)|ds < / \F(2s)lds = ||Fp1.
0 0

(iii) AGiv)is the Fourier transform of the L! function e SF(2s), for s = 0. Hence it belongs to
Co(R") by the Riemann—Lebesgue theorem [9].

Proposition 5. Suppose that F(p,q) is positive. If

limsup A, /™ =1,
m—0o0

then w =1 is a singular point of A(w).

Proof. Since F(p,q) is positive, then Pr is a positive operator by Proposition 1. Therefore,
all the eigenvalues of Py are nonnegative. By the Cauchy—-Hadamard formula, the radius of
convergence of the power series

o0
Z Amw™
m=0
is 1. By Vivanti’s theorem, w = 1 is a singular point of A(w).

Proposition 6. Suppose the support of F(2s) is contained in [0,a]. Then there exists a positive
constant C such that

m
@) Aml sca—', meN.
m!

(it) A(w)is an entire function of exponential type.

Proof. We prove the two parts of the proposition.
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(i) Since the support of F(2s) is contained in the closed interval [0,a], by (ii) in Proposi-

tion 2, we have
1 a .
Am = —/ e *F(2s)s™ds
m' 0

am a ~
< — / |F'(2s)|ds.
m: Jo

am
Therefore, the inequality |1,,| <C — is valid.
m!

(i1) Since
a ~
IA(w)| < / IF(2s)|e 1 W s
0
a ~
<e@lul / |F(2s)|ds,
0

we have

IAw)| < Ce®¥! w=u+iveC.

Now we consider following formal power series:

md,t "L

T8

0

In general, the series on right-hand side is divergent. But this formal power series is an
asymptotic expansion of the Hilbert transform of F(2s)e~. Namely, if we put

—S

G(t)=/ F@se ™ 1o teC\0,00l,
0

then G(¢) has following properties.

Proposition 7. For the function G(t) we have
(i) G(t)is Laplace transform of A(w).

(e 0]
(ii) Z mAmt ™ Lisan asymptotic expansion of G(t).
m=0

Proof.
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(i) By (ii) in Proposition 4, A(w) is bounded in left-half plane. So we can consider the
Laplace transform of A(w) along the negative real axis:

—00 —00 o0 _
/ Aw)e ™™ dw =/ {/ e_s(l_'”)F(2s)ds}e_twdw
0 0 0

:/ F’(2s)e_s{/ eW(S_t)dw}ds
0 0

oon2 -
=/ —( s)e ds
0 t—s

=G(1t), for Re t<0.

(i1) Secondly,

G(t):/ Fv(zids
0

t—s
1/°°F’(2s)e_s
== == _gs
tJo 1-stl
_1 g -8 y -1\ym
_;/0 F(2s)e {mZ:O(St ) +1—73t_1} S

N 1 OOF(2S)6—SSN+1

_ -m-1

= Z ml ™™ + N+1/ T ds.
m=0 t 0 S

(st_l)N+1

Hence if [{| = R and 0 < § < arg(t) <27 - §, then we have

N (N+D! An+1
G@) - Mmt ™1 < Lo
G® mZ:Om mt 1S Ring N

NIVN +1
SCo—r—F——

Rsind|gN+1°

Proposition 8. Suppose that support of F(2s) is contained in [0,al. Then

(i) G(t) is holomorphic in C\[0,al.

(ii) Z mIAmt ™1 converges in |t > a.
m=0

Proof.

(i) From the assumption on the support of F(2s), we have
a Fv P) -8
G(t) = / F@s)e” 4
0 t—s

So G(¢) is holomorphic in C\[0,a].
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(i) By (i) in Proposition 6,

Hence

converges if || > a.

Remark 2. The function A(w) is the Borel transform of G(t). For details on the Borel and
Hilbert transforms, we refer the reader to [1, 8, 9].

5 Reconstruction of Symbol Functions

In this section we establish our main results.

Theorem 1. The function
F(2s) = 2m) e F(AGL))(s),

is valid in distribution sense, where

F(AGv)) = / e BV A(iv)dv

(0.0}
is Fourier transform of A(iv).
Proof. By (i) in Proposition 4, we have
00 L
AGiv)= / e S F(2s)ds
0
0 B
= / Ve F(2s)ds.
0

This means that A(iv) is the inverse Fourier transform of e *F(2s). Since F(2s) is an L!-
function, then e 5F(2s) is a tempered distribution. Hence, as tempered distribution, we have

F(2s) = e*F(AG))(s).

Theorem 2. The function F(2s) is given by the formula

F(2s) = e lim _—1 (G(s+it)—G(s—it)).
t—0 271
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Proof. It is well known that the boundary value

-1
Iim—[G(s+it)— G(s—1it)]
t—0 271

is the inverse map of the Hilbert transform [8]. Since G(z) is Hilbert transform of e $F(2s),
we have 1

lim — (G(s +it) - G(s — it)) = e *F(2s).

t—0 271
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ABSTRACT

The objective of this paper is to report on recent progress on Strichartz estimates for the
Schrodinger equation and to present the state-of-the-art. These estimates have been ob-
tained in Lebesgue spaces, Sobolev spaces and, recently, in Wiener amalgam and modu-
lation spaces. We present and compare the different technicalities. Then, we illustrate
applications to well-posedness.

RESUMEN

El objetivo de este trabajo es reportar los progresos recientes sobre estimativas de Strichartz
para la ecuacién de Schrodinger y presentar el estado de arte. Estas estimativas han sido
obtenidas en espacios de Lebesgue, espacios de Sobolev, y recientemente, en espacios de
Wiener amalgamados y de modulacién. Presentamos y comparamos los diferentes aspectos
técnicos envueltos. Ilustramos los resultados con aplicaciones a buena colocacion.

Key words and phrases: Dispersive estimates, Strichartz estimates, Wiener amalgam spaces,
Modulation spaces, Schrodinger equation.
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1 Introduction

In this note, we focus on the Cauchy problem for Schriodinger equations. To begin with, the
Cauchy problem for the free Schrédinger equation reads as follows

0iu+Au=0
{l u+Au o

u(0,x) = ug(x),

with t€R and x € R%, d = 1. In terms of the Fourier transform, we can write the solution as
follows
u(t,x) = (eimuo)(x): /d eZrixE g~ I g5 ) dle, (2)
R

where the Fourier multiplier e**2 is known as Schridinger propagator. The corresponding

inhomogeneous equation is

3

i0;u+Au=F(t,x)
u(0,x) = ug(x),

with ¢ >0 and x € R?, d = 1. By Duhamel’s principle and (2), the integral version of (3) has the
form

t
u(t,x) =ePug(-) + / ! F (s, )ds. (4)
0

The study of space-time integrability properties of the solution to (2) and (4) has been
pursued by many authors in the last thirty years. The matter of fact is given by the Strichartz
estimates, that have become a fundamental and amazing tool for the study of PDE’s. They
have been studied in the framework of different function/distribution spaces, like Lebesgue,
Sobolev, Wiener amalgam and modulation spaces and have found applications to well-posed-
ness and scattering theory for nonlinear Schrodinger equations [3, 8, 9, 11, 19, 24, 26, 36, 38,
39, 49].

In this paper we exhibit these problems. First, in Section 3, we introduce the disper-
sive estimates and show how can be carried out for these different spaces. The classical L?
dispersive estimates read as follows

||eitA |—d(l—— 1 1

1
2 lugll,y, 2<r=oo, —+— =1
x

uolly St

Section 4 is devoted to the study of Strichartz estimates. The nature of these estimates
is highlighted and the results among different kinds of spaces are compared with each others.
Historically, the L? spaces [19, 24, 26, 39, 49] were the first to be looked at. The celebrated

homogeneous Strichartz estimates for the solution u(t,x) = (e'*®u¢) (x) read

itA <
le™ uollparr < llwollze, (5)
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for ¢ =2, r = 2, with 2/q + d/r = d/2, (q,r,d) # (2,00,2), i.e., for (g,r) Schrodinger admissible
(see Definition 4.1). Here, as usual, we set

1/q
IFllay, = ( / 1N, dt) .

In the sequel, the estimates for Sobolev spaces were essentially derived from the Lebesgue

ones. Recently, several authors ([1, 2, 6, 7, 8, 44, 45]) have turned their attention to fixed
time and space-time estimates for the Schrodinger propagator between spaces widely used in
time-frequency analysis, known as Wiener amalgam spaces and modulation spaces. The first
appearance of amalgam spaces can be traced to Wiener in his development of the theory of
generalized harmonic analysis [46, 47, 48] (see [22] for more details). In this setting, Cordero
and Nicola [6, 7, 8] have discovered that the pattern to obtain dispersive and Strichartz esti-
mates is similar to that of Lebesgue spaces. The main idea is to show that the fundamental
solution K; (see (20) below) lies in the Wiener amalgam space W(L?,LY) (see Section 2 for
the definition) which generalizes the classical L? space and, consequently, provides a differ-
ent information between the local and global behavior of the solutions. Beside the similar
arguments, we point out also some differences, mainly in proving the sharpness of disper-
sive estimates and Strichartz estimates. Indeed, dilation arguments in Wiener amalgam and
modulation spaces don’t work as in the classical L? spaces.

Modulation spaces were introduced by Feitchinger in 1980 and then were also redefined
by Wang [44] using isometric decompositions. The two different definitions allow to look at the
problem in two different manners. As a result, in [45], a beautiful use of interpolation theory
on modulation spaces allows to combine the estimates obtained by means of the classical
definition in [1, 2] and the isometric definition in [44, 45], to obtain more general fixed time
estimates in this framework. In order to control the growth of singularity at ¢ = 0, we usually
have the restriction d(1/2—1/p) < 1; cf. [5, 26]. By using the isometric decomposition in the
frequency space, as in [44, 45], one can remove the singularity at ¢ = 0 and preserve the decay
at t = 0o in certain modulation spaces.

The Strichartz estimates can be applied, e.g., to the well-posedness of non-linear
Schrodinger equations or of linear Schriodinger equations with time-dependent potentials.
We shall show examples in the last Section 5.

Notation. We define |x|2 = x-x, forx € [Rd, where x-y = xy is the inner product on RY. The
space of smooth functions with compact support is denoted by ‘ggo(Rd), the Schwartz class by
F(RY), the space of tempered distributions by .%/(R%). The Fourier transform is normalized to
be F(&) = Ff(&) = f f(®e 2"t d¢ Translation and modulation operators (time and frequency
shifts) are defined, respectively, by

T f(D)=f(t-x) and M:f(t)=e>*f(1).
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We have the formulas (T, f) = M_xf, Mefy= Tgf, and MT, = eZ”ixfoMg. The notation
A < B means A < ¢B for a suitable constant ¢ > 0, whereas A = B means ¢ 1A <B<cA, for

some ¢ = 1. The symbol B; — Bg denotes the continuous embedding of the linear space B
into Bg.

2 Function Spaces and Preliminaries

In this section we present the function/distribution spaces we work with, and the properties
used in our study.

2.1 Lorentz spaces

([34, 35]). We recall that the Lorentz space L”? on R? is defined as the space of tempered
distributions f such that

. 00 . dt 1/q
1£ 1l = (2/ [L‘l/pf ®19— < 00,
pJo t
when 1< p<oo,1<¢g<oo, and
If 1% =supt™P f*(t) < 0o
t>0

when 1 < p <00, ¢ =00. Here, as usual, A(s) = |{|f| > s}| denotes the distribution function of f
and f*(¢t) =inf{s: A(s) < ¢}.

One has LP-9t — P92 if g1 < q9, and LPP = LP. Moreover, for 1 < p <oo and 1 < g < o0,
L?9 is a normed space and its norm |- ||zr.¢ is equivalent to the above quasi-norm | - II;‘,q.

The function |x|~® lives in L% 4% 0 < a < d but observe that this function doesn’t live in
any L?,1 < p <oco. We now recall the following classical Hardy-Littlewood-Sobolev fractional
integration theorem (see e.g. [33, Theorem 1, pag 119] and [34]), which will be used in the
sequel

Proposition 2.1. Letd>1,0<a <d and 1< p < g <oo such that

d-—a
d

. (6)

Q| =
R RIS

Then the following estimate

H-17% % Fllg S 1 llp (7
holds for all f € LP(R?).
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Potential and Sobolev spaces. For s € R, we define the Fourier multipliers (A)*f =
FHA+1-122F), and |AIFf = F71(-I5f). Then, for 1 < p < oo, the potential space [4] is
defined by

WP ={f e &', (N)°f eLP}
with norm ||f lyp = I<AYS £ llL». The homogeneous potential space [4] is defined by
WP ={f e+, KO f e LP}

with norm [[£ly» = AP lILr.

For p = 2 the previous spaces are called Sobolev spaces H? and homogeneous Sobolev
spaces H? | respectively.

2.2 Wiener amalgam spaces

([12, 14, 15, 16, 17]). Let g€ ‘66’0 be a test function that satisfies ||gll;2 = 1. We will refer to g
as a window function. For 1 < p < oo, recall the & L? spaces, defined by

FLPRY) ={f € #'(RY) : A e LPRY), h = f};
they are Banach spaces equipped with the norm
Iflgze = 1Rlze, withh=F.
In the same way, for 1 < p < o0, 1 < g < oo, the Banach spaces #LP'? are defined by
FLPIRY) = {f € ' RY) : Ih e LPIRY), h = f);
equipped with the norm

IfllgLea = |klLpe, withh=F.

Let B one of the following Banach spaces: L, #LP, 1< p <oo, FLP?, 1<p<oo,1<qg<oo0,
valued in a Banach space, or also spaces obtained from these by real or complex interpolation.
Let C be the L? space, 1 < p < oo, scalar-valued. For any given function f which is locally in
B (i.e. gf €B,Vge6;°), we set fp(x) = I f TxglB.

The Wiener amalgam space W(B,C) with local component B and global component C is
defined as the space of all functions f locally in B such that fg € C. Endowed with the norm
Ifllwa,c) = Ifslic, W(B,C) is a Banach space. Moreover, different choices of g € €;° generate
the same space and yield equivalent norms.

If B = ZL! (the Fourier algebra), the space of admissible windows for the Wiener amal-
gam spaces W(ZL!,C) can be enlarged to the so-called Feichtinger algebra W(ZL!,L). Re-
call that the Schwartz class . is dense in W(#L1,L1).
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We use the following definition of mixed Wiener amalgam norms. Given a measurable

function F of the two variables (¢,x) we set
1Fllwwa Loz),wzLr Lr2), = WF@ I wgrr L2y, lw@e Lo2), -
Observe that [6]
IFllwa Loy wFLn pre, = 1F "W(L‘P(W(ﬂ? L)L)

The following properties of Wiener amalgam spaces will be frequently used in the sequel.

Lemma 2.1. Let B;, C;, i = 1,2,3, be Banach spaces such that W(B;,C;) are well defined.
Then,

(i) Convolution. If B; * B — Bg and C1 * Cg — Cs, we have
W(B1,C1) * W(Bg,Cg2) — W(B3,Cs). €))
In particular, for every 1< p,q < oo, we have
If * ullwzLr La) < If lwzre tyllelwzLe Lo)- 9
(it) Inclusions. If B1 — Bg and C1 — Ca,
W(B1,C1) — W(Bg,Cy).

Moreover, the inclusion of By into Bg need only hold “locally” and the inclusion of C1 into
Cq “globally”. In particular, for 1 < p;,q; <oo, i = 1,2, we have

p1=peand q1 < q2 = WP, L) — W(LP2,L9?). (10)

(iii) Complex interpolation. For 0 <6 < 1, we have
[W(B1,C1), W(B3,C2)lie1 = W ([B1,Bz2li61,[C1,C2lig1) s
if C1 or Cq has absolutely continuous norm.

(iv) Duality. If B',C’ are the topological dual spaces of the Banach spaces B,C respectively,
and the space of test functions €;° is dense in both B and C, then

W(B,C) =W®B',C". (11

The proof of all these results can be found in ([12, 14, 15, 22]).

Finally, let us recall the following lemma [8, Lemma 6.1], that will be used in the last
Section 5.
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Lemma 2.2. Let 1<p,q,r <oo. If

1.1 1, (12)
p q r
then
W(ZL? , LP)RY) - W(FLY, L)RY) c W(ZL",L" YR?) (13)

with norm inequality IIthIW(yL,,L,r) < ”f"W(ngr,Lp)"h”W('g:Lqr,Lq).

2.3 Modulation spaces

([13, 21]). Let g € #(R%) be a non-zero window function and consider the so-called short-time
Fourier transform (STFT) V;f of a function/tempered distribution f with respect to the the
window g:

Vel 0= MeTug) = [ 20 f g —idy.
i.e., the Fourier transform % applied to fT,g.

For s € R, we consider the weight function (x)* = (1 + |x[2)*2,x e R%. If 1 < p,q < 00, s € R,
the modulation space #P?(R?) is defined as the closure of the Schwartz class with respect to

q/p l/q
IIfIIﬂqu=(/ (/ lng(x,cf)l"dx) <€>sqdf)
s rd \JRd

(with obvious modifications when p = oo or g = 00).

the norm

Among the properties of modulation spaces, we record that they are Banach spaces whose
definition is independent of the choice of the window g € #(RY), .#2%% = L2, (uP?Y = u*,?,
whenever p,q < oco.

Another definition of these spaces uses the unite-cube decomposition of the frequency
space, we address interested readers to [44].

Finally we recall the behaviour of modulation spaces with respect to complex interpola-
tion (see [14, Corollary 2.3]).

Proposition 2.2. Let 1< p1,p2,q91,92 <00, with g2 <co. If T is a linear operator such that,
fori=1,2,
T ageiai < A;llf lpgpiai Y € MPH9E,
then
ITf |l pgpa < CA}_GAg"fHMp,q VfeMPY,

where 1/p =(1-0)/p1 +6/p2, 1/q =(1—-60)/q1 +60/q2,0<0 <1 and C is independent of T'.

We observe that definition and properties of modulation spaces refer to the case p,q = 1.
For the quasi-Banach case 0 < p,q < 1 see, e.g., [2, 44, 45].
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2.4 T*T method

[19, 20] The T*T method is an abstract tool of Harmonic Analysis, discovered by Tomas in
1975. This method allows to know the continuity of a linear operator T' (and thus of its adjoint
T*), simply by the boundedness of the composition operator 7" T'.

For any vector space D, we denote by D its algebraic dual, by £,(D,X) the space of
linear maps from D to some other vector space X, and by (¢, f) p the pairing between D and
D (f €D, ¢ € D}), taken to be linear in f and antilinear in ¢.

Lemma 2.3. Let # be a Hilbert space, X a Banach space, X* the dual of X, and D a vector
space densely contained in X. Let T € %,(D, ) and T* € L,(F,D}) be its adjoint, defined

by
(T*h,f)p=<h,TF), VfeD, VYhe#,

where (,) is the inner product in A (antilinear in the first argument). Then the following three
conditions are equivalent.
(1) There exists a,0 < a < oo such that for all f € D

ITfl7<alflx; (14)

(2) Let h € #. Then T*h can be extended to a continuous linear functional on X, and there
exists a,0 < a < oo, such that for all h € A

IT*Rllx+ <alhlz. (15)

(3) Let f € X. Then T*Tf can be extended to a continuous linear functional on X, and there
exists a,0 < a < oo, such that for all f € D,

IT*Tflx- <a®lflx. (16)

The constant a is the same in all the three cases. If one of (all) those conditions is (are) satisfied,
the operators T and T*T extend by continuity to bounded operators from X to A and from X
to X*, respectively.

Proof. From the fact that D is densely contained in X, it follows that X is a subspace of D.
(1)=>(2). Let h € #. Then, for all f € D

Tk, f)pl =1, TH <Rl ITfllze <allbllzlIfllx.
(2)=>(1). Let f € D. Then, for all h € A#

[, TH=1(T"h, f)p | <IT"Rlix+ Ifllx <allkllz|lflix
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Clearly (1) and (2) imply (3), and therefore (1) or (2) implies (3).
(8)=(1). Let f € D. Then

WTFIZ=KTF, T ={T*Tf,f)p | <IT*Tflix- lIflix <a®lIfll%.

Since D is a dense subspace of X, we see that T' can be extended to a bounded linear functional
from X to A. O

The following corollary is extremely useful.

Corollary 2.3. Let A, 2 and two triplets (X;,T;,a;), i =1,2, satisfy the conditions of Lemma
2.3. Then for all choices of i, j=1,2, %(T;Tj)< X and for all f €D,

IT; Tiflx: <aiajlfllx;. (17
In particular, T T ; extends by continuity to a bounded operator from Xj to X[, and (17) holds
forall f e X;.
Ginibre and Velo [19] applied Lemma 2.3 and Corollary 2.3 to the bounded operator
T:L1,#) — #, defined by
sz/U(—t)f(t)dt, (18)
I

where I is an interval of R (possibly R itself) and U a unitary strongly continuous one param-
eter group in /. Then its adjoint T'* is the operator

T*h(t) =U@)h
from # to L°°(I, #), where the duality is defined by the scalar products in # and in L2(I, #),
such that T*T is the bounded operator from L1(I,.#) to L®(I,#) given by
T*Tf = /U(t— HFfHdt.
I
Clearly the conditions of Lemma 2.3 are satisfied with X = Li(I,.7), the operator T' defined
in (18), the constant a =1, and 2 any dense subspace of X.

Let us introduce the retarded operator (T*T)g, defined by
(T*THrf(t)=Ug *: f)(t) = /UR(t —-Hf@Hdt'
I

where Ug(t) = x+ (U () := x10,00) U (2).

We recall that a space X of distributions in space-time is said to be time cut-off stable
if the multiplication by the characteristic function y, of an interval J in time, is a bounded
operator in X with norm uniformly bounded with respect to J. The spaces under our consid-
eration are of the type X = L?(I ,Y), where Y is a space of distribution in the space variable
and for which that property obviously holds.
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Lemma 2.4. Let 7 an Hilbert space, let I be an interval of R, let X < &'(I x R?) be a Banach
space, let X be time cut-off stable, and let the conditions of Lemma 2.3 hold for the operator T

defined in (18). Then the operator (T*T)g is (strictly speaking extends to) a bounded operator
from L%(I,Jf) to X* and from X to L°(I, 7).

Proof. We recall the proof for sake of clarity. It is enough to demonstrate the second property,
from which the first one follows by duality. Let f € D. Then, for each ¢

IT* DR f Olle = 1T x+(t =) ll7e < aSltlp{IIer(t— Meazcofllx

=Calfllx,

by the unitary of U, the estimate (14) of Lemma 2.3, and the time cut-off stability of X. a

3 Fixed Time Estimates

In this section we study estimates for the solution u(t,x) to the Cauchy problem (1), for fixed .
Since multiplication on the Fourier transform side intertwines with convolution on the space
side, formula (2) can be rewritten as

u(t,x) = (K; * ug)(x), (19)
where K; is the inverse Fourier transform of the multiplier e—4rtit ‘ﬂz, given by
_ b iR
Kt(x) = W@ . (20)
A

First, we establish the estimates for Lebesgue spaces. Since e’*? is a unitary operator,

we obtain the L2 conservation law

le*AuollLoa) = Ilwoll L2 ga)- (21)
Furthermore, since K; € L™ with || K| = gdr2
tal solution (19) we obtain the L1 dispersive estimate

, applying Young inequality to the fundamen-

||eltAu0"L°0([Rd)fS |t|_d/2||u0||L1(IRd)' (22)

This shows that if the initial data u¢ has a suitable integrability in space, then the evolution
will have a power-type decay in time. Using the Riesz-Thorin theorem (see, e.g., [35]), we can
interpolate (21) and (22) to obtain the important L? fixed time estimates

; _d(i_-1
e ol rgay S 1172 ol oy (23)
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for all 2 <r < oo, with 1/r +1/r' = 1. These estimates represent the complete range of L? to LY

fixed time estimates available. In this setting, the necessary conditions are usually obtained
by scaling conditions (see, for example, [39, Exercise 2.35], and [29] for the interpretation in
terms of Gaussian curvature of the characteristic manifold). The following proposition ([50,
page 45]) is an example of this technique in the case p = q’.

Proposition 3.1. Let 1 <r <ooand a € R such that

e ol < Ct%lluolyr gays (24)

for all ug € S(RY), t # 0 and some C independent of ¢ and ug. Then a = —d(% - %), r' <r (and

2
thus 2 <r <o0).

Proof. We can rescale the initial data ug by a factor A and use (24) for

v(x):=uo(Ax), A>0, up€ F[RY).

The corresponding solution with v(x) as initial data is u(A%t, Ax), where u(t,x) = e?**ug. There-

fore, by (24) and the scaling property
LFAN = A~ IF O,

one has
A uA?t, ) ey < CE A w0l gay»

forall1>0,t#0and ugp € S(RY). Choosing t = 172, we obtain
_9q—4d,d
(1, )l ey < CA A ol ga)s

forall A>0and ug € S(R%). Since lu(1, ')"Lr(Rd) and IIuOIIL,r(Rd) are two positive constants, we

have
d d
for 1 — oo, -2a-—+—-20,
roor
for 1 — 0, —2a—i+gs0
roor

and then we obtain the necessary condition for a. Moreover, since e**® is invariant under
translation, by [23, Theorem 1.1] we obtain r’ <r, i.e., 2 <r < oco. By standard density argu-

ment we attain the desired result. 0

For s € R, consider the Fourier multiplier (A)*, defined by (AY*f = %~ 1((-}*f). Then, from

(23) and the commutativity property of Fourier multipliers, one immediately obtains the W*"
fixed time estimates

e uollygss ay S 1H7 P w0l oy (25)
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for all s€R,2 <r <oo, 1/r +1/r' = 1. Finally, we note that the conservation law (21) can be

rephrased in this setting as the H® conservation law
le" ol gs ey = ol s - (26)

The Schrodinger propagator does not preserve any W*” norm other than the H* norm.

Now, we focus on Wiener amalgam spaces. K; in (20) lives in W(FLL,L®) c L™, see
[1, 6, 44]. This is the finest Wiener amalgam space-norm for K; which, consequently, gives
the worst behavior in the time variable. It is also possible to improve the latter, at the expense
of a rougher x-norm, see [8]. Indeed, since K; € W(ZLP,L°°) with norm (see [8, Corollary 3.1])

1K lwzLe Loy = 1#7VP (1 + §2)(@DAP=12) (27)

from the fundamental solution (19) and the convolution relations for Wiener amalgam spaces
in Lemma 2.1(i), it turns out, for 2 < q < oo, the W(FLP,LY) dispersive estimates

"elmuO"W@qu o) < |£19@/a-1(1 +t2)d(1/4‘1/q)lluoIIW(qu,Ll)' (28)

As well as for Lebesgue spaces, we can use complex interpolation between the dispersive esti-
mates (28) and the L2 conservation law (L% = W(Z L2, L?)) to obtain the following W(FLP,L9)
fixed time estimates, that combine [6, Theorem 3.5] and [8, Theorem 3.3].

Theorem 3.2. For 2<q,r,s < oo such that

we have

. dl2-1)(1-2 dli-1)(1-2
"eztAu0||W(§Ls,,Lr)5|t| (q )( ’)(l+t2) (4 q)( r)”uO"W(gLS,LrI) (29)

In particular, for s =2,
; _d(1l_1
le™ uolwz iy S A+ 2@ uglya i, (30)

and, fors=r,

. _ _ 1_1
”eltAuO”W(gLr”Lr)S(lﬂ 2+|t| 1)d(2 r)"uOHW(gL’,Lr/)' (31)

Proof. Let us sketch the proof for the sake of readers. Estimate (29) follow by complex inter-
polation between estimate (28), which corresponds to » = oo, and (21), which corresponds to
r=2.

Indeed, L2 = W(ZL2,L%) = W(L%,L?). Using Lemma 2.1(iii), with 8 = 2/r (observe that 0 <
2/r < 1), and 1/s' = (1 - 2/r)/q' +(2/r)/2, so that relation (29) holds, we obtain

W(FLY L9WFLLY)| | =W ([FLY FL)0), L%, L))
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=W(FL* L")
and
[W(FLI, LN W(FL?, L)y = W ((F L), FL ), [L", L?]01)
=W(FL*,L).
This yields the desired estimate (29). 0

Let us compare the previous results with the classical L? estimates. For 2 <r < oo,
FL" — L", and the inclusion relations for Wiener amalgam spaces (Lemma 2.1 (ii)) yield
W(FL" L") — W(L",L") = L" and L" = W(L" ,L") — W(FL",L"). Thereby the estimate
(31) is an improvement of (23) for every fixed time ¢ # 0, and also uniformly for [¢| > ¢ > 0.
Moreover, in [8] Cordero and Nicola proved that the range r = 2 in (31) is sharp, and the same
for the decay +~4(3-1) at infinity and the bound t_Qd(%_%), when ¢ — 0.

Modulation spaces are new settings inherited by time-frequency analysis where the fixed
time estimates recently have been studied, see [1, 2, 44, 45]. Here, instead of using the
representation of the solution u(¢,x) in (19), the solution is written in the form of Fourier
multiplier e?*?ug as in (2), see [1, 2]. Indeed, a sufficient condition for the boundedness of a
Fourier multiplier on modulation spaces is that its symbol is in W(ZL!,*®) ([1, Lemma 8]).

Moreover, the Schrodinger symbol o = e~ Yives in W(ZL',1°°) and its norm is

lollwzrt joo) = sup/d [Veo(x,w)ldw
x JR

N SN
:(1+t2)_d/4/ e t2+1|w| da):(1+t2)d/4,
R

where g(&) = e~™”. Then, by [2, Lemma 2] (also for s = 0 [1, Corollary 18]) one has that e
extends to a bounded operator on .47, i.e., the .47 fixed time estimates

It gra S A+EDP uoll 4o, (32)

for all s =0 and 1 < p,q < oco. In particular, modulation space properties are preserved by
the time evolution of the Schriodinger equation, in strong contrast with the case of Lebesgue
spaces. Observe that (32), in the case s = 0, was also obtained using isometric decompositions
in [44]. Later, Wang, Zaho, Guo in [45] obtain the following fixed time estimates

lut, )l gpa S A+ D2V yg| (33)

P
for all s e R,2< p <oo and 1 < q <oco. Comparing (23) with (32) and (33), we see that the
singularity at ¢ = 0 contained in (23) has been removed in (32) and (33) and the decay rate

in (33) when ¢ = co is the same one as in (23). The estimate (33) also indicates that e’*2 is
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uniformly bounded on .#%9. The complex interpolation between the case p = 2 in (33), and

p =00 in (32) yields
It gpa SA+ED* VP gl o, (34)

for all 2 < p <00, s =0. However, it is still not clear whether the growth order on time in the
right-hand side of (34) is optimal.

4 Strichartz Estimates

In many applications, especially in the study of well-posedness of PDE’s, it is useful to have
estimates for the solution both in time and space variables. In this direction, the main result
is represented by the Strichartz estimates. First, let us introduce the following definitions.

Definition 4.1. Following [26], we say that the exponent pair (q,r) is Schrodinger-admissible

ifd =1 and
1 d

1 1
2<qreco, = E(E - ;), (q,r,d) #(2,00,2).
Definition 4.2. Following [18], we say that the exponent pair (q,r) is Schrodinger-acceptable
it 1 1 1
1<g<oo, 2<r<oo, -— <d(———), or (q,r)=(00,2).
q 2 r

The original version of Strichartz estimates in L? spaces, closely related to restriction
problem of Fourier transform to surfaces, was elaborated by Robert Strichartz [36] in 1977(who,
in turn, had precursors in [31, 41]). In 1995 a brilliant idea of Ginibre and Velo [20] was the
use of the T*T Method (Lemma 2.3) to detach the couple (g,7) from (¢’,7") (see also [49]). The
study of the endpoint case (q,r) = (2,2d/(d — 2)) is treated in [26], where Keel and Tao prove
the estimate also for the endpoint when d = 3 (for d =2, the endpoint is (q,r) =(2,00) and the
estimate is false). We shall give a standard proof of the LP Stichartz estimates in the non-
endpoint cases [10, 50] (see also [39] where the following theorem is proved using an abstract
lemma, the Christ-Kiselev Lemma, which is very useful in establishing retarded Strichartz
estimates).

Theorem 4.3. For any Schrodinger-admissible couples (q,r) and (§,7) one has the homoge-
neous Strichartz estimates

LtA
le™®uollze 1wy S Mol 2y, (35)

the dual homogeneous Strichartz estimates

H / e IAF(s, ) ds (36)
R

<|F|. s -
L2®d) ~ | "L‘Z'L;%Rxwd)’
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and the inhomogenous (retarded) Strichartz estimates

’ / e 9AF (s, ) ds
s<t

Proof. We shall only prove this theorem in the non-endpoint case, when ¢q # 2, addressing the
interested reader to [26] for the whole study. We use the T*T method as follows. Let (gq,r) be
Schrodinger admissible and consider the linear operator T' :L}L% — L2, defined as

SUFlgw
R L

(37)

T(F)= / e AF (s, )ds.
R
Its adjoint T* :L?C — L'}’OL% is the Schrodinger propagator (2)
T*(u) = e*Pu.

Applying Minkowski’s inequality, the fixed time estimate (23) and (6), we obtain the diagonal
untruncated estimates

“ /Rei(t_s)AF(s, ds

< " CIE (s, M1 iy dS
LILL(RxRY) “/R" Iz e

Li®)
< |1 e
~ rmdy ¥ ~ q' d )’
L (R%) |t|d(%_%) L@ L; L (RxR%)
whenever 2 < g,r < co are such that % + % = %, and for any Schwartz function F € (R x

R?). Then, using Lemma 2.3, one obtains the homogeneous Strichartz estimates (35) and
the corresponding dual homogeneous Strichartz estimates (36). Corollary 2.3 applied to the
previous two estimates yields the non-diagonal untruncate estimates:

H /Rei(t_s)AF(s, )ds

By untruncated diagonal estimates one obtains the diagonal ones for the truncated operator,

<|F|. 4 - .
LILLRxRY) I ”L?L;’(Rxnaed)

noting that

t
H /_ /IR (s, ) ds

t
< e CIRE(s, M pr may dS
LIL,RxRY) “ /_oo | Iz @)

< “/||ei(t_S)AF(S,')||L;(Rd)ds
R

Li®

)< I

L@~ LY LY ®xRd)

Moreover, using Lemma 2.4, with X =L?’L§ and the truncated operator (T*T)r F(t)= fot ellt=9A
F(s)ds, one obtains
¢
“/ el(t_S)AF(S,')dS’
0

for all admissible pairs (q,r). Then, by complex interpolation between this estimate and the

SIF|

38
L?QL%(RXRUZ) ~ L?!L;I, ( )

diagonal truncated ones above one gets the non-diagonal truncate estimates (37), for any
couple (q,r), (¢,7) Schrodinger admissible. 0
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The estimates are known to fail at the endpoint (q,r,d) =(2,00,2), see [28], where Smith
constructed a counterexample using the Brownian motion, although the homogeneous esti-
mates can be saved assuming spherical symmetry [27, 32, 38]. The exponents in the homoge-
neous estimates are optimal ([39, Exercise 2.42]); some additional estimates are instead avail-
able in the inhomogeneous case (see, for example, [30]). Indeed, Kato [25] proved that inho-
mogeneous estimates (37) hold true when the pairs (¢,r) and (§,7) are Schréodinger acceptable
and satisfy the scaling condition 1/q + 1/4 = d/2(1 - 1/r — 1/7) in the range 1/r,1/7 > (d — 2)/(2d).
Afterwards, for d > 2, Foschi [18] improved this result by looking for the optimal range
of Lebesgue exponents for which inhomogeneous Strichartz estimates hold (results almost
equivalent have recently obtained by Vilela [43]). Actually, this range is larger than the one
given by admissible exponents for homogeneous estimates, as was shown by the following
result [18, Proposition 24].

Proposition 4.4. If v is the solution to (3), with zero initial data and inhomogeneous term ¥
supported on R x R?, then we have the estimate

MVllLe L7 @xmd) S "F”Lf’L;’(Rde) o

whenever (q,r),(¢,7) are Schrodinger acceptable pairs which satisfy the scaling condition

1 1 d 1 1
11d 11y
qg ¢ 2 r 7
and either the conditions
d-2 d d-2 d
—+ =< ]., < -, — < —
qg q r 7 7 r

or the conditions

1
q

For a discussion about the sharpness of this proposition we refer to [18], where ex-
plicit counterexamples are constructed to show the necessary conditions for inhomogeneous
Strichartz estimates.

Since the Schrédinger operator e*2 commutes with Fourier multipliers like |A|® or (A)®,
it is easy to obtain Strichartz estimates for potential and Sobolev spaces. In particular, if 1
is an interval containing the origin and u : I x R? — C is the solution to the inhomogeneous
Schrédinger equation with initial data ug € H ;(Rd), given by the Duhamel formula (4), then,

applying |Al® to both sides of the equation and using the estimate of Theorem 4.3, one obtains

"u"L?WJf’r(IX[Rd) ,S ”uOHH,sC([Rd) + "F”L(Z,W,f’;/(IXRd)
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for all Schrodinger admissible couples (q,r) and (§,7). In particular, if one considers the
homogeneous case (i.e. F =0), the Sobolev embedding W, — L7!,0 <s <d/2 and 1/r; =
1/r —s/d, yields the H® Stichartz estimates

2
u Sluollgspay, —+—+s=—.
I ”L‘tIL;l(IXRd) ~ I 0||HJSC(|R ) q 9

Since s > 0 one has
2 n n

q r1 2’

hence, for any fixed value of s, the new Schrodinger admissible couple (g,71) lies on a parallel
line below the corresponding case s = 0.

Strichartz estimates in Wiener amalgam spaces enable us to control the local regularity
and decay at infinity of the solution separately. For comparison, the classical estimates (35)
can be rephrased in terms of Wiener amalgam spaces as follows:
itA

le* uollwwas Loywar Lr. S llwollz- (40)

In this framework, Cordero and Nicola perform these estimates mainly in two directions.
First, in [6], for g = 4 they modify the classical estimate (40) by (conveniently) moving local
regularity from the time variable to the space variable. Indeed, FL" cL" if r = 2, but the
bound in (31) is worse than the one in (23), as ¢ — 0; consequently one has

itA
"eL uO"W(Lq/Z’Lq)tW(gLr’ L™ 5 ”uO"L%; (41)

for 4 < g < 00,2 <r < oo, with (q,r) Schrodinger admissible. When g = 4 the same estimate
holds with the Lorentz space L” "2 in place of L". Dual homogeneous and retarded estimates
hold as well. Thereby, the solution averages locally in time by the L9’2 norm, which is rougher
than the LY norm in (35) or, equivalently, in (40), but it displays an & L"' behavior locally in
space, which is better than L”. In [8] it is shown the sharpness of these Strichartz estimates,
except for the threshold q =4, which seems quite hard to obtain. Secondly, in [8], a converse
approach is performed, by showing that it is possible to move local regularity in (35) from the
space variable to the time variable. As a result, new estimates involving the Wiener amalgam
spaces W(LP,L?), that generalize (35), are obtained, i.e., the following [8, Theorem 1.1].

Theorem 4.5. Let 1<q1,r1 <oo, 2<qg,rg <oo such that ri <ro,

3+i2§, 42)
q1 r1 2
2 d d
— 4+ —=< (43)

go re 2’
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(ri,d) #(00,2), (re,d) # (00,2) and, if d = 3, r1 < 2d/(d —2). Assume the same for G1,{2,71,72.
Then, we have the homogeneous Strichartz estimates

itA
le* uollwar Lazy, w1 L), S llwollzz, (44)

the dual homogeneous Strichartz estimates

—isA < =1 ! = =t
||/€ F(s)dsllz2 S ||F||W(Lq1,qu)tW(Lrl,er)x, (45)
and the retarded Strichartz estimates
i(t—8)A ey < P g
I /Kte F(s)dsllwwa Lo2),war L2y, S IIFIIW(I.JQI,Lq2 WL L, (46)

This outcome is achieved by first establishing the estimates for the particular case q; =
g1 =o00,r1 =71 =2, and then by complex interpolation with the classical ones (35).

Figure 1 illustrates the range of exponents for the homogeneous estimates when d =
3. Notice that, if q1 < g2, these estimates follow immediately from (40) and the inclusion
relations of Wiener amalgam spaces. So, the issue consists in the cases q1 > g2. Since there
are no relations between the pairs (q1,71) and (gg,r2) other than r; <rg, these estimates tell
us, in a sense, that the analysis of the local regularity of the Schrodinger propagator is quite
independent of its decay at infinity.

1
q

1 L
3
I
I
P2\y 4 _d
:q r 2
I
I
I\
2
I
I
I
I
42 1 1 i
2d 2 T

Figure 1: When d = 3, (44) holds for all pairs (1/g1,1/r1) € I1, (1/qs,1/rg) € Is, with 1/rg < 1/r1.
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In [8] it is proved that, for d = 3, all the constraints on the range of exponents in Theorem

4.5 are necessary, except for r1 < rg, r1 < 2d/(d — 2), which is still left open. However, the
following weaker result holds [8, Proposition 5.3]:

Assume r1>rg and t #0. Then the propagator e'*® does not map W(Lri,Lré) continuously
into W(L™,L"2).

shows that the estimates (44) for exponents r; > ro, if true, cannot be obtained from fixed-
time estimates and orthogonality arguments. The arguments employed for the necessary
conditions differ from the classical setting of Lebesgue spaces, because the general scaling
consideration does not work directly. Indeed, the known bounds for the norm of the dilation
operator f(x) — f(Ax) between Wiener amalgam spaces ([37, 40]), yield constraints which are
weaker than the desired ones. So, the necessary conditions are obtained considering families
itA

of rescaled Gaussians as initial data, for which the action of the operator ¢**= and the involved

norms can be computed explicitly, see [8].

We end up this section with recalling Stricharz estimates for modulation spaces. The
main result in this framework is due to Wang and Hudzik [45]. They use the same arguments
as in Keel and Tao [26], who point out that the ranges of exponents (g,r) in (23) could most
likely be not optimal. In fact, Keel and Tao show that if the semigroup e!*® satisfies the
estimate

e uoliLe <@ +1eD V2 1P) uq], (47)

then (35), (36) and (37) hold if one substitutes ¢ and ¢ by any y = max(q,2) and ¥ = max(§,2),
respectively. Since the estimate (34) is similar to (47), they optimize (35), (36) and (37) in
the function spaces MY*? to cover the exponents (y,q) and (f,q) satisfying y = max(q,2) and
7 = max(g,2). Since the precise formulation of these results requires the introduction of other
function spaces, we refer interested readers to [45, Section 3].

5 Applications
We start by focusing on the Cauchy problem for the nonlinear Schriodinger equation (NLS)

{z@tu +Au+N@u)=0 48)

u(0,%) = uo(x).
The nonlinearity N considered will be either power-like
pr@)=AMu®u, keN,1eR

or exponential-like
ep(u)= )L(ep‘“|2 -Du, A,peR.
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Both nonlinearities are smooth. The corresponding equations having power-like nonlineari-

ties p; are sometimes referred to as algebraic nonlinear Schriodinger equations. The sign of
the coefficient 1 determines the defocusing, absent, or focusing character of the nonlinearity.

We shall study the well-posedness of (48), in different spaces. Recall that the problem
(48) is locally well-posed in e.g. H;([Rd) if, for any u; € H;([Rd), there exists a time 7' > 0
and an open ball B in H ;(Rd) containing u; and a subset of C?H ST, T] x R?) such that for
each ug € B there exists a unique solution u € X to the equation (48) and the map ug — u is
continuous from B (with the H? topology) to X (with the C?H ([T, T]x R?) topology).

A fundamental tool in well-posedness theory is the contraction theorem. Let us first work
abstractly, viewing (48) as an instance of the more general
u=ujn +DN) (49)

A

where uj, 1= e*2uy is the linear solution, N is the nonlinearity and D is the Duhamel opera-

tor ‘
DF(t,x):= / eI (s, )ds.
0

The following abstract tool [39, Proposition 1.38] then allows us to find the desired contraction
map.

Proposition 5.1 (Abstract iteration argument). Let A", 9 be two Banach spaces. Let D :
N — I be a bounded linear operator with the bound

IIDF|g < CollFlly (50)

for all F € A& and some constant Cy > 0, and let N : & — A/, with N(0) = 0, be a nonlinear
operator which is Lipschitz continuous and obeys the bounds

1
IIN(u)—N(v)Ilwsmllu—vllfr (51)

for all u,v in the ball B, :={u € &% : ||u||g <€}, for some € > 0. Then, for all uj;, € Bejg, there
exists a unique solution u € B, to the equation (49), with Lipschitz map uj;, — © with constant
at most 2. That is, we have

llullg < 2llunllg (52)

Proof. Observe that for v = 0 the estimate (51) becomes
1
||N(u)||,/v<ﬁllul|3— (53)
(since N(0) = 0 by hypothesis). Then, fix uji, € B¢, and consider the map

d(u) :=ujin +DN(w).
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Using (50) and (53) one has

e C
9@l =lluin + DNy < 5 + 2—C°Oe —¢

for all u € B, i.e., ¢ maps the ball B, into B.. Moreover, ¢ is a contraction on B, indeed by
(50) and (51) one has

llp(w) — p(W)llg- = IDN(w) = DN @)llg < ColIN(w) - NIy

1 1
<Co—llu-vllg = zllu-vllg,
2

2Cy

for all u,v € B.. Then, the contraction theorem asserts that there exists a unique fixed point
u for ¢ and moreover the map uyi, — u is Lipschitz with constant at most 2, that is (52). 0

Proposition 5.1 is the main ingredient of the results in [1, 7, 8, 9, 39, 45].

First, consider the NLS (48) with N = pj, with the initial data ug in the Sobolev space
H fC(IRd). To study this Cauchy problem it is convenient to introduce a single space S° that
recaptures all the Strichartz norms at a certain regularity H ;(Rd) simultaneously. For sake
of simplicity, we reduce to the case s = 0 which corresponds to the case L2, introducing the
Strichartz space S°(I x R%), for any time interval I, defined as the closure of Schwartz class
& with respect to the norm

lull o7 xpey = szp wllLo zr (1 xma)s

where the set A is given by A := {(c0,2),(q,r)}, with (g,r) Schriodinger admissible. We de-
fine also the space NO(I x RY%) := L? L;/. Then, using Proposition 5.1 and the L? Strichartz
estimates of Theorem 4.3 one can prove the following [39, Proposition 3.15]

Theorem 5.2 (L2 subcritical solution). Let k be subcritical for L% (that is, 0 <k < 2) and let
u==1. Then the NLS (48) is locally well-posed in L?C in a subcritical sense. Indeed, for any
R > 0 there exists a time T > 0 such that for all ug in the ball Bg :={ug € L?C(Rd): ||u0||L§ <R}
there exists a unique solution u in L?C of (48) in the space ([T, T1xR%) c C?szc([—T, T1xRY).
Moreover, the map ug — u, from Bg to S°([-T,T]x R%), is Lipschitz continuous.

For results in the framework of modulation spaces we address to [2, 44, 45]. In particular,
we examine [2]. The main result, obtained only with the M?*? dispersive estimates (32), is
the following.

Theorem 5.3. Assume that ug € M‘su’l(le) and N € {pg,ep}. Then, there exists T =T(lluoll y;p1)

such that (48) has a unique solution u € COM’;’I([O,T] x RY), Moreover, if T < oo, then
limsup,_ 7 llu(t, )| = oco.



234 Elena Cordero & Davide Zucco (3}3{}3(?

Proof. The proof is simply an application of the abstract iteration argument. Let us write it
for the nonlinearity N = p;. We choose the spaces I := COMf’l([O, TIxR), N := Mf’l, and the

Duhamel operator
t
D:=/ el g
0

Then, it is sufficient to prove (50) and (51) in this setting. Then, by the Minkowsky integral

inequality, M?*? dispersive estimates (32) and [2, Corollary 2] one has

t . t .
H/O el(t_r)A(pk(u))(T)dT“Mﬁl’ls/o ”el(t_T)A(pk(u))(T)”Mgz,ldT

<c1TCr sup [Ipp@)®llypa
te[0,T] s

k+1

< CICZCTT“u(t)“?Wp,I

where Cr = sup;epo (1 + )2, Choosing T > 0 such that c¢1coCrT < Cy, it follows (50) and
by
Pr@)(®) = )T = Mu — )l (7) + Av(|ul®* - vk ) (D),

it follows (51). O

For Wiener amalgam spaces there are no results for the NLS. In [8] there is a result
concerning linear Schriodinger equations with time-dependent potentials. Indeed, in [8] the
well-posedness is proved in L? of the following Cauchy problem, for all d = 1,

i0u+Au=V(Et,xu, tel0,T1=Ir, xeR?,
(54)
u(0,x) = uo(x),
and for the class of potentials
« / 1 d
VeL“UIr;W(FLP LP),), —+—<1,1<a<oco.d<p<=<oo. (55)
a p

Theorem 5.4. Consider the class of potentials (55). Then, for all (q,r) such that 2/q+d/r = d/2,
qg>4,r =2, the Cauchy problem (54) has a unique solution

() ue €Up; LAR)YNLY>Ip;W(FL L)), ifd =1;

(ii) u € €Ip;L2RY) N LY2(Ip;W(FL" , L")
n L2(IT;W(ngd/(d+1),2’L2d/(d—1))), lfd > 1

Proof. It is enough to prove the case d = 1. Indeed, for d = 2, condition (55) implies p > 2, so
that ZL?' — LP and the inclusion relations of Wiener amalgam spaces yield W(FLP',LP) —
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W(LP,L?P)=LP. Hence our class of potentials is a subclass of those of [6, Theorem 6.1], for

which the quoted theorem provides the desired result.

We now turn to the case d = 1. The proof follows the ones of [9, Theorem 1.1, Remark
1.3] and [6, Theorem 6.1] (see also [49]).

First of all, since the interval I is bounded, by Holder’s inequality and by taking p large,
we may assume 1/a+d/p =1.

We choose a small time interval J =[0,6] and set, forq =2, q#4,r=1,
Zgpr =LY T W(FL" L")y,

Now, fix an admissible pair (gg,79) with rq arbitrarily large (hence (1/q¢,1/rg) is arbitrarily
close to (1/4,0)) and set Z = %(J;L2)0Zq0/2,r0, with the norm ||v]z = max{|lv ”cg(J;LZ), ”v"Zqo/z,ro 1
We have Z c Z 5, for all admissible pairs (¢,r) obtained by interpolation between (c0,2) and
(qo,ro). Hence, by the arbitrary of (gg,rg) it suffices to prove that @ defines a contraction in
Z.

Consider now the integral formulation of the Cauchy problem, namely u = ®(v), where

D(v) = ePug + / "I (s)u(s)ds.
0

By the homogeneous and retarded Strichartz estimates in [6, Theorems 1.1, 1.2] the following

inequalities hold:
1PW)lz,,, < Colluolzz +Co IIVvllz(q/z),i, ) (56)

for all admissible pairs (q,r) and (§,7), ¢ > 4,4 > 4.

Consider now the case 1 < a < 2. We choose ((G/2),7) = (a,2p/(p +2)). Since v € L%°(J;L?),
applying (13) for g = 2 we get

"Vv"W(gLr“,Lr“’) S ||V”W(§7L1’/,Lp)”v||L2’

whereas Hoélder’s Inequality in the time-variable gives

”Vv"Z(li/2)’,F’ N ”V||L”‘(J;W(9LP’,LP))||v||L°°(J;L2)'

The estimate (56) then becomes

“q)(v)"ZqQ,r = CO "uO"L2 + CO "V”La(J;W(ng’,Lp))”vllLOO(J;L?)- (57)

By taking (q,r) = (00,2) or (q,r) = (qo,r0) one deduces that ® : Z — Z (the fact that ®(u) is
continuous in ¢t when valued in L?C follows from a classical limiting argument [9, Theorem 1.1,
Remark 1.3]). Also, if JJ is small enough, Co||V || Ler? < 1/2, and @ is a contraction. This gives
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a unique solution in /. By iterating this argument a finite number of times one obtains a

solution in [0, T'].

The case 2 < @ < 0o is similar. 0

This result generalizes [6, Theorem 6.1], by treating the one dimensional case as well

and allowing the potentials to belong to Wiener amalgam spaces with respect to the space

variable x. Other results on Schrodinger equations with potentials in Lf LY can be found in

[91.
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ABSTRACT

In this paper, we claim two subjects. One is that the Weyl transform with symbol in
the Gel'fand-Shilov space ¥, r = %, is a trace class operator. The other one is that the
Weyl transform with symbol in the generalized function (%), r = %, is a continuous lin-
ear transformation from the Gel’fand-Shilov space % to (#). As r > 1, Z. Lozanov-
Crvenkovié and D. Peri$i¢ have proved in [6] this result. Our second claim includes their
result.

RESUMEN

En este articulo afirmamos dos asuntos. El primero es que la transformada de Weyl con
simbolo en el espacio de Gel'fand-Shilov &7, r = %, es un operador de clase trazo. El
segundo asunto es que la transformacién de Weyl con simbolo en las funciones general-
izadas (#), r= %, es una transformacién lineal continua del espacio Gel’fand-Shilov &
to (7). Como r > 1, Z. Lozanov-Crvenkovié¢ y D. Perisi¢ probaron en [6] este resultado.
Nuestro resultado incluye su resultado.

Key words and phrases: Weyl transform, Gel’fand-Shilov space, Fourier-Wigner transform,
trace class operator, Schwartz’s kernel theorem.
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1 Introduction

The subject of this article is to show the properties, as operators, of the Weyl transform with
the symbol in the Gel’fand-Shilov space .#7, r = 1/2, and its dual space (#]), r = 1/2.

The Weyl transform was first considered by Hermann Weyl arising in quantum mechan-
ics in [14] and the properties of the Weyl transform as operators have been studied by many
mathematicians. See for instance, [1], [6], [9], [11], [12], [13], [15] and others. These investi-
gations are mainly to consider the correspondence between the functional space, in which the
symbol belongs, and the operator class, in which the Weyl transform belongs.

There exist two remarkable results about these considerations: first, that the Weyl trans-
form with the symbol in Schwartz class is a trace class operator in [13]; and secondly, that
the Weyl transform with the symbol in (7Y, r > 1, is a continuous and linear maps from
%r(le) to (LTY (R?) in [6]. Our discussion is principally aimed at slightly developing these
two results. They depend on two areas of study: first, the correspondence between the Weyl
transform with the symbol in %7, r = 1/2, and the sequence space with some exponential
decrease, and secondly, the study of the Schwartz’s kernel theorem for (&#7), r = 1/2. We
consider these subjects in detail.

The plan of the paper is as follows. In the next section we introduce some properties
of the Gel'fand-Shilov space. In section 3 we treat the Weyl transform with symbol in &#.
In section 4 we show the Schwartz’s kernel theorem for (#/) and the property of the Weyl
transform with symbol in generalized functions. Through this article we always treat the
index r = 1/2.

2 The Gel’fand-Shilov Space ./ and its Dual ()

First of all, we give some notations. We use a multi-index a € Z‘i, namely, a = (a1---aq),

d ,a_ ., a1 aq a _ A% aq Qj _ ¢ 0 va;
where a; € Z and @; = 0. So, for x € R, x% =x; Xy and@x—axl---axd,whereaxj—(Wj)J.

Definition 1 ([4]). Let A,B €(0,00)%. For r =(ry, - ,rg)andr; =0, 1<i<d,
Vrrf(ﬂ%d) ={p e C®(RY) | V6 € (0,00)%, Vp € (0,00)?, 3Cs, 20 s.t.

lx*02p(x)| < Cs,o(A +8)*(B + p)Ik* g™, VE,q € 79},
where
(A+6)f = (A1 +8)F - (Ag +64)k4,

B+p)?=(B1+p1)?---(Bg+pg)l.
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The space yrrf(Rd) is a Fréchet space with the semi-norms
11
i»Pi = 1’5’5'“ .

lx* 0 ()| 5
(A +6)k(B +p)ikkrqar’

1
loll°? = sup
x,k,q

dy_ 1: r.B md
HRY= lim # R,

The space %’(Rd) is given by the inductive limit
A,B—oo

r

The Gel’fand-Shilov space is the subspace of the Schwartz class #(R%).
For any a,B € (0,00)%, we define the space 5”,ra3 R?) by

1-
7

Let a €(0,00)¢ be a =
eA L
FIE®RY = {p e CP®?) | V8,p € (0,00)%, ICs, > 0 5.¢. 10Lp(x)] < Cyp(B + p) gt eI

Vk,q €7},
where as = —— and
e(A+6)T 5
[0 ()]
Ipllsp = sup e
x,pB B+ p)ﬁﬁﬁ"e‘azﬂxﬁ

The Gel'fand-Shilov spaces (R?) enjoy the following properties [4]:

Proposition 1. Let {¢;} be a sequence in # (R?). Then we obtain
9;j— Oas j— +ooin S

if and only if there are positive constants B and a such that
p
0% @ ()] .
x P —0as j — +oo.

sup T
x.f BBBPre—alxl™
() #r=10},0<r<3.

Proposition 2.
(i) For ri<rg, S isincluded in #,? and %! is dense in S}

(iii) Let 52,’ be the image of the Fourier transform of #]. Then 52,’ =
Remark 1. As r =1, the Gel'fand-Shilov space yll(le) is known to be isomorphism to the

space of test functions of the Fourier-hyperfunctions [7].

We define the Hermite functions {#,(x)},=0,1,2.. on R! by
172 n
ha(x)= (@ ") i i (-1 e (i) e
dx
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It is known that the set {#,(x)},=0,1,2,.- is a complete orthonormal system in L2(RY). That
is, for any f in L2(R1),

f@)=3Y aphn(x)in LARY),
n=0

where a, = (f,h,) = / f(x)h,(x)dx. This expansion is called the Hermite expansions and
R

{an}n=012- is called the Hermite coefficients. For d-dimensions, the Hermite functions on R?
is defined by
Ra(x)=ha (x1)® - ®ha,(xg), acZ?, xeR?,

The set {h4(x)} 74 is also a complete orthonormal system in L2(RY).

Proposition 3 ([17]). Let ¢ € ,%’([Rd), r= % Then there exist some constants C >0 and L €
(0,oo)d such that

¢= i (¢’ha)ha and |(¢’ha)| = CeXp(—La{2_lr)'
la|=0

Conversely, if laq| < Cexp(—LaTlr) for some constants C > 0 and L € (0,00)%, then the series
[e.0]

Z aqhq(x) converges to a function in %’(Rd), where hy(x) is the Hermite function.
lal=0

Definition 2. We denote by (Z’)'(Rd) the dual space of the Gel'fand-Shilov space V[(Rd).

3 The Weyl Transform with Symbol in .#"

As quantization from classical mechanics to quantum mechanics, H. Weyl introduced the
operator # (F) as follows: for any F € #(R2%),

W (F)p(E) = f fR P, lnt,y)plodzdy, ¢ € LR, 3.1

where [7(x, y)pl(&) = e/®<+3¥V (& + y). We call this transform # (F) the Weyl transform with
symbol F. The Weyl transform # (F') is also expressed by the following matrix element: for
any ¢, y € LARY),

W (F)p,w) = f fR  Flayate,y)p.wdxdy
= f f FQ,y)V(p,v)(x,y)dxdy,
R2d

where V (¢, y)(x,y) is the Fourier-Wigner transform of ¢ and v defined by

Vi, y)x,y) = @n) 2 / P p(p + Lyy(p — L)dp.
Rd 2 2
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The Fourier-Wigner transform has the following property, see for example [5]. To be

definite, we shall repeat here the proof.
Proposition 4. Let ¢,y € #7(RY), r = 1. Then V(p,y) € &7 (R2?).
Proof. It follows from Proposition 2 (iii) that a partial Fourier transform of the first

variables is a continuous map from ./ to .#7, so it suffices to show that if ¢,y are in #7(R%),
then ¢(p + %)1,7( - %) is in .7 (R2%). Suppose ¢,y € £ (R?). Since

a

p= % (2o ) o3 ma = £ (0) o) v o3

|k1=0 17|=0

we have that

a,B,y,6 B k+l a+p-k-1
a B AY AP Yyoo Yy _ a) (B[ e, LY _Y
P Y3y etp + o - 2) klzm(k)(z)(m)(n)( D p+3) (-3

x 07 0%p(p + %)a;"”ai‘”u'/(p - %). (3.2)

Setu=p+%andv=p—%,then

a.B,y.0 161
(3.2)= Z (a) (’B) (Y) (6) (_]_)|ﬁ+5—l—n\ (%) uk+lva+ﬁ—k—larun+naz—m+6—n(p(u){U(v).

k,l,m,n LJ\m)\n

So we obtain that for any a, Sy, 6 € Zf,

a,B,y,0 a 5 i i
P50+ -l 3 ( )(ﬁ )(Y)( )|uk”aZ””<p<u)||u“+ﬁ-k—laz O w)
2 20 pimn\kJ\1)\m)\n
<C.Cy a’ﬁzﬂﬁ al(B)[r\[o Ak+lAzx+,B—k—le+nBy_m+5_n
- pima B\ \m)\n) " T2 1 Py

x (b + l)(k+l)r(a, +f—k— l)(a+ﬁ—k—l)r(m " n)(m+n)r
(Y —m+6— n)(y—m+6—n)r

(3.3)
for suitable constants A1,A9,B1,Bso € (O,oo)d and C1,C9 > 0. Thus we have that
(3.3) < C3ATPBI (a + ) @+Pr (y + 5)T 40T (3.4)
for some constants Ag,Bg € (0,oo)d and C3 > 0. Since

(a+ﬁ)(a+ﬁ)r < eareﬁraarﬁﬁr and (Y+6)(y+6)r < eyreﬁryyréér,
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if we put A4 = Ase” and B4 = Bse”, then we have

(3.4)< C3AS T PBY a7 phry 1750,

Hence we obtain that there exist constants A4, B4 € (O,oo)d and C3 > 0 such that
|payﬁa};a§(p(p + %)u—/(p _ %)| < C3AZ+ﬁBZ+5aarﬁﬁrYYr66r

for any a, B,y and 6 € Zf. This completes the proof of Proposition 4. a

A straightforward computation with (3.1) shows that if F(x,y) € #(R2?), then we have

W (E)p(p) = /d K(p,php(p"dp', ¢ e LARY), (3.5)
R

where the kernel K(p,p') = % Ip(2 ;p : ,p'—p). Here | LF denotes the inverse Fourier trans-

form of F' in the first variables.
The Weyl transform has the following fundamental properties, see for example [15].

Proposition 5. (i) Ifthe symbol F is in LY (R?%), then the Weyl transform W (F) is a bounded
operator on L2(R%),

(ii) Let the symbol F be in L2(R%%). Then the Weyl transform W (F) is the Hilbert Schmidt
operator on L2(R%). Conversely let ® be the Hilbert-Schmidt operator. Then there exists
F € L2(R%) such that
O=W(F).

We obtain the following result concerning on the property of the Weyl transform #/(F')
with the symbol F in &7 (R?), r = 1/2:

Theorem 1. Let W (] (R2%)) be the set of all the Weyl transforms with the symbol in the
Gel’fand-Shilov space ] (R2%). Then

W (LT (®R2)) = (R € BLARY)) |3a,a’ € (0,00) , 3C > 0 such that
e
(Rhg,hp)l < Ce™a1% o=a'IfI> "yq B e 77},

where B(L2RY)) is the set of all bounded operators on L2R%) and ha, hg are the Hermite

functions.

1
Proof. Let 4 = {R € B(LAR?) |3a,a’ € (0,00)¢ , 3C > 0 such that [(Rhq,hp)| < Ce >
, 1
e ‘ﬁ'w, Va,p € Z‘i}. By (3.5) and Proposition 2 (iii), it is apparent that the symbol F €
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5”,’(|R2d) if and only if the kernel K € %’(RZd). By proposition 3 and Fubini’s theorem, we
have that

(W (F)ha,hp)l <

( / d K(p,p’)ha<p’>dp’,hﬁ<p>)‘
R

= deK(p,p’)ha(p’)hﬁ(p)dp’dp‘
= (K, ha & hp)|

1 1
< Ce 0ol p=dIp1Zr
for some constants a,a’ € (0,oo)d and C > 0. Therefore #'(F') € 4. Conversely, let R; € 4. Then

Y. IRl 72y = ) (Riha,Riha)
la|=0 la|=0
(e

(e
<Y Y IRiha,hpll(hp,R1ho)|
lal=0]p|=0
© oo 1 oL
— Z e~2alal?Zr ,=2d|p|2r

= +00.
la|=01p|=0

Hence R; is the Hilbert-Schmidt operator. Therefore it follows from Proposition 5 that
there exists G € L2(R2%) such that #(G) = R1. Then from (3.5) there exists C >0 and a,a’ €
(0,00)% such that

L L
|(R1ha,hp)l = (W (@ha,hp)l = (K, ha ®hp)| < Ce™ T e~ 1A%

By proposition 3, we obtain that K € & (R29) and so is G. a
Corollary 1. If F,G € %/ (R%?), then there exists H € #](R*?) such that W (H) = W (F)W(G)
Proof. Let F,G € #/(R??). Then we have that

(W (EYW (o, hp) = (W ( o, W (F)*hp)l
<Y W ( @ha,h)(hy, W (F) hp)|
Y

= ; |(71/(G)ha,h}/)||(W(F)hy,hﬁ)|

1 1 1

_ 5y _ b (! ! b

< Cealal o BIAIZ ¥ o=@ +B)
Y

1 1
= O p—alal? ,=bIpIZ
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for suitable constants a,a’,b,b’ € (0,00)¢ and C,C’ > 0. Hence we obtain that # (F)#(G) €
4. Therefore it follows from Theorem 1 that H is in .#7(R2¢) such that # (H) = # (F)# (G).
Od

Remark 2. It is known that # (F)# (G) =W (F « 1 G), where

(F 3 G0 = f fR | Fla-&y-nGE et 20 agdn,

So if F,G € &7 (R%?), then (F *1 G) € #T(R%) from Corollary 1.

Definition 3. We denote by S; the family of all trace class operators defined as follows: for
A € B(LA(RY)), there exists an orthonormal basis {v;,} of L2(R?) such that

Z ||Al1k "L2([Rd) < Q.
k
Proposition 6. Let A € B(L2(RY)). If {v i} is an orthonormal basis of L2(R?) then

Z_ AVl 2ga) < Zk |(Av;,vp)l.
J Js

Proof. It is obvious as Av; =0, so it suffices to show as Av; # 0. Let w; be an unit vector
for any index j. Then we have

LA w),05) 1=} 1 (w),Avy)|

—Z

vk vk,Av])

2 (A vr,v)) (w),ve)

5

k

Z A vk,vj
Ik
Z |(Av j,vk (3.6)
Tk

Av;

Choose w; = T Aol & . The inequality now follows. Indeed from (3.6) we have
vj

2l (wj,Av;) 1=

AUJ‘ )
T Av;
- (uAv,-n J

We obtain the following result from Theorem 1 and Proposition 6:

Z |(Avj,Av;) |2 —ZIIAvJII <) (Avj,vi)l.
||Avj|| &

Corollary 2. The Weyl transform W (F) with symbol in & (R29) is of the trace class S1.

Remark 3. Since the Gel’fand-Shilov classes are included in the Schwartz class, the preced-
ing Corollary 2 can be seen also as a consequence of the results of A. Voros [13], proving that
the Weyl transforms with symbol in the Schwartz class are trace operators.
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4 On the Weyl Transform with Symbol in (%))

We first show the Schwartz’s kernel theorem for (&#7), r = %, and give the property of the Weyl
transform with the symbol in (7Y, r = %, as a corollary of the Schwartz’s kernel theorem. S.
-Y. Chung, D. Kim and E. G. Lee proved the Schwartz kernel Theorem for (5”11)' in [2] and Z.
Lozanov-Crvenkovié and D. Perisi¢ gave the Schwartz kernel theorem for (#7) as r > 11in [6].

Our result includes their results.

We prove the following Schwartz’s kernel theorem for (¥, r = %, along the idea in [2]:

Theorem 2. Let k be a continuous and linear operator from V[(Rg;) to (FF )'(Rgll), rzi.

Then there exists K in (%’)'(Rfll X [Rjé2 ), 7= %, such that

(ky,p) =(K,poy),

where @ isin y,’(u'eﬁll), r= %, and yisin x’(u'eﬁ;), r= %

To prove the Theorem 2, we begin from some preparations. We define the heat kernel
E(x,t) by

a2
E(x,t)= ( ) e i | (x,t)€ RY x (0,00).

1
Vamt
The heat kernel enjoys the following properties:
- E(x,t) € (RY),

/ E(x,t)dx =1,
Rd

and

0
, (E _A)E(x,t) =0, in R x (0,00).

Moreover we obtain the following estimate on the heat kernel E(x,t):

Proposition 7 ([16]). For any a € Zf, we have

1
102 E(x, )| < ECx,)(a)?(28) 191+ |x])*, xeRe, 0<¢= 5

From this estimate, we immediately obtain the following properties:
Proposition 8. E(x,t) € #/(RY), r = %

Proposition 9. Let E(x,t) is in 5”,”;? for any a, B> 0. Then for every T >0 and € > 0, there is
a constant C > 0 such that

1
IEGc—,0lsp < Cexple(x|? + (V)Y V)], xerd, 0<t<T. (r > 5)
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In the case where r = 1/2, we have the following inequality:

1
IE@x—-t)lsp < Cg,teg‘xlz, xeR?, t>0, (r = 5) )

Moreover we need the several propositions, which are the result of C. Dong and T. Mat-
suzawa [3], to prove Theorem 2 as follows:

Proposition 10 ([3]). Let p(x) € yrff([}%d), r=1/2. Then

Ulx,t) = / EGx-y,0p(ydy e SLE®RY) , t>0
Rd

and

Ulx,t) — p(x) in € yrff(Rd) ast— 0.

Proposition 11 ([3]). If Every C*-function U(x,t) defined in R‘i” ={(x,t) | x€RY | t >0}
satisfies the conditions:

0 .
(& —A) Ulx,t)=0, in R¥*1,

and for every T >0 and € > 0, there is a constant C > 0 such that
1
U(x,0) < Cexple(xl” +(UHYE D) xerd, 0<t<T. (r > 5)
In the case where r = 1/2, U(x,t) has the following inequality:
£lx|? d _ 1
U(x,t)| < Cg re , x€RY, t>0. r—§

Then Ul(x,t) can be expressed in the form Ul(x,t) = (uy , E(x—y,t)) with unique element u €
() ®D.

Proof of Theorem 2. We show the proof of theorem 2 as r > % Since % is continuous,
the bilinear form B on Vrr,(’,B(Rdl) x y:f(l]%”), for any a,B € (0,00)% and o/, B’ € (0,00)%2,
Blp,) = ky.0) , € ST RN, ye sl RE)
is separately continuous. Since Vrr,;,B(Rdl) and yrff/(Rdz) is Fréchet space, B is continuous.
Hence we obtain that there exists a constant C, o g g > 0 such that

Kky, )| < Co B ll@lspllvlsy (@)

Set for (x1,x2) € R% x R and ¢t > 0,

Ki(x1,x2) =<(kE(xo —-,t), E(x1—-,1)).
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Now we show K; converges in (5”[ )’(IR{”Z1 xR?%2) as t — 0. By (#) and Proposition 9, for any

g, € >0, there exists a constant C, o > 0 such that

Ky (x1,29)| < Ce o exple(a |7 +(1/0) "~ Dylexple! (gl F +(1/0)VE D)),

Moreover we obtain

0
(a_t - A)Kt(x1,x2) =0.

Therefore, by Proposition 11, there exists Ko € (Z’)'(Rdl x R%2) such that Ko = PI%Kt in
(7)) ® xR,
FOI' (p € %"(Rgl), 1// € yr‘r(Rgg )7

(K, poy) = ff Ki(x1,x2)p(x1)p(x2)dx1dxo
Rdl +dg
- ffu@dﬁdz (RE(x2 — y2,)0y(x2), E(x1—y1,0)¢(x1)) dx1duxs.
Since the Riemann sum of an integral converges in ./, we obtain

<Kt,<p®w>=<k/ E(xz—y2,t)w(xz),/ E(x1—y1,)9(x1)).
Rd2 RI1

Therefore, by Proposition 10, we obtain

(Ko,p@y) =<ky,q@),
ast— 0. O

Similarly, we can also show the proof of Theorem 2 as r = %

Remark 4. Z. Lozanov-Crvenkovié¢ and D. Perisié¢ also proved the Schwartz kernel theorem
for the spaces of tempered ultradistributions in [6] by means of the Hermite expansions.

We define the Weyl transform with symbol T € (#7)' by
W (D)p,p) = (T, V9,9, ¢,y € SR,

where V (¢, ) is the Fourier-Wigner transform of ¢ and . It follows from Proposition 4 that
this definition is well defined. M. Cappiello, T. Gramchev and L. Rodino also showed this
subject in [1]. We obtain the following result from Theorem 2.

Corollary 3. The map # from F(R%%) to the space of bounded operators on L2(R?), defined
by
V@00 = ([, Feiatol©Odsdy , 9 L@,

extends uniquely to a bijection from (¥]) (R29), r = 1/2, to the space of continuous linear maps
from LTRY), r=1/2, to (FTY(RY), r=1/2.
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Proof. Let k be a continuous linear map from %’(Rd) to (%’)'(Rd). By Theorem 2, for

any k, there exists K € (#7)(R??) such that

kp,y) =K, poy) , ¢,y € S (RY.
So we have

ko, w) =(K,poy)
=(F1SK,V(p,v)), 4.1)

where &7 is the Fourier transform of the first variable and S is defined by Sh(a,b) = h(a + %,
a-1%). Set T'= 78K,

a

(4.1)=/(T,V(p,y))
=W (Tp,v).

Since Z1SK € (#7)(R%?), for any k, there exists T € (%) (R??) such that k = #(T).

Remark 5. Z. Lozanov-Crvenkovi¢ and D. Peris§i¢ gave the similar result for (&) asr>1in

[6].
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