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Cuevas Claudio Sá Barreto Antonio

Eckmann Jean Pierre Shub Michael

Elaydi Saber Simis Aron

Esnault Hélène Sjöstrand Johannes
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Sá Barreto Antonio

sabarre@math.purdue.edu
Department of Mathematics, Purdue University
West Lafayette, IN 47907-1395 – USA

Shub Michael

michael.shub@utoronto.ca
Mathematics Department, University of Toronto
40 st George Street, Toronto
ON, M5S2E4 – Canada

Simis Aron

aron@dmat.ufpe.br

Departamento de Matemática
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ABSTRACT

We define and study homogeneous Besov spaces associated with the spherical mean

operator. We establish some results of completeness, continuous embeddings and den-

sity of subspaces. Next, we define a discrete equivalent norm on this space and we give

other properties.

RESUMEN

Definimos y estudiamos los espacios homogneos Besov asociados con el operador esférico

medio. Se establecen algunos resultados de la exhaustividad, de inclusiones continuas y

de la densidad de subespacios. A continuación, se define una norma equivalente discreta

en este espacio y se dan otras propiedades.

Keywords and phrases:: Spherical mean operator, Besov space, Banach space, Fourier trans-

form.

Mathematics Subject Classification: 46E35 , 44A35.
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1 Introduction

For a continuous function f on R × R
n, even with respect to the first variable, the spherical mean

operator R is defined as

R(f)(r, x) =

∫

Sn

f(rη, x+ rξ)dσn(η, ξ); (r, x) ∈ R × R
n,

where Sn is the unit sphere, i.e. Sn = {(η, ξ) ∈ R × R
n ; η2 + |ξ|2 = 1} and σn is the surface

measure on Sn normalized to have total measure one.

The dual of the spherical mean operator tR is defined by

t
R(g)(r, x) =

Γ
(
n+1
2

)

π
n+1

2

∫

Rn

g(

√
r2 + |x− y|2, y)dy,

where dy is the Lebesgue measure on R
n.

The spherical mean operator R and its dual tR play an important role and have many

applications, for example, in image processing of so-called synthetic aperture radar (SAR) data

[14, 15], or in the linearized inverse scattering problem in acoustics [9].

Many aspects of such operator have been studied [1, 3, 6, 18, 21]. In particular, in [18] the first

author with the others associated to the spherical mean operator the Fourier transform defined by

∀(µ, λ) ∈ Γ, F (f)(µ, λ) =

∫

Rn

∫+∞

0

f(r, x) ϕµ,λ(r, x)dνn(r, x),

where

• ϕµ,λ is the function defined by

∀(r, x) ∈ R × R
n, ϕµ,λ(r, x) = R

(
cos(µ.)e−i〈λ|.〉

)
(r, x).

• νn is the measure defined on [0,+∞[ × R
n, by

dνn(r, x) =
1

2
n−1

2 Γ(n+1
2

)(2π)
n
2

rn dr⊗ dx.

• Γ is the set given by

Γ = R × R
n ∪ {(iµ, λ); (µ, λ) ∈ R × R

n, |µ| 6 |λ|} .

They have constructed the harmonic analysis related to the Fourier transform F (Inversion for-

mula, Schwartz theorem, Paley-Wiener theorem, Plancherel theorem).

There are many ways to define Besov Spaces [4, 5, 13, 16, 20, 23]. It is well known that Besov

spaces can be defined for instance in terms of convolutions f ∗ φt with different kinds of smooth

functions φ and that can be also described by means of differences △xf [10, 11, 22].
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In this work, we define and study a class of homogeneous Besov spaces connected with the

spherical mean operator R.More precisely, let φ be a smooth function on R×R
n, even with respect

to the first variable. For all p, q ∈ [1,+∞] and γ ∈ R, we define the Besov space B
γ,φ
p,q

(
[0,+∞[×

R
n
)

to be the space of tempered distributions f on R×R
n, even with respect to the first variable

such that

f =

∫+∞

0

f ∗ φt ∗ φt
dt

t
,

where ∗ is the convolution product associated with the spherical mean operator and φt; t > 0 is

the dilated function of φ defined by

∀(r, x) ∈ [0,+∞[ × R
n, φt(r, x) =

1

t2n+1
φ(
r

t
,
x

t
)

(see Definition 10 below).

The space B
γ,φ
p,q

(
[0,+∞[ × R

n
)

is equipped firstly with the norm

Mγ,φ
p,q (f) =






(∫+∞

0

(‖f ∗ φt‖p,νn

tγ

)qdt
t

) 1
q

, if 1 6 q < +∞;

esssup
t>0

‖f ∗ φt‖p,νn

tγ
, if q = +∞.

with

‖f ∗ φt‖p,νn
=






(∫

Rn

∫+∞

0

|f ∗ φt(r, x)|p dνn(r, x)

) 1
p

, if p ∈ [1,+∞[ ;

esssup
(r,x)∈[0,+∞ [×R

n
|f ∗ φt(r, x)|, if p = +∞.
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Then we have established the coming results

• The Besov space B
γ,φ
p,q

(
[0,+∞[ × R

n
)

is independent of the choice of the function φ and

will be denoted by B
γ
p,q

(
[0,+∞[ × R

n
)
. This means that for all smooth functions φ and

ψ, there exists a positive constant Cφ,ψ such that

∀f ∈ B
γ,φ
p,q

(
[0,+∞[ × R

n
)
, Mγ,φ

p,q (f) 6 Cφ,ψ M
γ,ψ
p,q (f).

• The space B
γ
p,q

(
[0,+∞[ × R

n
)

is homogeneous with degree equal to

(2n+ 1)/p− γ− 2n− 1, that is for all f ∈ B
γ
p,q

(
[0,+∞[ × R

n
)

and t > 0, the distribution

ft belongs to the space B
γ
p,q

(
[0,+∞[×R

n
)
and we have

Mγ,φ
p,q (ft) = t

2n+1
p

−γ−2n−1 Mγ,φ
p,q (f).

• The Besov space is a Banach one when γ < (2n+ 1)/p.

We have also proved some continuous embeddings and density of subspaces.

Next, we define the following discrete norm on the space B
γ
p,q

(
[0,+∞[ × R

n
)

by setting

Nγ,φp,q (f) =






(
∑

k∈Z

(‖f ∗ φ2k‖p,νn

2kγ

)q
) 1

q

, if 1 6 q < +∞;

esssup
k∈Z

‖f ∗ φ2k‖p,νn

2kγ
, if q = +∞.

We show that this norm defines the same topology as the norm M
γ,φ
p,q . We prove that this space is

homogeneous in a weaker sense when equipped with the norm N
γ,φ
p,q , that is there exist two positive

constants C1 and C2 such that for all f ∈ B
γ
p,q

(
[0,+∞[ × R

n
)

and t > 0

C1 t
2n+1

p
−2n−1−γ Nγ,φp,q (f) 6 Nγ,φp,q (ft) 6 C2 t

2n+1
p

−2n−1−γ Nγ,φp,q (f).

Finally, we establish some new continuous embedding.

2 Fourier transform associated with the spherical mean op-

erator

In this section, we recall some harmonic analysis results related to the Fourier transform associated

with the spherical mean operator.

Let ϕµ,λ, (µ, λ) ∈ C × C
n, be the function defined by

∀(r, x) ∈ R × R
n, ϕµ,λ(r, x) = R

(
cos(µ.)e−i〈λ|.〉

)
(r, x).

It’s well known ([18, 21]) that
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i. The function ϕµ,λ is given by

∀(r, x) ∈ R × R
n, ϕµ,λ(r, x)e

−i〈λ|x〉j(n−1)/2(r

√
µ2 + λ21 + . . .+ λ2n),

where j(n−1)/2 is the modified Bessel function defined by

jn−1
2

(s) = 2
n−1

2 Γ
(n+ 1

2

)Jn−1
2

(s)

s
n−1

2

= Γ
(n+ 1

2

) +∞∑

k=0

(−1)k

k!Γ (α+ k+ 1)

( s
2

)2k
,

and J(n−1)/2 is the Bessel function of first kind and index (n− 1)/2 [7, 8, 17, 27].

ii. For all (µ, λ) ∈ C×C
n, ϕµ,λ is the unique infinitely differentiable function on R×R

n, even

with respect to the first variable, satisfying






Dju(r, x1, ..., xn) = −iλju(r, x1, ..., xn), 1 6 j 6 n,

Ξu(r, x1, ..., xn) = −µ2u(r, x1, ..., xn),

u(0, ..., 0) = 1, ∂u
∂r

(0, x1, ..., xn) = 0, ∀(x1, ..., xn) ∈ R
n.

where

Dj =
∂

∂xj
; 1 6 j 6 n, and Ξ =

∂2

∂r2
+
n

r

∂

∂r
−

n∑

j=1

D2j . (2.1)

iii. The function ϕµ,λ is bounded on R × R
n if, and only if (µ, λ) belongs to the set Γ given by

Γ = R × R
n ∪ {(iµ, λ); (µ, λ) ∈ R × R

n, |µ| 6 |λ|} . (2.2)

In this case, we have

sup
(r,x)∈R×Rn

|ϕµ,λ(r, x)| = 1.

We denote by

• Lp(dνn), p ∈ [1,+∞] , the space of measurable functions f on [0,+∞[ × R
n, such that

‖f‖p,νn
=






(∫

Rn

∫+∞

0

|f(r, x)|
p
dνn(r, x)

) 1
p

< +∞, if p ∈ [1,+∞[ ;

esssup
(r,x)∈[0,+∞ [×R

n
|f(r, x)| < +∞, if p = +∞,

where νn is the measure defined in the introduction.

• Γ+ the subset of Γ given by

Γ+ = [0,+∞[ × R
n ∪ {(iµ, λ); (µ, λ) ∈ R × R

n, 0 6 µ 6 |λ|} .
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• BΓ+
the σ-algebra on Γ+ defined by

BΓ+
= θ−1(B[0,+∞ [×Rn),

where θ is the bijective function defined on Γ+ by

θ(µ, λ) = (
√
µ2 + λ2, λ). (2.3)

• γn the measure defined on Γ+ by

γn(A) = νn(θ(A)); A ∈ BΓ+
.

• Lp(dγn), p ∈ [1,+∞] , the space of measurable functions on Γ+ satisfying

‖f‖p,γn
< +∞.

Then we have the coming properties

Proposition 1. i) For all non negative measurable function f on Γ+ (respectively integrable on Γ+

with respect to the measure dγn), we have

∫ ∫

Γ+

f(µ, λ)dγn(µ, λ)
1

2
n−1

2 Γ(n+1
2

)(2π)
n
2

{∫

Rn

∫+∞

0

f(µ, λ)
(
µ2 + |λ|2

)n−1
2 µdµdλ

+

∫

Rn

∫ |λ|

0

f(iµ, λ)
(
|λ|2 − µ2

)n−1
2 µdµdλ

}
.

ii) For all non negative measurable function g on [0,+∞[×R
n (respectively integrable on [0,+∞[×

R
n with respect to the measure dνn), the function g ◦θ is measurable positive on Γ+ (respectively

integrable on Γ+ with respect to the measure dγn) and we have

∫

Rn

∫∞

0

g(r, x)dνn(r, x) =

∫ ∫

Γ+

g ◦ θ(µ, λ)dγn(µ, λ).

In the following, we shall define the translation operator and the convolution product associ-

ated with the spherical mean operator. For this, we use the product formula for the function ϕµ,λ,

for all (r, x), (s, y) ∈ R × R
n, we have

ϕµ,λ(r, x)ϕµ,λ(s, y)
Γ(n+1

2
)

√
π Γ
(
n
2

)
∫π

0

ϕµ,λ

(√
r2 + s2 + 2rs cos θ, x+ y

)
sin
n−1(θ)dθ (2.4)

Definition 2. i) For all (r, x) ∈ [0,+∞[×R
n, the translation operator τ(r,x) associated with the

spherical mean operator is defined on Lp(dνn), p ∈ [1,+∞] , by

τ(r,x)(f)(s, y) =
Γ(n+1

2
)

√
π Γ
(
n
2

)
∫π

0

f
(√

r2 + s2 + 2rs cos θ, x+ y
)

sin
n−1(θ)dθ.
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ii) The convolution product of f, g ∈ L1(dνn) is defined by

∀(r, x) ∈ [0,+∞[ × R
n, f ∗ g(r, x) =

∫

Rn

∫+∞

0

f(s, y)τ(r,−x)(ǧ)(s, y)dνn(s, y),

where

ǧ(s, y) = g(s,−y).

We have the following properties

• For all (r, x), (s, y) ∈ [0,+∞[ × R
n, the relation (2.4) can be written

τ(r,x)(ϕµ,λ)(s, y)ϕµ,λ(r, x) ϕµ,λ(s, y). (2.5)

• If f ∈ Lp(dνn), 1 6 p 6 +∞, then for all (s, y) ∈ [0,+∞[ × R
n, the function τ(s,y)(f)

belongs to Lp(dνn) and we have

∥∥τ(s,y)(f)
∥∥
p,νn

6 ‖f‖p,νn
. (2.6)

• Let p, q, r ∈ [1,+∞] such that
1
r

= 1
p

+ 1
q

− 1. Then for all f ∈ Lp(dνn) and g ∈ Lq(dνn),

the function f ∗ g belongs to Lr(dνn) and we have

‖f ∗ g‖r,νn
6 ‖f‖p,νn

‖g‖q,νn
. (2.7)

Now, we will define the Fourier transform F connected with the spherical mean operator and

we recall some properties that we need in the next section.

Definition 3. The Fourier transform associated with the spherical mean operator is defined on

L1(dνn) by

∀(µ, λ) ∈ Γ, F (f)(µ, λ) =

∫

Rn

∫+∞

0

f(r, x) ϕµ,λ(r, x)dνn(r, x),

where Γ is the set defined by the relation (2.2).

The Fourier transform F satisfies the properties

• For every f in L1(dνn) and (r, x) ∈ [0,+∞[ × R
n, we have

∀(µ, λ) ∈ Γ, F
(
τ(r,−x)(f)

)
(µ, λ)ϕµ,λ(r, x)F (f)(µ, λ). (2.8)

• For all f, g ∈ L1(dνn), we have

∀(µ, λ) ∈ Γ, F (f ∗ g) (µ, λ) = F (f)(µ, λ)F (g)(µ, λ). (2.9)

• For all f ∈ L1(dνn), we have

∀(µ, λ) ∈ Γ, F (f) (µ, λ)F̃ (f) ◦ θ(µ, λ), (2.10)
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where

∀(µ, λ) ∈ R × R
n, F̃ (f) (µ, λ)=

∫

Rn

∫+∞

0

f(r, x)jn−1
2

(rµ)e−i〈λ|x〉 dνn(r, x) (2.11)

and θ is the function defined by the relation (2.3).

Theorem 4. (Inversion formula for F ) Let f ∈ L1(dνn) such that the function F (f) belongs to

L1(dγn), then for almost every (r, x) ∈ [0,+∞[ × R
n, we have

f(r, x) =

∫ ∫

Γ+

F (f)(µ, λ) ϕµ,λ(r, x)dγn(µ, λ).

We denote by

• E∗ (R × R
n) the space of infinitely differentiable functions on R × R

n, even with respect to

the first variable.

• S∗ (R × R
n) the subspace of E∗ (R × R

n) consisting of functions rapidly decreasing together

with all their derivatives.

• S∗ (Γ) the space of functions f : Γ −→ C infinitely differentiable, even with respect to the

first variable and rapidly decreasing together with all their derivatives, i.e

∀k1, k2 ∈ N, ∀α ∈ N
n, sup

(µ,λ)∈Γ

(
1+ µ2 + 2|λ|2

)k1

∣∣∣
( ∂
∂µ

)k2

Dαλ f(µ, λ)
∣∣∣ < +∞,

where

∂f

∂µ
(µ, λ)






∂

∂r
(f(r, λ)) , if µ = r ∈ R

1

i

∂

∂t
(f(it, λ)) , if µ = it, |t| 6 |λ|

and

Dαλ =
( ∂

∂λ1

)α1

. . .
( ∂

∂λn

)αn

.

• S ′

∗ (R × R
n) and S

′

∗(Γ) are respectively the topological dual spaces of S∗ (R × R
n) and

S∗(Γ).

Each of these spaces is equipped with its usual topology.

Theorem 5. (Schwartz theorem)[2, 18] i) The Fourier transform F is a topological isomorphism

from S∗(R × R
n) onto S∗(Γ). The inverse mapping is given by

∀(r, x) ∈ R × R
n, F

−1(f)(r, x) =

∫ ∫

Γ+

f(µ, λ) ϕµ,λ(r, x) dγn(µ, λ). (2.12)

ii) (Plancherel formula) For all f, g ∈ S∗(R × R
n), we have

∫+∞

0

∫

Rn

f(r, x) g(r, x) dνn(r, x) =

∫ ∫

Γ+

F (f)(µ, λ) F (g)(µ, λ) dγn(µ, λ).
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In particular

‖F (f)‖2,γn
‖f‖2,νn

.

Theorem 6. (Plancherel theorem) The Fourier transform F can be extended to an isometric iso-

morphism from L2(dνn) onto L2(dγn).

For T ∈ S ′

∗(R × R
n), we put

〈F (T), ϕ〉 = 〈T,F−1(ϕ)〉; ϕ ∈ S∗(Γ). (2.13)

Then from Theorem 5, we get the following result

Corollary 7. The transform F defined by the relation (2.13) is a topological isomorphism from

S
′

∗(R × R
n) onto S

′

∗(Γ).

Proposition 8. i) Let f ∈ E∗ (R × R
n) , f slowly increasing and let g ∈ S∗(R × R

n). Then the

function f ∗ g belongs to the space E∗ (R × R
n) .

ii) For all f ∈ S∗(R × R
n) and T ∈ S ′

∗(R × R
n). The function T ∗ f defined by

∀(r, x) ∈ R × R
n, T ∗ f(r, x) = 〈T, τ(r,−x)(f̌)〉

belongs to the space E∗ (R × R
n) and is slowly increasing. Moreover, we have

F

(
TT∗f

)
= F (f̌)F (T).

3 Besov spaces

This section contains the main result of this paper. Indeed, we define and study a class of Besov

spaces B
γ,φ
p,q

(
[0,+∞[×R

n
)
, where φ is a smooth function. We show that this space is independant

of the choice of φ and is a Banach space for γ < (2n+1)/p. Next, we prove that B
γ,φ
p,q

(
[0,+∞[×

R
n
)

is an homogeneous space with degree equal to (2n+ 1)/p− γ− 2n− 1.

Lemma 9. Let a, b, a1, b1 be real numbers such that 0 < a1 < a < b < b1. Then there exists

a function ψ ∈ S∗(R × R
n) satisfying the following assumptions

i) ∀(µ, λ) ∈ Γ, F (ψ)(µ, λ) > 0.

ii) ∀(µ, λ) ∈ Γ ; a2 6 µ2 + 2|λ|2 6 b2, F (ψ)(µ, λ) = C

where C is a positive constante.

iii) F (ψ)(µ, λ) = 0 if µ2 + 2|λ|2 > b21 or µ2 + 2|λ|2 < a21.
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iv) For all (µ, λ) ∈ Γ \ {(0, 0)},
∫+∞

0

(
F (ψ)(tµ, tλ)

)2dt
t

= 1.

Proof. From Uryshon’s lemma, there exists an infinitely differentiable function ω on R such that

• ∀t ∈ R; 0 6 ω(t) 6 1.

• ∀t ∈ [a, b]; ω(t) = 1.

• supp(ω) ⊂]a1, b1[.

Let g be the function defined on R × R
n by

g(r, x) =
ω
(√
r2 + |x|2

)
( ∫+∞

0

(ω(t))2
dt

t

) 1
2

,

then the function g belongs to the space S∗(R × R
n). Since, the transform F̃ defined by the

relation (2.11) is a topological isomorphism from the space S∗(R × R
n) onto itself [24, 25], then

there exists ψ ∈ S∗(R×R
n) such that F̃ (ψ) = g. Thus, by the relation (2.10), we deduce that the

function ψ satisfies the hypothesis of the lemma.

We denote by

• D∗(Γ) the space of real infinitely differentiable functions g on Γ, even with respect to the first

variable such that, there exist two positive real numbers

0 < a < b verifying

g(µ, λ) = 0 if µ2 + 2|λ|2 < a2 or µ2 + 2|λ|2 > b2.

• S∗,0(R × R
n) the subspace of S∗(R × R

n) consisting of functions f such that F (f) belongs

to the space D∗(Γ).

• S1∗,0(R × R
n) the subspace of S∗,0(R × R

n) formed by the functions f such that

∀(µ, λ) ∈ Γ \ {(0, 0)},

∫+∞

0

(
F (f)(tµ, tλ)

)2dt
t

= 1. (3.1)

These functions are known as wavelets on [0,+∞[ × R
n [19, 26].
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• Lp(dt
t

); p ∈ [1,+∞], the space of measurable functions on ]0,+∞[ such that

∥∥f
∥∥
Lp( dt

t
)
=






(∫+∞

0

∣∣f(t)
∣∣pdt
t

) 1
p

< +∞, 1 6 p < +∞;

esssup
t>0

∣∣f(t)
∣∣ < +∞, p = +∞.

• ⋆ the convolution product defined on the group
(
]0,+∞[, .

)
by

f ⋆ g(s) =

∫+∞

0

f(t) g(
s

t
)
dt

t
. (3.2)

• For all measurable function φ on [0,+∞[ × R
n, the dilated φt; t > 0 of φ is defined by

∀(r, x) ∈ [0,+∞[ × R
n, φt(r, x) =

1

t2n+1
φ(
r

t
,
x

t
).

Then we have the following properties

• Let p, q, r ∈ [1,+∞] such that
1
p

+ 1
q

= 1+ 1
r
. Then for all f ∈ Lp(dt

t
) and

g ∈ Lq(dt
t

), the function f ⋆ g belongs to Lr(dt
t

) and we have

∥∥f ⋆ g
∥∥
Lr( dt

t
)

6 ‖f‖Lp( dt
t

)‖g‖Lq( dt
t

). (3.3)

• For every φ ∈ Lp(dνn); p ∈ [1,+∞] , the function φt belongs to Lp(dνn) and we have

∥∥φt
∥∥
p,νn

= t
− 2n+1

p ′

∥∥φ
∥∥
p,νn

, (3.4)

where p
′

= p/(p− 1).

• For all φ ∈ L1(dνn) and for every (µ, λ) ∈ Γ,

F (φt)(µ, λ) = F (φ)(tµ, tλ). (3.5)

Definition 10. Let p, q ∈ [1,+∞] , γ ∈ R and φ ∈ S1∗,0(R × R
n). We define the Besov space

B
γ,φ
p,q

(
[0,+∞[×R

n
)

to be the space of tempered distributions f on R ×R
n, even with respect to

the first variable and satisfying

• For all t > 0, the function f ∗ φt belongs to the space Lp(dνn).

• The function

t 7−→
‖f ∗ φt‖p,νn

tγ

belongs to the space Lq(dt
t

).

• The integral

(r, x) 7−→

∫+∞

0

f ∗ φt ∗ φt(r, x)
dt

t



12 L.T.Rachdi and A.Rouz CUBO
13, 2 (2011)

is convergent in S
′

∗(R × R
n) and

f =

∫+∞

0

f ∗ φt ∗ φt
dt

t
. (3.6)

The space B
γ,φ
p,q

(
[0,+∞[ × R

n
)

is equipped with the norm

Mγ,φ
p,q (f) =






(∫+∞

0

(‖f ∗ φt‖p,νn

tγ

)qdt
t

) 1
q

, if 1 6 q < +∞;

esssup
t>0

‖f ∗ φt‖p,νn

tγ
, if q = +∞.

Lemma 11. let ψ ∈ S∗(R × R
n) and let φ ∈ S∗,0(R × R

n). Then for all k ∈ N, there exists

φk ∈ S∗,0(R × R
n) such that

ψ ∗ φt = t2k
(
∆kψ

)
∗ (φk)t,

where ∆ is the differential operator defined by

∆ = −
( ∂2
∂r2

+
n

r

∂

∂r
+

n∑

j=1

( ∂
∂xj

)2)
.

Moreover, for all p ∈ [1,+∞]

∥∥ψ ∗ φt
∥∥
p,νn

6 t2k
∥∥∆kψ

∥∥
p,νn

∥∥φk
∥∥
1,νn

(3.7)

and

∥∥ψ ∗ φt
∥∥
p,νn

6 t
− 2n+1

p
′

∥∥ψ
∥∥
1,νn

∥∥φ
∥∥
p,νn

. (3.8)

Proof. The operator ∆ is continuous from S∗(R × R
n) into itself and for all

f ∈ S∗(R × R
n), we have

F
(
∆f
)
(µ, λ) =

(
µ2 + 2|λ|2

)
F (f)(µ, λ). (3.9)

Let ψ ∈ S∗(R × R
n) and let φ ∈ S∗,0(R × R

n). From the relations (2.9) and (3.5), we get

F
(
ψ ∗ φt

)
(µ, λ) = F (ψ)(µ, λ) F (φ)(tµ, tλ)

= t2
(
µ2 + 2|λ|2

)
F (ψ)(µ, λ)

F (φ)(tµ, tλ)

t2
(
µ2 + 2|λ|2

) ,

and from the equality (3.9), we obtain

F
(
ψ ∗ φt

)
(µ, λ) = t2F (∆ψ)(µ, λ)

F (φ)(tµ, tλ)

t2
(
µ2 + 2|λ|2

) . (3.10)



CUBO
13, 2 (2011)

Homogeneous Besov Spaces associated with the spherical . . . 13

Since, the function φ belongs to the space S∗,0(R × R
n) then the function

(µ, λ) 7−→
F (φ)(µ, λ)

µ2 + 2|λ|2

belongs to the space S∗(Γ) and from Theorem 5, there exists φ1 ∈ S∗(R × R
n) such that

F (φ1)(µ, λ) =
F (φ)(µ, λ)

µ2 + 2|λ|2
.

In particular, φ1 lies in S∗,0(R × R
n) and the relation (3.10) leads to

F
(
ψ ∗ φt

)
(µ, λ) = t2F (∆ψ)(µ, λ) F

(
(φ1)t

)
(µ, λ),

which implies that

ψ ∗ φt = t2 (∆ψ) ∗ (φ1)t.

By induction, for all k ∈ N
∗, there exists φk ∈ S∗,0(R × R

n) verifying

ψ ∗ φt = t2k (∆kψ) ∗ (φk)t. (3.11)

On the other hand, for every t > 0 and by the relation (3.4), we get

∥∥ψ ∗ φt
∥∥
p,νn

6 ‖ψ‖1,νn
‖φt‖p,νn

= t
− 2n+1

p
′ ‖ψ‖1,νn

‖φ‖p,νn

as the same way and using the relation (3.11), it follows that

∥∥ψ ∗ φt
∥∥
p,νn

6 t2k ‖∆kψ‖p,νn
‖φk‖1,νn

.

Proposition 12. Let φ ∈ S1∗,0(R × R
n).

i) For all f ∈ L2(dνn) we have

f =

∫+∞

0

f ∗ φt ∗ φt
dt

t
; in L2(dνn).

ii) Let γ ∈ R; γ < (2n + 1)/p and f ∈ S
′

∗(R × R
n) such that for all t > 0, the function

f ∗ φt belongs to Lp(dνn) and the function

t 7−→
‖f ∗ φt‖p,νn

tγ

belongs to the space Lq(dt
t

). Then the integral

∫+∞

0

f ∗ φt ∗ φt
dt

t

converges in S
′

∗(R × R
n).
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Proof. i) Let f ∈ L2(dνn) and let Fa,b(f) be the function defined by

∀(r, x) ∈ [0,+∞[ × R
n, Fa,b(f)(r, x) =

∫b

a

f ∗ φt ∗ φt(r, x)
dt

t
; 0 < a < b.

The function Fa,b(f) is well defined and by the relation (3.4) we have

∣∣Fa,b(f)(r, x)
∣∣ 6

∫b

a

‖f‖2,νn
‖φt ∗ φt‖2,νn

dt

t

6 ‖f‖2,νn

∫b

a

‖φt‖1,νn
‖φt‖2,νn

dt

t

6 ‖f‖2,νn
‖φ‖1,νn

‖φ‖2,νn

∫b

a

t−
2n+1

2
−1dt

< +∞.

Moreover, the function Fa,b(f) belongs to L2(dνn). Indeed by Minkowski’s inequality [12] and the

relation (3.4) we get

∥∥Fa,b(f)
∥∥
2,νn

6

∫b

a

∥∥f ∗ φt ∗ φt
∥∥
2,νn

dt

t

6

∫b

a

‖f‖2,νn
‖φt‖21,νn

dt

t

= ‖f‖2,νn
‖φ‖21,νn

log(
b

a
)

< +∞.

On the other hand, by Fubini’s theorem and the relation (3.5), we have

F
(
Fa,b(f)

)
(µ, λ) = F (f)(µ, λ)

∫b

a

(
F (φ)(tµ, tλ)

)2dt
t
.

Thus, by the Plancherel theorem

∥∥f− Fa,b(f)
∥∥2
2,νn

=
∥∥F (f) − F (Fa,b(f))

∥∥2
2,γn

=

∫ ∫

Γ+

∣∣F (f)(µ, λ)
∣∣2
∣∣∣1−

∫b

a

(
F (φ)(tµ, tλ)

)2dt
t

∣∣∣dγn(µ, λ).

Using the fact that ∫+∞

0

(
F (φ)(tµ, tλ)

)2dt
t

= 1,

we have

∀(µ, λ) ∈ Γ\{(0, 0)},
∣∣∣1−

∫b

a

(
F (φ)(tµ, tλ)

)2dt
t

∣∣∣ 6 1

and applying the dominated convergence theorem, we deduce that

lim
a→0+

b→+∞

∥∥f− Fa,b(f)
∥∥
2,νn

= 0.
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ii) Let f be in S
′

∗(R × R
n) satisfying the hypothesis, then the function Fa,b(f) defined above is

bounded on R × R
n. In fact

∣∣Fa,b(f)(r, x)
∣∣ 6

∫b

a

∥∥f ∗ φt
∥∥
p,νn

∥∥φt
∥∥
p

′
,νn

dt

t

=
∥∥φ
∥∥
p

′
,νn

∫b

a

∥∥f ∗ φt
∥∥
p,νn

tγ
t−

2n+1
p

+γ dt

t

6
∥∥φ
∥∥
p

′
,νn

[ ∫b

a

(∥∥f ∗ φt
∥∥
p,νn

tγ

)qdt
t

] 1
q
[ ∫b

a

t(−
2n+1

p
+γ) q

′ dt

t

] 1

q
′

< +∞,

where q
′

is the conjugate exponent of q.

Thus for all a, b ∈ R; b > a > 0, the function Fa,b(f) defines an element of S
′

∗(R × R
n).

Let ψ ∈ S∗(R × R
n), by Fubini’s theorem, we have

〈Fa,b(f), ψ〉 =

∫+∞

0

∫

Rn

{ ∫b

a

f ∗ φt ∗ φt(r, x) ψ(r, x)
dt

t

}
dνn(r, x)

=

∫b

a

{ ∫+∞

0

∫

Rn

f ∗ φt ∗ φt(r, x) ψ(r, x) dνn(r, x)
}dt

t

=

∫b

a

{ ∫+∞

0

∫

Rn

ψ(r, x)
[ ∫+∞

0

∫

Rn

f ∗ φt(s, y) τ(r,−x)(φ̌t)(s, y) dνn(s, y)
]
dνn(r, x)

}dt

t

=

∫b

a

{ ∫+∞

0

∫

Rn

f ∗ φt(s, y)
[ ∫+∞

0

∫

Rn

ψ(r, x) τ(s,−y)(φt)(r, x) dνn(r, x)
]
dνn(s, y)

}dt

t

=

∫b

a

[ ∫+∞

0

∫

Rn

f ∗ φt(s, y) φ̌t ∗ψ(s, y) dνn(s, y)
] dt
t
.

However,

∫+∞

0

[ ∫+∞

0

∫

Rn

∣∣f ∗ φt(s, y)
∣∣ ∣∣φ̌t ∗ψ(s, y)

∣∣ dνn(s, y)
] dt
t

6

∫+∞

0

∥∥f ∗ φt
∥∥
p,νn

∥∥φ̌t ∗ψ
∥∥
p

′
,νn

dt

t

6

∫1

0

∥∥f ∗ φt
∥∥
p,νn

∥∥φ̌t ∗ψ
∥∥
p

′
,νn

dt

t
+

∫+∞

1

∥∥f ∗ φt
∥∥
p,νn

∥∥φ̌t ∗ψ
∥∥
p

′
,νn

dt

t
.
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Using the relations (3.7) and (3.8), we get

∫+∞

0

{ ∫+∞

0

∫

Rn

∣∣f ∗ φt(s, y)
∣∣ ∣∣φ̌t ∗ψ(s, y)

∣∣ dνn(s, y)
} dt

t

6
∥∥∆kψ

∥∥
p

′
,νn

∥∥φk
∥∥
1,νn

∫1

0

t2k
∥∥f ∗ φt

∥∥
p,νn

dt

t

+
∥∥ψ
∥∥
1,νn

∥∥φ
∥∥
p

′
,νn

∫+∞

1

t−
2n+1

p

∥∥f ∗ φt
∥∥
p,νn

dt

t

∥∥∆kψ
∥∥
p

′
,νn

∥∥φk
∥∥
1,νn

∫+∞

0

t2k+γ 1[0,1](t)

∥∥f ∗ φt
∥∥
p,νn

tγ
dt

t

+
∥∥ψ
∥∥
1,νn

∥∥φ
∥∥
p

′
,νn

∫+∞

0

t−
2n+1

p
+γ 1[1,+∞ [(t)

∥∥f ∗ φt
∥∥
p,νn

tγ
dt

t
.

Let k be sufficiently large. Using the hypothesis γ < (2n+ 1)/p and applying Hölder’s inequality,

we obtain

∫+∞

0

{∫+∞

0

∫

Rn

∣∣f ∗ φt(s, y)
∣∣ ∣∣φ̌t ∗ψ(s, y)

∣∣ dνn(s, y)
} dt

t

6
∥∥∆kψ

∥∥
p

′
,νn

∥∥φk
∥∥
1,νn

∥∥∥t2k+γ 1[0,1]

∥∥∥
Lq

′

( dt
t

)

∥∥∥
∥∥f ∗ φt

∥∥
p,νn

tγ

∥∥∥
Lq( dt

t
)

+
∥∥ψ
∥∥
1,νn

∥∥φ
∥∥
p

′
,νn

∥∥∥t−
2n+1

p
+γ 1[1,+∞ [

∥∥∥
Lq

′

( dt
t

)

∥∥∥
∥∥f ∗ φt

∥∥
p,νn

tγ

∥∥∥
Lq( dt

t
)

< +∞.

This shows that for all ψ ∈ S∗(R × R
n), lim

a→0+

b→+∞

〈Fa,b(f), ψ〉 exists and

lim
a→0+

b→+∞

〈Fa,b(f), ψ〉 =

∫+∞

0

∫+∞

0

∫

Rn

f ∗ φt(s, y) φ̌t ∗ψ(s, y) dνn(s, y)
dt

t
.

This means that the integral ∫+∞

0

f ∗ φt ∗ φt
dt

t

converges in S
′

∗(R × R
n).

Lemma 13. 1) Let f ∈ B
γ,φ
p,q

(
[0,+∞[ × R

n
)
. Then

i) For all ψ ∈ S∗(R × R
n), we have

f ∗ψ =

∫∞

0

f ∗ φt ∗ φt ∗ψ
dt

t
.

ii) For all ψ ∈ S1∗,0(R × R
n),

f =

∫+∞

0

f ∗ψρ ∗ψρ
dρ

ρ
.
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2) For all g ∈ S∗(R × R
n) and for all ψ ∈ S1∗,0(R × R

n), we have

∫+∞

0

g ∗ψρ ∗ψρ
dρ

ρ
= g.

Proof. 1) Let f ∈ B
γ,φ
p,q

(
[0,+∞[ × R

n
)
.

i) For every ψ ∈ S∗(R × R
n), we have

f ∗ψ(r, x) = 〈f, τ(r,−x)ψ̌〉

= lim
a→0+

b→+∞

〈
∫b

a

f ∗ φt ∗ φt
dt

t
, τ(r,−x)ψ̌〉

= lim
a→0+

b→+∞

∫+∞

0

∫

Rn

( ∫b

a

f ∗ φt ∗ φt(s, y)
dt

t

)
τ(r,−x)ψ̌(s, y) dνn(s, y),

and by Fubini’s theorem, we obtain

f ∗ψ(r, x) = lim
a→0+

b→+∞

∫b

a

( ∫+∞

0

∫

Rn

f ∗ φt ∗ φt(s, y) τ(r,−x)ψ̌(s, y) dνn(s, y)
)dt
t

= lim
a→0+

b→+∞

∫b

a

f ∗ φt ∗ φt ∗ψ(r, x)
dt

t

=

∫+∞

0

f ∗ φt ∗ φt ∗ψ(r, x)
dt

t
.

ii) Let ψ ∈ S1∗,0(R × R
n). For all positive real number ρ, we have

ψρ ∗ψρ = (ψ ∗ψ)ρ. (3.12)

Applying i) we get

f ∗ψρ ∗ψρ =

∫+∞

0

f ∗ φt ∗ φt ∗ψρ ∗ψρ
dt

t
.

Now, let a1, a2, b1, b2 be positive real numbers such that

F (φ)(µ, λ) = 0 if µ2 + 2|λ|2 < a21 or µ2 + 2|λ|2 > b21

and

F (ψ)(µ, λ) = 0 if µ2 + 2|λ|2 < a22 or µ2 + 2|λ|2 > b22

then

F (φt)(µ, λ)F (ψρ)(µ, λ) = 0 if
t

ρ
/∈
[
a1

b2
,
b1

a2

]
= [α, β] ,

and consequently, by the relation (2.9) and Theorem 4

φt ∗ψρ = 0 if
t

ρ
/∈ [α, β] . (3.13)
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Thus,

f ∗ψρ ∗ψρ =

∫ρβ

ρα

f ∗ φt ∗ φt ∗ψρ ∗ψρ
dt

t
.

So for all a, b ∈ R; 0 < a < b,

∫b

a

f ∗ψρ ∗ψρ
dρ

ρ
=

∫b

a

( ∫ρβ

ρα

f ∗ φt ∗ φt ∗ψρ ∗ψρ
dt

t

) dρ
ρ
.

By Fubini’s theorem, we get

∫b

a

f ∗ψρ ∗ψρ
dρ

ρ
=

∫bβ

aα

( ∫ t
α

t
β

f ∗ φt ∗ φt ∗ψρ ∗ψρ
dρ

ρ

) dt
t
. (3.14)

On the other hand, we have

∫ t
α

t
β

f ∗ φt ∗ φt ∗ψρ ∗ψρ(r, x)
dρ

ρ

=

∫ t
α

t
β

( ∫+∞

0

∫

Rn

φt ∗ψρ ∗ψρ(s, y) τ(r,−x)
ˇ(f ∗ φt)(s, y)dνn(s, y)

)dρ
ρ

=

∫+∞

0

∫

Rn

τ(r,−x)( ˇf ∗ φt)(s, y)
( ∫ t

α

t
β

φt ∗ψρ ∗ψρ(s, y)
dρ

ρ

)
dνn(s, y)

=

∫+∞

0

∫

Rn

τ(r,−x)( ˇf ∗ φt)(s, y)
( ∫+∞

0

φt ∗ψρ ∗ψρ(s, y)
dρ

ρ

)
dνn(s, y).

However by i) of Proposition 12, it follows that

∫ t
α

t
β

f ∗ φt ∗ φt ∗ψρ ∗ψρ(r, x)
dρ

ρ
=

∫+∞

0

∫

Rn

φt(s, y) τ(r,−x)( ˇf ∗ φt)(s, y) dνn(s, y)

= f ∗ φt ∗ φt(r, x).

Replacing in the equality (3.14), we obtain

∫b

a

f ∗ψρ ∗ψρ
dρ

ρ
=

∫bβ

aα

f ∗ φt ∗ φt
dt

t
.

2) We know that for all g ∈ S∗(R × R
n) and ψ ∈ S1∗,0(R × R

n), the function

g ∗ψρ ∗ψρ belongs to the space S∗(R × R
n). By Theorem 4 and the relation (3.5), we have

g ∗ψρ ∗ψρ(r, x) =

∫ ∫

Γ+

F (g)(µ, λ)
(
F (ψ)(ρµ, ρλ)

)2
ϕµ,λ(r, x) dγn(µ, λ),

then

∫+∞

0

g ∗ψρ ∗ψρ(r, x)
dρ

ρ

∫ ∫

Γ+

F (g)(µ, λ)ϕµ,λ(r, x)
[ ∫+∞

0

(
F (ψ)(ρµ, ρλ)

)2 dρ
ρ

]
dγn(µ, λ),
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and by the relation (3.1) and Theorem 4, we get

∫+∞

0

g ∗ψρ ∗ψρ(r, x)
dρ

ρ
=

∫ ∫

Γ+

F (g)(µ, λ) ϕµ,λ(r, x) dγn(µ, λ)

= g(r, x).

Theorem 14. Let p, q ∈ [1,+∞] and γ ∈ R, the space B
γ,φ
p,q

(
[0,+∞[×R

n
)

is independent of the

choice of the function φ in S1∗,0
(
R × R

n
)

and will be denoted by B
γ
p,q

(
[0,+∞[ × R

n
)
.

Proof. Let f ∈ B
γ,φ
p,q

(
[0,+∞[ × R

n
)

and let ψ ∈ S1∗,0
(
R × R

n
)
. From Lemma 13 and the relation

(3.13), we have

f ∗ψρ =

∫+∞

0

f ∗ φt ∗ φt ∗ψρ
dt

t

=

∫ρβ

ρα

f ∗ φt ∗ φt ∗ψρ
dt

t

=

∫β

α

f ∗ φρs ∗ φρs ∗ψρ
ds

s
.

Thus, from Minkowski’s inequality and the relations (2.7) and (3.4), we get

∥∥f ∗ψρ
∥∥
p,νn

6

∫β

α

∥∥f ∗ φρs ∗ψρ ∗ φρs
∥∥
p,νn

ds

s

6

∫β

α

∥∥f ∗ φρs
∥∥
p,νn

∥∥ψρ ∗ φρs
∥∥
1,νn

ds

s

6
∥∥ψ
∥∥
1,νn

∥∥φ
∥∥
1,νn

∫β

α

∥∥f ∗ φρs
∥∥
p,νn

ds

s
, (3.15)

and by Hölder’s inequality, it follows that

∥∥f ∗ψρ
∥∥
p,νn

6
∥∥ψ
∥∥
1,νn

∥∥φ
∥∥
1,νn

(∫β

α

(∥∥f ∗ φρs
∥∥
p,νn

(ρs)γ

)qds
s

) 1
q
(∫β

α

(
ρs
)γ q ′

ds

s

) 1

q
′

6
∥∥ψ
∥∥
1,νn

∥∥φ
∥∥
1,νn

Mγ,φ
p,q (f)ργ

(∫β

α

sγ q
′ ds

s

) 1

q
′

< +∞,

where q
′

is the conjugate exponent of q. Now, by the relation (3.15), we have
∥∥f ∗ψρ

∥∥
p,νn

ργ
6

∥∥ψ
∥∥
1,νn

∥∥φ
∥∥
1,νn

∫β

α

sγ

∥∥f ∗ φρs
∥∥
p,νn

(ρs)γ
ds

s

6
∥∥ψ
∥∥
1,νn

∥∥φ
∥∥
1,νn

∫ 1
α

1
β

t−γ

∥∥f ∗ φρ
t

∥∥
p,νn

(ρ
t
)γ

dt

t

=
∥∥ψ
∥∥
1,νn

∥∥φ
∥∥
1,νn

[
t−γ1[ 1

β
, 1

α ] ⋆

(∥∥f ∗ φt
∥∥
p,νn

tγ

)]
(ρ),
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where ⋆ is the convolution product defined on ]0,+∞[ by the relation (3.2). By the relation (3.3),

we obtain

Mγ,ψ
p,q (f) 6

∥∥ψ
∥∥
1,νn

∥∥φ
∥∥
1,νn

∥∥∥t−γ1[ 1
β
, 1

α ]

∥∥∥
L1( dt

t
)
Mγ,φ
p,q (f)

< +∞,

and the proof is complete if we take into account Lemma 13.

Proposition 15. Let p, q ∈ [1,+∞] and γ ∈ R. The Besov space

B
γ
p,q

(
[0,+∞[× R

n
)

is homogeneous of degree equal to (2n+ 1)/p− γ− 2n− 1, that is for every

f ∈ B
γ
p,q

(
[0,+∞[ × R

n
)

and t > 0, the distribution ft belongs to the space

B
γ
p,q

(
[0,+∞[×R

n
)
and we have

Mγ,φ
p,q (ft) = t

2n+1
p

−γ−2n−1 Mγ,φ
p,q (f),

where

〈ft, ϕ〉 = 〈f, 1

t2n+1
ϕ 1

t
〉; ϕ ∈ S∗(R × R

n).

Proof. Let φ ∈ S1∗,0(R × R
n), we have

ft ∗ φρ(r, x) = 〈ft, τ(r,−x)(φ̌ρ)〉

= 〈f, 1

t2n+1

(
τ(r,−x)(φ̌ρ)

)
1
t

〉.

However,

1

t2n+1

(
τ(r,−x)(φ̌ρ)

)
1
t

(s, y) = τ(r,−x)(φ̌ρ)(ts, ty)

=
1

t2n+1
τ( r

t
,− x

t
)(φ̌ρ

t
)(s, y)

consequently,

ft ∗ φρ(r, x) = 〈f, 1

t2n+1
τ( r

t
,− x

t
)(φ̌ρ

t
)〉

=
(
f ∗ φρ

t

)
t
(r, x). (3.16)

Hence, from the relation (3.4), we get

∥∥ft ∗ φρ
∥∥
p,νn

= t
− 2n+1

p
′

∥∥f ∗ φρ
t

∥∥
p,νn

,

this shows that for all ρ > 0, the function ft ∗ φρ belongs to Lp(dνn) and we have

∥∥∥
∥∥ft ∗ φρ

∥∥
p,νn

ργ

∥∥∥
q

Lq( dρ
ρ

)
= t

− 2n+1

p
′
q

∫+∞

0

(∥∥f ∗ φρ
t

∥∥
p,νn

ργ

)q dρ
ρ

= t
− 2n+1

p
′
q
t−γ q

∫+∞

0

(∥∥f ∗ φs
∥∥
p,νn

sγ

)q ds
s

= t
−q
(

2n+1

p
′

+γ
)[
Mγ,φ
p,q (f)

]q
,
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which proves that the function

ρ 7−→

∥∥ft ∗ φρ
∥∥
p,νn

ργ

belongs to the space Lq(dρ
ρ

) and that

Mγ,φ
p,q (ft) = t

2n+1
p

−γ−2n−1 Mγ,φ
p,q (f).

On the other hand, from the relations (3.12) and (3.16), we have

∫+∞

0

ft ∗ φρ ∗ φρ(r, x)
dρ

ρ

1

t2n+1

∫+∞

0

f ∗
(
φ ∗ φ

)
s
(
r

t
,
x

t
)
ds

s

=
1

t2n+1

∫+∞

0

f ∗ φs ∗ φs(
r

t
,
x

t
)
ds

s
,

and from the relation (3.6), it follows

∫+∞

0

ft ∗ φρ ∗ φρ(r, x)
dρ

ρ

1

t2n+1
f(
r

t
,
x

t
)

= ft(r, x).

This completes the proof.

Proposition 16. Let p, q ∈ [1,+∞] and γ ∈ R.

The space B
γ
p,q

(
[0,+∞[ × R

n
)
∩ E∗

(
R × R

n
)

is dense in B
γ
p,q

(
[0,+∞[ × R

n
)
.

Proof. Let f ∈ B
γ
p,q

(
[0,+∞[ × R

n
)

and φ ∈ S1∗,0(R × R
n). For all t > 0, the function

(r, x) 7−→ f ∗ φt(r, x) = 〈f, τ(r,−x)(φ̌t)〉

belongs to the space E∗

(
R × R

n
)

and is slowly increasing. From i) of Proposition 8, we deduce

that the function f ∗φt ∗φt belongs to the space E∗

(
R × R

n
)
. Thus, from derivative’s theorem it

follows that for all k ∈ N
∗; the function

fk(r, x) =

∫k

1
k

f ∗ φt ∗ φt(r, x)
dt

t

is infinitely differentiable on R × R
n, even with respect to the first variable. On the other hand,

let ψ ∈ S1∗,0(R × R
n), by Fubini’s theorem, we have

fk ∗ψρ =

∫k

1
k

f ∗ φt ∗ φt ∗ψρ
dt

t
.

And by the same way as the proof of Theorem 14, we deduce that for all ρ > 0, the function

fk ∗ψρ belongs to Lp(dνn) and that the function

ρ 7−→

∥∥fk ∗ψρ
∥∥
p,νn

ργ
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belongs to Lq(dρ
ρ

). Again, by Fubini’s theorem, for all ψ ∈ S1∗,0(R × R
n),

∫+∞

0

fk ∗ψρ ∗ψρ
dρ

ρ
=

∫+∞

0

( ∫k

1
k

f ∗ φt ∗ φt ∗ψρ ∗ψρ
dt

t

) dρ
ρ

=

∫k

1
k

( ∫+∞

0

f ∗ψρ ∗ψρ ∗ φt ∗ φt
dρ

ρ

) dt
t
,

and by Lemma 13 and Theorem 14, we obtain

∫+∞

0

fk ∗ψρ ∗ψρ
dρ

ρ
=

∫k

1
k

f ∗ φt ∗ φt
dt

t

= fk.

This shows that for all k ∈ N
∗, the function fk belongs to the space

B
γ
p,q

(
[0,+∞[ × R

n
)
∩ E∗

(
R × R

n
)
. Moreover, for every ϕ ∈ S1∗,0(R × R

n), we have

fk ∗ϕρ =

∫k

1
k

f ∗ φt ∗ φt ∗ϕρ
dt

t
,

and by i) of Lemma 13, we get

f ∗ϕρ =

∫+∞

0

f ∗ φt ∗ φt ∗ϕρ
dt

t
,

Thus,

(
f− fk

)
∗ϕρ =

∫ 1
k

0

f ∗ φt ∗ φt ∗ϕρ
dt

t
+

∫+∞

k

f ∗ φt ∗ φt ∗ϕρ
dt

t

=

∫

[0, 1
k ]∪[k,+∞ [

f ∗ φt ∗ φt ∗ϕρ
dt

t
.

Now using the relation (3.13), we obtain

(
f− fk

)
∗ϕρ =

∫

(
[0, 1

kρ ]∪[k
ρ
,+∞ [

)
∩[α,β]

f ∗ φρs ∗ φρs ∗ϕρ
ds

s

=

∫+∞

0

1(
[0, 1

kρ ]∪[k
ρ
,+∞ [

)
∩[α,β]

(s) f ∗ φρs ∗ φρs ∗ϕρ
ds

s
.

Now Minkowski’s inequality leads to

∥∥(f− fk
)
∗ϕρ

∥∥
p,νn

6

∫β

α

1(
[0, 1

kρ ]∪[k
ρ
,+∞ [

)(s)
∥∥f ∗ φρs ∗ φρs ∗ϕρ

∥∥
p,νn

ds

s

6

∫β

α

1(
[0, 1

kρ ]∪[k
ρ
,+∞ [

)(s)
∥∥f ∗ φρs

∥∥
p,νn

∥∥φρs ∗ϕρ
∥∥
1,νn

ds

s

6 ‖φ‖1,νn
‖ϕ‖1,νn

∫β

α

1(
[0, 1

kρ ]∪[k
ρ
,+∞ [

)(s)
∥∥f ∗ φρs

∥∥
p,νn

ds

s
.
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Consequently;

∥∥(f− fk
)
∗ϕρ

∥∥
p,νn

ργ
6 ‖φ‖1,νn

‖ϕ‖1,νn

∫β

α

1(
[0, 1

k ]∪[k,+∞ [
)(ρs)

∥∥f ∗ φρs
∥∥
p,νn

ργ
ds

s

6 ‖φ‖1,νn
‖ϕ‖1,νn

∫ 1
α

1
β

1(
[0, 1

k ]∪[k,+∞ [
)(ρ
t
) t−γ

∥∥f ∗ φρ
t

∥∥
p,νn(

ρ
t

)γ
dt

t

= ‖φ‖1,νn
‖ϕ‖1,νn

(
t−γ 1[ 1

β
, 1

α ] ⋆

∥∥f ∗ φt
∥∥
p,νn

tγ
1(

[0, 1
k ]∪[k,+∞ [

)
)
(ρ).

Thus, by the relation (3.3), we obtain

Mγ,ϕ
p,q (fk − f) 6 ‖φ‖1,νn

‖ϕ‖1,νn

∥∥t−γ 1[ 1
β
, 1

α
]

∥∥
L1( dt

t
)

×
[ ∫ 1

k

0

(∥∥f ∗ φt
∥∥
p,νn

tγ

)q dt
t

+

∫+∞

k

(∥∥f ∗ φt
∥∥
p,νn

tγ

)q dt
t

] 1
q

.

So,

lim
k→+∞

Mγ,ϕ
p,q (fk − f) = 0

because
∫+∞

0

(∥∥f ∗ φt
∥∥
p,νn

tγ

)q dt
t
< +∞

and the proof is complete.

We denote by Lq
(
]0,+∞[ , Lp(dνn),

dt

t

)
the space of measurable functions g on ]0,+∞[ ×

[0,+∞[× R
n such that for all t > 0, the function g(t, (., .)) belongs to the space Lp(dνn) and the

function

t 7−→
∥∥g(t, (., .))

∥∥
p,νn

belongs to Lq(dt
t

). This space is equipped with the norm

∥∥g
∥∥
Lq

(
]0,+∞ [, Lp(dνn),

dt

t

) =
( ∫+∞

0

∥∥g(t, (., .))
∥∥q
p,νn

dt

t

) 1
q

.

Then we have

Lemma 17. Let p, q ∈ [1,+∞] and let γ < (2n + 1)/p. For all φ ∈ S1∗,0(R × R
n), the mapping

F defined by

F(g)(r, x) =

∫+∞

0

tγ g
(
t, (., .)

)
∗ φt(r, x)

dt

t

is continuous from Lq
(
]0,+∞[ , Lp(dνn),

dt

t

)
into B

γ
p,q

(
[0,+∞[ × R

n
)
.



24 L.T.Rachdi and A.Rouz CUBO
13, 2 (2011)

Proof. Let φ ∈ S1∗,0(R × R
n) and g ∈ Lq

(
]0,+∞[ , Lp(dνn),

dt

t

)
.

• Let a, b be real numbers such that b > a > 0 and

F (φ)(µ, λ) = 0 if µ2 + 2|λ|2 < a2 or µ2 + 2|λ|2 > b2.

Let ψ ∈ S∗(R × R
n) such that

F (ψ)(µ, λ) = 1 if a2 6 µ2 + 2|λ|2 6 b2,

then from the relation (2.9), we deduce that for every t > 0

ψt ∗ φt = φt. (3.17)

For every k ∈ N
∗, the function F(g)k defined by

F(g)k(r, x) =

∫k

1
k

tγ g(t, (., .)) ∗ φt(r, x)
dt

t
.

is bounded on R × R
n. In fact, from the relations (2.7) and (3.4), we deduce that for all (r, x) ∈

R × R
n,

∣∣F(g)k(r, x)
∣∣ 6

∫k

1
k

tγ
∥∥g(t, (., .))

∥∥
p,νn

∥∥φt
∥∥
p

′
,νn

dt

t

6
∥∥φ
∥∥
p

′
,νn

∫k

1
k

tγ − 2n+1
p

∥∥g
(
t, (., .)

)∥∥
p,νn

dt

t

6
∥∥φ
∥∥
p

′
,νn

∥∥g
∥∥
Lq

(
]0,+∞ [, Lp(dνn), dt

t

)
[ ∫k

1
k

t(γ − 2n+1
p

) q
′ dt

t

] 1

q
′

< +∞.

Thus, for all k ∈ N
∗ the function F(g)k defines a tempered distribution on R × R

n, even with

respect to the first variable. Moreover, for all h ∈ S∗(R × R
n), we have

〈F(g)k, h〉 =

∫k

1
k

tγ
[ ∫+∞

0

∫

Rn

h(r, x) g(t, (., .)) ∗ φt(r, x) dνn(r, x)
] dt
t

=

∫k

1
k

tγ 〈g(t, (., .)) ∗ φt, h〉
dt

t
,

and by the relation (3.17), it follows that

〈F(g)k, h〉 =

∫k

1
k

tγ 〈g(t, (., .)) ∗ φt ∗ψt, h〉
dt

t

=

∫k

1
k

tγ 〈g(t, (., .)) ∗ φt, h ∗ ψ̌t〉
dt

t
. (3.18)
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However,

∫+∞

0

tγ
∣∣〈g(t, (., .)) ∗ φt, h ∗ ψ̌t〉

∣∣ dt
t

6

∫+∞

0

tγ
∥∥g(t, (., .)) ∗ φt

∥∥
∞ ,νn

∥∥h ∗ ψ̌t
∥∥
1,νn

dt

t

6

∫+∞

0

tγ
∥∥g(t, (., .))

∥∥
p,νn

∥∥φt
∥∥
p

′
,νn

∥∥h ∗ ψ̌t
∥∥
1,νn

dt

t

=
∥∥φ
∥∥
p

′
,νn

∫+∞

0

tγ − 2n+1
p

∥∥g(t, (., .))
∥∥
p,νn

∥∥h ∗ ψ̌t
∥∥
1,νn

dt

t

=
∥∥φ
∥∥
p

′
,νn

{ ∫1

0

tγ − 2n+1
p

∥∥g(t, (., .))
∥∥
p,νn

∥∥h ∗ ψ̌t
∥∥
1,νn

dt

t

+

∫+∞

1

tγ − 2n+1
p

∥∥g(t, (., .))
∥∥
p,νn

∥∥h ∗ ψ̌t
∥∥
1,νn

dt

t

}

Applying the relations (3.7) and (3.8), we get

∫+∞

0

tγ
∣∣〈g(t, (., .)) ∗ φt, h ∗ ψ̌t〉

∣∣ dt
t

6
∥∥φ
∥∥
p

′
,νn

‖∆kh‖1,νn
‖ψ̌k‖1,νn

∫1

0

t2k+γ − 2n+1
p

∥∥g(t, (., .))
∥∥
p,νn

dt

t

+
∥∥φ
∥∥
p

′
,νn

‖h‖1,νn
‖ψ̌‖1,νn

∫+∞

1

tγ − 2n+1
p

∥∥g(t, (., .))
∥∥
p,νn

dt

t
;

and by Hölder’s inequality, we have

∫+∞

0

tγ
∣∣〈g(t, (., .)) ∗ φt, h ∗ ψ̌t〉

∣∣ dt
t

6
∥∥φ
∥∥
p

′
,νn

∥∥g
∥∥
Lq

(
]0,+∞ [, Lp(dνn), dt

t

)
{
‖∆kh‖1,νn

‖ψ̌k‖1,νn

( ∫1

0

t(2k+γ − 2n+1
p

) q
′ dt

t

) 1

q
′

+ ‖h‖1,νn
‖ψ̌‖1,νn

( ∫+∞

1

t(γ − 2n+1
p

) q
′ dt

t

) 1

q
′

}
< +∞.

The last inequality together with the relation (3.18) show that for all h ∈ S∗(R × R
n),

lim
k→+∞

〈F(g)k, h〉 exists and

lim
k→+∞

〈F(g)k, h〉 =

∫+∞

0

tγ 〈g(t, (., .)) ∗ φt, h〉
dt

t
.

Consequently, the function

F(g)(r, x) =

∫+∞

0

tγ g
(
t, (., .)

)
∗ φt(r, x)

dt

t

defines an element of S
′

∗(R × R
n).
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• Let ϕ ∈ S1∗,0(R × R
n), we have

F(g) ∗ϕρ(r, x) = 〈F(g), τ(r,−x)ϕ̌ρ〉
= lim

k→+∞
〈F(g)k, τ(r,−x)ϕ̌ρ〉

= lim
k→+∞

F(g)k ∗ϕρ(r, x)

= lim
k→+∞

∫k

1
k

tγ g(t, (., .)) ∗ φt ∗ϕρ(r, x)
dt

t
.

However, the relation (3.13) implies

∫+∞

0

tγ
∣∣g(t, (., .)) ∗ φt ∗ϕρ(r, x)

∣∣ dt
t

∫ρβ

ρα

tγ
∣∣g(t, (., .)) ∗ φt ∗ϕρ(r, x)

∣∣ dt
t

6

∫ρβ

ρα

tγ
∥∥g(t, (., .))

∥∥
p,νn

∥∥φt ∗ϕρ
∥∥
p

′
,νn

dt

t

6 ‖φ‖p ′
,νn

‖ϕ‖1,νn

∫ρβ

ρα

tγ − 2n+1
p

∥∥g(t, (., .))
∥∥
p,νn

dt

t
,

6 ‖φ‖p ′
,νn

‖ϕ‖1,νn

( ∫ρβ

ρα

t(γ − 2n+1
p

) q
′ dt

t

) 1

q
′ ∥∥g

∥∥
Lq

(
]0,+∞ [, Lp(dνn), dt

t

)

< +∞.

Thus,

F(g) ∗ϕρ(r, x) =

∫+∞

0

tγ g(t, (., .)) ∗ φt ∗ϕρ(r, x)
dt

t

=

∫β

α

(ρs)γ g(ρs, (., .)) ∗ φρs ∗ϕρ(r, x)
ds

s
. (3.19)

By Minkowski’s inequality, we obtain

∥∥F(g) ∗ϕρ
∥∥
p,νn

6

∫β

α

(ρs)γ
∥∥g(ρs, (., .)) ∗ φρs ∗ϕρ

∥∥
p,νn

ds

s

6
∥∥φ
∥∥
1,νn

∥∥ϕ
∥∥
1,νn

∫β

α

(ρs)γ
∥∥g(ρs, (., .))

∥∥
p,νn

ds

s

< +∞

and

∥∥F(g) ∗ϕρ
∥∥
p,νn

ργ
6

∥∥φ
∥∥
1,νn

∥∥ϕ
∥∥
1,νn

∫β

α

sγ
∥∥g(ρs, (., .))

∥∥
p,νn

ds

s

=
∥∥φ
∥∥
1,νn

∥∥ϕ
∥∥
1,νn

∫ 1
α

1
β

t−γ
∥∥g(ρ

t
, (., .))

∥∥
p,νn

dt

t

=
∥∥φ
∥∥
1,νn

∥∥ϕ
∥∥
1,νn

(
t−γ1[ 1

β
, 1

α ] ⋆

∥∥g(t, (., .))
∥∥
p,νn

)
(ρ),
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and by the relation (3.3) it follows that

∥∥∥
∥∥F(g) ∗ϕρ

∥∥
p,νn

ργ

∥∥∥
Lq( dρ

ρ
)
6
∥∥φ
∥∥
1,νn

∥∥ϕ
∥∥
1,νn

∥∥∥t−γ1[ 1
β
, 1

α ]

∥∥∥
L1( dt

t
)

∥∥g
∥∥
Lq

(
]0,+∞ [,Lp(dνn),dt

t

)

< +∞. (3.20)

• Let ϕ ∈ S1∗,0(R × R
n), from the relation (3.19), we have

F(g) ∗ϕρ(r, x) =

∫β

α

(ρs)γ g(ρs, (., .)) ∗ φρs ∗ϕρ(r, x)
ds

s
,

and by Fubini’s theorem, we get

F(g) ∗ϕρ ∗ϕρ(r, x) =

∫β

α

(ρs)γ g(ρs, (., .)) ∗ φρs ∗ϕρ ∗ϕρ(r, x)
ds

s

=

∫ρβ

ρα

tγ g(t, (., .)) ∗ φt ∗ϕρ ∗ϕρ(r, x)
dt

t
.

Thus,

∫k

1
k

F(g) ∗ϕρ ∗ϕρ(r, x)
dρ

ρ

∫k

1
k

[ ∫ρβ

ρα

tγ g(t, (., .)) ∗ φt ∗ϕρ ∗ϕρ(r, x)
dt

t

]dρ
ρ

=

∫βk

α
k

tγ
[ ∫ t

α

t
β

g(t, (., .)) ∗ φt ∗ϕρ ∗ϕρ(r, x)
dρ

ρ

]dt
t
. (3.21)

However,

∫ t
α

t
β

g(t, (., .)) ∗ φt ∗ϕρ ∗ϕρ(r, x)
dρ

ρ

=

∫ t
α

t
β

[ ∫+∞

0

∫

Rn

τ(r,−x)ǧ(t, (., .))(s, y) φt ∗ϕρ ∗ϕρ(s, y) dνn(s, y)
] dρ
ρ
.

Again, by Fubini’s theorem, we have

∫ t
α

t
β

g(t, (., .)) ∗ φt ∗ϕρ ∗ϕρ(r, x)
dρ

ρ

=

∫+∞

0

∫

Rn

τ(r,−x)ǧ(t, (., .))(s, y)
[ ∫+∞

0

φt ∗ϕρ ∗ϕρ(s, y)
dρ

ρ

]
dνn(s, y).

applying 2) of Lemma 13, we obtain

∫ t
α

t
β

g(t, (., .)) ∗ φt ∗ϕρ ∗ϕρ(r, x)
dρ

ρ
=

∫+∞

0

∫

Rn

τ(r,−x)ǧ(t, (., .))(s, y) φt(s, y) dνn(s, y)

= g(t, (., .)) ∗ φt(r, x).
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Replacing in the equality (3.21), it follows that

∫k

1
k

F(g) ∗ϕρ ∗ϕρ(r, x)
dρ

ρ
=

∫βk

α
k

tγ g(t, (., .)) ∗ φt(r, x)
dt

t
.

Hence,

∫+∞

0

F(g) ∗ϕρ ∗ϕρ
dρ

ρ
= F(g).

This shows that the function F(g) belongs to the space B
γ
p,q

(
[0,+∞[×R

n
)

and from the inequality

(3.20), we have

Mγ,ϕ
p,q

(
F(g)

)
6

∥∥φ
∥∥
1,νn

∥∥ϕ
∥∥
1,νn

∥∥∥t−γ1[ 1
β
, 1

α ]

∥∥∥
L1( dt

t
)

∥∥g
∥∥
Lq

(
]0,+∞ [, Lp(dνn), dt

t

)

which means that the mapping F is continuous from Lq
(
]0,+∞[ , Lp(dνn), dt

t

)
into

B
γ
p,q

(
[0,+∞[ × R

n
)
.

Theorem 18. Let p, q ∈ [1,+∞] and let γ ∈ R, γ < (2n+1)/p. Then the Besov space B
γ
p,q

(
[0,+∞[×

R
n
)

is a Banach one.

Proof. Let φ ∈ S1∗,0(R × R
n). We define the mapping G on the space B

γ
p,q

(
[0,+∞[ × R

n
)

by

setting

G(f)(t, (r, x)) =
f ∗ φt(r, x)

tγ
.

The mapping G is continuous from B
γ
p,q

(
[0,+∞[ × R

n
)

into Lq
(
]0,+∞[ , Lp(dνn), dt

t

)
and we

have

∥∥G(f)
∥∥
Lq

(
]0,+∞ [, Lp(dνn), dt

t

) = Mγ,φ
p,q (f). (3.22)

Moreover, for all f ∈ B
γ
p,q

(
[0,+∞[ × R

n
)
, we have

F ◦G(f)(r, x) =

∫+∞

0

tγ G(f)(t, (., .)) ∗ φt(r, x)
dt

t

=

∫+∞

0

tγ
f ∗ φt ∗ φt(r, x)

tγ
dt

t

=

∫+∞

0

f ∗ φt ∗ φt(r, x)
dt

t

and by ii) of Lemma 13, we get

F ◦G(f) = f.

This equality shows that

G
(
B
γ
p,q

(
[0,+∞[ × R

n
))

ker
(
G ◦ F− Id

(Lq

(
]0,+∞ [, Lp(dνn), dt

t

)
)

)
.



CUBO
13, 2 (2011)

Homogeneous Besov Spaces associated with the spherical . . . 29

In particular, G
(
B
γ
p,q

(
[0,+∞[ × R

n
))

is a closed subspace of Lq
(
]0,+∞[ , Lp(dνn), dt

t

)
.

Let (fk)k∈N be a Cauchy sequence in B
γ
p,q

(
[0,+∞[ × R

n
)
. From the relation (3.22), the

sequence
(
G(fk)

)
k

is a Cauchy’s one in Lq
(
]0,+∞[ , Lp(dνn), dt

t

)
.

Since G
(
B
γ
p,q

(
[0,+∞[×R

n
))

is a closed subspace of Lq
(
]0,+∞[ , Lp(dνn), dt

t

)
, then there exists

a function f in B
γ
p,q

(
[0,+∞[ × R

n
)

such that

lim
k→+∞

G(fk) = G(f) in Lq
(
]0,+∞[ , Lp(dνn),

dt

t

)
.

Again by the relation (3.22),

lim
k→+∞

fk = f in B
γ
p,q

(
[0,+∞[ × R

n
)
.

Proposition 19. i) Let q ∈ [1,+∞] , p1, p2 ∈ [1,+∞] ; p1 < p2 and let γ1,

γ2 ∈ R such that

2n+ 1

p1
− γ1 =

2n+ 1

p2
− γ2. (3.23)

Then

B
γ1
p1,q

(
[0,+∞[ × R

n
)

→֒ B
γ2
p2,q

(
[0,+∞[ × R

n
)
.

ii) For all p ∈ [1,+∞] ,

B
0
p,1

(
[0,+∞[ × R

n
)

→֒ Lp(dνn).

Proof. i) Let p1, p2, γ1, γ2, q be real numbers satisfying the hypothesis. Let p3 be an exponent

such that

1

p1
+
1

p3
= 1+

1

p2
. (3.24)

Finally, let f ∈ B
γ1
p1,q

(
[0,+∞[ × R

n
)

and φ ∈ S1∗,0
(
R × R

n
)

such that

F (φ)(µ, λ) = 0 if µ2 + 2|λ|2 > b2 or µ2 + 2|λ|2 < a2.

Let us take ψ ∈ S∗
(
R × R

n
)

satisfying

∀(µ, λ) ∈ Γ ; a2 6 µ2 + 2|λ|2 6 b2, F (ψ)(µ, λ) = 1.

Then for all t > 0, we have

φt ∗ψt = φt

and

Mγ2,φ
p2,q

(f) =
( ∫+∞

0

(‖f ∗ φt‖p2,νn

tγ2

)qdt
t

) 1
q

=
( ∫+∞

0

(‖f ∗ φt ∗ψt‖p2,νn

tγ2

)qdt
t

) 1
q

.
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By the relations (2.7), (3.4), (3.23) and (3.24) we get

Mγ2,φ
p2,q

(f) 6 ‖ψ‖p3,νn

[ ∫+∞

0

(‖f ∗ φt‖p1,νn

tγ1

)qdt
t

] 1
q

6 ‖ψ‖p3,νn
Mγ1,φ
p1,q

(f).

This shows that the space B
γ1
p1,q

(
[0,+∞[×R

n
)

is contained in B
γ2
p2,q

(
[0,+∞[×R

n
)

and that the

canonical injection is continuous from B
γ1
p1,q

(
[0,+∞[×R

n
)

into the space B
γ2
p2,q

(
[0,+∞[×R

n
)
.

ii) Let f ∈ B0
p,1

(
[0,+∞[ × R

n
)
; p ∈ [1,+∞] . From ii) of Lemma 13, we have

f =

∫+∞

0

f ∗ φt ∗ φt
dt

t
; φ ∈ S1∗,0

(
R × R

n
)

thus,

‖f‖p,νn
6

∫+∞

0

∥∥f ∗ φt ∗ φt
∥∥
p,νn

dt

t

6 ‖φ‖1,νn
M
0,φ
p,1 (f).

This completes the proof.

In the following, we shall define a discrete norm on the Besov space B
γ
p,q

(
[0,+∞[×R

n
)

and

we will prove that it is equivalent to the norm M
γ,φ
p,q ; φ ∈ S1∗,0

(
R × R

n
)
. More precisely, we have

Theorem 20. Let p, q ∈ [1,+∞], γ ∈ R. Let a, b be real numbers such that

0 < a < b and φ ∈ S∗,0
(
R × R

n
)

verifying

F (φ)(µ, λ) = 1 if a2 6 µ2 + 2|λ|2 6 b2.

Then the mapping N
γ,φ
p,q defined by

Nγ,φp,q (f) =






(
∑

k∈Z

(‖f ∗ φ2k‖p,νn

2kγ

)q
) 1

q

, if 1 6 q < +∞;

esssup
k∈Z

‖f ∗ φ2k‖p,νn

2kγ
, if q = +∞

is a norm on the Besov space B
γ
p,q

(
[0,+∞[ × R

n
)

which defines the same topology as the norm

M
γ,ψ
p,q ; ψ ∈ S1∗,0

(
R × R

n
)
.

Proof. • From Lemma 9, there exists ψ ∈ S1∗,0
(
R × R

n
)

such that

F (ψ)(µ, λ) = 0 if µ2 + 2|λ|2 < a2 or µ2 + 2|λ|2 > b2.
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Then for all s ∈ [1, 2] and k ∈ Z, we have

F (ψ)(2ksµ, 2ksλ) = F (ψ)(2ksµ, 2ksλ) F (φ)(2kµ, 2kλ)

which leads to

ψ2ks = ψ2ks ∗ φ2k

and therefore, for all f ∈ B
γ
p,q

(
[0,+∞[ × R

n
)

f ∗ψ2ks = f ∗ φ2k ∗ψ2ks. (3.25)

Then for all q ∈ [1,+∞[

Mγ,ψ
p,q (f) =

(∫+∞

0

(‖f ∗ψt‖p,νn

tγ

)q dt
t

) 1
q

=

(
∑

k∈Z

∫2k+1

2k

(‖f ∗ψt‖p,νn

tγ

)q dt
t

) 1
q

=

(
∑

k∈Z

∫2

1

(‖f ∗ψ2ks‖p,νn

(2ks)γ

)q ds
s

) 1
q

.

Using the relations (2.7), (3.4) and (3.25), we obtain

Mγ,ψ
p,q (f) 6 ‖ψ‖1,νn

[
∑

k∈Z

(‖f ∗ φ2k‖p,νn

2kγ

)q ∫2

1

ds

sγq+1

] 1
q

= ‖ψ‖1,νn

(1− 2−qγ

qγ

) 1
q Nγ,φp,q (f).

On the other hand, for q = +∞ and again by the relation (3.25), we deduce that for all k ∈ Z and

s ∈ [1, 2]
‖f ∗ψ2ks‖p,νn

(2ks)γ
6 (1+ 2−γ) ‖ψ‖1,νn

‖f ∗ φ2k‖p,νn

2kγ
.

Consequently, for all k ∈ Z and t ∈ [2k, 2k+1]

‖f ∗ψt‖p,νn

tγ
6 (1+ 2−γ) ‖ψ‖1,νn

Nγ,φp,∞ (f),

which shows that

Mγ,ψ
p,∞ (f) 6 (1+ 2−γ) ‖ψ‖1,νn

Nγ,φp,∞ (f).

• Let a1, b1 be two real numbers; 0 < a1 < a < b < b1 such that

F (φ)(µ, λ) = 0 if µ2 + 2|λ|2 < a21 or µ2 + 2|λ|2 > b21.

From Lemma 9, there exists ψ ∈ S1∗,0
(
R × R

n
)

such that

F (ψ)(µ, λ) = C, for all (µ, λ) ∈ Γ ; a21 6 µ2 + 2|λ|2 6 4b21
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where C is a positive constant. Then for all k ∈ Z and s ∈ [1, 2],

CF (φ)(2kµ, 2kλ) = F (φ)(2kµ, 2kλ) F (ψ)(2kµs, 2kλs)

so,

C.φ2k = φ2k ∗ψ2ks.

Hence, for all f ∈ B
γ
p,q

(
[0,+∞[×R

n
)

C f ∗ φ2k = f ∗ψ2ks ∗ φ2k (3.26)

and

C
‖f ∗ φ2k‖p,νn

2kγ
6 (1+ 2γ) ‖φ‖1,νn

‖f ∗ψ2ks‖p,νn

(2ks)γ
.

Integrating over [1, 2] with respect to the measure
ds
s
, we get for all q ∈ [1,+∞[,

(‖f ∗ φ2k‖p,νn

2kγ

)q
6

(
(1+ 2γ) ‖φ‖1,νn

)q

Cq log 2

∫2k+1

2k

(‖f ∗ψt‖p,νn

tγ

)qdt
t

which leads to

Nγ,φp,q (f) 6
1

C
(log 2)− 1

q (1+ 2γ) ‖φ‖1,νn
Mγ,ψ
p,q (f).

On the other hand, for q = +∞ and using the relation (3.26), we deduce that for all k ∈ Z

‖f ∗ φ2k‖p,νn

2kγ
6

(1+ 2γ)

C
‖φ‖1,νn

Mγ,ψ
p,∞ (f),

which implies that

Nγ,φp,∞ (f) 6
(1+ 2γ)

C
‖φ‖1,νn

Mγ,ψ
p,∞ (f).

This completes the proof of theorem.

Remark 21. 1) From Theorem 14 and Theorem 20, we deduce that the Besov space B
γ
p,q

(
[0,+∞[×

R
n
)

is independent of the choice of the function φ ∈ S∗,0
(
R × R

n
)
, when it is endowed with the

norm N
γ,φ
p,q .

From Proposition 15 and Theorem 20, we deduce the following proposition

Proposition 22. The Besov space B
γ
p,q

(
[0,+∞[ × R

n
)

is homogeneous in a weaker sense when

equipped with the norm N
γ,φ
p,q , that is there exist C1, C2 > 0 such that for all f ∈ B

γ
p,q

(
[0,+∞[×

R
n
)

and t > 0

C1 t
2n+1

p
−2n−1−γ Nγ,φp,q (f) 6 Nγ,φp,q (ft) 6 C2 t

2n+1
p

−2n−1−γ Nγ,φp,q (f).

Proposition 23. Let p ∈ [1,+∞] and γ ∈ R. Then for all q1, q2 ∈ [1,+∞] ;

q1 6 q2, we have the continuous embedding

B
γ
p,q1

(
[0,+∞[ × R

n
)

→֒ B
γ
p,q2

(
[0,+∞[×R

n
)
.
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Proof. Let f ∈ B
γ
p,q1

(
[0,+∞[ × R

n
)

and φ ∈ S∗,0
(
R × R

n
)
. Since

∑

k∈Z

(‖f ∗ φ2k‖p,νn

2kγ

)q1

< +∞

then,

Nγ,φp,∞ (f) < +∞

and we have

Nγ,φp,q2
(f) 6

(
Nγ,φp,∞ (f)

)1− q1
q2

(
Nγ,φp,q1

(f)
)q1

q2 .

However,

Nγ,φp,∞ (f) 6 Nγ,φp,q1
(f)

and consequently,

Nγ,φp,q2
(f) 6 Nγ,φp,q1

(f).

Received: October 2009. Revised: December 2009.
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ABSTRACT

In this paper we study the convergence properties of the Crandall-Liggett sequence

Jn
t/n(A)(x) =

(
I − t

n
A

)−n
(x), n ∈ N, for A a nonlinear operator on some important

non-locally convex F-spaces (called p-Fréchet spaces with 0 < p < 1) and the generation

of the corresponding strongly continuous one-parameter nonlinear semigroups.

RESUMEN

En este trabajo se estudian las propiedades de convergencia de la secuencia de Crandall-

Liggett Jn
t/n(A)(x) =

(
I − t

n
A

)−n
(x), n ∈ N para A un operador lineal en algunos

importantes F-espacios no-localmente convexos (llamado p-Fréchet espacios con 0 <

p < 1) y la generación de los correspondientes semigrupos fuertemente continuos no

lineales con un parámetro.

Keywords and phrases:: p-Fréchet space, 0 < p < 1, Cauchy problem, affine semigroup, non-

linear semigroup, Crandall-Liggett type theorem.
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1. Introduction

It is well known that an F-space (X,+, ·, || · ||) is a linear space (over the field K = R or

K = C) such that ||x + y|| ≤ ||x|| + ||y|| for all x, y ∈ X, ||x|| = 0 if and only if x = 0, ||λx|| ≤ ||x||, for

all scalars λ with |λ| ≤ 1, x ∈ X, and with respect to the metric d(x, y) = ||x − y||, X is a complete

metric space (see e.g. [4, p. 52] or [7]).

In addition, if there exists 0 < p < 1 with ||λx|| = |λ|p||x||, for all λ ∈ K, x ∈ X, then || · || will be

called a p-norm and X will be called p-Fréchet space. (This is only a slight abuse of terminology.

Note that in e.g. [1] these spaces are called p-Banach spaces).

It is known that the F-spaces are not necessarily locally convex spaces. Three classical examples

of p-Fréchet spaces, non-locally convex, are the Hardy space Hp with 0 < p < 1 that consists in

the class of all analytic functions f : D → C, D = {z ∈ C; |z| < 1} with the property

||f|| =
1

2π
sup{

∫2π

0

|f(reit)|pdt; r ∈ [0, 1)} < +∞,

the sequence space

lp = {x = (xn)n; ||x|| =

∞∑

n=1

|xn|p < ∞}

for 0 < p < 1, and the Lp[0, 1] space, 0 < p < 1, given by

Lp = Lp[0, 1] = {f : [0, 1] → R; ||f|| =

∫1

0

|f(t)|pdt < ∞.}

Some important characteristics of the F-spaces are given by the following remarks.

Remarks. 1) Three of the basic results in Functional Analysis hold in F-spaces too : the

Principle of Uniform Boundedness (see e.g. [4, p. 52]), the Open Mapping Theorem and the Closed

Graph Theorem (see e.g. [7, p. 9-10]).

2) The Hahn-Banach Theorem fails in non-locally convex F-spaces. More exactly, if in an F-

space the Hahn-Banach theorem holds, then that space is a necessarily locally convex space (see

e.g. [6, Chapter 4]).

The beginning of a theory of semigroups of linear operators on p-Fréchet spaces, 0 < p < 1,

was developed in the very recent paper [5]. One of the main result in [5] is the Chernoff-type

formula etA(x) = ĺımn→∞

(
I − t

n
A

)−n
(x), for A a bounded linear operator on a p-Fréchet space

with 0 < p < 1.

The aim of the present paper is to look for similar results, that is for convergence properties

of the sequence Jn
t/n(A)(x) =

(
I − t

n
A

)−n
(x), n ∈ N, in the case when A is a nonlinear operator

on a p-Fréchet space with 0 < p < 1. A very careful examination of the proofs in [3] shows us that

because of the property ||λx|| = |λ|p||x|| with 0 < p < 1, the estimate for ||Jn
t/n(A)(x)− Jm

t/m(A)(x)||

does not converges to zero as m,n → ∞ and in fact the sequence Jn
t/n(A)(x), n ∈ N, is not, in

general, a convergent one.
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However, by using techniques in Functional Analysis, we will be able to prove that the sequence

(Jn
t/n(A)(x))n∈N contains some convergent subsequences in the spaces lp and Hp with 0 < p < 1,

while this kind of result seems to fail in the space Lp[0, 1], 0 < p < 1. Moreover, in the simplest

nonlinear case when A is an affine operator, we prove that the sequence (Jn
t/n(A)(x))n∈N is still

convergent and some results in the case of Banach spaces in [6] will be extended to p-Fréchet spaces

(0 < p < 1) too.

The plan of the paper goes as follows. In Section 2 we study the case when A is an affine

operator on an arbitrary p-Fréchet space, 0 < p < 1, Section 3 deals with the case when A is a

nonlinear Lipschitz operator on lp, 0 < p < 1, while the Sections 4 and 5 deal with the similar

problem in the spaces Hp and Lp[0, 1], respectively, with 0 < p < 1.

2. Affine Semigroups

As we will see, the affine case is closely connected to the linear case.

First we need a result in operator theory on p-Fréchet spaces (well-known in the case of

classical Banach spaces).

Lemma 2.1 Let A,B : X → X be bounded linear operators on the p-Fréchet space (X, || · ||),
0 < p < 1. If A is bijection and |||A−1B||| < 1 then A + B is bounded linear bijection on X.

Proof. Since A is a bijection, as a consequence of the Open Mapping Theorem it follows that

A−1 is a bounded linear operator (see e.g. [1, Theorem 14, p. 20 and Corollary 2, p. 23]).

Next we reason as in the case of Banach spaces. Let y ∈ X be arbitrary fixed and define

Ty(x) = A−1(y) − (A−1B)(x). Then the equation (A + B)(x) = y is equivalent to the equation

Ty(x) = x. But ||Ty(x1) − Ty(x2)|| ≤ |||A−1B||| · ||x1 − x2||, which shows that Ty is a contraction in

the complete metric space X (with respect to the metric d(x1, x2) = ||x1 − x2||). Therefore it has a

unique fixed point x, which shows that A + B is bijective and the lemma is proved.

The first result on affine semigroups is the following.

Theorem 2.2 Let (X, || · ||) be a p-Fréchet space, 0 < p < 1, A(x) = B(x) + x0, where x0 ∈ X

is fixed and B : X → X is a bounded, linear and strictly dissipative operator, i.e |||(I − λB)−1||| < 1,

for all λ > 0 sufficiently small. Then B is invertible and if we define

Jλ(A)(x) = (I − λA)−1(x),

(here I defines the identity operator) then

T(t)(x) = ĺım
n→+∞

Jn
t/n(A)(x) = etB(x) + B−1[etB(x0)] − B−1(x0),

is a strongly continuous semigroup of nonlinear (affine) operators on X, (where according to [4],

etB(x) = ĺımn→+∞ Jn
t/n(B)(x) is a strongly continuous semigroup of linear operators on X).
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Proof. By easy calculation we can write

Jλ(A)(x) = Jλ(B)(x + λx0) = (I − λB)−1(x + λx0),

and in general

Jn
λ (A)(x) = (I − λB)−n(x) + λ

[
n∑

k=1

(I − λB)−k(x0)

]
.

But it is easy to show that for any operator G we have the identity

(I − G)(I + G + G2 + ... + Gn−1) = I − Gn.

Replacing G by Jλ(B), by Lemma 2.1 it follows that I− Jλ(B) is invertible and we immediately

obtain [
n∑

k=1

(I − λB)−k(x0)

]
= λJλ(B)[I − Jλ(B)]−1[I − Jn

λ (B)]−n(x0).

But

Jλ(B)[I − Jλ(B)]−1 = (I − λB)−1[I − Jλ(B)]−1 =

{[I − (I − λB)−1][I − λB]}−1 =

{−λB}−1 = −
1

λ
B−1,

which implies that [
n∑

k=1

(I − λB)−k(x0)

]
= −B−1[(I − λB)−n](x0).

Taking λ = t
n

, passing to limit with n → +∞ and taking into account the important Remark

after the Theorem 2.11 in [4] which says that

etB(x) = ĺım
n→+∞

(I −
t

n
B)−n,

we arrive at

ĺım
n→+∞

Jn
t/n(A)(x) = etB + B−1[etB(x0)] − B−1(x0).

Also, simple calculations show that if we denote T(t)(x) = etB(x) + B−1[etB(x0)] − B−1(x0),

then T(0) = I, {T(t), t ≥ 0} has the semigroup property, T(·)(x) is continuous as function of t,

A(x) = ĺımhց0
T(h)(x)−x

h
, for all x ∈ X and T ′(t)(x) = B[T(t)(x)] + x0, which proves the theorem.

Remarks. 1) According to Theorem 2.2, T(t)(u0) is the unique solution of the Cauchy problem

u′(t) = B[u(t)] + x0, u(0) = u0.

(The uniqueness of the solution follows from Lemma 2.12 in [5] concerning the uniqueness of the

solution for the inhomogeneous Cauchy problem in p-Fréchet spaces, 0 < p < 1.)
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2) Let us give a simple example satisfying Theorem 2.2. Let (X, || · ||) be a p-Fréchet space,

0 < p < 1, and define A : X → X by A(x) = B(x) + x0, where B(x) = −x for all x ∈ X and x0 ∈ X

is fixed. B obviously is strictly dissipative and A obviously is nonlinear, strictly dissipative, with

||(I − λA)−1||Lip =
1

1 + λ
< 1,

for all λ > 0.

We see that B−1 = B, etB(x) = xe−t and T(t)(x) = (x − x0)e−t + x0 and in this case T(t)(u0)

is the unique solution to the nonlinear Cauchy problem

du

dt
= −u(t) + x0, u(0) = u0.

3) From the proof of Theorem 2.2, it easily follows the following.

Corollary 2.3 In the case when (X, ||· ||) is a Banach space (i.e. a p-Fréchet space with p = 1),

the statement of Theorem 2.2 still remains true.

In what follows, let us consider some concepts introduced in [6] for Banach spaces. They

remain unchanged for the case of p-Fréchet spaces too.

Definition 2.4 By an affine semigroup (S(t) : t ≥ 0) on a p-Fréchet space X, 0 < p < 1, we

mean a family of continuous affine transformations on X with the properties :

(i) S(0)=I, S(t+s)=S(t)[S(s)], for all t, s ≥ 0 ;

(ii) For each x ∈ X, t → S(t)(x) is a continuous function from [0,+∞) into X.

(iii) Any family (S(t) : t ≥ 0) of affine transformations on X can be written in the form

S(t)(x) = T(t)(x) + z(t), for all t ≥ 0, x ∈ X, where T(t)(x) = S(t)(x) − S(t)(0) is its linear part

and z(t) = S(t)(0) is its translation part (z : [0,+∞) → X).

(iv) Let us denote by X = X × R. It is a p-Fréchet space, endowed with the p-norm ||(x, r)|| =

máx{||x||, |r|p}. If (S(t) : t ≥ 0) is a family of affine transformations on X of the form S(t)(x) =

T(t)(x)+z(t), for all t ≥ 0, x ∈ X, where T(t)(x) is its linear part and z(t) is its translation part, the

augmented family associated with (S(t) : t ≥ 0), is a family (T(t); t ≥ 0) of linear transformations

on X, defined by

T(t)[x, r] = [T(t)(x) + rz(t), r].

Having introduced these concepts, Propositions 1.1 and 1.2 proved in [6] for Banach spaces,

hold (with the same proofs) for p-Fréchet spaces too, summarized as follows.

Theorem 2.5 (i) Let (S(t) : t ≥ 0) be a family of affine transformations on the p-Fréchet

space X, 0 < p < 1, with its linear part (T(t) : t ≥ 0) and its translation part z(t); t ≥ 0). Then

(S(t) : t ≥ 0) is an affine semigroup on X if and only if (T(t) : t ≥ 0) is a linear semigroup on X

and z(·) is a continuous map from [0,+∞) into X satisfying

z(t + s) = T(t)[z(s)] + z(t), s, t ≥ 0.
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(ii) Let (S(t) : t ≥ 0) be a family of affine transformations on the p-Fréchet space X, 0 < p < 1,

and let (T(t) : t ≥ 0) be the augmented family on X, associated with S(·). Then (S(t) : t ≥ 0) is an

affine semigroup on X, if and only if (T : t ≥ 0) is a linear semigroup on X.

Remark. While Proposition 2.1 in [6] remains valid in the case of p-Fréchet spaces too,

0 < p < 1, the other results in [6, Section 2] (i.e. Corollary 2.2, Proposition 2.3, Proposition 2.4

and Corollary 2.5) seem to be not valid. The reason is that they use the Fundamental Theorem of

Calculus in Banach spaces, which, as it was pointed out in [5], does not hold in p-Fréchet spaces,

0 < p < 1.

It would be of interest to see what other results for affine semigroups on Banach spaces in [6],

would remain valid for p-Fréchet spaces too, 0 < p < 1.

3. Nonlinear Semigroups on lp, 0 < p < 1

Before to starting the study in the concrete lp-case, 0 < p < 1, let us briefly recall the problem

and make a useful remark, valid in any p-Fréchet space, 0 < p < 1.

For (X, || · ||X) a p-Fréchet space, 0 < p ≤ 1 (the case p = 1 means that X is a Banach space),

let A : X → X be a nonlinear operator and let us consider the abstract Cauchy problem

d

dt
u(t) = A[u(t)], t ≥ 0,

u(0) = x,

where the solution is u : R+ → X and x ∈ X is fixed. The nonlinear operator A is considered a

Lipschitz mapping, that is

||A(x) − A(y)||X ≤ |||A|||Lip||x − y||X, for every x, y ∈ X,

where |||A|||Lip = sup{||A(x)−A(y)||X/||x−y||X; x, y ∈ X, x 6= y} < +∞. If we replace this differential

equation by the difference equation

1

ε
[uε(t) − uε(t − ε)] = A[uε(t)], t ≥ 0,

with initial condition uε(s) = x,−ε ≤ s ≤ 0, then we easily get by recurrence that uε(t) =(
I − t

n
A

)−n
(x), for ε = t

n
.

Remark. Without loss of generality, we may suppose A(0) = 0. Indeed, if we suppose that

A(0) 6= 0, then denoting B(u) = A(u)−A(0) we get B(0) = 0 and if v(t) is solution of the abstract

Cauchy problem

d

dt
v(t) = B[v(t)], v(0) = u0,

then u(t) = v(t)+tA(0) is a solution of the above (in A) mentioned problem. Moreover, if for a fixed

ω ∈ R, the operator A − ωI is dissipative, then B − ωI also is dissipative. Indeed, from B − ωI =
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(A − ωI) − A(0), since A − ωI is injective and surjective, it easily follows that B − ωI is injection

and surjection and , in addition, from the relationship (B − ωI)−1(y) = (A − ωI)−1(y + A(0)), we

get ||(B − ωI)−1||Lip = ||(A − ωI)−1||Lip ≤ 1.

In what follows, we denote the p-norm in lp by || · ||p. The first main result of this section is

the following.

Theorem 3.1 Let A : lp → lp, 0 < p < 1, be nonlinear and Lipschitz, such that A(0) = 0

and there exists ω ∈ R with A − ωI dissipative. Then the sequence in lp defined by Jn
t/n(x) =

(I − t
n

A)−n(x), n ∈ N, t ≥ 0, x ∈ lp, contains a subsequence Jnk

t/nk
(x), k ∈ N (the same subsequence

for all x ∈ lp and all t ∈ R+ = the set of all rational numbers ≥ 0), convergent to an element of

lp in the weak topology of lp.

Proof. By A(0) = 0 we get (I− t
n

A)−n(0) = 0, for all n ∈ N. The dissipative property implies

||[I−t(A−ωI)]−1||Lip ≤ 1, for all t ≥ 0, which is equivalent to ||(I− t
1+tω

A)−1||Lip ≤ |1+tω|p, for

all t ≥ 0 with 1+ tω 6= 0. For λ = t
1+tω

we get ||(I−λA)−1||Lip ≤ (1−λω)−p, in particular for all

λ > 0 with λω < 1. (Note that for n sufficiently great, depending on t and ω, we have
t
n

ω < 1.)

Therefore,

||(I −
t

n
A)−1||Lip ≤ (1 −

t

n
ω)−p

and by mathematical induction

||(I −
t

n
A)−n||Lip ≤ (1 −

t

n
ω)−np.

But it is known that the sequence (1+ s
n

)n converges (for n → +∞) to es, and for any s ∈ R it

is monotonically increasing, for all n ≥ [|s|]+1 (see e.g. [10, p. 263]), which implies that (1− t
n

ω)−np

converges to etωp, monotonically decreasing, for all n ≥ [|tw|] + 1. Therefore, the greatest value of

(1 − t
n

ω)−np is for n = [|tω|] + 1, which means that there exists M = M(t, p,ω) > 0 (depending

only on t, p and ω) such that

||(I −
t

n
A)−n||Lip ≤ M,

for all n ∈ N.

We obtain

||Jn
t/n(x) − Jn

t/n(y)||p ≤ (1 −
t

n
ω)−np||x − y||p ≤ M||x − y||p, (3.1)

for all x, y ∈ lp. Taking y = 0 we have Jn
t/n(0) = 0 and denoting Jn

t/n(x) = (gn,r(t)(x))r ∈ lp, we

obtain ||Jn
t/n(x)||p ≤ M||x||p, i.e.

+∞∑

r=1

|gn,r(t)(x)|p ≤ M||x||p < +∞, (3.2)

for all n ∈ N.
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Now, since lp, 0 < p < 1, has a Schauder basis (see e.g. [7, p. 20]), it follows that it is separable,

denote by Y a countable dense subset of lp. Also, denote by R+, the set of all positive nonnegative

rational numbers and define Gn : N×R+×Y → K (where K = R or C), by Gn(r, t, y) = gn,r(t)(y).

Since E := N×R+ ×Y is countable and by (2) the sequence (Gn)n is pointwise bounded on E,

by the Cantor’s diagonal process (see e.g. [11, p. 156-157]), there exists a subsequence Gnk
, k ∈ N,

pointwise convergent on E. Denote gr(t)(y) = ĺımk→+∞ gnk,r(t)(y), for all (r, t, y) ∈ E.

We will show that in fact there exists the limit ( in R ), ĺımk→∞ gnk,r(t)(x), for all r ∈ N,

t ∈ R+ and x ∈ lp. For this purpose, we will show that (gnk,r(t)(x))k is a Cauchy sequence in R

(i.e. it is convergent).

For this purpose, let x ∈ lp and y ∈ Y. We have

|gnk,r(t)(x) − gns,r(t)(x)| ≤ |gnk,r(t)(x) − gnk,r(t)(y)|+

|gnk,r(t)(y) − gns,r(t)(y)| + |gns,r(t)(y) − gns,r(t)(x)|.

Taking into account (1) too, we immediately obtain

|gnk,r(t)(x) − gns,r(t)(x)| ≤ 2M1/p · ||x − y||1/p
p + |gnk,r(t)(y) − gns,r(t)(y)|.

Now, since Y is dense in lp, for x ∈ lp and ε > 0, let y ∈ Y such that 2M1/p||x − y||
1/p
p < ε

2
,

which implies

|gnk,r(t)(x) − gns,r(t)(x)| <
ε

2
+ |gnk,r(t)(y) − gns,r(t)(y)|.

But for this y, the sequence (gnk,r(t)(y))k is convergent, i.e. it is a Cauchy sequence, which

implies that there exists l0 such that for all k, s ≥ l0 we have

|gnk,r(t)(y) − gns,r(t)(y)| <
ε

2
.

This leads to

|gnk,r(t)(x) − gns,r(t)(x)| < ε,

for all k, s ≥ l0, i.e. (gnk,r(t)(x))k is a Cauchy sequence in R. Therefore, we can write

gr(t)(x) = ĺım
k→∞

gnk,r(t)(x),

for all t ∈ R+ and x ∈ lp.

By (2) it follows
m∑

r=1

|gnk,r(t)(x)|p ≤ M||x||p < +∞,

for all k,m ∈ N. Passing here to limit with k → ∞, we get

m∑

r=1

|gr(t)(x)|p ≤ M||x||p < +∞,
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for all m ∈ N, which obviously implies

∞∑

r=1

|gr(t)(x)|p ≤ M||x||p < +∞,

i.e. g(t)(x) := (gr(t)(x))r belongs to lp.

Now, we will show that for any x∗ ∈ (l1)∗, i.e. of the form (see e.g. [8, pp. 36-37]) x∗(z) =
∑∞

j=1 ujzj, for all z ∈ l1, where (uj)j ∈ m, with m denoting the space of all bounded sequences, we

have x∗(Jnk

t/nk
(x)) → x∗(g(t)(x)), when k → ∞, for any fixed t ∈ R+, x ∈ lp. Note that x∗(g(t)(x))

has sense for g(t)(x) ∈ lp, because lp ⊂ l1.

It is obvious that each functional of the form x∗
i (x) = xi, for all x = (xi)i ∈ l1, is linear

and continuous on l1, since |x∗
i (x)| = |xi| ≤

∑∞
j=1 |xj| = ||x||l1 and for k → ∞, x∗

i [J
nk

t/nk
(x)] =

gnk,i(t)(x) → gi(t)(x) = x∗
i (g(t)(x)), for all i ∈ N.

Then, obviously that for any y∗ ∈ span{x∗
1, ..., x∗

i , ..., } =: Y∗ we also have y∗[Jnk

t/nk
(x)] →

y∗[g(t)(x)], for k → ∞.

We show that Y∗ is dense in (l1)∗ in the weak topology on (l1)∗. Indeed, let x∗ ∈ (l1)∗ be

arbitrary, x∗(u) =
∑∞

i=1 αiui, for all u = (uj)j ∈ l1, where α = (αj)j ∈ m. Since z∗n(u) =
∑n

j=1 αjuj =
∑n

j=1 αjx
∗
j (u), it follows z∗n ∈ Y∗ and we get

|x∗(u) − z∗n(u)| ≤
+∞∑

j=n+1

|αjuj| ≤ ||α||m

+∞∑

i=n+1

|ui| ≤ M0

+∞∑

i=n+1

|ui| → 0,

for n → ∞.

This implies that z∗n → x∗ in the weak topology (i.e. the density of Y∗ in (l1)∗ in the weak

topology) and that for any ε > 0 and any u1, u2 ∈ l1, x∗ ∈ (l1)∗, there exists y∗ ∈ Y∗, such that

|x∗(uj) − y∗(uj)| < ε, j = 1, 2.

For u1 = Jnk

t/nk
(x) and u2 = g(t)(x), we get

|x∗[Jnk

t/nk
(x)] − x∗[g(t)(x)]| ≤ |x∗[Jnk

t/nk
(x)] − y∗[Jnk

t/nk
(x)]|+

|y∗[Jnk

t/nk
(x)] − y∗[g(t)(x)]| + |y∗[g(t)(x)] − x∗[g(t)(x)]| <

2ε + |y∗[Jnk

t/nk
(x)] − y∗[g(t)(x)]| < 3ε,

for all k > k0, with k0 depending on ε, t and x.

This shows that for any x∗ ∈ (l1)∗, if k → ∞ then we have x∗[Jnk

t/nk
(x)] → x∗[g(t)(x)], for any

fixed t ∈ R+ and x ∈ lp.

Finally, since according to [7], p. 27, l1 is the so-called Banach envelope of lp and (l1)∗ = (lp)∗

(with the same dual norms too), the theorem is proved.

Remarks. 1) We may repeat the reasonings in the proof of Theorem 3.1 for the sequence

(Jn
t/n(x), n ∈ N, n 6= nk), where nk is the subsequence in Theorem 3.1, so that by mathematically
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induction we easily obtain that the sequence (Jn
t/n(x))n∈N has at most a countable set of limit

points in the weak topology of lp, denote that set by T∗(t)(x), where t ∈ R+, x ∈ lp. For any fixed

t ∈ R+, an element a ∈ T∗(t) is in fact a mapping a : lp → lp.

2) From the proof of Theorem 3.1, we easily can derive that in addition, the functions gn,r(t) :

lp → R are Lipschitz functions, i.e. |gn,r(t)(x) − gn,r(t)(y)| ≤ M1/p||x − y||
1/p
p , which implies

that the family (gn,r(t))n,r∈N is equicontinuous. Also, for any x ∈ lp, t ∈ R+, the sequence

(gn,r(t)(x))n,r∈N is bounded . Unfortunately we cannot apply the classical Arzela-Ascoli theorem

in lp, because lp is not locally compact.

However, we may impose some additional properties to the nonlinear operator A, which could

imply better convergence results in Theorem 3.1, as follows.

Consider on lp the so called lexicographic order, i.e. for x = (xj)j, y = (yj)j ∈ lp, we write

x ≤ y if and only if xj ≤ yj, for all j ∈ N and x < y if and only if x ≤ y and there is a j with

xj < yj.

The following simple result holds.

Lemma 3.2 Suppose that A : lp → lp is a dissipative nonlinear operator, A(0)=0, A is convex

and non-increasing with respect to the above order, i.e.

A[αx + (1 − α)y] ≤ αA(x) + (1 − α)A(y),

for all x, y ∈ lp, α ∈ [0, 1] and x < y implies A(x) ≥ A(y). We have :

(i) I − λA is concave and non-decreasing, for any λ > 0 ;

(ii) B := (I − λA)−1 is convex and non-decreasing, for any λ > 0 ;

(iii) Bn is convex and non-decreasing, for any λ > 0.

The proof is an easy exercise and it is left to the reader.

Remark. Lemma 3.2 says that if A is convex and non-increasing, then so is Jn
t/n(x), which

obviously implies that the functions gn,r(t) : lp → R in the proof of Theorem 3.1 are convex and

non-decreasing.

Corollary 3.3 Denote by T(t)(x) ∈ lp the weak limit in lp of the sequence (Jnk

t/nk
(x))k, for

all t ∈ R+ and x ∈ lp, where (nk)k is the subsequence in Theorem 3.1. We have

(i) T(0) = I ;

(ii) ||T(t)(x) − T(t)(y)||l1 ≤ etω||x − y||
1/p
p , for all t ∈ R+, x, y ∈ lp ⊂ l1 ;

(iii) For any t, s ∈ R+ and a ∈ T∗(t + s), there exist b ∈ T∗(t) and c ∈ T∗(s) such that

a(x) = b[c(x)], for all x ∈ lp.

Proof. (i) It is obvious by the definition of Jnk

t/nk
(x) ;

(ii) First, passing to limit with k → +∞ in the following inequality in the proof of Theorem
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3.1

||Jnk

t/nk
(x) − Jnk

t/nk
(y)||p ≤ (1 −

t

nk

ω)−nkp||x − y||p,

we easily get

limk→∞ ||Jnk

t/nk
(x) − Jnk

t/nk
(y)||p ≤ limk→∞ (1 −

t

nk

ω)−nkp||x − y||p = etωp||x − y||p.

Let x∗ ∈ (lp)∗ be with |||x∗|||(lp)∗ ≤ 1. According to [7, p. 27], it can be extended to a

x∗ ∈ (l1)∗, preserving its norm, i.e. |||x∗|||(l1)∗ ≤ 1. We have

|x∗[T(t)(x)] − x∗[T(t)(y)]| = |x∗[T(t)(x) − T(t)(y)]| ≤

|x∗[T(t)(x)] − x∗[Jnk

t/nk
(x)]| + |x∗[Jnk

t/nk
(x)] − x∗[Jnk

t/nk
(y)]|+

|x∗[Jnk

t/nk
(y)] − x∗[T(t)(y)]| :=

ak + |x∗[Jnk

t/nk
(x)] − x∗[Jnk

t/nk
(y)]| + bk,

where limk→∞ak = limk→∞bk = 0 by the definitions of T(t)(x) and T(t)(y).

On the other hand,

|x∗[Jnk

t/nk
(x)] − x∗[Jnk

t/nk
(y)]| ≤ |||x∗|||(l1)∗ ||J

nk

t/nk
(x) − Jnk

t/nk
(y)||l1 ≤

||Jnk

t/nk
(x) − Jnk

t/nk
(y)||l1 ≤ ||Jnk

t/nk
(x) − Jnk

t/nk
(y)||1/p

p .

Passing in the above two inequalities to limit with k → ∞, we get

|x∗[T(t)(x)] − x∗[T(t)(y)]| ≤ etω||x − y||1/p
p ,

for all x∗ ∈ (l1)∗, with |||x∗|||(l1)∗ ≤ 1. Passing here to supremum with such x∗, by a classical result

in functional analysis for normed spaces, it follows

sup|||x∗|||
(l1)∗

≤1|x∗[T(t)(x)] − x∗[T(t)(y)]| = ||T(t)(x) − T(t)(y)||l1 ≤ etω||x − y||1/p
p .

(iii) Let q ∈ N, t ∈ R+, x ∈ lp be fixed. For any x∗ ∈ (lp)∗, we have

limk→+∞x∗[Jnk

qt/nk
(x)] = x∗([T(qt)](x)),

which immediately implies

limk→+∞x∗(J
qnk

qt/qnk
(x)) = limk→+∞x∗(J

qnk

t/nk
(x)) = ĺım

k→+∞
x∗([T(t)]q(x)).

Applying the same reasonings as in the proof of Theorem 3.1, there exists a subsequence of (qnk)k,

let us denote it by (qk)k, such that

ĺım
k→+∞

x∗[J
qk

qt/qk
(x)] = x∗([T(t)]q(x)),
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which shows that for all t ∈ R+, if a ∈ T∗(qt), then there exists b ∈ [T∗(t)]q with a = b.

Then, for l, k, r, s ∈ N, we easily get that for any a ∈ T∗( l
k

+ r
s
) = T∗

(
ls+rk

ks

)
, there exists

d ∈ [T∗( 1
ks

)]ls+kr with a = d. On the other hand, denoting ks = t, we have J
n(ls+kr)

t/n
(x) = (I −

t
n

A)−n(ls+kr)(x) = (I − t
n

A)−nls[(I − t
n

A)−nkr(x)], so for the above d, there exists a subsequence

(nj)j with d = ĺımj→+∞ x∗(J
nj(ls+kr)

t/nj
(x)) and there exist b ∈ [T∗(t)]ls and c ∈ [T∗(t)]kr such that

d(x) = b[c(x)]. The corollary is proved.

The next result shows that for some particular nonlinear operators, the whole sequence

(Jn
t/n(x))n is convergent in the lp space.

Theorem 3.4 Let A : lp → lp, 0 < p < 1, be a nonlinear operator of the form A(x) =

(fk(xk))k∈N, for all x = (xk)k∈lp , where fk : R → R are non-increasing continuous functions,

fk(0) = 0 and there exists M > 0 such that |fk(α) − fk(β)| ≤ M|α − β|, for all k ∈ N, α,β ∈ R.

Then, for any t ≥ 0 and x ∈ lp, the sequence Jn
t/n(x) = (I− t

n
A)−n(x), n ∈ N is strongly convergent

to a limit in lp.

Proof. First by definition it easily follows that A is a Lipschitz operator with respect to the

|| · ||p-norm in lp. Then, we can write Jn
t/n(x) = (gn,k(t)(xk))k, where gn,k(t) : R → R are given

by gn,k(t)(u) = (I − t
n

fk)−n(u). By the hypothesis, it follows that each sequence (gn,k(t)(u))k is

convergent in the Banach space R, denote gk(t)(u) = ĺımn→+∞ gn,k(t)(u).

We know that lp has the basis {e1, e2, ..., en, ..., }, where ei = (δin)n∈N. Due to the particular

form of Jn
t/n(x) = (gn,k(t)(xk))k, we have gn,k(t)(0) = 0 for all k ∈ N and it is obvious that if

x ∈ span{e1, ..., ei, ...} =: Y, then Jn
t/n(x) becomes a sequence with only a finite number of non-zero

elements. This means that for such x, Jn
t/n(x) is convergent in lp. Also, obviously Y is dense in lp.

Let x ∈ lp and ε > 0 be arbitrary. There exists y ∈ Y such that ||x − y||p < ε. We get

||Jn
t/n(x) − Jm

t/m(x)||p ≤ ||Jn
t/n(x) − Jn

t/n(y)||p + ||Jn
t/n(y) − Jm

t/m(y)||p+

||Jm
t/m(y) − Jm

t/m(x)||p ≤

2M||x − y||p + ||Jn
t/n(y) − Jm

t/m(y)||p < 2Mε + ||Jn
t/n(y) − Jm

t/m(y)||p,

where ||Jn
t/n||Lip ≤ M = 1 (see the proof of Theorem 3.1, where we take ω = 0).

Since (Jn
t/n(y))n is convergent in lp, it is a Cauchy sequence and therefore given δ > 0, there is

a n0 such that ||Jn
t/n(y)−Jm

t/m(y)||p < δ, for all m,n > n0. Together with the above inequality this

implies that (Jn
t/n(x))n is a Cauchy sequence in the complete metric space lp, i.e. it is convergent

in lp. The theorem is proved.

As an application of Theorem 3.1, we obtain the following

Corollary 3.5 Let A : lp → lp, 0 < p < 1, be nonlinear, Lipschitz, such that A(0) = 0, there

exists ω ∈ R with A − ωI dissipative and A is weakly continuous (that is for any x∗ ∈ (lp)∗, if

limn→∞x∗(an) = x∗(a), then limn→∞x∗[A(an)] = x∗[A(a)] ).
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For x ∈ lp and t ∈ R+, let us consider as in the statement and proof of Theorem 3.1, the

sequence in lp, uk(x)(t) = Jnk

t/nk
(x) = (gk,r(x)(t))r∈N, convergent (as k → ∞) in the weak topology

of lp, to u(x)(t) = (gr(x)(t))r∈N.

Let us suppose that for all r ∈ N, x ∈ lp, the real functions gr(x)(t) are left differentiable with

respect to t ∈ R+, that is there exists (finite)

[gr(x)]′−(t) = limh→0,h∈R+

gr(x)(t) − gr(x)(t − h)

h
, t ∈ R+,

and that for all k, r ∈ N, x ∈ lp, the real functions gk,r(x)(t) are differentiable (in the classical

sense) with respect to t ∈ [0, σ), satisfying in addition the relation

limtkրt[gk,r(x)]′(tk) = [gr(x)]′−(t),

for all t ∈ [0, σ) ∩ R+ and all tk ∈ [0, σ) with tk ր t. Here, for s < 0 we take by conven-

tion gr(x)(s) = gr(x)(0), gk,r(x)(s) = gk,r(x)(0), which gives sense to [gr(x)]′−(0) = 0 and

[gk,r(x)]′(s) = 0, s ≤ 0.

Then, v(t) = u(x)(t) is a solution of the Cauchy problem

v′−(t) = A[v(t)], t ∈ [0, σ) ∩R+,

v(0) = x,

where v′−(t) is defined componentwise as above and v(s)=v(0), for s < 0.

Proof. Let x∗ ∈ (lp)∗ be arbitrary. According to [7, p. 27], it can be extended to a x∗ ∈ (l1)∗,

preserving its norm. By the considerations from the beginning of this section, it follows that

uk(x)(t) satisfies the difference equation

uk(x)(t) − uk(x)(t − t/nk)
t

nk

= A[uk(x)(t)], t ≥ 0.

This obviously implies

x∗

[
uk(x)(t) − uk(x)(t − t/nk)

t
nk

− A(uk(x)(t))

]
= 0, t ≥ 0.

But by Theorem 3.1 we have limk→∞x∗[uk(x)(t)] = x∗[u(x)(t)], for all t ∈ R+, x ∈ lp. Taking

into account the weak continuity of A, first we obtain limk→∞x∗(A[uk(x)(t)]) = x∗(A[u(x)(t)]).

Next we will show that

limk→∞x∗

[
uk(x)(t) − uk(x)(t − t/nk)

t
nk

]
= x∗([u(x)]′−(t)) (3),

for all t ∈ R+, x ∈ lp.
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For this purpose, we reason as in the proof of Theorem 3.1, that is first we prove (3) for any

x∗
r ∈ (lp)∗, r ∈ N of the form x∗

r(x) = xr, for all x = (x1, ..., xr, ...) ∈ lp. This one reduces to

limk→∞
gk,r(x)(t) − gk,r(x)(t − t/nk)

t
nk

= [gr(x)]′−(t),

for all t ∈ R+, x ∈ lp, r ∈ N.

By the mean value theorem, there exists ξt,k ∈ (t−t/nk, t) such that
gk,r(x)(t)−gk,r(x)(t−t/nk)

t
nk

=

[gk,r(x)]′(ξt,k), which by the hypothesis immediately implies that at the limit with k → ∞ we

obtain (3).

Also, it is clear that (3) holds for any y∗ ∈ span{x∗
1, ..., x∗

r, ...} = Y∗. Reasoning now exactly

as at the end of proof in Theorem 3.1 (since Y∗ is dense in (l1)∗ in the weak topology on (l1)∗),

we easily get that (3) is satisfied for all x∗ ∈ (l1)∗.

In conclusion, we get

x∗[(u(x))′−(t) − A(u(x)(t))] = 0,

for all t ∈ R+ and all x∗ ∈ (l1)∗. Passing here to supremum with |||x∗|||(l1)∗ ≤ 1 and taking into

account a classical result in functional analysis (since l1 is a normed space), we obtain

||[u(x)]′−(t) − A(u(x)(t))||l1 = 0, t ∈ R+, x ∈ lp,

which implies [u(x)]′−(t) = A(u(x)(t)), for all t ∈ R+, x ∈ lp. Also, obviously u(x)(0) = x, which

proves the corollary.

A consequence of Theorem 3.4 is the following

Corollary 3.6 For x = (x1, ..., xk, ...) ∈ lp and 0 < p < 1, let us consider as in the statement

and proof of Theorem 3.4, the operator A, the sequence un(t) := Jn
t/n(x) = (gn,k(t)(xk))k∈N ∈ lp,

where gn,k(t) : R → R are given by gn,k(t)(u) = (I − t
n

fk)−n(u) and u(t) = (gk(t)(xk))k∈N ∈ lp

with limn→∞ ||un(t) − u(t)||p = 0, for all t ≥ 0.

If, in addition, un(t), u(t) are differentiable with respect to t ∈ [0, σ] such that

limn→∞

∞∑

k=1

||g′
n,k(xk) − g′

k(xk)||p = 0,

where ||g′
n,k(xk) − g′

k(xk)|| := supt∈[0,σ]|g
′
n,k(t)(xk) − g′

k(t)(xk)|, then v(t) = u(t) represents the

unique solution of the nonlinear Cauchy problem

d

dt
v(t) = A[v(t)], t ∈ [0, σ],

v(0) = x.
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Proof. By the considerations from the beginning of this section, it follows that un(t) = Jn
t/n(x)

satisfies the difference equation

un(t) − un(t − t/n)
t
n

= A[un(t)], t ≥ 0.

Passing here to limit (with n → ∞) in the || · ||p-norm in lp, since A is Lipschitz in lp (see the

proof of Theorem 3.4 ), it follows that limn→∞A(un(t)) = A(u(t)), for all t ∈ [0, σ].

For the left-hand side, we have

∥∥∥∥u′(t) −
un(t) − un(t − t/n)

t
n

∥∥∥∥
p

≤

∥∥∥∥u′(t) −
u(t) − u(t − t/n)

t
n

∥∥∥∥
p

+

∥∥∥∥
u(t) − u(t − t/n)

t
n

−
un(t) − un(t − t/n)

t
n

∥∥∥∥
p

,

where limn→∞ ||u′(t) −
u(t)−u(t−t/n)

t
n

||p = 0 by the definition of derivative, while by the mean

value theorem we obtain

∥∥∥∥
u(t) − u(t − t/n)

t
n

−
un(t) − un(t − t/n)

t
n

∥∥∥∥
p

=

∞∑

k=1

∣∣∣∣
[gk(t)(xk) − gn,k(t)(xk)] − [gk(t − t/n)(xk) − gn,k(t − t/n)(xk)]

t/n

∣∣∣∣
p

=

∞∑

k=1

|g′
k(ξt,k,n)(xk) − g′

n,k(ξt,k,n)(xk)|
p ≤

∞∑

k=1

||g′
k(xk) − g′

n,k(xk)||p,

which by the hypothesis implies

limn→∞

∥∥∥∥
u(t) − u(t − t/n)

t
n

−
un(t) − un(t − t/n)

t
n

∥∥∥∥
p

= 0

and proves the corollary.

Example. A simple example satisfying the conditions (and the conclusions) in Corollary 3.6

is given as follows. Define the non-linear strictly decreasing continuous function f : R → R, by

f(x) = −x if x < 0, f(x) = −2x if x ≥ 0 and A : lp → lp by A(x) = (f(x1), ..., f(xk), ...), for all

x = (x1, ..., xk, ...) ∈ lp.

It is easy to check that |f(α) − f(β)| ≤ 2|α − β|, for all α,β ∈ R, which implies that A is

Lipschitz nonlinear operator. Also, it is easy to check that for all λ > 0, the operator I − λA is

invertible, with x = (x1, ..., xk, ...), (I − λA)−1(x) = (g(x1), ..., g(xk), ...), g(xk) = xk

1+λ
if xk < 0,

g(xk) = xk

1+2λ
if xk ≥ 0, and

||(I − λA)−1||Lip ≤
(

1

1 + λ

)p

≤ 1,
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which shows that A is dissipative.

Simple calculation shows that un(t) = (gn(t)(x1), ..., gn(t)(xk), ...), where gn(t)(xk) = xk

(1+(t/n))n

if xk < 0, gn(xk) = xk

(1+2(t/n))n if xk ≥ 0, u(t) = (g(t)(x1), ..., g(t)(xk), ...), where g(t)(xk) =

xke−t if xk < 0, g(t)(xk) = xke−2t if xk ≥ 0.

It is easy to prove that all the conditions in Corollary 3.6 are satisfied with σ = 1, which shows

that u(t) defined as above is the unique solution of the nonlinear Cauchy problem

d

dt
v(t) = A[v(t)], t ∈ [0, 1],

v(0) = x.

4. Nonlinear Semigroups on Hp
, 0 < p < 1

In this section we consider the Hp space, 0 < p < 1, where we denote its p-norm by || · ||p.

The main result is the following.

Theorem 4.1 Let A : (Hp, || · ||p) → (Hp, || · ||p), 0 < p < 1, be nonlinear and Lipschitz, such

that A(0) = 0 and there exists ω ∈ R with A − ωI dissipative. Then the sequence in Hp defined

by Jn
t/n(x) = (I − t

n
A)−n(x), n ∈ N, t ≥ 0, x ∈ Hp, contains a subsequence Jnk

t/nk
(x), k ∈ N (the

same subsequence for all x ∈ Hp and all t ∈ R+ = the set of all rational numbers ≥ 0), uniformly

convergent on compacts in D.

Proof. By A(0) = 0 we get (I− t
n

A)−n(0) = 0, for all n ∈ N. The dissipative property implies

||I − t(A − ωI)−1||Lip ≤ 1, for all t ≥ 0, which is equivalent to ||(I − t
1+tω

A)−1||Lip ≤ |1 + tω|p, for

all t ≥ 0 with 1+ tω 6= 0. For λ = t
1+tω

we get ||(I−λA)−1||Lip ≤ (1−λω)−p, in particular for all

λ > 0 with λω < 1. (Note that for n sufficiently great, depending on t and ω, we have
t
n

ω < 1.)

Therefore,

||(I −
t

n
A)−1||Lip ≤ (1 −

t

n
ω)−p

and by mathematical induction

||(I −
t

n
A)−n||Lip ≤ (1 −

t

n
ω)−np.

But it is known that the sequence (1+ s
n

)n converges (for n → +∞) to es, and for any s ∈ R is

monotonically increasing, for all n ≥ [|s|]+1 (see e.g. [10, p. 263]), which implies that (1− t
n

ω)−np

converges to etωp, monotonically decreasing, for all n ≥ [|tw|] + 1. Therefore, the greatest value of

(1 − t
n

ω)−np is for n = [|tω|] + 1, which means that there exists M = M(t, p,ω) > 0 (depending

only on t, p and ω) such that

||(I −
t

n
A)−n||Lip ≤ M,

for all n ∈ N.
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We obtain

||Jn
t/n(x) − Jn

t/n(y)||p ≤ (1 −
t

n
ω)−np||x − y||p ≤ M||x − y||p, (4)

for all x, y ∈ Hp. Taking y = 0 we have Jn
t/n(0) = 0 and we obtain

||Jn
t/n(x)||p ≤ M(t, p,ω)||x||p < +∞, (5)

for all n ∈ N.

Since Hp, 0 < p < 1, has a Schauder basis (see e.g. [9]), it follows that it is separable,

denote by Y a countable dense subset of Hp. Also, denote by R+, the set of all nonnegative

rational numbers and define E = R+ × Y. Obviously E is a countable set, let us denote it by

E = {e1, ..., ej, ..., } with the distinct elements two by twos, ej = (rj, yj) and for each e = (t, y) ∈ E,

denote Sn(e) = Jn
t/n(y) ∈ Hp. Obviously, Sn(e) are analytic functions in D, for all n ∈ N and all

e ∈ E.

According to e.g. [7, p. 35, (3.4)], the point evaluations ϕz(x) = x(z), z ∈ D, are linear and

bounded functionals on Hp, 0 < p < 1 and the following inequality holds

|x(reiθ)| ≤ 21/p||x||p(1 − r)−1/p, for all x ∈ Hp
and z = reiθ.

Together with (5), this implies that for all z = reiθ, |z| ≤ r0 < 1, i.e. 0 < r ≤ r0, e = (t, y) ∈ E, we

obtain

|Sn(e)(z)| = |ϕz[Sn(e)]| ≤ 21/p||Sn(e)||p
1

(1 − r)1/p
≤

21/p 1

(1 − r0)1/p
M(t, p,ω)||y||p.

In other words, for any fixed e = (t, y) ∈ E, the sequence of analytic functions (Sn(e))n∈N, is

uniformly bounded on each compact subset of D, which by the classical Montel’s theorem implies

that it contains a subsequence uniformly convergent on compact subsets of D.

For e1 ∈ E, there exists a subsequence of (Sn(e1))n∈N, denoted by (S1,n(e1))n∈N, which is

uniformly convergent on compact subsets of D.

For e2 ∈ E, reasoning analogously, the sequence (S1,n(e2))n∈N contains in turn, a subsequence

denoted by (S2,n(e2))n∈N, which is uniformly convergent on compact subsets of D.

In general, for em ∈ E, there exists a subsequence of the previous one, (Sm,n(em))n∈N, uni-

formly convergent on compact subsets of D.

Continuing this process gives rise to the infinite array of analytic functions in D,

S1,1, S1,2, S1,3, ...,

S2,1, S2,2, S2,3, ...,

S1,1, S1,2, S3,3, ...,
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.........................................

S1,m, S2,m, S3,m, ...,

and so on, such that the first row means that (S1,n(e1))n∈N uniformly converges on compact subsets

of D, the second row means that (S2,n(ej))n∈N is uniformly convergent on compact subsets of D

for j = 1, 2, the third row means that (S3,n(ej))n∈N is uniformly convergent on compact subsets of

D, for j = 1, 2, 3, and so on.

As a consequence, we can consider the diagonal sequence (Sn,n)n∈N, which has the prop-

erty that (Sn,n(ej))n∈N is uniformly convergent on compact subsets of D, for all j ∈ N, that is

(Sn,n(e))n∈N is uniformly convergent on compact subsets of D, for all e ∈ E.

Now, let us denote A = R+ × Hp. We will show that in fact (Sn,n(e))n∈N is uniformly

convergent on compact subsets of D, for all e ∈ A. Indeed, let e = (r, x) ∈ A and since Y is dense

in Hp, let yk ∈ Y, k ∈ N, satisfying ||x − yk||p → 0, when k → ∞. Denoting ak = (r, yk) ∈ E, by

(4) we have

||Sn,n(e) − Sn,n(ak)||p ≤ M(r, p,ω)||x − yk||p,

for all k ∈ N. It is enough to show that (Sn,n(e)(z))n∈N is a Cauchy sequence with respect to the

uniform norm (denoted by || · ||) in each compact disk, Dr in D. Indeed, this is immediate by the

inequalities

||Sn,n(e)−Sm,m(e)|| ≤ ||Sn,n(e)−Sn,n(ak)||+ ||Sn,n(ak)−Sm,m(ak)||+ ||Sm,m(ak)−Sm,m(e)|| ≤

2M(r, p,ω)||x − yk||p + ||Sn,n(ak) − Sm,m(ak)||

and by the above properties.

The theorem is proved.

Remarks. 1) By relation (3.4) in [7, p. 35], it is evident that if limn→∞ ||xn − x||p = 0, then

(xn)n is uniformly convergent on compact subsets of D. In general, the converse is not valid. As a

consequence, if we denote by x the uniform limit of (xn)n on compact subsets of D, then x is an

analytic function in D, but in general it does not belong to Hp, 0 < p < 1.

2) We can repeat the reasonings in the proof of Theorem 4.1 for the sequence (Jn
t/n(x), n ∈

N, n 6= nk), where nk is the subsequence in Theorem 4.1, so that by mathematically induction

we easily obtain that the sequence (Jn
t/n(x))n∈N has at most a countable set of limit points in

the locally convex topology of uniform convergence on compact subsets in D. If we denote that

set by T∗(t)(x), where t ∈ R+, x ∈ Hp, then for any fixed t ∈ R+, an element a ∈ T∗(t) is in

fact a mapping a : Hp → Hol(D), where Hol(D) denotes the spaces of all holomorphic (analytic)

functions in D.

Corollary 4.2. Let A : (Hp, || · ||p) → (Hp, || · ||p), 0 < p < 1, be nonlinear and Lipschitz, such

that A(0) = 0, there exists ω ∈ R with A−ωI dissipative and A : (Hp, T ) → (Hp, T ) is continuous,

where T represents the locally convex topology of uniform convergence on compact subsets in D.
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For x ∈ Hp and t ∈ R+, let us consider as in the statement of Theorem 4.1, the sequence in

Hp, uk(x)(t) = Jnk

t/nk
(x), k ∈ N, uniformly convergent on compacts in D (as k → ∞) to u(x)(t).

Let us suppose that for x ∈ Hp and all z ∈ D, the complex valued function [u(x)(t)](z) is left

derivable with respect to the real variable t ∈ R+, that is there exists (finite)

∂[u(x)(t)(z)]−

∂t
= limh→0,h∈R+

[u(x)(t)](z) − [u(x)(t − h)](z)

h
, t ∈ R+,

and also suppose that

limk→∞
[uk(x)(t)](z) − [uk(x)(t − t/nk)](z)

t
nk

=
∂[u(x)(t)(z)]−

∂t
,

for all t ∈ R+ ∩ [0, σ), x ∈ Hp, z ∈ D.

Here, for s < 0 we take by convention [u(x)(s)](z) = [u(x)(0)](z), [uk(x)(s)](z) = [uk(x)(0)](z),

for all z ∈ D, which gives sense to
∂[u(x)(0)(z)]−

∂t
, for all z ∈ D.

Then, v(t) = u(x)(t) is a solution (analytic in D but not necessarily in Hp) of the Cauchy

problem
∂[v(t)(z)]−

∂t
= A[v(t)](z), t ∈ [0, σ) ∩R+, z ∈ D

v(0)(z) = x(z), z ∈ D,

where
∂[v(t)(z)]−

∂t
is defined as above and v(s)=v(0), for s < 0.

Proof. By the considerations from the beginning of the Section 3, it follows that uk(x)(t)

satisfies the difference equation

uk(x)(t) − uk(x)(t − t/nk)
t

nk

= A[uk(x)(t)], t ≥ 0.

But by Theorem 4.1 and by the continuity assumption on A, we have limk→∞A[uk(x)(t)](z) =

A[u(x)(t)](z), for all z ∈ D.

Therefore, passing to limit with k → ∞ in the above difference equation, by the hypothesis

we immediately obtain

∂[u(x)(t)(z)]−

∂t
= A[u(x)(t)](z), t ∈ [0, σ) ∩R+, z ∈ D,

z ∈ D.

Also, obviously u(x)(0) = x, which proves the corollary.

5. Nonlinear Semigroups on Lp[0, 1], 0 < p < 1

In this section we consider the Lp[0, 1] space, 0 < p < 1, where we denote its p-norm by || · ||p.

The main result is the following.
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Theorem 5.1. Let A : (Lp[0, 1], || · ||p) → (Lp[0, 1], || · ||p), 0 < p < 1, be nonlinear and

Lipschitz, such that A(0) = 0 and there exists ω ∈ R with A − ωI dissipative. Then, for any fixed

t ≥ 0, x ∈ Lp[0, 1], the sequence in Lp[0, 1] defined by Jn
t/n(x) = (I − t

n
A)−n(x), n ∈ N, contains a

subsequence ak(t, x) := Jnk

t/nk
(x), k ∈ N, such that

limk→∞
1

k1/p

k∑

i=1

ai(t, x)(s) = 0,

a.e. s ∈ [0, 1].

Proof. Reasoning exactly as in the proof of Theorem 4.1, relations (4)-(5), we get that

||Jn
t/n(x)||p ≤ M(t, p,ω)||x||p,

where || · ||p is the p-norm in Lp[0, 1]. In other words, for any fixed t ≥ 0 and x ∈ Lp[0, 1], the

sequence (Jn
t/n(x))n is bounded in the p-norm of Lp[0, 1], 0 < p < 1.

According to [2], this implies that for any t ≥ 0 and x ∈ Lp[0, 1], there exists a subsequence

ai(t, x) := Jni

t/ni
(x), i ∈ N, such that

limn→∞
1

n1/p

n∑

i=1

ai(t, x)(s) = 0,

a.e. s ∈ [0, 1].

Remark. Unfortunately, a sequence (ai(t, x))i∈N, satisfying the relation proved by Theorem

5.1, can satisfy (in the sense that does not produce a contradiction) limi→∞ai(t, x,ω)(s) = ∞,

a.e. s ∈ [0, 1], which is the worst possible divergence result. If to this fact we add that the dual

space of Lp[0, 1], 0 < p < 1, is {0}, then it seems that in this space, in general we cannot derive

any result on the convergence of some subsequences of (Jn
t/n(x))n.
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1. Introduction

We deal with logics gotten by strengthening of first order logic by generalized quantifiers, in

particular compact ones. We continue [Sh:199] (and [Sh:43])

A natural quantifier is the cofinality quantifier, Qcf
≤λ (or Qcf

C), introduced in [Sh:43] as the first

example of compact logic (stronger than first order logic, of course). Recall that the “uncountably

many x’s”quantifier Qcard
≥ℵ1

, is ℵ0-compact but not compact. Also note that L(Qcf
≤λ) is a very nice

logic, e.g. with a nice axiomatization (in particular finitely many schemes) like the one of L(Qcard
≥ℵ1

)

of Keisler. By [Sh:199], e.g. for λ = 2ℵ0 , its Beth closure is compact, giving the first compact logic

with the Beth property (i.e. implicit definition implies explicit definition).

Earlier there were indications that having the Beth property is rare for such logic, see e.g.

in Makowsky [Mak85]. A weaker version of the Beth property is the weak Beth property dealing

with implicit definition which always works; H. Friedman claim that historically this was the

question. Mekler-Shelah [MkSh:166] prove that at least consistently, L(Qcard
≥ℵ1

) satisfies the weak

Beth property. Väänänen in the mid nineties motivated by the result of Mekler-Shelah [MkSh:166]

asked whether we can find a parallel proof for L(Qcf
≤λ) in ZFC.

A natural property for a logic L is

Definition 1. A logic L has the (strong) homogeneous model existence property when every theory

T ⊆ L(τ), (so has a model) has a strongly (L,ℵ0)-homogeneous model M, so τM = τ and M is

a model of T and M satisfies: if ā, b̄ ∈ ω>M realize the same L(τ)-type in M then there is an

automorphism of M mapping ā to b̄.

This property was introduced in [Sh:199] being natural and also as it helps to investigate the

weak Beth property.

In §1 we prove that L(Qcf
C) has the strongly ℵ0-saturated model existence property. The

situation concerning the weak Beth property is not clear.

Question 2. 1) Does the logic L(Qcf
C) have the weak Beth property?

2) Does the logic L(Qcf
≤λ1

,Qcf
≤λ2

) has the homogeneous model existence property?

The first version of this work was done in 1996.

Notation 3. 1) τ denotes a vocabulary, L a logic, L(τ) the language for the logic L and the

vocabulary τ.

2) Let L be first order logic, L(Q∗) be first order logic when we add the quantifier Q∗.

3) For a model M and ultrafilter D on a cardinal λ, let Mλ/D be the ultrapower and jM,D = jλM,D

be the canonical embedding of M into Mλ/D; of course, we can replace λ by any set.

4) Let LST (theorem/argument) stand for Löwenheim-Skolem-Tarski (on existence of elementary

submodels).
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Concerning 1, more generally

Definition 4. 1) M is strongly (L, θ)-saturated (in L = L we may write just θ) when

(a) it is θ-saturated (i.e. every set of L(τM)-formulas with < θ parameters from M and < θ free

variables which is finitely satisfiable in M is realized in M

(b) if ζ < θ and ā, b̄ ∈ ζM realize the same L(τM)-type in M, then some automorphism of M

maps ā to b̄.

2) M is a strongly sequence (L, θ)-homogeneous when clause (b) above holds.

3) M is sequence (∆, κ)-homogeneous when: ∆ ⊆ L(τM) and if ζ < κ, ā ∈ ζM, b̄ ∈ ζM and

tp∆(ā, ∅,M) = tp∆(b̄, ∅,M) then for every c ∈ M for some d ∈ M we have tp∆(b̄^〈d〉, ∅,M) =

tp∆(ā^〈c〉,M).

3A) Σ1(τ) is the set of formulas of the form ϕ(x̄) = (∃ȳ)ϑ(x, ȳ) where ϑ(x̄, ȳ) is quantifier free first

order formula in the vocabulary τ.

4) We may omit “sequence”.

Definition 5. 1) The logic L has “the strong κ-homogeneous existence property”when every theory

T ⊆ L(τ1) has a strongly (L, κ)-homogeneous model.

2) Similarly “the strong κ-saturated existence property”, etc.

2. On strongly saturated models

We prove that any theory in L(Qcf
C) has strongly (L(Qcf

C), θ)-saturated model when C\θ /∈
{∅,Reg\θ} of course.

Definition 6. Let ι ∈ {1, 2} and C be a class of regular cardinals such that C 6= ∅, Reg.

1) The quantifier Q
cf(ι)

C is defined as follows:

syntactically: it bounds two variables, i.e. we can form (Q
cf(ι)

C x, y)ϕ, with its set of free variables

being defined as FVar(ϕ)\{x, y}.

semantically: M |= (Q
cf(ι)

C x, y)ϕ(x, y, ā) iff (a) + (b) holds where

(a) relevancy demand:

the case ι = 1: the formula ϕ(−,−; ā)M define inM a linear order with no last element called

≤ϕ
M,ā on the non-empty set Dom(≤ϕ

M,ā) = {b ∈M : M |= (∃y)(ϕ(b, y; ā)}

The case ι = 2: similarly but ≤ϕ
M,ā is a quasi linear order on its domain
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(b) the actual demand: ≤ϕ
M,ā has cofinality cf(≤ϕ

M,ā), (necessarily an infinite regular cardinal)

which belongs to C.

Convention 7. 1) Writing Qcf
C we mean that this holds for Q

cf(ι)

C for ι = 1 and for ι = 2.

2) Let ι-order mean order when ι = 1 and quasi order when ι = 2; but when we are using Q
cf(ι)

C

then order means ι-order.

Definition 8. 1) As {ψ ∈ L(Qcf
C) : ψ has a model} does not depend on C (and is compact, see

[Sh:43]) we may use the formal quantifier Qcf, so the syntex is determined but not the semantics,

i.e. the satisfaction relation |=. We shall write M |=C ψ or M |=C T for the interpretation of Qcf

as Qcf
C, but also can say “T ⊆ L(Qcf)(τ) has model/is consistent”.

2) If C is clear from the context, then Qcf
ℓ stands for Qcf

C if ℓ = 1 and Qcf
Reg\C if ℓ = 0.

Convention 9. 1) T∗ is a complete (consistent ≡ has models) theory in L(Qcf) which is closed

under definitions i.e. every formula ϕ = ϕ(x̄) is equivalent to a predicate Pϕ(x̄) so Pϕ ∈ τ(T∗), i.e.

T∗ ⊢ (∀z̄)[ϕ(z̄) ≡ Pϕ(z̄)].

2) Let T = T∗∩ (first order logic), i.e. T = T∗ ∩ L(τT∗), it is a complete first order theory.

3) C ⊆ Reg, we let C1 = C and C0 = Reg\C, both non-empty.

Theorem 10. Assume χ = cf(χ), µ = µ<θ ≥ 2|T | + χ + κ, θ ≤ λ, cf(θ) ≤ min{χ, κ}, χ 6= κ = cf(κ)

and

µℓ =

{
χ ℓ = 0

κ ℓ = 1

Then there is a τ(T)-model M such that

(a) M |= T, ‖M‖ = µ and M is θ-saturated

(b) if ϕ(z̄) = (Qcf
ℓ )ψ(x, y; z̄) then: M |= Pϕ(x̄)[ā] iff ϕ(y, z; ā) define in M a linear order with no

last element and cofinality µℓ

(c) M is strongly2 θ-saturated model of T∗.

Remark 11. 1) We can now change χ, κ, µ and ‖M‖ by LST. Almost till the end instead µ ≥
2|T | + χ + κ just µ ≥ |T | + χ + κ suffice. The proof is broken to a series of definitions and claims.

The “≥ 2|T |” is necessary for ℵ0-saturativity.

3) We can assume V satisfies GCH high enough and then use LST. So µ+ = 2µ below is not a real

burden.

2as T∗ has elimination of quantifiers, doing it for L(Qcf

C) or for L is the same
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Definition 12. 0) ModT is the class of models of T .

1)

(a) K = {(M,N) : M ≺ N are from ModT }

(b) Kα = {M̄ : M̄ = 〈Mi : i < α〉 satisfies Mi ∈ ModT and i < j ⇒ Mi ≺Mj} (so K = K2)

(c) Kα
µ = {M̄ ∈ Kα : ‖Mi‖ ≤ µ for i < α}, but then we (naturally) assume α < µ+

(d) let τα = τT ∪ {Pβ : β < α} ∪ {Rϕ(x,y,z̄),β : ϕ(x, y, z̄) ∈ L(τT ), β < α}, each Pβ a unary

predicate and each Rϕ(x,y,z̄),β is an (ℓg(z̄)+1)-place predicate and no incidental identification

(so Pα /∈ τ, etc.)

(e) for M̄ ∈ Kα let m(M̄) be the τα-model M with

• universe ∪{Mβ : β < α}

• M↾τT = ∪{Mβ : β < α}

• PM
β = Mβ

• RM
ϕ(x,y,z̄),β = {〈c〉^ā : ϕ(x, y, ā) a linear order, ā ∈ ℓg(z̄)(PM

β ) such thatM |= P(Qcf

0
x,y)ϕ(x,y,z̄)[ā]

and c ∈ Dom(≤ϕ
M,ā) and [b ∈ Dom(≤ϕ

M,ā) ∩ PM
β ⇒ b ≤ϕ

M,ā c]}

(f) let m0(M̄) be the τ-model ∪{Mβ : β < α} so m0(M̄) = m(M̄)↾τ.

2) Assume (Mℓ,Nℓ) ∈ K for ℓ = 1, 2 let (M1,N1) ≤ (M2,N2) mean that clauses (a),(b),(c) below

hold and let (M1,N1) ≤K (M2,N2) mean that in addition clause (d) below holds, where:

(a) M1 ≺M2

(b) M2 ∩N1 = M1

(c) N1 ≺ N2

(d) if M1 |= P(Qcf

0
x,y)ϕ(x,y,z̄)[ā], c ∈ N1, c ∈ Dom(≤ϕ

N1,ā) and in N1 the element c is ≤ϕ
N1,ā

-

above all d ∈ Dom(≤ϕ
M1,ā

), then in N2 the element c is ≤ϕ
N2,ā

-above all d ∈ Dom(≤ϕ
M2,ā

).

3) For M̄1, M̄2 ∈ Kα let M̄1 ≤ M̄2 means γ < β < α ⇒ (M1
γ,M

1
β) ≤ (M2

γ,M
2
β); similarly

M̄1 ≤Kα
M̄2 means M̄1, M̄2 ∈ Kα and γ < β < α ⇒ (M1

δ,M
1
β) ≤K (M2

γ,M
2
β).

4) For M̄ ∈ Kα, D an ultrafilter on λ we define N̄ = M̄λ/D, jM,D = jλ
M̄,D

naturally: Nβ = Mλ
β/D

for β < α and jM̄,D = ∪{jMβ,D : β < α}, recalling 3.
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Fact 13. 0) For M̄1, M̄2 ∈ Kα we have

(a) M̄1 ≤Kα
M̄2 iff m(M1) ⊆ m(M̄2)

(b) (m(M̄ℓ)↾PMβ)↾τT = Mℓ
β

(c) M̄1 ≤Kα
M̄1 implies M̄1 ≤ M̄2.

1) (Kα,≤) and (Kα,≤Kα
) are partial orders.

2a) If M̄1 ≤Kα
M̄2 in Kα and 0 < γ < β ≤ α then (

⋃
ε<γ

M1
ε,

⋃
ε<β

M1
ε) ≤ (

⋃
ε<γ

M2
ε,

⋃
ε<β

M2
ε)

moreover 〈 ⋃
i<1+ε

M1
i : 1+ ε ≤ α〉 ≤Kξ

〈 ⋃
i<1+ε

M2
i : 1+ ε ≤ α〉 where ξ is α if α < ω and is α+ 1 if

α ≥ ω.

2b) If 〈M̄i : i < δ〉 is a ≤Kα
-increasing sequence (of members of Kα) and we define M̄δ = 〈Mδ

ε : ε <

α〉 by Mδ
ε = ∪{Mi

ε : i < δ} then i < δ ⇒ M̄i ≤Kα
M̄δ and the sequence 〈M̄i : i ≤ δ〉 is continuous

in δ.

3) In part (2b), if in addition i < δ ⇒ M̄i ≤Kα
N̄ so N̄ ∈ Kα then M̄δ ≤Kα

N̄.

4) In part (2b), if δ < µ+ and i < δ ⇒ M̄i ∈ Kα
µ then M̄δ ∈ Kα

µ.

5) If M̄ ≤Kα
N̄ and Yε ⊆ Nε for ε < α and Σ{‖Mε‖ + |Yε| : ε < α} + |τ| + |α| ≤ λ then there is

N̄ ′ ∈ Kα
λ such that M̄ ≤Kα

N̄ ′ ≤Kα
N̄ and ε < α ⇒ Yε ⊆ N ′

ε.

6) Assume M̄i ∈ Kα(i)
µ for i < δ < µ+, 〈α(i) : i < δ〉 is a non-decreasing sequence of ordinals and

i < j < δ ⇒ M̄i ≤Kα(i)
, M̄j↾α(i) and we define α(δ) = ∪{α(i) : i < δ}, M̄δ = 〈Mδ

β : β < α(δ)〉
where Mδ

β = ∪{Mi
β : β < δ satisfies β < α(i)} then M̄δ ∈ Kα(δ)

µ and i < δ ⇒ M̄i ≤Kα(i)
M̄δ↾α(i).

7) If M̄ℓ ≤Kα
N̄ for ℓ = 1, 2 and [a ∈ m(M̄1) ⇒ a ∈ m(M̄2)] then M̄1 ≤Kα

M̄2.

8) Parts (2)-(7) holds also when we replace ≤Kα
by ≤.

Demostración. Check. �13

Fact 14. 1) If (M0,M1) ∈ K2
µ and (M0,M

′
1) ∈ K2

µ then there are M2, f such that

(a) M ′
1 ≺M2 ∈ Kµ

(b) f is an elementary embedding of M1 into M2

(c) f↾M0 = idM0

(d) (M0,M
′
1) ≤K2

(f(M1),M2).
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2) If M̄ ∈ Kα, x̄ = 〈xε : ε < ζ〉 and Γ is a set of first order formulas from L(τ+
α) in the variables x̄ with

parameters from the model m(M̄) finitely satisfiable in m(M) such that ε < ζ ⇒
∨

β<α

Pβ(xε) ∈ Γ ,

then there is N̄ ∈ Kα such that M̄ ≤Kα
N̄ and Γ is realized in m(N̄).

3) If Γ is a type over m0(M̄) of cardinality3 < cf(α) then it is included in some Γ ′ as in part (2).

4) If M̄ ∈ Kα
µ, D an ultrafilter on θ and M ′

β = (Mβ)θ/D for β < α then

(a) M̄ ′ = 〈M ′
β : β < α〉 ∈ Kα

(b) jθ
M̄,D

:= ∪{jθMβ,D : β < α} is a ≤Kα
-embedding of M̄ into M̄ ′, i.e.

(b) ′ 〈jθMβ,D(Mβ) : β < α〉 = M̄ ′ ≤Kα
〈M ′

β : β < α〉, so

(c) for many Y ∈ [∪{M ′
β : β < α}]µ we have jθ

M̄,D
(M̄) ≤Kα

〈M ′
β↾Y : β < α〉 ∈ Kα

µ; see 13(5),

17(3).

Demostración. 1) See [Sh:199, §4]; just let D be a regular ultrafilter on λ ≥ ‖M1‖ + |τ|, let g an

elementary embedding of M1 into (M0)λ/D extending j = jλM0,D, necessarily exists.

Lastly, let M2 ≺ (M ′
1)λ/D include jλM1,D(M ′

1) ∪ g(M1) be of cardinality µ. Identifying M ′
1

with jλM ′

1
,D(M ′

1) ≺ (M ′
1)λ/D we are done.

2) Similarly.

3) Trivial.

4) Should be clear. �14

Definition 15. Kec
α is the class of M̄ ∈ Kα such that: if M̄ ≤Kα

N̄ ∈ Kα, then m(M̄) ≤Σ1
m(N̄),

i.e. (∗) below and Kec,α
λ = Kec

α ∩ Kλ where

(∗) if a1, . . . , an ∈ m(M̄), b1, . . . , bk ∈ m(N̄), ϕ ∈ L(τ+
α) is quantifier free and m(N̄) |=

ϕ[a1, . . . , an, b1, . . . , bk] then for some b ′
1, . . . , b

′
k ∈ ⋃

β<α

Mβ we have m(M̄) |= ϕ[a1, . . . , an, b
′
1, . . . , b

′
k].

Claim 16. 1) Kec,α
µ is dense in Kα

µ when µ ≥ |τT | + |α| of course.

2) Kec,α
µ is closed under union of increasing chains of length < µ+.

3) In Definition 15, if |α| + |τT | ≤ µ and M̄ ∈ Kα
µ then without loss of generality N̄ ∈ Kα

µ.

Demostración. 1) Given M̄0 ∈ Kα
µ we try to choose M̄ε ∈ Kα

µ by induction on ε < µ+ such that

〈M̄ζ : ζ ≤ ε〉 is ≤Kα
-increasing continuous and ε = ζ + 1 ⇒ m(M̄ζ) �Σ1

m(Mε). For ε = 0 the

sequence is given, for ε limit use 13(2), for ε = ζ + 1 if we cannot choose then by 13(5) we get

3also if cf(α) = 1, i.e. α is a successor ordinal
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M̄ζ ∈ Kec,α
µ is as required. But if we succeed to choose 〈M̄ε : ε < µ+〉 we get contradiction by

Fodor lemma.

2) Think on the definitions.

3) By LST. �16

Claim 17. 1) If M̄, N̄ ∈ Kα
µ and M̄ ≤Σ1

N̄ and N̄ ∈ Kec
α then M̄ ∈ Kec

α .

2) If N̄ ∈ Kec,α
µ , Y ⊆ m0(N̄) and λ = |τT | + |α| + |Y| then there is M̄ ∈ Kec,α

λ such that M̄ ≤Kα
N̄

and Y ⊆ m0(M̄).

3) Assume M̄ℓ ∈ Kα
µ and M̄0 ≤Kα

M̄1 and M̄0 ≤ M̄2. If M̄0 ∈ Kec,α
µ , M̄0 ≤Kα

M̄2 or m(M̄0) ≤Σ1

m(M̄2), then we can find (N̄, f2) such that:

M̄1 ≤Kα
N̄ ∈ Kα

µ, moreover N̄ ∈ Kec,α
µ and f2 is a ≤Kα

-embedding of M̄2 into N̄ over M̄0.

Demostración. 1) By part (3).

2) By part (1) and the LST argument.

3) By the definition of M̄0 ∈ Kec,α
µ in both cases we can assume M̄0 ≤Σ1

M̄2. Let ā = 〈aε : ε < ζ〉
list the elements of m(M̄2) and let Γ = tpqf(ā, ∅,m(M̄2)) = {ϕ(xε0

, . . . , xεn−1
, b̄) : ϕ ∈ L(τ+

α) is

quantifier free, b̄ ⊆ m(M̄0) and m(M̄2) |= ϕ[aε0
, . . . , aεn−1

, b̄]}; note that Pβ(xε))t(ε,β) ∈ Γ when

β < α, ε < ζ and t(ε, β) is the truth value of aε ∈M2
β.

Now let D be a regular ultrafilter on λ = ‖m(M̄2)‖ and use 14(2),(3). This is fine to get

(f2, N̄) with N̄ ∈ Kα and by 13(5) without loss of generality N̄ ∈ Kα
µ and by 16(1) without loss of

generality N̄ ∈ Kec,α
µ . �17

Claim 18. 1) (Kec,α
µ ,≤Kα

µ
) has the JEP.

2) Suppose M̄1, M̄2 ∈ Kα
µ, β ≤ α, f is an elementary embedding of

⋃
γ<β

M1
γ into

⋃
γ<β

M2
γ such that

〈f(Mγ) : γ < β〉 ≤Kµ
〈M2

γ : γ < β〉, equivalently f is an embedding of m(M̄1 ↾ β) into m(M̄2↾β)

(so if β = 0 then f = ∅ and there is no demand).

Then we can find M̄3, f+ such that:

(a) M̄2 ≤Kµ
M̄3 ∈ Kα

µ

(b) f ⊆ f+

(c) f+ is an elementary embedding of
⋃

γ<α

M1
γ into

⋃
γ<α

M3
γ

(d) 〈f+(M1
γ)) : γ < α〉 ≤Kα

〈M3
γ : γ < α〉.

Demostración. 1) A special case of part (2) recalling 16(1).
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2) By induction on α.

α = 0: nothing to do.

β = α: nothing to do.

α = 1: so β = 0 which is trivial or β = α, a case done above.

α successor: by the induction hypothesis and transitive nature of conclusion replacing M̄2 without

loss of generality β = α− 1, then use 14(1).

α limit: By α− β successive uses of induction hypothesis using 13(2b). �18

Conclusion 19. (Kec
α ,≤Kα

), or formally k = (Kk,≤k) defined by Kk := {m(M̄) : M̄ ∈ Kec
α },m(M̄1) ≤k

m(M̄2) ⇔ m(M1) ⊆ m(M̄2), is an a.e.c. with amalgamation, the JEP and LST(k) ≤ |τT |+|α|+ℵ0.

Demostración. By the above, on a.e.c. see [Sh:h, Ch.I], i.e. [Sh:88r] and history there. �19

Fact 20. Assume λ = λ<λ > |τT | + ℵ0 + |α|. Then there is M̄ such that

(a) M̄ ∈ Kec
α is universal for (Kec

α ,≤Kα
) in cardinality λ

(b) m(M̄) is model homogeneous for (Kec
α ,≤Kα

) of cardinality λ

(c) m(M̄) is sequence (Σ1(τ+
α), λ)-homogeneous, see 4(3).

Demostración. Clause (a) + (b) are straight by 17 + 18(1), or use 19 and see [Sh:h, Ch.I,§2] =

[Sh:88r, §2]. Now clause (c) follows: just think. �20

Fact 21. Assume M̄ ∈ Kα
µ, β+ 1 < α, ℓ ∈ {0, 1} and Mβ |= P(Qcf

ℓ
x,y)ϕ(x,y,z̄)[ā] then there are N̄, c

such that M̄ ≤Kα
N̄ ∈ Kα

µ and:

(∗)1 if ℓ = 1 then c ∈ Dom(≤ϕ
Nβ,ā) and c is ≤ϕ

Nγ,ā-above d ∈ Dom(≤ϕ
Mγ,ā) for any γ ∈ [β,α)

(∗)2 if ℓ = 0 then c ∈ Dom(≤ϕ
Nβ+1,ā) and is ≤ϕ

Nβ+1,ā-above any

d ∈ Dom(≤ϕ
Nβ,ā).

Demostración. First assume ℓ = 1, without loss of generality β = 0 as we can let N̄↾β = M̄↾β.

By 13(2a) wlog M̄ is increasing continuous; we prove by induction on α so easily without loss

of generality α = 2. Now this is obvious by [Sh:43], [Sh:199]; in details by [Sh:43] there is a µ+-

saturated modelM∗ of T such thatM1 ≺M∗ andM∗ |=C∗
T∗ whenever, e.g. µ++ ∈ C∗∧µ+ /∈ C∗.

Let {ϕi(x, y, ā
∗
i ) : i < µ} list {ϕ(x, y, ā ′) : ϕ ∈ L(τT ),M0 |= P

(Q
cfx,y

0
)ϕ(x,y;z̄)

[ā ′]}, and for each i < µ

let 〈ci,ε : ε < µ+〉 be ≤ϕi

M∗,ā∗

i
-increasing and cofinal. For ε < µ+ let fε be an elementary embedding

of M1 into M∗ over M0 such that:
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(∗) if c ∈ Dom(≤ϕi

M∗,ā∗

i
) is a ≤ϕi

M∗,ā∗

i
–upper bound of Dom(≤ϕi

M0,ā∗

i
), then ci,ε ≤ϕi

M∗,ā∗

i
c.

Let c∗ ∈M∗ be a ≤ϕ
M∗,ā-upper bound of Dom(≤ϕ

M0,ā). Choose N0 ≺M∗ of cardinality µ be such

that M0 ∪ {c∗} ⊆ N0 and choose ε < µ+ large enough such that:

(∗) if i < µ and d ∈ N0 is a ≤ϕi

M∗,āi
-upper bound of Dom(≤ϕi

Mi,āi
) then d ≤ϕi

M∗,āi
ci,ε.

Let N1 ≺ M∗ be of cardinality µ be such that N0 ∪ fε(M1) ⊆ N1. Renaming, fε is the identity

and (N0,N1) is as required.

Second, assume ℓ = 0 is even easier (again without loss of generality first, α = β + 2 and

second β = 0, α = 2 and use N0 = M0,N1 satisfies M1 ≺ N1 and ‖N1‖ = µ and N1 realizes the

relevant upper). �21

Conclusion 22. In 20 the model M∗ = m(M̄∗) =
⋃

β<α

M∗
β satisfies

(a) if M∗ |= P(Qcf

1
x,y)ϕ[ā] then the order ≤ϕ

M∗,ā has cofinality λ

(b) if α is a limit ordinal and M∗ |= P(Qcf

0
x,y)ϕ[ā] then the linear order ≤ϕ

M∗,ā has cofinality

cf(α)

(c) M∗ is cf(α)-saturated

(d) if λ ∈ C and cf(α) ∈ Reg\C then M∗ is a model of T∗.

Claim 23. Assume M̄ ∈ Kec
α . If ζ ≤ µ and ā, b̄ ∈ ζ(M∗

0) realize the same type (equivalently q.f.

type) in M0 then they realize the same Σ1-type in m(M̄).

Demostración. We choose (Nβ, fβ, gβ, hβ) by induction on β < α such that:

(a) Nβ is a model of T

(b) Nβ is ≺-increasing continuous with β

(c) fβ, gβ are ≤K1+β
-embedding of M̄↾(1+ β) into 〈Nγ : γ < 1+ β〉 ∈ K1+β

(d) f0(ā) = g0(b̄)

(e) if γ < β then fγ ⊆ fβ, gγ ⊆ gβ.



CUBO
13, 2 (2011)

On λ strong homogeneity existence for cofinality logic 69

For β = 0 this speaks just on ModT .

For β successor use 14.

For β limit as in the successor case, recalling we translated it to the successor case (by 13(2a)).

Having carried the induction f = ∪{fβ : β < α} and g = ∪{gβ : β < α} are ≤Kα
-embedding of

M̄ into N̄ = 〈Nβ : β < α〉. By 16(1) there is N̄ ′ ∈ Kec
α which is ≤Kα

-above N̄. Now as M̄ ∈ Kec
α ,

the Σ1-type of ā in m(M̄) is equal to the Σ1-type of f(ā) in m(N̄ ′), and the Σ1-type of b̄ in m(M̄)

is equal to the Σ1-type of f(ā) in m(N̄ ′). But f(ā) = f0(ā) = g0(b̄) = g(b̄), so we have gotten the

promised equality of Σ1-types. �23

Observation 24. 1) If M̄ ∈ Kec
α and β < α then M̄ ′ : M̄↾[β,α) = 〈Mβ+γ : γ < α − β〉 belongs to

Kec
α−β.

2) If M̄ ∈ Kα, β < α and M̄↾[β,α) ≤Kα,β
N̄ ′ then for some N̄ ∈ Kα we have M̄ ≤Kα

N̄ and

N̄↾[β,α) = N̄ ′.

Demostración. 1) If not, then there is N̄ ′ ∈ Kα−β such that M̄ ′ ≤Kα−β
N̄ ′ but m(M̄ ′) �Σ1

m(N̄ ′).

Define N̄ = 〈Nγ : γ < α〉 by: Nγ is Mγ if γ < β and is N ′
γ−β if γ ∈ [β,α). Easily M̄ ≤Kα

N̄ ∈ Kα

but m(M̄) �Σ1
m(N̄), contradiction to the assumption M̄ ∈ Kec

α .

2) The proof is included in the proof of part (1). �24

Claim 25. In 20 for each β < α we have

(a) 〈M∗
β+γ : γ < α− β〉 is homogeneous universal for K

α−β
µ

(b) if α = α−β, i.e. β+α = α then there is an isomorphism from M̄∗ onto 〈M∗
β+γ : γ < α−β〉,

in fact, we can determine f(ā) = b̄ if ā ∈ ζ(M∗
0), b̄ ∈ ζ(M∗

β) and tp(ā, ∅,M∗
β) = tp(b̄, ∅,M∗

β).

Demostración. Chase arrows as usual recalling 24. �25

Demostración. Proof of Theorem 10:

Without loss of generality there is σ = σθ ≥ µ such that 2σ = σ+ (why? let σ = σθ > µ

be regular, work in VLevy(σ+,2σ) and use absoluteness argument, or choose set A of ordinals such

that P(µ) ∈ L[A] hence T, T∗ ∈ L[A] and regular θ large enough such that L[A] |= ‘‘2σ = σ+",

work in L[A] a little more; and for the desired conclusion (there is a model of cardinality µ such

that ...) it makes no difference). Let α = κ and let M̄∗ ∈ Kec,α
λ be as in 20 for λ := σ+ and let

M∗ = ∪{M∗
β : β < α}.

Now

(∗)1 M∗ is a model of T∗ by the {µ+}-interpretation.
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[Why? By 22.]

(∗)2 M∗ is θ-saturated.

[Why? Clearly M∗
β is θ-saturated for each β < θ. As θ is regular and 〈M∗

β : β < θ〉 is increasing

with union M∗, also M∗ is θ-saturated.]

(∗)3 M∗ is strongly ℵ0-saturated and even strongly θ-saturated, see Definition 4(1).

[Why? Let ζ < θ and ā, b̄ ∈ ζ(M∗) realize the same q.f.-type (equivalently the first order type) in

M∗. As ζ < θ for some β < θ we have ā, b̄ ∈ ζ(Mβ). Now by 25 we know that 〈M∗
β+γ : γ < θ〉 ∼=

〈M∗
γ : γ < θ〉, and by 23 the sequences ā, b̄ realize the same Σ1-type in m(〈M∗

β+γ : γ < θ〉) hence

by clause (c) of 20 there is an automorphism π of it mapping ā to b̄. So π is also an automorphism

of M∗ mapping ā to b̄ as required.]

Lastly, we have to go back to models of cardinality µ = µ<θ ≥ λ+κ+ 2|T |, this is done by the

LST argument recalling 22.

More fully, first let 〈M̄ε : ε < λ〉 be ≤Kσχ-increasing continuous sequence with union M̄∗. For

ζ < θ and ā, b̄ ∈ ζ(M∗) let fā,b̄ be an automorphism of M∗ mapping ā to b̄. Now the set of δ < λ

satisfying ⊛δ below is a club of λ hence if cf(δ) = χ then M = ∪{Mε
β : β < λ} is as required except

of being of cardinality µ, where

⊛δ (a) if ε < δ, ζ < θ and ā, b̄ ∈ ζ(∪{Mε
β : β < α}) realize the same Σ1-type

in M̄ζ then ∪{Mδ
β : β < α} is closed under fā,b̄ and under f−1

ā,b̄

(b) the witnesses for the cofinality work, i.e.

•1 if β < α, ā ∈ ω>(Mδ
β),Mδ

β |= P(Qcf

0
y,z)ϕ(y,z,x̄)[ā] then for some ε < δ we have ā ⊆Mε

β

and for every γ ∈ (β,α) there is c = cϕ,ā,γ ∈Mε
γ+1 which is a ≤ϕ

Mε
γ+1

,ā-upper bound

of Dom(≤ϕ
Mε

γ,ā), hence this holds for any ε ′ ∈ [ε, λ)

•2 if β < α, ā ∈ ω>(M
γ
β) and Mδ

β |= P(Qcf

1
y,z)ϕ(y,z,x̄)[ā] then for arbitrarily large ε < δ

we have ā ⊆Mε
β and there is c = cϕ,ā ∈Mε+1

β which is a (≤ϕ
Mε+1

γ ,ā
)-upper bound of

Dom(≤ϕ
Mε

γ,ā) for every γ ∈ [β,α).

By a similar use of the LST argument we get a model of T∗ of cardinal µ. �10

Remark 26. If you do not like the use of (set theoretic absoluteness) you may do the following.

Use 27 below, which is legitimate as
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(a) the class (Kec
α ,≤Kα

) is an a.e.c. with LST number ≤ |T | + ℵ0 and amalgamation, so 27(1)

apply

(b) using Σ1-types, it falls under [Sh:3] more exactly [Sh:54], so 27(3) apply

(c) we can define K
ec(ε)
α by induction on ε ≤ ω

ε = 0: Kα

ε = 1: Kec
α

ε = n+ 1: K
ec(n+1)
α = {M̄ ∈ Kec(n)

α : if M̄ ⊆ N ∈ Kec(n)
α then m(M) ≤Σn+1

m(N̄)}

ε = ω: K
ec(ε)
α = ∩{K

ec(n)
α : n < ω}.

On K
ec(ω)
α apply 27(2).

Remark 27. 1) Assume k = (Kk,≤k) is a a.e.c. satisfying amalgamation and the JEP with λ >

LST(k) and µ = µ<λ. For any M ∈ Kµ there is a strongly model λ-homogeneous N ∈ Kµ which

≤k-extend M, which means: if M ∈ Kk has cardinality < λ and f1, f2 are ≤k-embedding of M into

N then for some automorphism g of N we have f2 = g ◦ f1.

2) Let D be a good finite diagram as in [Sh:3] and let KD be as below in part (3) for ∆ = L(τ).

If λ = λ<θ ≥ |D| and M ∈ KD has cardinality λ then there is N ∈ KD of cardinality λ which

≺-extend M and is strongly (D,θ)-homogenous, i.e.

(a) if ζ < θ, ā, b̄ ∈ ζN realizes the same type then some automorphism f of N maps ā to b̄

(b) D = {tp(ā, ∅,N) : ā ∈ ω>N}.

3) Assume ∆ ⊆ L(τ), not necessarily closed under negation, D is a set of ∆-types, KD is the class

of τ-models such that ā ∈ ω>M ⇒ tp∆(ā, ∅,M) ∈ D and M ≤D N iff M ⊆ N are from KD and

ā ∈ ω>M ⇒ tp∆(ā, ∅,M) = tp∆(ā, ∅,N). Assume further D is good, i.e. for every M ∈ KD and

λ there is a sequence (D, λ)-homogeneous model N ∈ KD which ≤D-extends M. Then for every

λ = λ<θ > |T | + ℵ0 and M ∈ KD of cardinality λ there is a strongly sequence (∆, λ)-homogeneous.

Conclusion 28. 1) The logic L(Qcf
C) has the strong ℵ0-saturated model existence property (hence

the strong ℵ0-homogeneous model existence property).

2) If κ = cf(κ) ≤ Min(C) and κ ≤ Min(Reg\C) then in part (1) we can replace ℵ0 by κ.

Demostración. Choose χ ∈ C, κ ∈ Reg\C and apply 10. �28

Received: April 2009. Revised: December 2009.
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ABSTRACT

We prove, in a Hilbert space setting, that all targets of the minimum norm optimal

control problems reachable with inputs of minimum norm ρ are support points for the

the set reachable by inputs with norm bounded by ρ. This amount to say that the

Maximum Principle always holds in Hilbert Spaces.

RESUMEN

En este art́ıculo se demuestra que, para el problema de control óptimo a un nivel

mı́nimo en los espacios de Hilbert, todos los estados alcanzables con un nivel mı́nimo

de entrada de ρ son puntos de apoyo para el conjunto de estados alcanzables por la

norma de entrada inferior o igual a ρ. Esto es equivalente a decir que el Principio

Máximo siempre es válido en los espacios de Hilbert.
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1. Introduction

Arguing in a Hilbert space setting, suppose that the minimum norm of inputs, which steer

the origin to a state ζ in a finite interval of time [0, Γ ] is ρ. That the Maximum Principle holds,

seen through the convex analysis optics, means that the target ζ is a support vector for the set Rρ

of all vectors reachable under an input of norm less than or equal to ρ. In other words the normal

cone to Rρ at ζ is non-trivial. In the literature vectors in the normal cone, which live in the dual

space, are also called multipliers, a term that has a more general meaning.

To verify that Rρ has support at ζ, one might hope to apply to Rρ and {ζ} the celebrated

Separation Theorem for linear topological spaces, stating that, given two non-void convex sets A

and B, and assuming that A has interior, they can be can be separated by a continuous linear

functional if and only if B ∩ Ai = φ.

Unfortunately, this application is not possible in the infinite dimensional case because it is not

true in general that Rρ has interior.

It is very well known, and easy to show, that the set of support points S is contained and is

dense in the set R∧
ρ of target points reachable with minimum input norm ρ. This might suggest

that some of the above targets are not support point. On the other hand the cited Separation

Theorem above is indeed a sufficient condition, in view of the presiding hypothesis (one of the sets

has interior), so that it leaves open the problem of determining if separation holds for all targets

or if, instead, the dense subset of support points is proper.

Much attention (see [1]) has been devoted to more sophisticated Banach space settings, ob-

taining a generalization of the Maximum principle, thanks to the definition of a larger linear space

of multipliers, which contains the dual space. Similarly, this leaves to determine which multipliers

are in the dual space, although sufficient conditions are known.

For details as well as for accurate historical remarks and proper credits, reference can be made

to the vast and outstanding work by Fattorini, which covers a variety of Banach space settings.

Recent work is, besides [1], [6] and [7].

The purpose here is to answer for Hilbert spaces the question connected to the aforementioned

density results: are there vectors of R∧
ρ at which Rρ has no support?

The question remained open for quite a long time. And the answer is ”no”. The argument lean

on a (very general) result of the theory of cones and on strict convexity of Hilbert space norms.

Thus generalization are possible (although beyond the present purposes), but our technique cannot

pass the barrier of the requirement of strict convexity of norms.

More specifically, we will show that the tangent cone to Rρ at any ζ ∈ R∧
ρ is pointed. That

some vector ζ ∈ R∧
ρ is not a support point for Rρ is equivalent to say that the polar cone to the

tangent cone to Rρ at ζ is trivial. This is in turn equivalent to say that the closure of the tangent

cone is the whole space. That the closure of a pointed cone be the whole space is a rather counter-

intuitive proposition, and in fact we prove that this is not the case, in any linear topological space.
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From this fact it follows, as an immediate consequence, that all ζ ∈ R∧
ρ are support points for Rρ.

No assumptions will be made on either separability or full control. More might be said in the

separable case, but this is not dealt with here.

With an apology, our exposition covers some well known basic facts and complements, in order

to enhance readability. A more succinct exposition would result in a choppy and difficult to follow

narration.

2. Setting

We refer to the Cauchy problem with u ∈ L2([0, Γ ], H1) as given in [2]. The abstract differential

equation has the form:
.
x(t) = Ax(t) + Bu(t)

where the spaces H1, H are real Hilbert spaces, B is an operator (bounded linear transformation)

H1 → H, A is the infinitesimal generator of a strongly continuous semigroup {T(t)} on H and

x(0) = x is given. The equation is intended in weak sense and its unique solution is expressed by

the formula of variation of constants:

x(t) = T(t)x +

∫

[0,t]

T(t − s)Bu(s)ds

which formally recurs also in other settings, like that of differential equations in Banach Spaces.

In our specific case the integral is a Pettis integral. The case H1 = H and B = I is referred to as

full control case, but here we do not make any assumption in this respect. For simplicity, dealing

with norm optimal control problems, we assume x = 0. The general case is a variant of this and

can be obtained along the lines of [1].

It is assumed that we can reach a certain target vector ζ ∈ H at time Γ > 0 or:

ζ =

∫

[0,Γ ]

T(Γ − s)Bu(s)ds = LΓu

and we look for the minimum norm input that does the job of reaching ζ. The linear transformation

LΓ : L2([0, Γ ], H1) → H is well known to be continuous. This is all we will need in the sequel as to

the properties of this operator.

If the control steering the system from the origin at time 0 to ζ at time Γ is unique, because

the operator LΓ is one to one, then, according to Fattorini, who introduced this concept in sixties,

the system is called rigid. Fattorini constructed an example of rigid system showing that this

phenomenon can actually occur (see e.g. [1] and references therein). In this case, characterizing the

optimum control, becomes obviously pointless. We note that our arguments hold good even when

LΓ is one to one. In this case though, exploiting the fact that ζ is a support point, can only lead

to retrieving the unique control that solves the reachability problem.
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It is immediate to show that the minimum norm control exists and is unique, since this is a

straightforward consequence of the Projection Theorem.

3. Lemmata and Definitions

The environment is, unless otherwise stated, a real Hilbert space H. The symbols L(C) and

L−(C) denote, respectively, the linear and closed linear hull of the non-void set C, whereas Co(C)

and Co−(C) denote, respectively, its conical and closed conical hull.

Given a convex cone C in H its polar cone is the (always closed) cone:

Cp = {y : (y, x) ≤ 0: ∀x ∈ C}

Definition 1. The tangent cone to C at y ∈ C is the cone Co(−y + C), The normal cone to C at y

is the polar of the tangent cone to C at y.

Consider a convex set C and ζ ∈ C. We say that ζ is a support point for C if there exists a

nonzero vector n (which can be taken with unit norm) such that:

(n, ζ) ≥ (n, z), ∀z ∈ C

This is equivalent to say that C is contained in the closed half-space defined by the continuous

linear functional (n, .):

{y : (n, y) ≤ (n, ζ)}

whose limiting (closed) hyperplane contains {ζ}. In still another equivalent terminology, this is

equivalent to say that the tangent cone to C at ζ has a non-trivial polar cone (because n is in such

cone).

Let n be an unit norm vector. The closed convex set:

{x : a ≤ (n, x) ≤ b}

(with b ≥ a) is called a sandwich. The number b − a is the thickness of the sandwich. If the

thickness is zero, the sandwich is a closed hyperplane. The sandwich is symmetrical if it has the

form

{x : −a ≤ (n, x) ≤ a}

for some a ≥ 0.

The next Lemma regards closed cones in Hilbert spaces

Lemma 2. A closed cone in a Hilbert space H is proper if and only if it is contained in a closed

half-space.

Demostración. Let C be a closed proper cone. Then there is a singleton {y} disjoint from C.

Singletons are convex and compact and therefore the Strong Separation Corollary 14.4 in [4]

applies. The rest is immediate.
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We recall briefly some other relevant notions about cones in infinite dimensional Hilbert Spaces.

Incidentally, the literature on this topic tend to be either finite dimensional or infinite dimensional,

but typically on the footsteps of the seminal work of Choquet, aiming at extending the Krein

Milman Theorem in a measure theory setting.

Definition 3. A (convex) cone C is pointed if C ∩ −C = {0}. A cone C is blunt if L−(C) = H

The following Lemma well known.

Lemma 4. If a closed C cone is pointed, its polar cone is blunt, that is, L−(Cp) = H.

Demostración. The proof is simple and based on elementary computations that, for brevity, are

taken for granted here, but, on the other hand, are rather intuitive, since polarization is the

analogous for cones of orthogonal complementation for subspaces. We can write:

{0} = C ∩ −C = [Cp + (−Cp)]p = L(Cp)p

and, taking polars of the first and last cone the desired conclusion follows.

If a pointed cone is not closed what can we say of its polar cone? Notice that according to

Lemma 2, if the closure of the cone is proper, then the cone has a nontrivial polar cone. For the

polar to be trivial instead, again in view of the same Lemma, the closure of the cone must be the

whole space, despite the fact that the cone is pointed. But we prove here that this cannot happen

even in general, as stated by the following:

Theorem 5. The closure of a pointed cone in a linear topological space is a proper cone.

Demostración. Suppose that it is not true, that is there is a pointed cone C in a linear topological

space E, such that C− = E. Consider a finite dimensional subspace F, which intersect C in a

non trivial, necessarily pointed, cone. Actually we can take instead of F, its subspace L(F ∩ C),

without restriction of generality. For simplicity we leave the symbol F unchanged, and equip F with

the relative topology. Next notice that, as is well known, because F is the finite dimensional, the

pointed convex cone Υ = F ∩ C has interior. Thus it can be separated by a continuous linear

functional from the origin and therefore it is contained in a closed semi-space. It follows that

the closure of Υ in F is contained in a closed half-space and therefore is a proper cone. But by

Theorem 1.16 in [5], such closure is C− ∩ F. By the initial assumption C− ∩ F = E ∩ F = F. This is

a contradiction and therefore the proof is finished.

4. Existence and uniqueness in L2(H1)

Assume that for some ζ ∈ H, ∃uζ such that x = ζ = LΓ (uζ). The set of all u satisfying

ζ = LΓ (u) is given by uζ + N (LΓ ). This is a closed affine space, because LΓ is continuous. If

N (LΓ ) is trivial, the unique uζ solving ζ = LΓ (uζ) is already optimum. Optimization in this case
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is pointless, but the arguments below hold good anyway. To obtain the minimum norm solution we

can apply the projection theorem and project the origin on this closed convex set. Moreover, we

know, from the celebrated Projection Theorem for Hilbert spaces, that this projection exists and

is unique and hence the minimum norm solution always exists and is unique. We call this unique

minimum norm control uo.

We can put:

‖uo‖L2(H1) = ρ

which is the optimum value of the norm. In particular we can say that the optimum control belongs

to the closed sphere Sρ of radius ρ, around the origin in L2([0, Γ ], H1) (briefly L2(H1)):

uo ∈ Sρ

and so:

ζ ∈ LΓ (Sρ) ⊂ R(LΓ )

It is immediate to verify that:

LΓ (Sρ) = {z : mı́n{‖u‖ : LΓ (u) = z} ≤ ρ}}

For notational simplicity we put LΓ (Sρ) = Rρ.

5. Reachability

In this section we recast a few well known facts of reachability theory.

We noted that ζ ∈ LΓ (L2(H1)) = R(LΓ ) = RΓ . This is the reachable set at time Γ and is a

linear subspace of H, which is in general not closed. However, we can always argue in the Hilbert

space LΓ (L2(H1))− and thus assume, without restriction of generality, that RΓ is a dense linear

subspace in H. This is equivalent to N (L∗
Γ ) = {0}. To streamline the exposition this assumption

will be in force thoroughly.

Note that L∗
Γ is the map x → B∗T∗(Γ − .)x. Thus x ∈ N (L∗

Γ ) if and only if the continuous

function B∗T∗(Γ − .)x is identically zero. Next notice that:

N (L∗
Γ ) = N (LΓL∗

Γ )

for N (L∗
Γ ) ⊂ N (LΓL∗

Γ ) is obvious and, on the other end:

LΓL∗
Γx = 0 ⇒ (x,LΓL∗

Γx) = ‖L∗
Γx‖2 = 0

Therefore, under the present hypothesis that N (L∗
Γ )⊥ = R−

Γ = H, the selfadjoint operator

GΓ = LΓL∗
Γ
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has a trivial kernel, and so it is one to one.

Moreover, obviously R(GΓ ) ⊂ R(LΓ ) = RΓ .

Indeed, R(GΓ )− = R−
Γ , for:

R(GΓ )− = N (GΓ )⊥ = N (L∗
Γ )⊥ = R−

Γ

Thus both R(GΓ ) and R(LΓ ) are dense, so that for any x ∈ R(GΓ ) and ε > 0 there is an

y ∈ R(LΓ ) such that ‖x − y‖ ≤ ε and vice-versa.

Notice that, by a change of variables, ∀x ∈ H:

GΓx =

Γ∫

0

T(σ)BB∗T∗(σ)xdσ

We claim that we can define the integral as a Riemann integral. In fact we can prove that

the integrand is a continuous function. To this purpose first note that the function BB∗T∗(σ)x is

continuous. Then, to show that the integrand function is continuous, apply the exponential growth

property of the semigroup and following well known:

Theorem 6. Consider a set T ⊂ LC(H,H) and suppose that it is bounded in the norm operator

topology. Then the evaluation map is jointly continuous in T ×H where T is equipped with the

(relativized) pointwise topology.

If the state y is reachable and y ∈ R(GΓ ) ,

y = GΓx

has solution in x, so that

y =

Γ∫

0

T(σ)BB∗T∗(σ)dσx =

Γ∫

0

T(Γ − τ)Bw(τ)dτ

where w(τ) = B∗T∗(Γ − τ)x. In this case, there is a smooth control that solves the problem.

6. The Quasi-Topology of Rρ and Main Theorem

There are a number of interesting properties of Rρ = LT (Sρ), which depend both on the

environment (Hilbert space), on continuity of LT and on the fact that the closed sphere Sρ is

convex and weakly compact. In particular recall that s − s (strong-strong) continuity is equivalent

to w − w (weak-weak) continuity and, therefore, LT is w − w continuous.

The set Rρ is obviously:
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Convex (as image under an operator of a convex set) with 0 ∈ Rρ, and symmetrical.

Weakly compact, as image of a weakly compact set under a w − w continuous linear trans-

formation

Weakly closed + convex and hence strongly closed

Bounded (as image under an operator of a bounded set)

Not a convex body in general.

We now describe what we mean with the quasi-topology of Rρ, adding to the above list the

fact that Rρ has a ”quasi-interior”, at whose points it is densely radial and circled, and a quasi-

boundary, which is the complement in Rρ of the quasi-interior. These terms are justified because

this quasi-topology can be realized as an actual topology, using the topology introduced by Fattorini

for Rρ, based on the norm:

p(z) = ı́nf{‖u‖ : LΓu = z}

This concept is of primary importance in more general and complex Banach space settings, but it

will not be used here.

Definition 7. The set of all vectors x in Rρ, such that the minimum norm control to reach x has

norm ρ, is called quasi-boundary of Rρ and denoted by R∧
ρ . The set of all vectors x in Rρ, such

that the minimum norm control to reach x has norm ρ′ < ρ, is called quasi-interior of Rρ and

denoted by R∨
ρ .

It is well known that no point of the quasi-interior can be a support point for Rρ.

Consider the origin, which belongs to R∨
ρ . The set Rρ is densely radial at the origin. In fact

consider any point z ∈ RΓ and let η be the minimum norm of the unique control u that reaches z.

If η ≤ ρ the whole segment [0 : z] ⊂ LΓ (Sρ). Otherwise take the point z′ reached by the control
ρ
η
u, and [0 : z′] ⊂ LΓ (Sρ). Observe that ∀z ∈ RΓ is positively proportional to a vector in LΓ (Sρ).

In other words:

∪{αLΓ (Sρ) : α > 0} = RΓ

Moreover it is clear that αLΓ (Sρ) ⊂ LΓ (Sρ) for any positive α ≤ 1, so that LΓ (Sρ) is also circled.

On the other hand, if for ζ ∈ LΓ (Sρ) the minimum norm of the corresponding control to reach

ζ is ρ, by a very well known argument, see e.g. [1], (1 + ε)ζ /∈ LΓ (Sρ) for ∀ε > 0.

All the points of the quasi-interior have the same dense radiality property as the origin. In

fact, if ξ ∈ R∨
ρ , ξ 6= 0, then the minimum norm of the control that steers the origin to the state to

ξ is some ρ′ with 0 < ρ′ < ρ. Let uξ be the corresponding minimum norm control. Radiality in

the direction of the origin or of ξ itself is obvious. Next consider any z ∈ RΓ with z 6= 0 and z not

proportional to ξ, and let uz be corresponding the minimum norm control. It will be ‖uz‖ = γ > 0.

Then it is immediate that ξ + αz ∈ Rρ for any α, such that: 0 < α ≤ ρ−ρ′

γ
.

The role of the dense radiality is emphasized by the proof of the anticipated well known result:
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Theorem 8. No point of R∨
ρ can be a support point of Rρ.

Demostración. Suppose that a point y ∈ R∨
ρ is a support point. Then the projection of some vector

z /∈ Rρ on Rρ is y. By the Projection Theorem we have:

(z − y, x − y) ≤ 0, ∀x ∈ Rρ

If equality holds for all x ∈ Rρ then Rρ and hence also RΓ would be contained in a closed hyperplane,

contradicting that RΓ is dense in the space. So ∃x ∈ Rρ such that (z − y, x − y) < 0. Because of

the radiality property at y we can take in lieu of x, a state w = y + α(y − x) ∈ Rρ for some α > 0.

But then (z − y,w − y) = α(z − y, y − x) > 0 contradicting the Projection Theorem.

At this point we know that any support point is in R∧
ρ .

It is well known that support points are dense in the quasi-boundary of Rρ (e.g.[2]).

To show this, one may use the following sequence of support points converging to an arbitrary

ζ ∈ R∧
ρ . For any positive integer i, (1 + 1

i
)ζ /∈ Rρ. Because the projection PRρ

on Rρ is continuous,

the sequence {PRρ
((1 + 1

i
)ζ)} converges strongly to ζ and obviously, because the points in the

sequence are projections, they are all support points (and hence also lie on the quasi-boundary of

Rρ).

However, more is true for arbitrary vectors of the quasi-boundary of Rρ in the present Hilbert

space setting, as we show in the next:

Theorem 9. All vectors in R∧
ρ are extreme. No other point of Rρ can be extreme

Demostración. Suppose that for the quasi-boundary vector ζ it is true that ζ = ζ1+ζ2

2
with ζ1

and ζ2 in Rρ, and let ρ1 ≤ ρ be the norm of the minimum norm control u1 that steers the system

to ζ1 and ρ2 ≤ ρ be the norm of the minimum norm control u2 that steers the system to ζ2.

The control
u1+u2

2
has norm strictly less than ρ, because the norm of a Hilbert space is strictly

convex, and steers the system to ζ. But this contradicts that ζ ∈ R∧
ρ , and so the proof of the first

statement is finished. Points of the quasi-interior cannot be extreme in view of the specific dense

radiality property we have illustrated. Therefore we are done.

Corollary 10. The tangent cone to Rρ at any ζ ∈ R∧
ρ is pointed

Demostración. Obviously if it were not so it would be contradicted that ζ is an extreme point.

At this point, putting together this Corollary with Lemmata 5 and 2 we have established the

following main

Theorem 11. Any point ζ ∈ R∧
ρ is a support point of Rρ. In other words

∀ζ ∈ R∧
ρ , ∃n ∈ H∗ = H, ‖n‖ = 1
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such that

(n, ζ) ≥ (n, z), ∀z ∈ C

Given this result we may expect all the more a large normal fan for Rρ. Indeed the normal

fan is the whole space, but this fact is independent on the main Theorem, as we illustrate in the

next section.

7. The Set of Support Points and the Normal Fan

In this Section we collect some, mostly well known, facts about the set of support points S

(which we now know to be the same as R∧
ρ ) and the normal fan. At each support point ζ the

tangent cone has a non-trivial polar cone, also called the normal cone at ζ. The union of these

cones is the normal fan of Rρ. Naturally, it is often convenient to normalize vectors in the normal

fan.

Suppose ζ is a support point of Rρ. Using the pairing in H and the CBS inequality, we have

a well known expression for ζ. Let n a unit norm vector in the normal cone at ζ. Then it must be

for any y ∈ Rρ:

(n, y − ζ) = (n,LΓuy − LΓuζ) ≤ 0

or

(n,LΓuy) ≤ (n,LΓuζ)

or

(L∗
Γn,uy) ≤ (L∗

Γn,uζ)

so that, by the CBS inequality, the optimal control corresponding to ζ has the expression:

uζ = ρ
L∗

Γn

‖L∗
Γn‖ , a.e.

and:

ζ = LΓ

ρ

‖L∗
Γn‖L

∗
Γn =

ρ

‖L∗
Γn‖GΓn

On the other hand, for an arbitrary unit norm vector n consider the linear program:

máx{(n, z) : z ∈ Rρ}

The existence of solutions of this linear program derive from the fact that Rρ is convex and weakly

compact and the functional is continuous (and hence also weakly continuous). Let ζ be a solution,

then for any y ∈ Rρ:

(n, y − ζ) ≤ 0

so that ζ is a support point and has the above expression.
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Thus

S = {ζ : ζ =
ρ

‖L∗
Γn‖GΓn, ‖n‖ = 1}

Notice that because GΓ is one-to-one, to each support ζ there corresponds a unique normal n. In

other words, all normal cones are rays. We collect these facts and more in the following:

Theorem 12. The normal fan of Rρ, less the origin, is the whole space H\{0}. All normal cones at

support vectors ζ are rays, under the correspondence between unit normal vectors n and support

points ζ:

ζ =
ρ

‖L∗
Γn‖GΓn

The correspondence between unit vectors in the normal fan and the corresponding support points

is one-to-one. If ζ is a support point {ζ} is an exposed face of Rρ. Equivalently , for any pair

normal-support point it is true that:

(n, y − ζ) < 0, ∀y ∈ Rρ

Consequently (since 0 ∈ Rρ) the value of the functional (n, .) at ζ is always positive.

Demostración. It remains to be proved the last statement. Suppose a ζ ∈ Rρ is a support point, so

that it is necessarily a quasi-boundary and extreme point. Suppose that for some normal n there

is z such that:

(n, z − ζ) = 0

then z is a support point as well with normal n. In fact, ∀y ∈ Rρ:

(n, y − z) = (n, y − ζ) + (n, ζ − z) ≤ 0

Therefore z is a support point and hence it is an quasi-boundary point, so that the minimum norm

control that steers the system to z has norm ρ. Denote by uz the minimum norm control to reach

z and by uζ the minimum norm control to reach ζ. By the same argument above all points in

[ζ : z] are support points with normal n. In fact for 0 < α < 1, ∀y ∈ Rρ:

(n, y − (ζ + α(z − ζ))) ≤ 0

But the point
ζ+z

2
can be reached by the control

uζ+uz

2
and ‖uζ+uz

2
‖ < ρ. This means that

ζ+z
2

is a quasi-interior point, which is a contradiction and the proof is finished.

Returning to the linear program:

máx{(n, z) : z ∈ Rρ}

Call the maximum m, then

m =
ρ

‖L∗
Γn‖ (n,GΓn) = ρ(n,GΓn)1/2 = ρ‖L∗

Γn‖1/2
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Recall that m > 0. Because Rρ is symmetric, it is contained in the symmetrical sandwich:

Rρ ⊂ {y : −m ≤ (n, y) ≤ m}

and the limiting hyperplanes of the sandwich meet Rρ only in the two points ζ and −ζ. Also the

sandwich cannot degenerate to a hyperplane, because its thickness is 2m > 0.

Received: October 2009. Revised: January 2010.
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Similarities are shown between the algebras of complex differential forms and of complex

Clifford algebra-valued multi-vector functions in an open region of Euclidean space of
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RESUMEN

Se presentan las similitudes entre las álgebras de formas diferenciales complejas y de las
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1 Introduction

Usually Clifford analysis is understood to be the study of the solutions of the Dirac equation for

functions defined on the (anti-)Euclidean vector space R
0,m and taking values in the correspond-

ing Clifford algebra R0,m. It thus offers a proper analogue to the Cauchy-Riemann equations for

holomorphic functions in the complex plane. For a thorough study of the so-called monogenic

functions of Clifford analysis we refer to the standard textbooks [5, 15, 17, 18].

The symmetry group of the Dirac equation is either SO(m) or Spin(m), according to the

definition of the group action on the values taken by the functions under consideration. If these

values are in the Clifford algebra with left multiplication, the symmetry group is Spin(m), which

then usually is realized inside the Clifford algebra. In the case of functions with values in the

Clifford algebra with both side action, it is more natural to identify the Dirac equation with the

equation (d+d∗)f = 0, and to identify the space of values, in casu the Clifford algebra, as a vector

space, with the Grassmann algebra of R
m. This Grassmann algebra may then be decomposed

into the direct sum of its homogeneous parts, which is a decomposition into irreducible parts

under the action of SO(m). In this framework it was shown (see [13]) that, on the polynomial

level, the space of monogenic functions can be split into a direct sum of solutions of the Hodge-de

Rham equations for homogeneous differential forms. This entails a finer structure of the space of

monogenic functions, which manifests itself explicitly in a finer form of the corresponding Fischer

decomposition (see [14]).

An important ingredient in the latter approach is the translation of spaces and operators from

the language of multivector functions with values in a Clifford algebra to the language of real dif-

ferential forms, as was described in detail in [6]. Let us give a very brief overview. On the one hand

we have the Cartan algebra
∧

(G) of smooth real differential forms in an open subset G of Euclidean

space R
m, endowed with exterior multiplication. A fundamental operator on

∧
(G) is the exterior

derivative d with its important property that for any differential form ω, d2ω = d(dω) = 0.

Introducing the Hodge co-derivative d∗ leads to the differential operator D = d + d∗, by means

of which the so-called ”harmonic” r-forms (0 < r < m) are characterized as smooth differential r-

forms ωr satisfying Dωr = 0. On the other hand we have the algebra E(G) of smooth multi-vector

functions in G. Multi-vector functions arise in a natural way when considering functions defined

in G and taking values in the universal real Clifford algebra R0,m constructed over R
0,m, i.e. R

m

equipped with an anti-Euclidean metric. If R
r
0,m (0 ≤ r ≤ m) denotes the space of r-vectors, then

the Clifford algebra R0,m is precisely the associative algebra R0,m =
⊕m

r=0 R
r
0,m, and an r-vector

function Fr is a map Fr : G→ R
r
0,m. A fundamental operator on the space of smooth multi-vector
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functions, is the rotation-invariant Dirac operator ∂X, by means of which the so-called monogenic

functions are characterized as the smooth functions f satisfying ∂Xf = 0, as already mentioned

above. The spaces of smooth differential forms and of smooth multi-vector functions were shown to

be isomorphic in a natural way: a smooth r-form is identified with a smooth r-vector function, and

the action of the differential operator d + d∗ on the space
∧r

(G) of smooth r-forms, is identified

with the action of the Dirac operator ∂X on the space Er(G) of smooth r-vector functions. Also

other correspondences were studied in detail in [6].

When the dimension is taken to be even (m = 2n), one can make the framework of Clifford

analysis closer to complex analysis by introducing on R
2n a complex structure J. The symmetry

group then reduces to the subgroup U(n) ⊂ SO(2n) preserving the chosen complex structure J.

This is the basic setting for so-called Hermitean Clifford analysis, which recently has emerged as

a new and successful branch of Clifford analysis, offering yet a refinement of the Euclidean case.

The functions studied are defined in open regions of C
n and take their values in the complex

Clifford algebra C2n. More particularly Hermitean Clifford analysis focusses on the simultaneous

null solutions, called Hermitean (or h–) monogenic functions, of two Hermitean Dirac operators

∂z and ∂z† . A systematic development of this function theory, including the invariance proper-

ties with respect to the underlying Lie groups and Lie algebras, is still in full progress, see e.g.

[9, 1, 2, 7, 8, 3, 4, 23, 12]. Part of this program also concerns the study of the finer structure

induced on the space of monogenic functions by the choice of the complex structure J.

When studying the Dirac equation for functions with values in a Clifford algebra, it is well

known that the Clifford algebra can be split into the direct sum of a number of isomorphic copies

of the basic spinor representation. Accordingly, the set of equations will split into a number of

independent subsets of equations for functions with values in the various copies of spinor space. It

is a trivial observation that all these subsystems are equivalent to each other and their solutions

will have the same properties, whence, without any loss of generality, we can restrict the study to

functions with values in the space of spinors (or half-spinors in even dimension). In the standard

situation, this space of values cannot be split further since they are already irreducible under the

(left) action of the Spin(m) group. However, after having fixed the complex structure J, the sym-

metry group is reduced, as explained above, and the spinor space decomposes further into smaller

pieces. If it is realized in a standard way as the Grassmann algebra over the maximal isotropic

subspace in C
2n, then this splitting is just the splitting into homogeneous components; for details

see e.g. [2].

Our final aim is to understand the finer structure of the space of monogenic functions induced

by this splitting. A first step towards that goal is to establish a scheme for the translation of spaces

and operators between the language of complex Clifford algebra and the language of complex dif-

ferential forms. In fact this is the complex analogue of the translation in the Euclidean situation
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mentioned above, see [6]. The purpose of the underlying paper is precisely to describe in a rather

formal, yet detailed, way the similarities between complex differential forms in open regions of C
n

on the one hand and multivector functions in the Hermitean Clifford analysis setting on the other.

Crucial to this description is the detailed analysis of the structure of complex Clifford algebra as

carried out in [10]. The Hermitean Dirac operators ∂z and ∂z† and the associated operators ∂z•,
∂z∧, ∂z†• and ∂z†∧, originating by splitting the Clifford or geometric product into its “inner”

or “dot” and “outer” or “wedge” parts, are identified with well-known differential operators for

complex differential forms on Kählerian manifolds in C
n. However it should be emphasized that,

in this paper, we restrict ourselves to the flat Kählerian metric on C
n with fundamental form

Ω = i
2

∂∂|z|2. The more general approach of Hermitean Clifford analysis on complex Hermitean

manifolds and its comparison with complex analysis on Kählerian manifolds is the subject of the

forthcoming paper [11].

The paper is structured as follows. Sections 2 and 3 are introductory, fixing our definitions

and notations. An identification of all differential operators and forms under consideration in both

pictures is described in Section 4. The relation to the operators which are standard in Kählerian

geometry is clarified in Section 5. The last section adds some remarks on the Hodge operator.

2 Multi-vector functions: preliminaries

In this section we recall some basic notions and results from Clifford algebra and Clifford analysis.

The construction of the universal real Clifford algebra is well-known; for an in-depth study

we refer the reader to e.g. [22]. Here we restrict ourselves to a schematic approach. Let R
0,m be

the real vector space R
m (m ≥ 1) endowed with a non-degenerate symmetric bilinear form B of

signature (0,m), and let (e1, ..., em) be an associated orthonormal basis, i.e.

B(ei, ej) =

{
−1 if i = j

0 if i 6= j
(1 ≤ i, j ≤ m)

then the anti-Euclidean metric on R
0,m is induced by the scalar product

〈ei, ej〉 = −B(ei, ej) = δij, 1 ≤ i, j ≤ m

We first introduce the anti-symmetric outer product by the rules

ei ∧ ei = 0, 1 ≤ i ≤ m

ei ∧ ej + ej ∧ ei = 0, 1 ≤ i 6= j ≤ m

and for each A = {i1, i2, ..., ir} ⊂ M = {1, ...,m}, with 1 ≤ i1 < i2 < ... < ir ≤ m, i.e. ordered in

the natural way, we put

eA = ei1
∧ ei2

∧ ... ∧ eir
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while e∅ = 1. Then for each r = 0, 1, ...,m, the set {eA : A ⊂ M and |A| = r} is a basis for the

space R
r
0,m of so-called r-vectors. Next, we introduce the inner product

ei
• ej = −〈ei, ej〉 = B(ei, ej) = −δij, 1 ≤ i, j ≤ m

leading to the so-called geometric product of vectors in the Clifford algebra:

eiej = ei
• ej + ei ∧ ej, 1 ≤ i, j ≤ m

The respective definitions of the inner, the outer and the geometric product are then extended to

r-vectors as follows: for the inner product, we have

ej
• eA = ej

• (ei1
∧ ... ∧ eir

) =

r∑

k=1

(−1)kδjik
eA\{ik}

with

eA\{ik} = ei1
∧ ... ∧ eik−1

∧ [eik
∧] eik+1

∧ ... ∧ eir

while for the outer product






ej ∧ eA = ej ∧ (ei1
∧ ... ∧ eir

) = ej ∧ ei1
∧ ... ∧ eir

, if j /∈ A

ej ∧ eA = 0, if j ∈ A

and finally, for the geometric product (or product for short)

ejeA = ej
• eA + ej ∧ eA

Finally, these definitions are linearly extended to the whole of the Clifford algebra R0,m, which is

the associative algebra

R0,m =

m⊕

r=0

R
r
0,m

If [ · ]r : R0,m → R
r
0,m denotes the projection operator from R0,m onto R

r
0,m, then each Clifford

number a ∈ R0,m may be written as

a =

m∑

r=0

[a]r

Note that in particular for a 1-vector u and an r-vector vr, one has

uvr = u • vr + u ∧ vr

with

u • vr = [uvr]r−1 =
1

2

(
uvr − (−1)rvr u

)

u ∧ vr = [uvr]r+1 =
1

2

(
uvr + (−1)rvr u

)
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Usually R and R
m are identified with R

0
0,m and R

1
0,m respectively. An element X = (X1, . . . , Xm) ∈

R
m is thus identified with the 1-vector X =

∑m
j=1 Xjej.

Now let G be an open region in R
m. A smooth r-vector function Fr is a map

Fr : G→ R
r
0,m, X 7→

∑

|A|=r

Fr,A(X) eA

where for each A, Fr,A is a smooth real valued function in G. We denote by Er(G) the space of

smooth r-vector functions in G, and we put

E(G) =

m⊕

r=0

Er(G)

The projection operator from E(G) onto Er(G) is denoted by [ . ]r.

A fundamental operator in Clifford analysis is the so-called Dirac operator, a first order vector

valued differential operator given by

∂X =

m∑

j=1

ej ∂Xj

Since the multiplication in the Clifford algebra is non-commutative, operators can act from the

left or from the right on a function. For the Dirac operator and a function F =
∑

A

eAFA ∈ E(G),

these actions are given by

∂XF =

m∑

j=1

∑

A

ejeA ∂Xj
FA and F∂X =

m∑

j=1

∑

A

eAej ∂Xj
FA

A function F ∈ E(G) is called left (resp. right) monogenic in G if and only if it satisfies in G the

equation ∂XF = 0 (resp. F∂X = 0).

Restricting the Dirac operator ∂X to the space Er(G), we find for an r-vector function Fr that

∂XFr and Fr∂X split into an (r − 1)-vector part and an (r + 1)-vector part:

∂XFr =

m∑

j=1

ej ∂Xj
Fr =

m∑

j=1

ej
• ∂Xj

Fr +

m∑

j=1

ej ∧ ∂Xj
Fr

Fr∂X =

m∑

j=1

∂Xj
Fr ej =

m∑

j=1

∂Xj
Fr

• ej +

m∑

j=1

∂Xj
Fr ∧ ej
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It readily follows that

[
∂XFr

]
r−1

=

m∑

j=1

ej
• ∂Xj

Fr = (−1)r+1

m∑

j=1

∂Xj
Fr

• ej = (−1)r+1
[
Fr∂X

]
r−1

[
∂XFr

]
r+1

=

m∑

j=1

ej ∧ ∂Xj
Fr = (−1)r

m∑

j=1

∂Xj
Fr ∧ ej = (−1)r

[
Fr∂X

]
r+1

Usually one introduces the notations

∂X
• Fr = [∂XFr]r−1, ∂X ∧ Fr = [∂XFr]r+1

Fr
• ∂X = [Fr∂X]r−1, Fr ∧ ∂X = [Fr∂X]r+1

The action of the Dirac operator ∂X on Er(G) thus gives rise to two auxiliary differential operators

∂X• : Er(G)→ Er−1(G); Fr 7→ (∂X• )Fr = ∂X
• Fr = [∂XFr]r−1

∂X∧ : Er(G)→ Er+1(G); Fr 7→ (∂X∧)Fr = ∂X ∧ Fr = [∂XFr]r+1

for which it holds that

∂X = ∂X • +∂X∧

Symbolically these operators may be written as

(∂X•) =

m∑

j=1

(ej
• )∂xj

(∂X∧) =

m∑

j=1

(ej ∧)∂xj

Their action on Er(G) is two-fold in the sense that they act on the multi-vector by means of the

inner and outer product with basis vectors, and at the same time on the function coefficients

by partial differentiation. We thus have that, for a smooth r-vector function Fr, the notions of

left monogenicity and right monogenicity coincide, and moreover that Fr is left as well as right

monogenic in G if and only if in G

∂XFr = 0 ⇐⇒ Fr∂X = 0 ⇐⇒

{
∂X • Fr = 0

∂X ∧ Fr = 0

As the Dirac operator ∂X factorizes the Laplace operator, viz

∂2
X = ∂X

• ∂X + ∂X ∧ ∂X = ∂X
• ∂X = −〈∂X, ∂X〉 = −∆m

a monogenic function in G is also harmonic in G, but the converse clearly is not true. As moreover

(∂X•)2 = (∂X∧)2 = 0
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we have that

−∆m = (∂X • +∂X∧)2 = ∂X • ∂X ∧ +∂X ∧ ∂X•

the two second order differential operators
(
∂X • ∂X∧

)
and

(
∂X ∧ ∂X•

)
arising above being scalar

operators in the sense that they keep the order of the multi-vector function invariant. However the

function coefficients, while being differentiated, are interchanged w.r.t. the basis multi-vectors.

When allowing for complex constants and moreover taking the dimension to be even: m = 2n,

the same generators (e1, . . . , en, en+1, . . . , e2n) produce the complex Clifford algebra C2n, which

is the complexification of the real Clifford algebra R0,2n, i.e. C2n = R0,2n ⊕ i R0,2n. Any com-

plex Clifford number λ ∈ C2n may thus be written as λ = a + ib, a, b ∈ R0,2n, an observation

leading to the definition of the Hermitean conjugation λ† = (a + ib)† = a − ib, where the bar

notation stands for the usual Clifford conjugation in R0,2n, i.e. the main anti–involution for which

ej = −ej, j = 1, . . . , 2n. This Hermitean conjugation also leads to a Hermitean inner product and

its associated norm on C2n given by (λ, µ) = [λ†µ]0 and |λ| =
√

[λ†λ]0 = (
∑

A |λA|2)1/2.

This is the framework for so–called Hermitean Clifford analysis, a refinement of Euclidean

Clifford analysis. An elegant way of introducing this setting consists in considering a so–called

complex structure, i.e. a specific SO(2n; R)–element J for which it holds that J2 = −1 (see [1, 2]).

Here, J is chosen to act upon the generators e1, . . . , e2n of the Clifford algebra as

J[ej] = −en+j and J[en+j] = ej, j = 1, . . . , n

With J one may associate two projection operators
1
2
(1 ± iJ) which produce the main objects

of the Hermitean setting by acting upon the corresponding objects in the Euclidean framework.

First of all, the so–called Witt basis elements (fj, f
†
j)

n
j=1 for C2n are obtained through the action

of ±1
2
(1 ± iJ) on the original orthogonal basis:

fj =
1

2
(1 + iJ)[ej] =

1

2
(ej − i en+j), j = 1, . . . , n

f
†
j = −

1

2
(1 − iJ)[ej] = −

1

2
(ej + i en+j), j = 1, . . . , n

The Witt basis elements satisfy the Grassmann identities

fjfk + fkfj = f
†
j f

†
k + f

†
kf

†
j = 0 , j, k = 1, . . . , n

including their isotropy: f2j = f
†
j

2
= 0, j = 1, . . . , n, as well as the duality identities

fjf
†
k + f

†
kfj = δjk , j, k = 1, . . . , n

The Witt basis of the complex Clifford algebra C2n is then obtained, in much the same way as is

done for the basis of the real Clifford algebra, by taking all possible products of Witt basis vectors.
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Introducing the inner and outer products for the Witt basis vectors we have, see also [9],

fj • fk = f
†
j • f

†
k = 0, j, k = 1, . . . , n

fj • f
†
k = f

†
j • fk =

1

2
δjk, j, k = 1, . . . , n

and

fj ∧ fk = −fk ∧ fj, j, k = 1, . . . , n

f
†
j ∧ f

†
k = −f

†
k ∧ f

†
j , j, k = 1, . . . , n

eventually yielding

fjfk = fj • fk + fj ∧ fk = fj ∧ fk, j, k = 1, . . . , n

f
†
j f

†
k = f

†
j • f

†
k + f

†
j ∧ f

†
k = f

†
j ∧ f

†
k, j, k = 1, . . . , n

fjf
†
k = fj • f

†
k + fj ∧ f

†
k =

1

2
δjk + fj ∧ f

†
k, j, k = 1, . . . , n

This leads to the Grassmann structure of the complex Clifford algebra

C2n
∼=

n⊕

p=0

n⊕

q=0

∧p,q

2n

where

∧p,q

2n
= spanC

{
f
†
j1

∧ . . . ∧ f
†
jp

∧ fk1
∧ . . . ∧ fkq

|j1 < j2 < . . . < jp, k1 < k2 < . . . < kq

}

A vector (X1, . . . , X2n) in R
0,2n is now denoted by (x1, . . . , xn, y1, . . . , yn) and is identified with

the Clifford vector X =
∑n

j=1(ej xj + en+j yj); the action of the complex structure J on X yields

the twisted vector

X| = J[X] =

n∑

j=1

(ej yj − en+j xj)

Note that X and X| anti-commute, since they are orthogonal w.r.t. the standard Euclidean scalar

product; more precisely they satisfy the following properties.

Lemma 2.1. One has

(i) X • X| = 0

(ii) X ∧ X| =
∑

j 6=k xjyk(ejek − en+ken+j) −
∑

j,k ejen+k(xjxk + yjyk)

(iii) X| ∧ X =
∑

j 6=k xjyk(ekej − en+jen+k) −
∑

j,k en+kej(xjxk + yjyk)

(iv) X X| + X| X = X ∧ X| + X| ∧ X = 0
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The actions of the projection operators on the Clifford vector X then produce the mutually

Hermitean conjugate Hermitean Clifford variables z and z†, i.e.

z =
1

2
(1 + iJ)[X] =

1

2
(X + i X|)

z† = −
1

2
(1 − iJ)[X] = −

1

2
(X − i X|)

which may also be rewritten in terms of the Witt basis elements as

z =

n∑

j=1

fj zj and z† = (z)† =

n∑

j=1

f
†
j zc

j

where n complex variables zj = xj + iyj have been introduced, with complex conjugates zc
j =

xj − iyj, j = 1, . . . , n. Finally, the Hermitean Dirac operators ∂z and ∂z† are obtained from the

Euclidean Dirac operator ∂X:

∂z† =
1

4
(1 + iJ)[∂X] =

1

4
(∂X + i ∂X|)

∂z = −
1

4
(1 − iJ)[∂X] = −

1

4
(∂X − i ∂X|)

where also the so–called twisted Dirac operator arises:

∂X| = J[∂X] =

n∑

j=1

(
ej ∂yj

− en+j ∂xj

)

As for ∂X, a notion of (twisted) monogenicity may be associated in a natural way to ∂X| as well.

Passing to the Witt basis, the Hermitean Dirac operators are expressed as

∂z =

n∑

j=1

f
†
j ∂zj

and ∂z† = (∂z)
† =

n∑

j=1

fj ∂zc
j

involving the classical Cauchy–Riemann operators ∂zc
j

= 1
2
(∂xj

+i∂yj
) and their complex conjugates

∂zj
= 1

2
(∂xj

− i∂yj
) in the complex zj-planes, j = 1, . . . , n. As a consequence of the isotropy of the

Witt basis vectors, the Hermitean vector variables and Dirac operators are isotropic, i.e.

(z)2 = (z†)2 = 0 and (∂z)
2 = (∂z†)2 = 0

whence the Laplacian ∆2n = −∂2
X = −∂2

X|
allows for the decomposition

∆2n = 4(∂z∂z† + ∂z†∂z) = 4(∂z + ∂z†)2

while also

(z + z†)2 = z z† + z†z = |z|2 = |z†|2 = |X|2 = |X||2

The central notion in Hermitean Clifford analysis is that of Hermitean monogenicity. A

continuously differentiable function g on an open region G of R
2n ∼= C

n with values in the complex
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Clifford algebra C2n is called (left) Hermitean monogenic (or h–monogenic for short) in G if and

only if it simultaneously is ∂X– and ∂X|–monogenic in G, i.e. it satisfies in G the system

∂X g = 0 = ∂X| g

which is equivalent with the system

∂z g = 0 = ∂z† g

Now the multivector functions in the Hermitean Clifford analysis setting are smooth functions

defined in an open region G of R
2n ∼= C

n and taking their values in the Grassmann subspaces∧p,q
2n . They thus take the form

Fp,q(x1, . . . , xn, y1, . . . , yn) =
∑

φj1...jpk1...kq
f
†
j1

∧ . . . ∧ f
†
jp

∧ fk1
∧ . . . ∧ fkq

where the scalar functions φj1...jpk1...kq
are assumed to be smooth functions in G. The space of

these multivector functions is denoted by Ep,q(G), and we have

Er(G) =
⊕

p+q=r

Ep,q(G)

Similarly to what was done for the Euclidean Dirac operator ∂X (and holds for ∂X| as well),

also the Hermitean Dirac operators may be split into their scalar or ”dot” part and their bivector

or ”wedge” part, leading to

∂z∧ =

n∑

i=1

∂zi
f
†
i ∧

∂z• =

n∑

i=1

∂zi
f
†
i •

∂z†∧ =

n∑

i=1

∂zc
i
fi ∧

∂z†• =

n∑

i=1

∂zc
i
fi•

for which it thus holds that

∂z ∧ +∂z• = ∂z, ∂z† ∧ +∂z†• = ∂z†

These operators have a two-fold action on Ep,q(G) in the sense that they act on the multi-vector

by means of the inner and outer product with Witt basis vectors, and at the same time on the

function coefficients by partial differentiation. They enjoy the following properties, which can be

obtained through direct calculation.

Property 2.2. The Hermitean Dirac dot and wedge operators are interrelated by complex conjuga-

tion as follows:
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(i) (∂z∧)c = −∂z†∧

(ii) (∂z•)c = −∂z†•

Property 2.3. The Hermitean Dirac dot and wedge operators act as follows on the spaces Ep,q:

(i) ∂z∧ : Ep,q −→ Ep+1,q

(ii) ∂z• : Ep,q −→ Ep,q−1

(iii) ∂z†∧ : Ep,q −→ Ep,q+1

(iv) ∂z†• : Ep,q −→ Ep−1,q

Property 2.4. The Hermitean Dirac dot and wedge operators are isotropic:

(i) (∂z∧)2 = (∂z•)2 = (∂z†∧)2 = (∂z†•)2 = 0

and they show the following anticommutation relations:

(ii) (∂z∧)(∂z•) + (∂z•)(∂z∧) = 0

(iii) (∂z†∧)(∂z†•) + (∂z†•)(∂z†∧) = 0

(iv) (∂z∧)(∂z†∧) + (∂z†∧)(∂z∧) = 0

(v) (∂z•)(∂z†•) + (∂z†•)(∂z•) = 0

Property 2.5. Composition of the Hermitean Dirac dot and wedge operators yields the following

actions on the spaces Ep,q:

(i) (∂z∧)(∂z•) = −(∂z∧)(∂z•) = (∂z•)(∂z∧) : Ep,q −→ Ep+1,q−1

(ii) (∂z†∧)(∂z†•) = −(∂z†∧)(∂z†•) = (∂z†•)(∂z†∧) : Ep,q −→ Ep−1,q+1

(iii) (∂z∧)(∂z†∧) = −(∂z†∧)(∂z∧) : Ep,q −→ Ep+1,q+1

(iv) (∂z•)(∂z†•) = −(∂z†•)(∂z•) : Ep,q −→ Ep−1,q−1

Property 2.6. The Hermitean Dirac dot and wedge operators establish a decomposition of the

Laplacian in the following ways:

(i) (∂z∧)(∂z†•) + (∂z†•)(∂z∧) = 1
8

∆2n

(ii) (∂z†∧)(∂z•) + (∂z•)(∂z†∧) = 1
8

∆2n
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Property 2.7. The Hermitean Dirac dot and wedge operators establish decompositions of the cor-

responding Euclidean ones as follows:

(i) (∂z†∧) − (∂z∧) = 1
2
∂X∧, (∂z†•) − (∂z•) = 1

2
∂X•

(ii) (∂z†∧) + (∂z∧) = i
2
∂X|∧, (∂z†•) + (∂z•) = i

2
∂X|•

whence they also decompose the actual Euclidean Dirac operators as follows:

(iii) (∂z†∧) − (∂z∧) + (∂z†•) − (∂z•) = 1
2
∂X

(iv) (∂z†∧) + (∂z∧) + (∂z†•) + (∂z•) = i
2
∂X|

Now, let us come back for a moment to the notion of Hermitean monogenicity for multivector

functions. A multivector function Fp,q is h-monogenic if and only if simultaneously ∂zF
p,q =

(∂z • +∂z∧)Fp,q = 0 and ∂z†Fp,q = (∂z† • +∂z†∧)Fp,q = 0, which, due to Property 2.3, is

equivalent with the system

{
∂z • Fp,q = 0, ∂z ∧ Fp,q = 0, ∂z† • Fp,q = 0, ∂z† ∧ Fp,q = 0

}

In view of Property 2.7 we then obtain the following remarkable result.

Proposition 2.8. For a multivector function Fp,q the notions of ∂X-monogenicity, ∂X|-monogenicity

and Hermitean monogenicity coincide.

Remark 2.9. Obviously the system of equations describing Hermitean monogenicity will take par-

ticular forms according to the values of the functions considered. In [2] we have shown e.g. that, if

the function takes its values in the subspace of spinor space corresponding to minimal or maximal

degree of homogeneity, then Hermitean monogenicity reduces to (anti-)holomorphy for a function of

several complex variables. In that sense Proposition 2.8 now reveals that one particular Grassmann

cell
∧p,q

2n can not be considered as an appropriate value space to study Hermitean monogenicity,

since in that case it coincides with Euclidean monogenicity. It remains an interesting problem

to discover appropriate value spaces in order to see the Hermitean monogenicity system reduce

to a significant system of differential equations. To that end we have investigated in [10] how

the complex Clifford algebra C2n decomposes into subspaces leading to exact sequences for the

multiplicative action of the Witt basis vectors.

3 Differential forms: preliminaries

There exists a vast literature on differential forms; in particular we refer to e.g. [19, 24] for real

differential forms and to [20, 21] for complex differential forms. Here we will only recall the basic

concepts needed.



98 F. Brackx, H. De Schepper and V. Souček CUBO
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Let R
m be endowed with the standard Euclidean metric. Denoting by

∧r
R

m the space of

alternating (or skew multilinear) real valued r-forms (0 ≤ r ≤ m), the Grassmann algebra or

exterior algebra over R
m is the graded associative algebra

∧
R

m =

m⊕

r=0

∧r
R

m

endowed with the exterior multiplication. A basis for
∧r

R
m is obtained as follows. Let {dX1, ..., dXm}

be a basis for the dual space (Rm)∗ of R
m. If, as before, the set A = {i1, . . . , ir} ⊂ M = {0, 1, ...,m}

is ordered in the natural way, put

dXA = dXi1 ∧ dXi2 ∧ ... ∧ dXir

and dX∅ = 1. Then for each r = 0, 1, ...,m, the set {dXA : A ⊂ M and |A| = r} is a basis for∧r
R

m. Note that in particular

dXi ∧ dXi = 0, i = 0, 1, . . . ,m

and

dXi ∧ dXj + dXj ∧ dXi = 0, 0 ≤ i 6= j ≤ m

A smooth r-form in an open region G of R
m is a map

ωr : G→
∧r

R
m, X 7→

∑

|A|=r

ωr
A(X1, . . . , Xm)dXA

where, for each A, ωr
A is a smooth real valued function in G. We denote by

∧r
(G) the space of

smooth r-forms in G and we put

∧
(G) =

m⊕

r=0

∧r
(G)

The projection operator from
∧

(G) onto
∧r

(G) is denoted by [ · ]r. A fundamental linear operator

on the space of smooth forms is the exterior derivative d. It is first defined as d :
∧r

(G)→
∧r+1

(G)

(r < m), by

ωr =
∑

|A|=r

ωr
A dXA 7−→ dωr =

∑

A

∑

j

∂Xj
ωr

A dXj ∧ dXA

a definition which is then extended to
∧

(G) by linearity. A second fundamental linear operator on

the space of smooth forms is the Hodge co-derivative d∗. For A = {ii, ..., ir} ⊂ M we denote

dXA\{ij} = dXi1 ∧ ... ∧ dXij−1 ∧ [dXij∧] dXij+1 ∧ ... ∧ dXir

and in a first step we put

d∗(ωr
AdXA) =

r∑

j=1

(−1)j ∂Xij
ωr

A dXA\{ij}
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Then d∗ is defined as d∗ :
∧r

(G)→
∧r−1

(G) (r > 0), by

ωr =
∑

|A|=r

ωr
A dXA 7−→ d∗(ωr) =

∑

|A|=r

d∗(ωr
A dXA)

and this definition again is extended to the whole of
∧

(G) by linearity. A smooth r-form ωr in G

is called closed if and only if dωr = 0; it is called co-closed if and only if d∗ωr = 0; and it is called

harmonic (in the sense of Hodge) when it is at the same time closed and co-closed. Introducing

the operator D = d + d∗, a necessary and sufficient condition for a smooth r-form ωr in G to be

harmonic thus reads

Dωr = (d + d∗)ωr = 0 ⇐⇒

{
dωr = 0

d∗ωr = 0
(∗)

The system (∗) is called the Hodge-de Rham system. Note that if ωr is harmonic in an open region

G of R
m then automatically ωr satisfies ∆mωr = 0 in G, since

D2 = (d + d∗)2 = d d∗ + d∗ d = −∆m

The converse, however, is not true.

The action of the operators d and d∗ on differential forms is two-fold in the sense that they

act on the form itself as well as on the function coefficients by partial differentiation. In order to

make this double action explicit we introduce the following symbolic notations for the operators d

and d∗:

d =

m∑

j=1

(dXj∧)∂Xj

d∗ =

m∑

j=1

(dXj •)∂Xj

with

dXj • dXA = dXj • (dXi1 ∧ ... ∧ dXir) =

r∑

k=1

(−1)k δjik
dXA\{ik}

In this last action we recognize the contraction operators ∂Xj
⌋, j = 1, ...m, given by

∂Xj
⌋dXA = ∂Xj

⌋
(
dXi1 ∧ ... ∧ dXir

)
=

r∑

k=1

(−1)k−1δjik
dXA\{ik}

acting only on the basis elements of the differential form, and not on the function coefficients.

Apparently the contraction operator ∂Xj
⌋ coincides with the ”inner product”-operator dXj • up to

a minus sign:

∂Xj
⌋ = (−dXj •), j = 0, 1, ...,m
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However bear in mind that contractions are more fundamental than dot products. Indeed, they

can be introduced independently of a scalar product, and their behaviour is invariant under dif-

feomorphisms, which is not the case for the dot product. We then indeed have for the operators d

and d∗




m∑

j=1

(dXj∧)∂Xj




∑

|A|=r

ωr
A dXA


 =

∑

|A|=r

m∑

j=1

(∂Xj
ωr

A)dXj ∧ dXA = dωr




m∑

j=1

(dXj •)∂Xj




∑

|A|=r

ωr
A dXA


 =

∑

|A|=r

r∑

k=1

(−1)k(∂Xik
ωr

A)dXA\{ik} = d∗ωr

At this moment we make the transition from the Euclidean to the Hermitean Clifford setting,

which, as above, is established by the introduction of the complex structure J, forcing the dimension

to be even: m = 2n. We may now also consider a twisted exterior derivative d| and a twisted

co-derivative d∗|, satisfying the following identities.

Property 3.1. It holds that

(i) dd| + d|d = 0 = d∗d|∗ + d|∗d∗ = 0

(ii) dd|∗ + d|∗d = 0 = d∗d| + d|d∗ = 0

Appropriate complex linear combinations of these real operators will give rise to complex

exterior derivatives and co-derivatives, but we will first consider the traditional complex differential

forms in C
n or in an open region G of C

n. We call
∧p,q

(G) the space of complex differential forms

of bidegree (p, q) in G; it contains elements ωp,q of the form

ωp,q =
∑

|J|=p

∑

|K|=q

ωJ,K(z, z†)dzJ ∧ dzc
K

where ωK,L(z1, . . . , zn, zc
1, . . . , zc

n) are smooth functions in G and

dzJ = dzj1
∧ . . . ∧ dzjp

, j1 < j2 < . . . < jp

dzc
K = dzc

k1
∧ . . . ∧ dzc

kq
, k1 < k2 < . . . < kp

The traditional derivatives in this setting are ∂, ∂c, ∂∗ and ∂∗c. They are defined as follows on a

complex differential form of bidegree (p, q), definition which is then extended by linearity to an
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arbitrary complex differential form:

∂ωp,q =
∑

|J|=p

∑

|K|=q

∂ωJ,K ∧ dzJ ∧ dzc
K

∂cωp,q =
∑

|J|=p

∑

|K|=q

∂cωJ,K ∧ dzJ ∧ dzc
K

∂∗ωp,q =
∑

|J|=p

∑

|K|=q

∂∗ (ωJ,KdzJ ∧ dzc
K)

∂∗cωp,q =
∑

|J|=p

∑

|K|=q

∂∗c (ωJ,KdzJ ∧ dzc
K)

with

∂ωJ,K =

n∑

i=1

(∂zi
ωJ,K)dzi

∂cωJ,K =

n∑

i=1

(∂zc
i
ωJ,K)dzc

i

∂∗ (ωJ,KdzJ ∧ dzc
K) =

n∑

i=1

(∂zc
i
ωJ,K)dzc

i • (dzJ ∧ dzc
K)

∂∗c (ωJ,KdzJ ∧ dzc
K) =

n∑

i=1

(∂zi
ωJ,K)dzi • (dzJ ∧ dzc

K)

Here we have introduced, for j = 1, . . . , n, the not commonly used operators dzj• and dzc
j •, which,

via their Euclidean counterparts, are in fact complex contraction operators. We have indeed, for

all j = 1, . . . , n, that

dzj• = (dxj + idyj)• = dxj • +idyj• = −
(
∂xj

⌋ + i∂yj
⌋
)

= −2∂zc
j
⌋

dzc
j • = (dxj − idyj)• = dxj • −idyj• = −

(
∂xj

⌋ − i∂yj
⌋
)

= −2∂zj
⌋

The four complex derivatives may thus be written symbolically as

∂ =

n∑

i=1

∂zi
dzi ∧

∂c =

n∑

i=1

∂zc
i
dzc

i ∧

∂∗ =

n∑

i=1

∂zc
i
dzc

i •

∂∗c =

n∑

i=1

∂zi
dzi•

where it is explicitly shown that ∂ and ∂c act with a wedge product and ∂∗ and ∂∗c with a dot

product or contraction. They enjoy the following properties.
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Property 3.2. The complex derivatives ∂, ∂c, ∂∗ and ∂∗c act as follows on the spaces
∧p,q

(G) of

complex differential forms of bidegree (p, q) in G:

(i) ∂ :
∧p,q

(G) −→
∧p+1,q

(G)

(ii) ∂c :
∧p,q

(G) −→ ∧p,q+1
(G)

(iii) ∂∗ :
∧p,q

(G) −→ ∧p−1,q
(G)

(iv) ∂∗c :
∧p,q

(G) −→ ∧p,q−1
(G)

Property 3.3. The complex derivatives ∂, ∂c, ∂∗ and ∂∗c satisfy the Kähler identities

(i) ∂∂∗c + ∂∗c∂ = 0 = ∂∗∂c + ∂c∂∗

(ii) ∂∂c + ∂c∂ = 0 = ∂∗∂∗c + ∂∗c∂∗

(iii) ∂∂∗ + ∂∗∂ = −1
2
∆2n = ∂c∂∗c + ∂∗c∂c

In a very similar way as the Hermitean variables and Dirac operators are linked to their Eu-

clidean counterparts, the Kählerian derivatives ∂, ∂c, ∂∗ and ∂∗c are linked to the exterior derivative

and co-derivative and their twisted analogues.

Property 3.4. It holds that

(i) ∂c + ∂ = d, ∂c − ∂ = id|

(ii) ∂∗ + ∂∗c = d∗, ∂∗ − ∂∗c = id|∗

whence we may also write

(iii) ∂c = 1
2
(d + id|), ∂ = 1

2
(d − id|)

(iv) ∂∗ = 1
2
(d∗ + id|∗), ∂∗c = 1

2
(d∗ − id|∗)

4 Differential forms and multi-vector functions: an identi-

fication

In [6] it is shown how the world of real differential forms in an open region G of R
m and the world of

Clifford algebra valued multi-vector functions in G may be naturally identified. The fundamental

identification, adapted to the Hermitean setting, reads

ei ←→ dxi, en+i ←→ dyi, i = 1, . . . , n

resulting in the identifications listed in Table 1. Note that we have listed here only a few of these

identifications; for more details we refer the reader to [6].
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d =

n∑

i=1

(dxi∧)∂xi
+ (dyi∧)∂yi

∂X∧ =

n∑

i=1

(ei∧)∂xi
+ (en+i∧)∂yi

d∗ =

n∑

i=0

(dxi •)∂xi
+ (dyi •)∂yi

∂X• =

n∑

i=1

(ei
•)∂xi

+ (en+i
•)∂yi

d| =

n∑

i=1

(dxi∧)∂yi
− (dyi∧)∂xi

∂X|∧ =

n∑

i=1

(ei∧)∂yi
− (en+i∧)∂xi

d|∗ =

n∑

i=0

(dxi •)∂yi
− (dyi •)∂xi

∂X|• =

n∑

i=1

(ei
•)∂yi

− (en+i
•)∂xi

Table 1: Identification of the Euclidean Dirac operators

This identification is now further developed in the Hermitean setting. For the Witt basis

vectors one explicitly obtains the identifications

f
†
j∧ = −

1

2
(ej + ien+j)∧ = −

1

2
(ej ∧ +ien+j∧) ←→ −

1

2
(dxj ∧ +idyj∧) = −

1

2
(dzj∧)

f
†
j• = −

1

2
(ej + ien+j)• = −

1

2
(ej • +ien+j• ) ←→ −

1

2
(dxj • +idyj•) = −

1

2
(dzj•)

fj∧ =
1

2
(ej − ien+j)∧ =

1

2
(ej ∧ −ien+j∧) ←→

1

2
(dxj ∧ −idyj∧) =

1

2
(dzc

j ∧)

and

fj• =
1

2
(ej − ien+j)• =

1

2
(ej • −ien+j•) ←→

1

2
(dxj • −idyj•) =

1

2
(dzc

j •)

listed in Table 2. The so-called inflation operator, denoted ·⌉, is introduced below.

f
†
j∧ −

1

2
(dzj∧) = ∂zc

j
⌉

f
†
j• −

1

2
(dzj•) = ∂zc

j
⌋

fj∧
1

2
(dzc

j ∧) = −∂zj
⌉

fj•
1

2
(dzc

j •) = −∂zj
⌋

Table 2: Identification of the Witt basis vectors
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In the same order of ideas one explicitly obtains for the Hermitean Dirac operators

∂z†∧ =

n∑

j=1

∂zc
j
fj∧ ←→

n∑

j=1

∂zc
j

1

2
(dzc

j ∧) =
1

2
(∂c∧)

∂z†• =

n∑

j=1

∂zc
j
fj• ←→

n∑

j=1

∂zc
j

1

2
(dzc

j •) =
1

2
(∂∗•)

∂z∧ =

n∑

j=1

∂zj
f
†
j∧ ←→

n∑

j=1

∂zj
(−

1

2
)(dzj∧) = (−

1

2
)(∂∧)

∂z• =

n∑

j=1

∂zj
f
†
j• ←→

n∑

j=1

∂zj
(−

1

2
)(dzj•) = (−

1

2
)(∂∗c•)

as summarized in Table 3.

∂z†∧
1

2
(∂c∧)

∂z†• 1

2
(∂∗•)

∂z∧ −
1

2
(∂∧)

∂z• −
1

2
(∂∗c•)

Table 3: Identification of the Hermitean Dirac operators

Through these identifications it becomes clear that the properties of the Hermitean Dirac

operators on multivector functions listed in Section 2 and those of the Kählerian differential op-

erators on complex differential forms listed in Section 3 are two faces of the same coin. This also

implies that it suffices to prove a property in only one of these two worlds, automatically gaining

the similar property in the other. To give an example, Proposition 2.12 is transposed as follows.

Proposition 4.1. A (p, q)-form ωp,q ∈ ∧p,q
(G) is harmonic in an open region G of C

n, i.e. it

satisfies the Hodge-de Rham system {dωp,q = 0, d∗ωp,q = 0}, if and only if in G it is Hermitean

monogenic, i.e. it satisfies the system {∂ωp,q = 0, ∂cωp,q = 0, ∂∗ωp,q = 0, ∂∗cωp,q = 0}, which

implies that for a (p, q)-form ωp,q ∈ ∧p,q
(G) the notions harmonic, twisted harmonic and Her-

mitean monogenic coincide.

Another nice illustration of this identification is procured by the Euler operators. The Her-

mitean Euler operators

Ez =

n∑

j=1

zj ∂zj
= 2 z • ∂z

E†
z =

n∑

j=1

zc
j ∂zc

j
= 2 z† • ∂z†
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have shown their importance in constructing the Fischer decomposition of homogeneous polyno-

mials in terms of Hermitean monogenic polynomials and the corresponding Howe dual pair (see

[16, 7]). They have a natural close connection with the traditional Euclidean Euler operators, since

Ez =
1

2
EX +

i

2
X • ∂X|

E†
z =

1

2
EX +

i

2
X| • ∂X

whence

Ez + E†
z =

n∑

j=1

(
xj ∂xj

+ yj ∂yj

)
= EX = EX| = −X • ∂X = −X| • ∂X|

Ez − E†
z = i

n∑

j=1

(
−xj ∂yj

+ yj ∂xj

)
= i X • ∂X| = −i X| • ∂X

It thus becomes clear that the Hermitean Euler operators are mutually complex conjugated scalar

operators; note that they have the same expression in both worlds. In the world of differential

forms we now focus on the contraction operators associated to the Hermitean Euler operators. To

that end recall that we tend to denote contraction of a differential form by means of a ”dot”, more

specifically ∂Xα
⌋ = −dXα•, yielding

∂X ⌋ =

m∑

α=1

eα ∂Xα
⌋ = −

m∑

α=1

eα dXα• = −dX•

and also

∂z ⌋ =

n∑

j=1

f
†
j ∂zj

⌋ =

n∑

j=1

f
†
j (−

1

2
dzc

j •) = −
1

2
dz† •

∂z† ⌋ =

n∑

j=1

fj ∂zc
j
⌋ =

n∑

j=1

fj (−
1

2
dzj•) = −

1

2
dz •

For the contracted Hermitean Euler operators we then obtain

Ez ⌋ =

n∑

j=1

zj ∂zj
⌋ = (−

1

2
)

n∑

j=1

zj (dzc
j •) or Ez ⌋ = 2z • ∂z⌋ = −z • dz† •

E†
z ⌋ =

n∑

j=1

zc
j ∂zc

j
⌋ = (−

1

2
)

n∑

j=1

zc
j (dzj•) or E†

z⌋ = 2z† • ∂z†⌋ = −z† • dz•

We could as well, for symmetry’s sake, have introduced a so-called inflation operator (see [6]),

denoted by a ”wedge”, i.e. ∂Xα
⌉ = −dXα∧, yielding

∂X⌉ =

m∑

α=1

eα ∂Xα
⌉ = −

m∑

α=1

eα dXα∧ = −dX∧
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and

∂z⌉ =

n∑

j=1

f
†
j ∂zj

⌉ =

n∑

j=1

f
†
j (−

1

2
dzc

j ∧) = −
1

2
dz† ∧

∂z†⌉ =

n∑

j=1

fj ∂zc
j
⌉ =

n∑

j=1

fj (−
1

2
dzj∧) = −

1

2
dz ∧

Note that the above notations ∂zj
⌉ and ∂zc

j
⌉ where already used in Table 2. This leads to

Ez ⌉ =

n∑

j=1

zj ∂zj
⌉ = (−

1

2
)

n∑

j=1

zj (dzc
j ∧) or Ez⌉ = 2z • ∂z⌉ = −z • dz† ∧

E†
z ⌉ =

n∑

j=1

zc
j ∂zc

j
⌉ = (−

1

2
)

n∑

j=1

zc
j (dzj∧) or E†

z⌉ = 2z† • ∂z†⌉ = −z† • dz∧

These four contracted and inflated Hermitean Euler operators enjoy the properties summarized in

the following two propositions.

Proposition 4.2. One has

(i) Ez⌋ + E
†
z⌋ = EX⌋ = X • dX•

(ii) Ez⌉ + E
†
z⌉ = EX⌉ = X • dX∧

(iii) Ez⌋ − E
†
z⌋ = iX| • dX• = −iX • dX|•

(iv) Ez⌉ − E
†
z⌉ = iX| • dX∧ = −iX • dX|∧

(v) Ez⌋ + Ez⌉ = (−
1

2
)

n∑

j=1

zj dzc
j = −z • dz†

(vi) E†
z⌋ + E†

z⌉ = (−
1

2
)

n∑

j=1

zc
j dzj = −z† • dz

Proposition 4.3. One has

(i)

(
Ez⌋ + E

†
z⌋
)2

=
(
EX⌋

)2
= 0

(ii)

(
Ez⌉ + E

†
z⌉
)2

=
(
EX⌉

)2
= 0

(iii) (Ez⌋ + Ez⌉)2
= 0

(iv)

(
E
†
z⌋ + E

†
z⌉
)2

= 0

(v) (Ez⌋ + Ez⌉)
(
E
†
z⌋ + E

†
z⌉
)

+
(
E
†
z⌋ + E

†
z⌉
)

(Ez⌋ + Ez⌉) = −|z2|
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(vi)

(
Ez⌋ + E

†
z⌋
)(

Ez⌉ + E
†
z⌉
)

+
(
Ez⌉ + E

†
z⌉
)(

Ez⌋ + E
†
z⌋
)

= −|z2|

These properties may be proven by direct calculation, but things become more transparent

after identification in the multivector setting; to that end we look at the analogues of the operators

involved, given by

Ez ⌋ = (−
1

2
)

n∑

j=1

zj (dzc
j • )←→ (−

1

2
)

n∑

j=1

zj (2fj•) = −z •

E†
z ⌋ = (−

1

2
)

n∑

j=1

zc
j (dzj• )←→ (−

1

2
)

n∑

j=1

zc
j (−2f

†
j•) = z† •

Ez ⌉ = (−
1

2
)

n∑

j=1

zj (dzc
j ∧)←→ (−

1

2
)

n∑

j=1

zj (2fj∧) = −z ∧

E†
z ⌉ = (−

1

2
)

n∑

j=1

zc
j (dzj∧)←→ (−

1

2
)

n∑

j=1

zc
j (−2f

†
j∧) = z†∧

Propositions 4.2 and 4.3 now take a rather trivial form and are easily proven (see also [6]), as may

be observed from their reformulation in the propositions below.

Proposition 4.4. One has

(i) (−z•) + (z†•) = −X•

(ii) (−z∧) + (z†∧) = −X∧

(iii) (−z•) − (z†•) = −iX|•

(iv) (−z∧) − (z†∧) = −iX|∧

(v) (−z•) + (−z∧) = −z

(vi) (z†•) + (z†∧) = z†

Proposition 4.5. One has

(i) (−X•)(X•) = 0

(ii) (−X∧)(X∧) = 0

(iii) (−z • −z∧)
2

= (−z)
2

= 0

(iv)
(
z† • +z†∧

)2
=
(
z†
)2

= 0

(v) (−z)
(
z†
)

+
(
z†
)
(−z) = −|z2|

(vi)
(
−z • +z†•

) (
−z ∧ +z†∧

)
+
(
−z ∧ +z†∧

) (
−z • +z†•

)
= −|z2|
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In the same order of ideas, starting from the operators d and d∗, we introduce the contraction

and inflation operators

d⌋ =

m∑

j=1

(dXj∧)∂Xj
⌋ =

m∑

j=1

(dXj∧)(−dXj •)

d∗⌉ =

m∑

j=1

(dXj •)∂Xj
⌉ =

m∑

j=1

(dXj •)(−dXj∧)

The operators d⌋ and d∗⌉ have Er(Ω) as an eigenspace since

d⌋ωr = rωr
and d∗⌉ωr = (m − r)ωr

In other words: they measure the order of a differential form. They are sometimes called fermionic

Euler operators. In the Clifford analysis setting they read

∂X∧⌋ =

m∑

j=1

(ej∧)(−ej
•) and ∂X•⌉ =

m∑

j=1

(ej
•)(−ej∧)

for which it indeed holds that

∂X∧⌋Fr = r Fr and ∂X•⌉Fr = (m − r) Fr

Note that d⌉, d∗⌋, ∂X∧⌉ and ∂X•⌋ are zero operators. The same can be done now with the

Kählerian derivatives, leading to

∂⌋ = (−
1

2
)

n∑

j=1

dzj ∧ dzc
j •

∂c⌋ = (−
1

2
)

n∑

j=1

dzc
j ∧ dzj •

∂∗⌋ = (−
1

2
)

n∑

j=1

dzc
j • dzj •

∂∗c⌋ = (−
1

2
)

n∑

j=1

dzj • dzc
j •

and

∂⌉ = (−
1

2
)

n∑

j=1

dzj ∧ dzc
j ∧

∂c⌉ = (−
1

2
)

n∑

j=1

dzc
j ∧ dzj ∧

∂∗⌉ = (−
1

2
)

n∑

j=1

dzc
j • dzj ∧

∂∗c⌉ = (−
1

2
)

n∑

j=1

dzj • dzc
j ∧
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while their Hermitean multivector analogues are given by

∂z∧⌋ = −

n∑

j=1

f
†
j ∧ fj •

∂z†∧⌋ =

n∑

j=1

fj ∧ f
†
j •

∂z†•⌋ =

n∑

j=1

fj • f
†
j •

∂z•⌋ = −

n∑

j=1

f
†
j • fj •

and by

∂z∧⌉ = −

n∑

j=1

f
†
j ∧ fj ∧

∂z†∧⌉ =

n∑

j=1

fj ∧ f
†
j ∧

∂z†•⌉ =

n∑

j=1

fj • f
†
j ∧

∂z•⌉ = −

n∑

j=1

f
†
j • fj ∧

The spaces Ep,q of smooth vector functions of bidegree (p, q) are eigenspaces of the operators

∂z∧⌋, ∂z†∧⌋, ∂z†•⌋ and ∂z•⌋. More precisely we have the following.

Proposition 4.6. For Fp,q ∈ Ep,q, one has

(i)
(
∂z∧⌋

)
Fp,q =

(
−

p

2

)
Fp,q

(ii)
(
∂z†∧⌋

)
Fp,q =

(q

2

)
Fp,q

(iii)
(
∂z†•⌉

)
Fp,q =

(
n − p

2

)
Fp,q

(iv)
(
∂z•⌉

)
Fp,q =

(
−n + q

2

)
Fp,q

Note that, by similarity, the same eigenvalue equations hold for the operators ∂⌋, ∂c⌋, ∂∗⌉ and

∂∗c⌉. Moreover observe that the eigenvalue equations for the operators d⌋ or ∂X∧⌋ and d∗⌉ or
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13, 2 (2011)

∂X•⌉ are refined by the ones of Proposition 4.6, and may be recovered from them:

(
∂X∧⌋

)
Fp,q = 2

(
∂z†∧⌋ − ∂z∧⌋

)
Fp,q = 2

(q

2
+

p

2

)
Fp,q

= (p + q)Fp,q

(
∂X•⌉

)
Fp,q = 2

(
∂z†•⌉ − ∂z• ⌉

)
Fp,q = 2

(
n − p

2
−

−n + q

2

)
Fp,q

= (2n − (p + q)) Fp,q

Furthermore, it may be verified that ∂X∧⌉ and ∂X•⌋ indeed are zero operators:

∂X∧⌉ = 2
(
∂z†∧⌉ − ∂z∧⌉

)
= 2




n∑

j=1

fj ∧ f
†
j ∧ +

n∑

j=1

f
†
j ∧ fj∧


 = 0

∂X•⌋ = 2
(
∂z†•⌋ − ∂z• ⌋

)
= 2




n∑

j=1

fj • f
†
j • +

n∑

j=1

f
†
j • fj•


 = 0

Finally, also the original expressions for ∂X∧⌋ and ∂X•⌉ as obtained in [6] may be recovered:

∂X∧⌋ = 2
(
∂z†∧⌋ − ∂z∧⌋

)
= 2




n∑

j=1

fj ∧ f
†
j • +

n∑

j=1

f
†
j ∧ fj•




= −

n∑

j=1

ej ∧ ej • + en+j ∧ en+j• = −

2n∑

α=1

eα ∧ eα •

∂X•⌉ = 2
(
∂z†•⌉ − ∂z• ⌉

)
= 2




n∑

j=1

fj • f
†
j ∧ +

n∑

j=1

f
†
j • fj∧




= −

n∑

j=1

ej • ej ∧ + en+j • en+j∧ = −

2n∑

α=1

eα • eα∧

We shall encounter the operators ∂z∧⌉ and ∂z•⌋ again in the next section in a different context.

5 The Kählerian metric

We will now use known results from Kählerian geometry, however restricted to the flat Kählerian

manifold C
n, and transpose them to obtain results, not yet known in the Hermitean Clifford

analysis setting. Our guides are [21, 20]. Each Kählerian metric induces a fundamental form Ω,

which is a 2-form derived from the corresponding Kähler potential U, i.e.

Ω∧ =
i

2
∂∂cU

The potential of the flat metric or the canonical Hermitean metric is given by

U =
1

2
|z|2 =

1

2
|z†|2 =

1

2

n∑

i=1

ziz
c
i = z • z† =

1

2
(zz† + z†z) =

1

2
|X|2 =

1

2
|X||2
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yielding the flat fundamental form

Ω∧ =
i

2
(−2∂z∧)(2∂z†∧)|z|2 = (−2i)




n∑

j=1

∂zj
f
†
j∧



(

n∑

k=1

∂zc
k
fk∧

)
|z|2

= (−2i)

n∑

j=1

f
†
j ∧ fj∧ = 2i∂z∧⌉

or, in terms of the original basis vectors,

Ω∧ =

n∑

j=1

ej ∧ en+j∧

Introducing the so-called spin-Euler operator, which is a parabivector valued multiplicative con-

stant, i.e. the sum of a scalar and a bivector,

β =

n∑

j=1

f
†
j fj =

n∑

j=1

(
f
†
j • fj + f

†
j ∧ fj

)
=

n

2
+

n∑

j=1

f
†
j ∧ fj

we find that the fundamental form appears as the bivector part of that spin-Euler operator, meaning

that we may write

β =
n

2
+

i

2
Ω

Its complex conjugate is then given by

βc =

n∑

j=1

fjf
†
j =

n∑

j=1

(
fj • f

†
j + fj ∧ f

†
j

)
=

n

2
−

n∑

j=1

f
†
j ∧ fj =

n

2
−

i

2
Ω

Usually, one also introduces the associated fundamental form

ω =
1

2i
Ω =

n

2
− β = βc −

n

2
=

n∑

j=1

fj ∧ f
†
j

For the sake of completeness we recall the following intertwining relations of the spin-Euler operator

and its complex conjugate with the Witt basis vectors; for more of these intertwining relations we

refer to [9].

Proposition 5.1. One has

(i) [fk, β] = fk, [f
†
k, β] = −f

†
k

(ii) [f
†
k, βc] = f

†
k, [fk, βc] = −fk

An important operator in Kähler geometry is the so-called L-operator, which is defined by

means of the fundamental form.
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Definition 5.2. The L-operator is defined as L : Ep,q −→ Ep+1,q+1 : Fp,q 7→ Ω ∧ Fp,q, where,

explicitly

Ω ∧ Fp,q =

n∑

j=1

ej ∧ en+j ∧ Fp,q = (−2i)

n∑

j=1

f
†
j ∧ fj ∧ Fp,q = 2i∂z∧⌉Fp,q

The L-operator enjoys the properties listed in the proposition below (see also [21]).

Proposition 5.3. One has

(i) [L, ∂X∧] = 0, [L, ∂X•] = −∂X|∧

and also

(ii) [L, ∂z†∧] = 0, [L, ∂z∧] = 0

(iii) [L, ∂z†•] = i∂z†∧, [L, ∂z•] = −i∂z∧

The counterpart of the L-operator is the Λ-operator.

Definition 5.4. The Λ-operator is defined as Λ : Ep,q −→ Ep−1,q−1 : Fp,q 7→ ΛFp,q, where,

explicitly

ΛFp,q =

n∑

j=1

ej • en+j • Fp,q = (−2i)

n∑

j=1

f
†
j • fj • Fp,q = 2i∂z•⌋Fp,q

It shows the following properties (see also [21]).

Proposition 5.5. One has

(i) [Λ, ∂X∧] = −∂X|•, [Λ, ∂X•] = 0

and also

(ii) [Λ, ∂z†∧] = i∂z†•, [Λ, ∂z∧] = −i∂z•

(iii) [Λ, ∂z†•] = 0, [Λ, ∂z•] = 0

A rather tedious computation leads to the commutator of the L and Λ operators.

Proposition 5.6. One has

[L , Λ] Fp,q = (n − p − q)Fp,q

Finally, putting for an arbitrary multivector function F ≡
n∑

p=0

n∑

q=0

Fp,q
:

H [F] =

n∑

p=0

n∑

q=0

(n − p − q)Fp,q =
(
n − 2

(
∂z†∧⌋ − ∂z∧⌋

))
F

we obtain the following relations (see also [20]).
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Proposition 5.7. One has

(i) [L , Λ] = H

(ii) [H , Λ] = 2Λ

(iii) [H , L] = −2L

meaning that the operators (L,Λ,H) generate the Lie algebra slC(2)

6 The Hodge “star”-operator

The Hodge ∗-operator for smooth real differential forms in R
m may be defined as follows (see e.g.

[19, 24]).

Definition 6.1. Let {j1, . . . , jr} ∪ {jr+1, . . . , jm} = {1, . . . ,m} and {j1, . . . , jr} ∩ {jr+1, . . . , jm} = ∅,
with j1 < . . . < jr. Then

∗ (dXj1
∧ · · · ∧ dXjr

) = σdXjr+1
∧ · · ·dXjm

where σ is the signature of the permutation (jr+1, . . . , jm, j1, . . . , jr).

It constitutes an isomorphism ∗ :
∧r −→ ∧m−r

, its inverse being given by

∗−1 = (−1)r(m−r)∗

which implies that

∗2 = (−1)r(m−r)

By means of this ∗-operator the Hodge co-derivative d∗ may be expressed in terms of the derivative

d as

d∗ ωr = (−1)r ∗ d ∗−1 ωr = (−1)r(m+1−r) ∗ d ∗ ωr

In the actual case of even dimension (m = 2n) we find that the Hodge star-operator is an isomor-

phism ∗ :
∧p,q −→

∧n−q,n−p
for which ∗−1 = (−1)(p+q)2 ∗ and thus ∗2 = (−1)(p+q)2

. For the

Hodge derivative and co-derivative we then obtain

d∗ = ∗d ∗ and d = ∗d∗ ∗

and similarly for the twisted versions

d|∗ = ∗d| ∗ and d| = ∗d∗| ∗

Simply applying the conversion rules of the foregoing section we obtain the counterparts of these

relations in the setting of multivector functions, involving then the Dirac operators.

Proposition 6.2. One has
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(i) ∂X• = ∗
(
∂X∧

)
∗ and ∂X∧ = ∗

(
∂X•

)
∗

(ii) ∂X|• = ∗
(
∂X|∧

)
∗ and ∂X|∧ = ∗

(
∂X|•

)
∗

and also

(iii) ∂z• = ∗
(
∂z∧

)
∗ and ∂z∧ = ∗

(
∂z•
)
∗

(iv) ∂z†• = ∗
(
∂z†∧

)
∗ and ∂z†∧ = ∗

(
∂z†•

)
∗

Clearly, we may convert Proposition 6.2 back to the differential form setting.

Proposition 6.3. One has

(i) ∂∗c• = ∗ (∂∧) ∗ and ∂∧ = ∗ (∂∗c•) ∗

(ii) ∂∗• = ∗ (∂c∧) ∗ and ∂c∧ = ∗ (∂∗•) ∗

Of course, it is also possible to express the Hodge star operator in R
m directly in the Clifford

algebra setting; Definition 6.1 is then converted as follows (see [6]):

∗(ej1
· · · ejr

) = (−1)
r(r+1)

2 eM ej1
· · · ejr

where eM is the so-called pseudoscalar given by eM = e1 · · · em, of which the square equals

e2
M = (−1)

m(m+1)

2 . It follows that for 1-vectors the ∗-operation reduces to a multiplication from

the left by −eM. Also ∗ 1 = eM and ∗ eM = 1.

In the Hermitean case with even dimension m = 2n, let us compute eM in terms of the Witt

basis vectors. We consecutively obtain

eM =

2n∏

α=1

eα =

n∏

j=1

(fj − f
†
j)

n∏

j=1

i(fj + f
†
j)

= in (−1)
n(n−1)

2

n∏

j=1

(fj − f
†
j)(fj + f

†
j) = in (−1)

n(n−1)

2

n∏

j=1

(fjf
†
j − f

†
j fj)

= 2n in (−1)
n(n−1)

2 f1 ∧ f
†
1 ∧ f2 ∧ f

†
2 ∧ · · · ∧ fn ∧ f†n

showing that the pseudoscalar has bidegree (n,n).

As an example we have, for m = 4, n = 2, that the images under the ∗-operation of the

Euclidean basis vectors are 3-vectors given by

∗ e1 = −e2e3e4, ∗ e2 = e1e3e4, ∗ e3 = −e1e2e4, ∗ e4 = e1e2e3
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The Witt basis vectors f1 and f2, of bidegree (0, 1), transform into (1, 2)-multivectors:

∗ f1 = −2 f1 ∧ f2 ∧ f
†
2

∗ f2 = −2 f1 ∧ f
†
1 ∧ f2

while f
†
1 and f

†
2, of bidegree (1, 0), transform into (2, 1)-multivectors:

∗ f
†
1 = 2 f

†
1 ∧ f2 ∧ f

†
2

∗ f
†
2 = 2 f1 ∧ f2 ∧ f

†
2

7 Afterword

In the previous sections we established and illustrated a ”natural” isomorphism between on the

one hand the algebra of complex differential forms (extended with the Hodge star operator and the

inner product or dot product) with the underlying structure of a Grassmann algebra, and on the

other hand the algebra of multi-vector functions in Hermitean Clifford analysis with the underlying

structure of a complex Clifford algebra. The Hermitean Dirac operators, underlying the notion

of Hermitean monogenicity, may well be identified with the Kählerian derivatives for complex

differential forms, one of which is the famous ∂ operator from several complex variables theory. It

should be emphasized, as was done from the beginning, that only differential forms in C
n or in

open regions thereof were considered, and that actually Hermitean Clifford analysis was developed

only in flat space C
n. As was also mentioned Hermitean Clifford analysis on curved Kählerian

manifolds is the subject of the forthcoming paper [11]. Finally this paper is by no means a plea

for substituting Hermitean multivector functions for complex differential forms. Both worlds, how

convincing the similarities might be, have their own interest en properties; this paper intended to

illustrate the very close connections between Hermitean Clifford analysis and complex analysis and

the benefits obtained from exchanging knowledge between both.

Received: December 2009. Revised: April 2010.
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ABSTRACT

Let Ω ⊂ Rn be an open bounded domain, f : Ω → Rn a VMO map, and T : D(T) ⊆
Rn → Rn a maximal monotone map with D(T) ∩ Ω 6= ∅. We construct a degree for

the sum of f + T , which can be viewed as a generalization of the degree both for VMO

maps and maximal monotone maps.
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RESUMEN

Sea Ω ⊂ Rn un dominio abierto, f : Ω → Rn un mapa VMO, y T : D(T) ⊆ Rn → Rn

un mapa monotono maximal con D(T)∩Ω 6= ∅. Construimos un grado por la suma de

f + T , que se puede ver como una generalización de la medida, tanto para los mapas de

VMO y para los mapas monotono maximal.

Keywords and phrases: Degree theory, Maximal monotone map.

Mathematics Subject Classification: 47H11, 47H05

1. Introduction

Degree theory for continuous maps in finite dimensional spaces has a long history and has

been extensively studied. In the early 80’s of the last century a degree for some classes of non-

continuous maps was established (see [8,1,17,18] and the references therein). In 1995 and 1996, H.

Brezis and L. Nirenberg [12], [13] invented a degree theory for VMO maps; see [2-6,9-11,19,21,22].

Generally, VMO functions need not be continuous. Another important class of non-continuous

maps is the class of maximal monotone maps, and there is no relation between the VMO maps and

the maximal monotone maps. In this paper, we consider the sum of a VMO map and a maximal

monotone map, and we will define a degree theory for such a map. First we recall some definitions.

Let Ω be an open bounded domain in Rn. The class of bounded mean oscillation functions (see

[20]) are defined as

BMO(Ω) = {f : Ω → Rn
is locally integrable, and |f|BMO < ∞},

where |f|BMO = supB⊂Ω
1

m(B)

∫
B

|f(x)−f|dx, f = 1
m(B)

∫
B

f(x)dx (here m(·) represents the Lebesgue

measure), and the class of vanishing mean oscillation functions (see [23]) are defined as

VMO(Ω) = {f : Ω → Rn
is locally integrable, and limm(B)→0

1

m(B)

∫

B

|f(x) − f|dx = 0},

where B ⊂ Rn is an open ball with its closure contained in Ω. It is well known that if f ∈ VMO,

then fǫ(x) = 1
m(Bǫ(x))

∫
Bǫ(x)

f(y)dy is continuous in ǫ and x where it is defined. Let T : D(T) ⊂
Rn → Rn be a function. If (h − g, x − y) ≥ 0 for all x, y ∈ D(T) and h ∈ Tx, g ∈ Ty, then T is

said to be monotone. If T is monotone and T has no monotone extension in Rn, then T is said to

be maximal monotone. It is well known that T is maximal monotone iff T is monotone and T + ǫI

is surjective for all ǫ > 0. If T is maximal monotone, we use Tǫ = (T−1 + ǫI)−1 to represent the

Yosida approximation, and Rǫ = I − ǫTǫ, the resolvent with respect to Tǫ. For maximal monotone

maps we refer the reader to [7]. Let f : Ω → Rn be a VMO map, T : D(T) ⊆ Rn → Rn a maximal

monotone map, p ∈ Rn, and D(T) ∩ Ω 6= ∅. Under appropriate assumptions, see (2.1) below, we

define the degree deg(f + T,Ω∩D(T), p). If T = 0, this degree coincides with the degree for VMO
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maps in [13], and if f = 0, then it coincides with the degree for maximal monotone maps (see

[14-16]).

2. Results

In this section, Ω ⊂ Rn is an bounded open domain, f ∈ VMO(Ω), T : D(T) ⊆ Rn → Rn is a

maximal monotone map, p ∈ Rn, and Ω ∩ D(T) 6= ∅. Suppose there exists an open neighborhood

U of ∂Ω in Ω and a constant β > 0 such that

1

m(Bǫ(y))

∫

Bǫ(y)

|f(x) + g − p|dx ≥ β (2.1)

for all 0 < ǫ < 1
2
d(y, ∂Ω), g ∈ Tz, z ∈ D(T) ∩ Bǫ(y), where Bǫ(y) is an open ball centered at y

with radius ǫ such that Bǫ(y) ⊂ U, and d(y, ∂Ω) is the distance between y and ∂Ω.

We remark that if T = 0, then (2.1) was first used in [13]. If f = 0, then (2.1) is equivalent to

|g − p| ≥ β for all z ∈ D(T) ∩U and g ∈ Tz, and in this case Proposition 2.1 below shows that the

assumption p /∈ T(∂Ω ∩ D(T)) will guarantee (2.1) holds.

Proposition 2.1. If p /∈ T(∂Ω∩D(T)), then there exists d0 > 0,α0 > 0 such that d(p, Tx) ≥
d0 for all x ∈ Ω ∩ D(T) with d(x, ∂Ω) < α0.

Proof. Suppose the conclusion is not true. There exist xn ∈ Ω ∩ D(T), gn ∈ Txn such that

d(xn, ∂Ω) → 0, and gn − p → 0. Without loss of generality, we may assume that xn → x0 ∈ ∂Ω.

Since (gn − g, xn − x) ≥ 0 for all x ∈ D(T), g ∈ Tx, we have

(p − g, x0 − x) ≥ 0, for all x ∈ D(T), g ∈ Tx.

Therefore x0 ∈ ∂Ω ∩ D(T), p ∈ Tx0, which is a contradiction.

As in [13], we define Ωǫ = {x ∈ Ω : d(x, ∂Ω) > 2ǫ} for each ǫ > 0. By definition of VMO

functions, there exists ǫ0 > 0 such that

1

m(Bǫ(x))

∫

Bǫ(x)

|f(y) − f|dy <
β

2
(2.2)

for all ǫ < ǫ0, x ∈ Ω and ǫ <
d(x,∂Ω)

2
. We may also take ǫ0 such that {x ∈ Ω : d(x, ∂Ω) ≤ 3ǫ0} ⊂ U,

where U is the same as in (2.1). Now for 0 < ǫ < ǫ0, and x ∈ ∂Ωǫ ∩ D(T), g ∈ Tx, by (2.1) and

(2.2), we obtain

|fǫ(x) + g − p| ≥ β

2
, (2.3)

where fǫ(x) = 1
m(Bǫ(x))

∫
Bǫ(x))

f(y)dy.
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Lemma 2.2. Suppose |fǫ(x) + g − p| ≥ β
2
, for x ∈ ∂Ωǫ ∩ D(T), g ∈ Tx. Then there exists

λ0(ǫ) > 0 such that

p 6= fǫ(x) + Tλ(x), for all x ∈ ∂Ωǫ, λ ∈ (0, λ0(ǫ)).

Proof. If this is not true, there exist λn → 0+, xn ∈ ∂Ωǫ with xn → x0 ∈ ∂Ωǫ, such that

fǫxn + Tλn
xn = p, n ∈ {1, 2, · · · }.

Since fǫxn → fǫx0, Rλn
xn = xn − λnTλn

xn → x0, the maximal monotonicity of T implies that

x0 ∈ D(T), and p − fǫx0 ∈ Tx0, which is a contradiction.

Now, assume that (2.1) holds. In view of (2.3) and Lemma 2.2, we define the degree deg(f +

T,Ω ∩ D(T), p) by

deg(f + T,Ω ∩ D(T), p) = limǫ→0+limλ→0+deg(fǫ + Tλ,Ωǫ, p). (2.4)

We claim this definition is reasonable. First, for each ǫ < ǫ0, and λ1, λ2 ∈ (0, λ0(ǫ)), since

Ttλ1+(1−t)λ2
x is continuous in (t, x) (see Corollary 2.8 in [15]) we know that {fǫ+Ttλ1+(1−t)λ2

}t∈[0,1]

is a homotopy, so

deg(fǫ + Tλ1
,Ωǫ, p) = deg(fǫ + Tλ2

,Ωǫ, p).

Now, for any ǫ ∈ (0, ǫ0), by the continuity of ft(x) in (t, x) and (2.3), there exists δ > 0 such that

|ft(x) + g − p| >
β

4
,

for |t − ǫ| ≤ δ and x ∈ ∂Ωǫ and g ∈ Tx. The same proof as in Lemma 2.2 guarantees that there

exists λ1 > 0 such that

p 6= ft(x) + Tλ(x), for all x ∈ ∂Ωǫ, |t − ǫ| ≤ δ, λ ∈ (0, λ1),

so deg(ft + Tλ,Ωǫ, p) is well defined for λ ∈ (0, λ1), and |t − ǫ| ≤ δ. By homotopy invariance, we

have

deg(ft + Tλ,Ωǫ, p) = deg(fǫ + Tλ,Ωǫ, p),

so the degree in (2.4) is well defined.

For a measurable function f : Ω → Rn, we recall that the essential range of f is defined as the

smallest closed subset essR(f) such that f(x) ∈ essR(f) a. e. x ∈ Ω (see [12]).

Proposition 2.3. If deg(f + T,Ω ∩ D(T), p) 6= 0, then p ∈ essR(f) + T(Ω ∩ D(T)).

Proof. Suppose the conclusion is not true. Then exists r > 0 such that B(p, r) ∩ essR(f) +

T(Ω∩D(T)) = ∅. Set Σ = Rn \ (B(p, r) − T(Ω∩D(T))). Clearly, essR(f) ⊂ Σ. Also f(x) ∈ essR(f),
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a. e. x ∈ Ω, and f ∈ VMO(Ω), so we deduce that limǫ→0+d(fǫ(x), Σ) = 0 uniformly. Therefore,

there exists ǫ1 ∈ (0, ǫ0) such that

|fǫ(x) − p + g| ≥ r

2
,

for all x ∈ Ω, z ∈ D(T) ∩ Ω, g ∈ Tz, ǫ ∈ (0, ǫ1).

Thus deg(fǫ + Tλ,Ω, p) = 0 for all λ ∈ (0, λ0(ǫ)), and ǫ ∈ (0, ǫ1). Consequently, it follows

from the definition that deg(f + T,Ω ∩ D(T), p) = 0, which is a contradiction.

Proposition 2.4. Let {ht(·)}t∈[0,1] be a family of functions in VMO(Ω), and ht(·) depends

continuously on the parameter t in the topology of BMO ∩ L1
loc(Ω). Assume that there exists an

open neighborhood U of ∂Ω in Ω and a constant β > 0 such that

1

m(Bǫ(y))

∫

Bǫ(y)

|ht(x) + g − p|dx ≥ β (2.5)

for all 0 < ǫ < 1
2
d(y, ∂Ω), g ∈ Tz, z ∈ D(T) ∩ Bǫ(y), t ∈ [0, 1], where Bǫ(y) is an open ball

centered at y with radius ǫ such that Bǫ(y) ⊂ U. Then deg(ht + T,Ω ∩D(T), p) does not depend

on t ∈ [0, 1].

Proof. Since ht(·) depends continuously on the parameter t in the topology of BMO∩L1
loc(Ω),

we have

limm(B)→0

1

m(B)

∫

B

|ht(x) − ht| = 0, (2.6)

uniformly in t. From (2.5), (2.6), and using the same proof as in (2.3), we know that there exists

ǫ0 > 0, such that

|ht,ǫ(x) + g − p| ≥ β

2
, (2.7)

for all x ∈ ∂Ωǫ ∩ D(T), g ∈ Tx, t ∈ [0, 1], ǫ ∈ (0, ǫ0). By using the same proof as in Lemma 2.2,

we know that there exists λ(ǫ) > 0, such that

p 6= ht,ǫ(x) + Tλx,

for all x ∈ ∂Ωǫ, t ∈ [0, 1], λ ∈ (0, λ(ǫ)). Thus deg(ht,ǫ + Tλ,Ωǫ, p) does not depend on t for each

ǫ ∈ (0, ǫ0), λ ∈ (0, λ(ǫ)). Thus deg(ht + T,Ω ∩ D(T), p) does not depend on t ∈ [0, 1].

Corollary 2.5. Let f1, f2 ∈ VMO(Ω) satisfying (2.1). Suppose there exists 0 < β0 < β such

that
1

m(B)

∫

B

|f1(x) − f2(x)|dx < β0,

for all B ⊂ U. Then deg(f1 + T,Ω ∩ D(T), p) = deg(f2 + T,Ω ∩ D(T), p).

Proof. Set ht(x) = tf1(x) + (1 − t)f2(x) for t ∈ [0, 1], x ∈ Ω. Then it is easy to see that ht

depends continuous on t in the topology of BMO ∩ L1
loc(Ω). Also we have

1

m(Bǫ(y))

∫

Bǫ(y)

|ht(x) + g − p|dx ≥ β − β0
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for all 0 < ǫ < 1
2
d(y, ∂Ω), g ∈ Tz, z ∈ D(T)∩Bǫ(y), t ∈ [0, 1], where Bǫ(y) is an open ball centered

at y with radius ǫ such that Bǫ(y) ⊂ U. Therefore the conclusion follows from Proposition 2.4.

Proposition 2.6. Let Ti : D ⊆ Rn, i = 1, 2, be two maximal monotone maps. If tT1 +(1−t)T2

is maximal monotone for each t ∈ [0, 1], and there exist an open neighborhood U of ∂Ω in Ω and

a constant β > 0 such that

1

m(Bǫ(y))

∫

Bǫ(y)

|f(x) + gt − p|dx ≥ β (2.8)

for all 0 < ǫ < 1
2
d(y, ∂Ω), gt ∈ [tT1 +(1−t)T2]z, z ∈ D∩Bǫ(y)), t ∈ [0, 1], where Bǫ(y) is an open

ball centered at y with radius ǫ such that Bǫ(y) ⊂ U. Then deg(f + [tT1 + (1 − t)T2],Ω ∩ D,p)

does not depend on t ∈ [0, 1].

Proof. By (2.8), using the same proof as in (2.3), we know that there exists ǫ0 > 0, such that

|fǫ(x) + gt − p| ≥ β

2
, (2.9)

for all x ∈ ∂Ωǫ ∩ D, gt ∈ tT1x + 1 − t)T2x, t ∈ [0, 1], ǫ ∈ (0, ǫ0). From (2.9), and using the same

proof as in Lemma 2.2, we know that there exists λ(ǫ) > 0, such that

p 6= fǫ(x) + Tt
λx,

for all x ∈ ∂Ωǫ, t ∈ [0, 1], λ ∈ (0, λ(ǫ)), where Tt
λ is the Yosida approximation of tT1 + (1 − t)T2.

From Lemma 2.7 in [15], we know

deg(fǫ + Tt
λ,Ωǫ, p)

does not depend on t ∈ [0, 1], λ ∈ (0, λ(ǫ)). Therefore, deg(f + [tT1 + (1 − t)T2],Ω∩D,p) does not

depend on t ∈ [0, 1].
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ABSTRACT

We study the module amenability of Banach modules. This is a natural generalization

of Johnson’s amenability of Banach algebras. As an example we show that for a discrete

abelian group G, ℓp(G) is amenable as an ℓ1(G)-module if and only if G is amenable,

where ℓ1(G) is a Banach algebra with pointwise multiplication.

RESUMEN

Se estudia el módulo de receptividad de los módulos de Banach. Esta es una general-

ización natural de la receptividad de Johnson de las álgebras de Banach. Como ejemplo

se muestra que para un grupo abeliano discreto G ℓp(G) es receptivo como un G ℓp(G)-

módulo, si y sólo si G es receptivo, donde ℓ1(G) es un álgebra de Banach con producto

punto.
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1. Introduction

The concept of amenability for Banach algebras was introduced by B.E. Johnson in [J]. The

main example in [J] asserts that the group algebra L1(G) of a locally compact group G is amenable

if and only if G is amenable. This is far from true for semigroups. If S is a discrete inverse semigroup

with the set of idempotents ES, ℓ1(S) is amenable if and only if ES is finite and all the maximal

subgroups of S are amenable [DN]. For an arbitrary discrete semigroup S, ℓ1(S) is amenable if and

only if the minimum ideal of S exists and is an amenable group and S has a principal series whose

corresponding quotients are regular Rees matrix semigroups of special form [DLS, 10.12].This

failure is partly due to the fact that ℓ1(S) is equipped with two (related) algebraic structures. It is

a Banach algebra and a Banach module over ℓ1(ES). This consideration was the motivation of the

second named author to study the concept of module amenability for Banach algebras which have

an extra Banach module structure (with compatible actions) in [A]. In particular it is shown in

[A] that for an inverse semigroup S, ℓ1(S) is module amenable as a Banach module over ℓ1(ES) if

and only if S is amenable. The authors introduced the concept of weak module amenability in [AE]

and showed that for a commutative inverse semigroup S, ℓ1(S) is always weak module amenable

as a Banach module over ℓ1(ES).

The present paper investigates module amenability from a different angle. There are many

examples of Banach modules which do not have any natural algebra structure. One example is

Lp(G) which is a left Banach L1(G)-module, for a locally compact group G [D, 3.3.19]. As another

example of this sort, one may consider a Banach algebraic bundle over a locally compact group G

[FD]. Then the fibers on elements of G are Banach modules over the fiber on the identity. Crossed

products of Banach algebra by groups are special cases of Banach algebraic bundles. The theory of

module amenability developed in [A] does not cover these examples. There is one thing in common

in these examples and that is the existence of a module homomorphism from the Banach module

to the underlying Banach algebra. For instance in the case of crossed products, X is a Banach

algebra, G is a topological group, and Xg = X × {g}, for g ∈ G, and {Xg} is a Banach algebraic

bundle over G. In this case we have a module homomorphism ∆g : Xg → Xe which sends (x, g) to

(x, e), where e is the identity of G. Also if G is a compact group and f ∈ Lq(G), then one has the

module homomorphism ∆f : Lp(G) → L1(G) which sends g to f ∗ g.

In this paper, the concept of module amenability (more precisely ∆-amenability) is defined

for a Banach module E over a Banach algebra A with a given module homomorphism ∆ : E → A.

The next section gives the basic properties of module amenability and in particular establishes

the equivalence of this concept with the existence of module virtual (approximate) diagonals in an

appropriate sense. Section 3 covers the weak ∆-amenability. A few examples are discussed in the
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last section.

2. Module Amenability

Let A be a Banach algebra and E be a Banach space with a left A-module structure such that,

for some M > 0,

‖a.x‖ ≤M‖a‖ ‖x‖ (a ∈ A, x ∈ E),

then E is called a left Banach A-module. Right and two-sided Banach A-modules are defined

similarly. Throughout this section E is a Banach A-bimodule and ∆ : E → A is a bounded Banach

A-bimodule homomorphism.

Definition 2.1. Let X be a Banach A-bimodule. A bounded linear map D : A → X is called a

module derivation (or more specifically a ∆-derivation) if

D(∆(a.x)) = a.D(∆(x)) +D(a).∆(x), D(∆(x.a)) = D(∆(x)).a+ ∆(x).D(a),

For each a ∈ A and x ∈ E. Also D is called inner (or ∆-inner) if there is f ∈ X such that

D(∆(x)) = f.∆(x) − ∆(x).f =: Df(∆(x)) (x ∈ E).

When ∆ has a dense range, Df extends uniquely to a ∆-derivation from A to X.

Definition 2.2. A bimodule E is called module amenable (or more specifically ∆-amenable as a

A-bimodule) if for each Banach A-bimodule X, all ∆-derivations from A to X∗ are ∆-inner.

It is clear that A is A-module amenable (with ∆ = id) if and only if it is amenable as a Banach

algebra. A right bounded approximate identity of E is a bounded net {aα} in A such that for each

x ∈ E, ‖∆(x).aα −∆(x)‖ → 0, as α → ∞. The left and two-sided approximate identities are defined

similarly.

Proposition 2.3. If E is module amenable, then E has a bounded approximate identity.

Proof Consider the double conjugate space A∗∗ as a Banach A-module with

〈F.a, f〉 = 〈F, a.f〉, 〈a.f, b〉 = f(ba), a.F = 0 (a, b ∈ A, f ∈ A∗, F ∈ A∗∗).

Then the canonical embedding D : A → A∗∗ is a module derivation, hence D = DF on ∆(E),

for some F ∈ A∗∗. Choose a net {aα} in A which is w∗-convergent to F in A∗∗. Clearly {aα} is a

left bounded approximate identity of E. Right and two sided approximate identities now could be

constructed similar to the classical case [D].

Definition 2.4. A Banach A-module X is called right ∆-essential if for each x ∈ X there is a ∈ ∆(E)

and y ∈ X such that x = y.a. The left ∆-essential and (two sided) ∆-essential modules are defined

similarly.
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The following two results are proved as in the classical case [J]. We just include the proof of

Lemma 2.5(i), as it involves a variation of the Cohen factorization theorem.

Lemma 2.5. (i) If ∆ has a dense range and E has a (right) bounded approximate identity, then E

is module amenable iff for each (right) ∆-essential Banach A-bimodule X, all ∆-derivations from

A to X∗ are ∆-inner.

(ii) If E and E
′

are Banach A-modules with module homomorphisms ∆ and ∆
′

and θ : E → E
′

is a bounded module map with dense range such that ∆
′ ◦ θ = ∆, then ∆-amenability of E implies

∆
′

-amenability of E
′

.

(iii) If J is a closed submodule of E and J∆ is the closed ideal of A generated by ∆(J), and

q : A → A/J∆ and q̃ : E → E/J are the corresponding quotient maps, then E is ∆ amenable

whenever J is ∆|J-amenable and E/J is ∆̃-amenable, where ∆̃ : E/J → A/J∆ is the unique A/J∆-

module map with ∆̃ ◦ q̃ = q ◦ ∆.

Proof We prove part (i) as promised. We just need to check the necessity. Let {aα} ⊆ A be a

right bounded approximate identity for E. Let X be a Banach A-bimodule. Consider Tα : X∗ → X∗

defined by T(f) = aα.f, for f ∈ X∗, where a.f(x) = f(x.a), for a ∈ A, x ∈ X. Since {aα} is bounded

in A, {Tα} is bounded in B(X∗). Hence it has a w∗-cluster point T . We may assume that Tα → T

in w∗-topology.

For each e ∈ E, x ∈ X, f ∈ X∗, we have

〈x,∆(e), Tf〉 = ĺım
α
〈x,∆(e), Tαf〉 = ĺım

α
〈x,∆(e), aα.f〉

= ĺım
α
〈x,∆(e)aα, f〉 = 〈x,∆(e), f〉.

Hence T − I : X∗ → (X.∆(E))⊥ is a bounded projection and we have the admissible short exact

sequence

0 → (X.∆(E))⊥ → X∗ → (X.∆(E))∗ → 0

of Banach A-bimodules. But ∆(E).(X/(X.∆(E))) = 0 and ∆ has a dense range, hence each bounded

∆-derivation D1 : A → (X.∆(E))⊥ = (X/(X.∆(E)))∗ is zero. On the other hand, each bounded

∆-derivation D2 : A → (X.∆(E))∗ is ∆-inner, by assumption. Therefore each bounded ∆-derivation

D : A → (X.∆(E))∗ is ∆-inner, and we are done.

Lemma 2.6. Assume that A and B are Banach algebras, J is a closed ideal of A, E is a Banach

A-module, and ∆ : E → A is an A-module homomorphism.

(i) If F is a Banach A-module and Φ : E → F is an A-module homomorphism with dense range,

then ∆-amenability of E implies ∆ ◦Φ-amenability of F.

(ii) If Ψ : A → B is a Banach algebra epimorphism with

E.Ker(Ψ) = Ker(Ψ).E = {0},

and E is considered as a B-module via

b.x := a.x, x.b := x.a (b ∈ B, x ∈ E),
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where a ∈ A on the right hand side is any element with b = Ψ(a). Then ∆-amenability of E, as an

A-module, implies Ψ ◦ ∆-amenability of E as a B-module.

(iii) In (ii), if B = A/J, Ψ : A → A/J is the quotient map, and E.J = J.E = {0}, then

∆-amenability of E, as an A-module, implies Ψ ◦ ∆-amenability of E as a A/J-module.

(iv) If I is a closed ideal of A, E
′

is the closed submodule of E generated by IE, and ∆
′

: E
′

→ I

is the restriction of ∆ : E → A, then E
′

is ∆
′

-amenable whenever E is ∆-amenable and E
′

has a

bounded approximate identity.

Proposition 2.7. If I is a closed ideal of A which contains a bounded approximate identity (of

itself), E is a Banach A-bimodule with module homomorphism ∆ : E → A, and X is an essential

Banach I-module, then X is (canonically) a Banach A-module and each ∆|I-derivation D : I → X∗

uniquely extends to a ∆-derivation D̃ : A → X∗ which is continuous with respect to the strict

topology of A (induced by I) and w∗-topology of X∗.

Proof Each x ∈ X decomposes (not uniquely) as x = a.y, for some a ∈ I and y ∈ X. It is easy

to see that X is a left Banach A-module under the action

b.x = ba.y (a ∈ I, b ∈ A, x, y ∈ X, x = a.y).

This is well defined, as I has a bounded approximate identity. Define D̃ : A → X∗ by

D̃(b) = w∗
- ĺım

α
(D(beα) − b.D(eα)),

where {eα} is a bounded approximate identity of I. Now beα → b strictly, for each b ∈ A. Hence,

given b ∈ A and e ∈ E, we have

D̃(∆(b.e)) = D̃(b∆(e)) = w∗
- ĺım

α
w∗

- ĺım
β
D(beα∆(e)eβ)

= w∗
- ĺım

α
w∗

- ĺım
β

[beαD(∆(e)eβ) +D(beα).∆(e)eβ]

= bD̃(∆(e)) + D̃(b).∆(e).

Hence D̃ is a ∆-derivation. The rest of the proof is similar to [Ru, 2.1.6].

Proposition 2.8. If ∆ : E → A has a dense range, then ∆-amenability of E is equivalent to amenabil-

ity of A.

Proof If E is ∆-amenable, then each derivation D : A → X∗, where X is a Banach A-module, is

a module derivation and so inner on ∆(E). By continuity, D is inner on A. Conversely each module

derivation D : A → X∗ is a derivation. Indeed, given b ∈ A, there is a sequence {xn} ⊆ E such that

∆(xn) → b, and so

D(ab) = ĺım
n
D(a∆(xn)) = ĺım

n
(D(a).∆(xn) + a.D(∆(xn))) = D(a).b+ a.D(b),

for each a ∈ A. Hence, if A is amenable, then E is ∆-amenable.
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Definition 2.9. Let π : A⊗̂A → A be the continuous lift of the multiplication map of A to the

projective tensor product A⊗̂A. A module approximate diagonal of E is a bounded net {eα} in A⊗̂A
such that

‖eα.∆(x) − ∆(x).eα‖ → 0, ‖π(eα).∆(x) − ∆(x)‖ → 0 (x ∈ E),

as α → ∞. A module virtual diagonal of E is an element M in (A⊗̂A)∗∗ such that

M.∆(x) − ∆(x).M = 0, π∗∗(M).∆(x) − ∆(x) = 0 (x ∈ E).

It is clear that if E has a module virtual diagonal, then A contains a bounded approximate

identity.

Theorem 2.10. Consider the following assertions.

(i) E is module amenable,

(ii) E has a module virtual diagonal,

(iii) E has a module approximate diagonal.

We have (i) → (ii) ↔ (iii). If moreover ∆ has a dense range, all the assertions are equivalent.

Proof (i) → (ii). By Proposition 2.3, we may choose a bounded approximate identity {eα} for

E. We may assume that {eα ⊗ eα} is w∗-convergent to a point P ∈ (A⊗̂A)∗∗. Then for each x ∈ E
and f ∈ A∗,

〈π∗∗((DP ◦ ∆)(x), f〉 = w∗
- ĺım

α
〈π∗(f).∆(x) − ∆(x).π∗(f), eα ⊗ eα〉

= w∗
- ĺım

α
f(∆(x.eα)eα − eα∆(eα.x)) = 0.

Hence Im(DP ◦ ∆) ⊆ Ker(π∗∗). Now Ker(π∗∗) is isometrically isomorphic to X∗, where X =

(∆(E)⊗̂A)∗∗/Im(π∗)⊥, so by assumption, there is Q ∈ Ker(π∗∗) with DP ◦ ∆ = DQ ◦ ∆. It is

easy to see that M := P −Q is a module virtual diagonal for E.

(ii) → (iii). Let M be a module virtual diagonal and let {eα} be a net in A⊗̂A which w∗-

clusters to M. Then clearly eα.∆(x)−∆(x).eα → 0, ∆ ◦π(eα).∆(x)−∆(x) → 0 as α → ∞ for each

x ∈ E in the w∗-topology of (A⊗̂A)∗∗. A standard argument based on Mazur’s theorem shows that

the same holds in the norm topology for a net consisting of appropriate convex combinations of

elements of {eα}.

(iii) → (ii). Just take any w∗-cluster point.

(iii) → (i). Now assume that ∆ has a dense range. Let {mα} be a module approximate diagonal

for E with w∗-cluster point M, then {π(mα)} is a bounded approximate identity for E. By Lemma

2.5(i), it is enough to show that for each essential A-module Y, all module derivation D from A to

Y∗ are inner. Each y ∈ Y could be regarded as a bounded linear functional ŷ on A⊗̂A via

〈ŷ, b⊗ a〉 := 〈b.D(a), y〉 (a, b ∈ A).
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Then for each x, x
′ ∈ E, a ∈ A, and y ∈ Y

〈(y.∆(x) − ∆(x).y)̂, ∆(x
′

) ⊗ a〉 = 〈ŷ.∆(x) − ∆(x).ŷ, ∆(x
′

) ⊗ a〉 + 〈∆(x
′

)a.D ◦ ∆(x), y〉.

It follows that

〈(y.∆(x) − ∆(x).y)̂,m〉 = 〈ŷ.∆(x) − ∆(x).ŷ,m〉 + 〈π(m).D ◦ ∆(x), y〉,

for each m ∈ A⊗̂A. If we identify M with an element of Y∗ with M(y) = 〈ŷ,M〉, for y ∈ Y, then

〈DM ◦ ∆(x), y〉 = w∗
- ĺım

α
〈y.∆(x) − ∆(x).y,mα〉

= 〈M, ŷ.∆(x) − ∆(x).ŷ〉 +w∗
- ĺım

α
〈π(mα).D ◦ ∆(x), y〉.

Now in the last equation, the first term is zero, as M is a module virtual diagonal, and the second

term is easily seen to be equal to 〈D ◦∆(x), y〉, using the fact that y = z.∆(x
′

), for some z ∈ Y and

x
′ ∈ E. Therefore D = DM on ∆(E), as required.

3. Weak Module Amenability

In this section we study weak module amenability of Banach modules. All over this section E

is a commutative Banach A-module (that is a.x = x.a, for each a ∈ A, x ∈ E) and ∆ : E → A is

a bounded Banach A-module homomorphism. A Banach A-module X is called ∆-commutative (or

more specifically ∆(E)-commutative) if

a.x = x.a (a ∈ ∆(E), x ∈ X).

Definition 3.1. E is called weak module amenable (or more specifically weak ∆-amenable as an

A-module) if each ∆-derivation from A to ∆(E)∗ is inner on ∆(E).

Clearly A is weak A-module amenable (with ∆ = id) if and only if it is weakly amenable as a

Banach algebra. The following result could be proved as in the classical case.

Proposition 3.2. (i) If E
′

is a commutative A-module and Φ : E
′

→ E is a module homomorphism

with dense range, and E is weak ∆-amenable then E
′

is weak ∆ ◦Φ-amenable.

(ii) If I is a closed ideal of A with IE = EI = {0} and q : A → A/I is the quotient map, then

E is weak q ◦ ∆-amenable as an A/I-module if it is ∆-amenable as an A-bimodule.

Proposition 3.3. If E is weak ∆-amenable, then the closed linear span F of A∆(E) is dense in ∆(E).

Proof If not, there is a nonzero bounded linear functional λ in ∆(E)∗ which vanishes on F.

By Hahn-Banach Theorem λ extends to an element of A∗, which we still denote by λ. Define D :

A → ∆(E)∗ by D(a) = λ(a)λ. This is a module derivation which is not inner, a contradiction.

Now if A is a (commutative) Banach algebra with maximal ideal space MA and φ ∈ MA,

then C is a Banach A-module with respect to the module action

a.z = z.a = φ(a)z (a ∈ A, z ∈ C),
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which is denoted by Cφ. Each module derivation D : A → Cφ is called a module point derivation

(at φ). Clearly when a commutative Banach A-module E is ∆-weak amenable, all module point

derivations vanish on ∆(E). This holds in general.

Proposition 3.4. If E is weak ∆-amenable, there is no nonzero point derivation on A.

Proof Let d : A → Cφ be a nonzero module point derivation. Let ψ be the restriction

of φ to ∆(E) and define D : A → ∆(E)∗ by D(a) = d(a)ψ. Then D is a ∆-derivation and so

D = Dλ on ∆(E), for some λ ∈ ∆(E)∗. Choose e, f ∈ E so that ψ(∆(e)) = 1, ψ(∆(f)) = 0, and

d(∆(f)) = 1. Then for a = ∆(e)+(1−d(∆(e)))∆(f), we have ψ(a) = d(a) = 1, hence D(a)(a) = 1,

a contradiction.

Theorem 3.5. If E is a commutative A-module and there is a ∆-commutative A-module X and

a module derivation D0 : A → X which is not identically zero on ∆(E), then there is a nonzero

module derivation D : A → ∆(E)∗.

Proof We consider two cases. First assume that A∆(E) is not dense in ∆(E). By Hahn-Banach

Theorem, there is a nonzero functional λ ∈ (∆(E))∗ whose kernel contains A∆(E). Extend λ to an

element of A∗ (still denoted by λ) and define D : A → ∆(E)∗ by

D(a) = λ(a)λ (a ∈ A),

Next consider the case where A∆(E) is dense in ∆(E). We know that there is a ∆-commutative

A-module X and a module derivation D0 : A → X which is not identically zero on ∆(E). Choose

a ∈ A, e ∈ E, and λ ∈ X∗ such that D0(a∆(e)) 6= 0 and λ(D0(a∆(e))) 6= 0. Define D : A → ∆(E)∗

by

〈D(a), ∆(e)〉 = λ(∆(e).D0(a)) (e ∈ E, a ∈ A).

In both cases D is a nonzero module derivation.

4. Examples

In this sections we give three examples in which strong and weak module amenability of some

Banach modules are demonstrated.

Example 4.1. Let S be an inverse semigroup and ES be the commutative sub-semigroup of idem-

potents in S. Then A = ℓ1(ES) is a commutative Banach algebra and E = ℓ1(S) is a commutative

Banach A-bimodule with the module actions

δe.δx = δx.δe = δex (e ∈ ES, x ∈ S).

Also there is a surjective module homomorphism ∆ : ℓ1(S) → ℓ1(ES) defined by

∆(δx) = δxx∗ (x ∈ S).



CUBO
13, 2 (2011)

Module amenability for Banach modules 135

We show that ℓ1(S) is always module weakly amenable. If D : ℓ1(ES) → ℓ∞ (ES) is a ∆-derivation,

then for each e ∈ ES,

D(δe) = D(δee∗) = D(∆(δe))

= D(∆(δe.δe)) = ∆(δe).D(δe) + δe.D(∆(δe)) = 2δeD(δe).

Applying the same formula to the right hand side,

δe.D(δe) = 2δe.(δe.D(δe)) = 2(δe ∗ δe).D(δe)) = 2δe.D(δe),

hence D(δe) = δe.D(δe) = 0.

Example 4.2. In the above example, if ℓ1(S) is ∆-amenable, then ℓ1(ES) is amenable (Proposition

2.8). Hence ES is finite, ℓ1(S) is weakly amenable, and it has a bounded approximate identity [DN].

Example 4.3. It is well known that the disk algebra A(D) is non amenable [BD]. A(D) is a C-

module with respect to the scalar product. Now evaluation at zero defines a module epimorphism

∆ : A(D) → C and A(D) is ∆-amenable.

Example 4.4. If A is an amenable Banach algebra, the canonical map π : A⊗̂A → A is an A-

module epimorphism (it is surjective, since A has a bounded approximate identity) and A⊗̂A is

π-amenable.

Example 4.5. For a locally compact group G, L1(G) is a closed two sided ideal in M(G), so we can

consider it as a Banach M(G) module. Now if G is a non discrete amenable group, M(G) is not

amenable [DGH] but L1(G) is i-amenable, where i : L1(G) → M(G) is the canonical injection.

Example 4.6. Let 1 < p < ∞ and
1
p

+ 1
q

= 1. Then ℓ1 is a Banach algebra and ℓp is a Banach

ℓ1-bimodule, both with respect to pointwise multiplication. Also each f ∈ ℓq defines a module

homomorphism ∆f : ℓp → ℓ1 by ∆f(g) = g ∗ f. If f =
∑∞

k=−∞
1
k
δk, then ∆f has dense range(as

its range contains all finitely supported element) and ℓp is ∆f-amenable, by Proposition 2.8. This

example could also be stated for any discrete group G, where ℓp(G) is considered as a Banach

ℓ1(G)-bimodule. Same is true for Lp(G) with convolution, when G is a compact group [D, 3.3.19].

In this case we have the module homomorphism ∆f : Lp(G) → L1(G) defined by ∆f(g) = g ∗ f,
where f ∈ Lq(G). If ∆f has a dense range, then Lp(G) is ∆f -amenable. This is always the case

when G is an abelian compact group. We illustrate this for G = T. The same proof basically works

for arbitrary abelian compact groups as well. Take f =
∑∞

k=−∞
1
k
e2πikt ∈ Lq(T) (which is basically

the Fourier transform of the above function f used in the discrete case). Then, for each g ∈ Lp(G),

∆f(g) =

∞∑

k=−∞

1

k
ĝ(k)e2πikt,

where ĝ ∈ c0 is the Fourier transform of g. In particular, range of ∆f includes all trigonometric

functions which are dense in L1(G).

Example 4.7. If G is a discrete group (with identity e) which acts on a C∗-algebra A, then A× {e}

could be identified with A and A× {g} is a Banach A-module under

a.(b, g) = ((g.a)b, g) , (b, g).a = (ba, g) (a, b ∈ A, g ∈ G),
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and there is a natural surjective module homomorphism ∆g : A × {g} → A which sends (a, g) to

a. The crossed product C∗-algebra A⋊ G is nuclear iff A is nuclear and G is amenable [Ro] iff G

is amenable and modules A× {g} are ∆g-amenable, for each g ∈ G.

Example 4.8. If A is a Banach algebra such that A∗ ⊆ A and A∗ is a dense subspace of A, then

A∗ is a Banach A-bimodule (with canonical Arens actions) and ∆ = id : A∗ → A has dense range.

Therefore A∗ is ∆-amenable as a Banach A-bimodule iff A is amenable as a Banach algebra. There

are many examples of this type. If G is a compact group, then the Fourier algebra A(G) is dense

in the group C∗-algebra C∗(G). Indeed

A(G) ⊆ C(G) ⊆ L1(G) ⊆ C∗(G),

and each space in this chain is dense in the subsequent space (with respect to the norm of the

bigger space). But the norms of the last three spaces satisfy ‖.‖C∗(G) ≤ ‖.‖1 ≤ ‖.‖∞ [Ey]. Hence

A(G) is dense in C∗(G). Also, since G is compact, A(G) = B(G) ≃ C∗(G)∗, where B(G) is the

Fourier-Stieltjes algebra [Ey]. But C∗(G) is amenable when G is compact [Ru]. Hence A(G) is id-

amenable in this case. This becomes more interesting when we recall that there are compact groups

for which the Fourier algebra A(G) is not amenable [J2]. Another example is ℓ1 which is dense

in c0. It follows that ℓ1 ≃ c∗0 is id-amenable as a c0-bimodule. Finally, for a compact group G,

L1(G) is an amenable Banach algebra with convolution, and so L1(G) is id-amenable as a Banach

L1(G)-bimodule.

Received: December 2009. Revised: April 2010.

Referencias

[A] M. Amini, Module amenability for semigroup algebras, Semigroup Forum 69 (2004) 243-254.

[AE] M. Amini and D. Ebrahimi Bagha, Weak module amenability for semigroup algebras,

Semigroup Forum 71 (2005) 18-26.

[BD] F. F. Bonsall and J. Duncan, Complete normed algebras, Springer-Verlag, New York,

1973.

[D] H.G. Dales, Banach algebras and automatic continuity, London Math. Soc. Monographs,

Volume 24, Clarendon Press, Oxford, 2000.

[DGH] H.G. Dales, F. Ghahramani and A. Ya. Helemskii, The amenability of measure

algebras, J. London Math. Soc. (2) 66 (2002), no. 1, 213-226.

[DLS] H.G. Dales, A.T.M. Lau and D. Strauss, Banach algebras on semigroups and their

compactification, to appear in Memoirs Amer. Math. Soc.

[DN] J. Duncan and I. Namioka, Amenability of inverse semigroups and their semigroup alge-

bras, Proceedings of the Royal Society of Edinburgh 80A (1978), 309-321.



CUBO
13, 2 (2011)

Module amenability for Banach modules 137

[Ey] P. Eymard, L’algebre de Fourier d’un groupe localement compact, Bull. Soc. Math. France

92 (1964), 181-236.

[FD] J. M. G. Fell and R. S. Doran, Representations of ∗-algebras, locally compact groups,

and Banach ∗-algebraic bundles, Pure and Applied Mathematics, Vols. 125 & 126, Academic

Press Inc., Boston, MA, 1988.

[J] B.E. Johnson, Cohomology in Banach algebras. Memoirs of the American Mathematical

Society, No. 127, American Mathematical Society, Providence, 1972.

[J2] B.E. Johnson,Non-amenability of the Fourier algebra of a compact group, J. London Math.

Soc. (2), 50 (1994), 361-374.

[Ro] J. Rosenberg, Amenability of crossed products of C∗-algebras, Comm. Math. Phys. 57

(1977), no. 2, 187-191.

[Ru] V. Runde, Lectures on amenability, Lecture Notes in Mathematics 1774, Springer-Verlag,

Berlin, 2002.



 



CUBO A Mathematical Journal

Vol.13, No
¯ 02, (139–149). June 2011

Fractional Order Differential Inclusions via the Topological

Transversality Method

Mouffak Benchohra1 and Naima Hamidi2

Laboratoire de Mathématiques,
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1 Introduction

This paper deals with the existence of solutions for boundary value problems (BVP for short) for

fractional order differential inclusion of the form

cDαy(t) ∈ F(t, y(t)), t ∈ J := [0, T ], 1 < α ≤ 2, (1.1)

y(0) = y0, y(T) = yT (1.2)

where cDα is the Caputo fractional derivative, F : J× IRn → P(IRn) is a Carathéodory multifunc-

tion, y0, yT ∈ IRn
. Here P(IRn) denotes the family of all nonempty subsets of P(IRn).

Differential equations of fractional order have recently proved to be valuable tools in the

modeling of many phenomena in various fields of science and engineering. Indeed, we can find

numerous applications in viscoelasticity, electrochemistry, control, porous media, electromagnetic,

etc. (see [11, 16, 20, 24, 27, 28]). There has been a significant development in fractional differential

equations and inclusions in recent years; see the monographs of Kilbas et al [21], Lakshmikantham

et al. [22], Miller and Ross [25], Podlubny [28], Samko et al [29] and the survey by Agarwal et al.

[1], Benchohra et al. [5, 6, 7], Chang and Nieto [10], Diethelm et al [11, 12], Ouahab [26], Yu and

Gao [30] and Zhang [31] and the references therein. Very recently, in [4, 8] the authors studied the

existence and uniqueness of solutions of some classes of functional differential equations with infinite

delay and fractional order, and in [3] a class of perturbed functional differential equations involving

the Caputo fractional derivative has been considered. These papers have relied on different methods

such as Banach fixed point theorem, Schaefer’s theorem, Leray-Schauder nonlinear alternative.

In this paper we use a powerful method due to Granas [17] to prove the existence of solution

to BVP (1.1)-(1.2). Granas’ method is commonly known as topological transversality and relies on

the idea of an essential map. The method has been highly useful for proving existence of solutions

for initial and boundary value problem for integer order differential equations, see for example

[9, 14, 18, 19].

This paper is organized as follows: in Section 2 we introduce some backgrounds on fractional

calculus and the topological transversality theorem. In Section 3 we present our main results

and an illustrative example will be presented in Section 4. This paper initiates the application of

the topological transversality method to boundary value problems for fractional order differential

inclusions.

2 Preliminaries

We now introduce notations, definitions, and preliminary facts that will be used in the remainder

of this paper.

We denote by ‖y‖ the norm of any element y ∈ IRn
.
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C(J, IRn) is the Banach space of all continuous functions from J into IRn
with the usual norm

|y|∞ = sup {|y(t)| : 0 ≤ t ≤ T } .

AC1(J, IRn) is the space of differentiable functions y : J → IRn, whose first derivative, y ′ is

absolutely continuous.

L1(J, IRn) denote the Banach space of functions y : J −→ IRn
that are Lebesgue integrable with

the norm

‖y‖L1 =

∫T

0

‖y(t)‖dt.

2.1 Some Properties of Fractional Calculus

Definition 1. ([21, 28]). Given an interval [a, b] of IR. The fractional (arbitrary) order integral of

the function h ∈ L1([a, b],R) of order α ∈ R+ is defined by

Iαah(t) =

∫t

a

(t− s)α−1

Γ(α)
h(s)ds,

where Γ is the gamma function. When a = 0, we write Iαh(t) = [h ∗ ϕα](t), where ϕα(t) =

tα−1

Γ(α)
for t > 0, and ϕα(t) = 0 for t ≤ 0, and ϕα → δ(t) as α → 0, where δ is the delta function.

Definition 2. ([21]). For a given function h on the interval [a, b], the Caputo fractional-order

derivative of h, is defined by

(cDα
a+h)(t) =

1

Γ(n− α)

∫t

a

(t− s)n−α−1h(n)(s)ds,

where n = [α] + 1.

Lemma 3. (Lemma 2.22 [21]). Let α > 0, then the differential equation

cDαh(t) = 0

has solutions

h(t) = c0 + c1t+ c2t
2 + . . .+ cn−1t

n−1, ci ∈ IR, i = 0, 1, 2, . . . , n− 1, n = [α] + 1.

Lemma 4. (Lemma 2.22 [21]). Let α > 0, then

Iα cDαh(t) = h(t) + c0 + c1t+ c2t
2 + . . .+ cn−1t

n−1,

for arbitrary ci ∈ IR, i = 0, 1, 2, . . . , n− 1, n = [α] + 1.
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2.2 Set-valued maps.

Let X and Y be Banach spaces. A set-valued map G : X → P(Y) is said to be compact if

G(X) = ¯
⊔

{G(y);y ∈ X} is compact. G has convex (closed, compact) values if G(y) is convex(closed,

compact) for every y ∈ X. G is bounded on bounded subsets of X if G(B) is bounded in Y for every

bounded subset B of X. A set-valued map G is upper semicontinuous (usc for short) at z0 ∈ X if

for every open set O containing Gz0, there exists a neighborhood V of z0 such that G(V) ⊂ O. G
is usc on X if it is usc at every point of X if G is nonempty and compact-valued then G is usc if

and only if G has a closed graph. The set of all bounded closed convex and nonempty subsets of

X is denoted by bcc(X). A closed valued set-valued map G : J → P(X) is measurable if for each

y ∈ X, the function t 7→ dist(y,G(t)) is measurable on J. If X ⊂ Y, G has a fixed point if there

exists y ∈ X such that y ∈ Gy. Also, ‖G(y)‖P = sup{|x|; x ∈ G(y)}.

Definition 5. A multivalued map F : J× IRn → P(IRn) is said to be L1-Carathéodory if

(i) t 7−→ F(t, y) is measurable for each x ∈ IRn;

(ii) y 7−→ F(t, y) is upper semicontinuous for almost each t ∈ J;

(iii) for each q > 0, there exists ϕq ∈ L1(J, IR+) such that

‖F(t, y)‖P = sup{‖v‖ : v ∈ F(t, y)} ≤ ϕq(t) for all ‖y‖ ≤ q and for a.e. t ∈ [0, 1].

For each y ∈ C(J, IRn), define the set of selections of F by

S1
F,y = {v ∈ L1(J, IRn) : v(t) ∈ F(t, y(t)) a.e. t ∈ J},

denotes the set of selections of F.

Remark 6. Note that for an L1-Carathéodory multifunction F : J × IRn → P(IRn) the set S1
F,y is

not empty (see [23]).

For more details on set-valued maps we refer to [2, 13].

2.3 Topological transversality theory.

Let X be a Banach space, C a convex subset of X and U an open subset of C. K∂U(Ū,P(C))

denotes the set of all set-valued maps G : U → P(C) which are compact, usc with closed convex

values and have no fixed points on ∂U (i.e., u ∈ Gu for all u ∈ ∂U). A compact homotopy is a

set-valued map H : [0, 1] × Ū → P(C) which is compact, usc with closed convex values.

If u ∈ H(λ, u) for every λ ∈ [0, 1], u ∈ ∂U, H is said to be fixed point free on ∂U.

Two set-valued maps F,G ∈ K∂U(Ū,P(C)) are called homotopic in K∂U(Ū,P(C)) if there exists

a compact homotopy H : [0, 1]×Ū → P(C) which is fixed point free on ∂U and such that H(0, .) = F

and H(1, .) = G. The function G ∈ K∂U(Ū,P(C)) is called essential if every F ∈ K∂U(Ū,P(C))

such that G |∂U= F |∂U, has a fixed point. Otherwise G is called inessential.



CUBO
13, 2 (2011)

Fractional Order Differential Inclusions via the Topological . . . 143

Theorem 7. [17] Let G : Ū → P(C) be the constant set-valued map G(u) ≡ u0. Then, if u0 ∈ U,
G is essential.

Theorem 8. (Topological transversality theorem) [17]. Let F, G be two homotopic maps in K∂U(Ū,P(C))).

Then F is essential if and only if G is essential.

For further details of the Topological Transversality Theory we refer the reader to [18].

3 Main results

In this section, we are concerned with the existence of solutions for the problem (1.1)-(1.2). Con-

sider the following spaces

AC1
B(J, IRn) = {y ∈ AC1(J, IRn); y(0) = y0, y(T) = yT },

AC1,α(J, IRn) = {y ∈ AC1
B(J, IRn);

∫T

0

|cDαy(t)|dt < ∞}.

AC1,α(J, IRn) is a Banach space with norm

‖y‖AC1,α = max{‖y‖∞ , ‖y ′‖∞ , ‖cDαy‖L1 }.

For the existence of solutions for the problem (1.1)-(1.2), we have the following result which is

useful in what follows.

Definition 9. A function y ∈ AC1,α(J, IRn) is said a solution to BVP (1.1)-(1.2) if there exists a

function v ∈ L1(J, IR) with v(t) ∈ F(t, y(t)), for a.e. t ∈ J, such that

cDαy(t) = v(t), a.e t ∈ J, 1 < α ≤ 2, and the function y satisfies condition (1.2).

Let h : J → IRn
be continuous, and consider the linear fractional order differential equation

cDαy(t) = h(t), t ∈ J, 1 < α ≤ 2. (3.1)

We shall refer to (3.1)-(1.2) as (LP). For the existence of solutions for the problem (1.1)-(1.2), we

have the following result which is useful in what follows.

Lemma 10. Let 1 < α ≤ 2 and let h : J → IRn
be continuous. A function y is a solution of the

fractional integral equation

y(t) =
1

Γ(α)

∫T

0

G(t, s)h(s)ds+ y0 +
(yT − y0)t

T
, (3.2)

if and only if y is a solution of (LP), where G(t, s) is the Green’s function defined by

G(t, s) =

{
(t− s)α−1 −

t(T−s)α−1

T
, 0 ≤ s ≤ t ≤ T,

−t(T−s)α−1

T
, 0 ≤ t ≤ s ≤ T.

(3.3)
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Proof. Assume y satisfies (3.1), then Lemma 4 implies that

y(t) = c0 + c1t+
1

Γ(α)

∫t

0

(t− s)α−1h(s)ds.

From (1.2), a simple calculation gives

c0 = y0,

and

c1 = −
1

TΓ(α)

∫T

0

(T − s)α−1h(s)ds+
yT − y0

T
.

Hence we get equation (3.2). Inversely, it is clear that if y satisfies equation (3.2), then equations

(3.1)-(1.2) hold.

Our main result is

Theorem 11. Assume the following hypotheses hold:

(A1) The function F : J× IRn → bcc(IRn) is a L1-Carathéodory multi-valued map;

(A2) There exist a function p ∈ L1(J, IR+), and a continuous nondecreasing function ψ : [0,∞) −→

(0,∞), such that

‖F(t, y)‖P ≤ p(t)ψ(‖y‖) for each (t, y) ∈ J× IRn;

(A3) lim sup
r→+∞

r

ψ(r)
= +∞.

Then, the fractional BVP (1.1)-(1.2) has a least one solution on J.

Proof. This proof will be given in several steps.

Step 1: Consider the set-valued operator F : C(J, IRn) → P(L1(J, IRn)) defined by

(Fy)(t) = F(t, y(t)).

F is well defined, upper semicontinuous, with convex values and sends bounded subsets of C(J, IRn)

into bounded subsets of L1(J, IRn). In fact, we have

Fy := {u : J → IRn, measurable u(t) ∈ F(t, y(t)), a.e. t ∈ J}.

Let z ∈ C(J, IRn). and u ∈ Fz. Then

‖u(t)‖ ≤ p(t)ψ(‖z(t)‖) ≤ p(t)ψ(‖z‖0).

Hence ‖u‖L1 ≤ k0 := ‖p‖L1ψ(‖z‖0). This shows that F is well defined.

It is clear that F is convex valued.
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Now, let B be a bounded subset of C(J, IRn). Then, there exists k > 0 such that ‖u‖0 ≤ k for

u ∈ B. So, for w ∈ Fu we have ‖w‖L1 ≤ k1, where k1 = ‖p‖L1ψ(k).

Also, we can argue as in [15] to show that F is usc.

Step 2: A priori bounds on solutions.

We shall show that if y be a possible solution of (1.1)-(1.2), then there exists a positive constant

R∗, independent of y, such that

‖y‖AC1,α ≤ R∗.
Let y be a possible solution of (1.1)-(1.2), by Lemma 10, there exits v ∈ S1

F,y such that, for each

t ∈ J
y(t) =

1

Γ(α)

∫T

0

G(t, s)v(s)ds−

(
t

T
− 1

)
y0 +

1

T
yT , (3.4)

where G is given by (3.3). Let

G0 := sup{‖G(t, s)‖; (t, s) ∈ J× J},

p0 = sup{p(t) : t ∈ J}.

Hence for t ∈ J

‖y(t)‖ ≤ 1

Γ(α)

∫T

0

G(t, s)‖v(s)‖ds−

(
t

T
− 1

)
‖y0‖ +

1

T
‖yT‖

≤ G0

Γ(α)

∫T

0

p(s)ψ(‖y(s)‖)ds+

∣∣∣∣
(
t

T
− 1

)∣∣∣∣ ‖y0‖ +
1

T
‖yT‖

≤ G0

Γ(α)

∫T

0

p(s)ψ(‖y(s)‖)ds+ ‖y0‖ +
1

T
‖yT‖.

Since ψ is nondecreasing we have

‖y‖∞ ≤ G0ψ(‖y‖∞ )p0T

Γ(α)
+ ‖y0‖ +

1

T
‖yT‖.

Thus
‖y‖∞

ψ(‖y‖∞ )
≤ G0p0T

Γ(α)
+

‖y0‖
ψ(‖y‖∞ )

+
‖yT‖

Tψ(‖y‖∞ )
= R̃

So
‖y‖∞

ψ(‖y‖∞ )
≤ R̃. (3.5)

Now, the condition ψ in (A3) shows that there exists R∗1 > 0 such that for all R > R∗1

R

ψ(R)
> R̃. (3.6)

Comparing these last two inequalities (3.5) and (3.6) we see that R0 ≤ R∗1. Consequently, we obtain

‖y(t)‖ ≤ R∗1 for all t ∈ J.
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From (3.4) we have for each t ∈ J

y ′(t) =
1

Γ(α)

∫T

0

∂G(t, s)

∂t
f(s, y(s))ds−

y0

T
, (3.7)

Using a similar argument as before we can show that there exists R∗2 > 0 such that

‖y ′(t)‖ ≤ R∗2 for all t ∈ J. (3.8)

Now from (1.1) and (A1) we have

∫T

0

‖cDαy(t)‖dt ≤ ψ(R∗1)

∫T

0

p(s)ds := R∗3. (3.9)

Hence

‖y‖AC1,α ≤ max{R∗1, R
∗
2, R

∗
3} := R∗.

Step 3: Existence of solutions.

For 0 ≤ λ ≤ 1 consider the one-parameter family of problems

cDαy(t) ∈ λF(t, y(t)), a.e. t ∈ J, 1 < α ≤ 2, (1λ)

y(0) = λy0, y(T) = λyT (2λ)

which reduces to (1.1)-(1.2) for λ = 1. For 0 ≤ λ ≤ 1, we define the operator

Fλ : C(J, IRn) → P(L1(J, IRn)) by (Fλy)(t) = λF(t, y(t)).

Step 1 shows that Fλ is usc, has convex values and sends bounded subsets of C(J, IRn) into

bounded subsets of L1(J, IRn) and if y is a solution of (1λ)−(2λ) for some λ ∈ [0, 1], then ‖y‖AC1,α ≤
R∗, where R∗ does not depend on λ.

For λ ∈ [0, 1], we define the operators

J : AC1,α(J, IRn) → C(J, IRn) by (J y)(t) = y(t),

L : AC1,α(J, IRn) → L1(J, IRn) by (Ly)(t) =c Dαy(t).

It is clear that J is continuous and completely continuous and L is linear, continuous and has a

bounded inverse denoted by L−1. Let

V := {y ∈ AC1,α(J, IRn); ‖y‖AC1,α < R∗ + 1}.

Define a map H : [0, 1] × V → AC1,α(J, IRn) by

H(λ, y) = (L−1 ◦ Fλ ◦ J )(y).
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We can show that the fixed points of H(λ, ·) are solutions of (1λ)− (2λ). Moreover, H is a compact

homotopy between H(0, ·) ≡ 0 and H(1, ·). In fact, H is compact since J is completely continuous,

Fλ is continuous and L−1 is continuous. Since solutions of (1λ) satisfy

‖y‖AC1,α ≤ R∗

we see that H(λ, .) has no fixed points on ∂V . Now H(0, ·) is essential by Theorem 7. Hence by

Theorem 8, H(1, ·) is essential. This implies that L−1 ◦F1 ◦J has a fixed point which is a solution

to problem (1.1)-(1.2).

4 An Example

As an application of our results we consider the following boundary value problem

cDαy(t) ∈ F(t, y), t ∈ J := [0, 1], 1 < α ≤ 2, (4.1)

y(0) = 1, y(1) = 2, (4.2)

where cDα is the Caputo fractional derivative. Set

F(t, y) = {v ∈ IR : f1(t, y) ≤ v ≤ f2(t, y)},

where f1, f2 : J × IR → IR are measurable in t. We assume that for each t ∈ J, f1(t, ·) is lower

semi-continuous (i.e, the set {y ∈ IR : f1(t, y) > µ} is open for each µ ∈ IR), and assume that for

each t ∈ J, f2(t, ·) is upper semi-continuous (i.e the set {y ∈ IR : f2(t, y) < µ} is open for each

µ ∈ IR). Assume that there exists p ∈ L1(J, IR+) and δ ∈ (0, 1) such that

max(|f1(t, y)|, |f2(t, y)|) ≤ p(t)|y|δ, t ∈ J, and all y ∈ IR.

It is clear that F is compact and convex valued, and it is upper semi-continuous (see [13]). Since

assumptions (A1) − (A3) hold, Theorem 11 implies that the BVP (4.1)-(4.2) has at least one

solution.

Received: November 2009. Revised: July 2010.
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ABSTRACT

Many authors introduced some characterizations for finite groups. In this paper as

the main result we prove that the finite group PGL(2, q) is uniquely determined by its

noncommuting graph. Also we prove that PGL(2, q) is characterizable by its noncyclic

graph. Throughout the proof of these results we prove that PGL(2, q) is uniquely

determined by its order components and using this fact we give positive answer to a

conjecture of Thompson and another conjecture of Shi and Bi for the group PGL(2, q).

RESUMEN

Muchos autores introdujeron algunas caracterizaciones de los grupos finitos. En este

trabajo como principal resultado se demuestra que grupo finito PGL(2, q) es determi-

nado nicamente por su gráfica no conmutativa. También se demuestra que PGL(2, q)

1The First author was supported in part by a grant from IPM (no. 89200113).
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es caracterizable por su gráfico no ćıclico. A lo largo de la prueba de estos resultados se

demuestra que PGL(2,Q) es determinado únicamente por los componentes de su orden

y con ello damos respuesta positiva a una conjetura de Thompson y otra conjetura de

Shi Bi y para el grupo PGL(2, q).

Keywords and phrases: Noncommuting graph, prime graph, noncyclic graph, order components.

Mathematics Subject Classification: 20D05, 20D60.

1 Introduction

If n is an integer, then we denote by π(n) the set of all prime divisors of n. If G is a finite group,

then π(|G|) is denoted by π(G). We construct the prime graph of G which is denoted by Γ(G) as

follows: the vertex set is π(G) and two distinct primes p and q are joined with an edge if and only

if G contains an element of order pq. Let t(G) be the number of connected components of Γ(G)

and let π1, π2, ..., πt(G) be the connected components of Γ(G). If 2 ∈ π(G), then we assume that

2 ∈ π1.

Now we can express |G| as a product of coprime natural numbers mi, such that 1 ≤ i ≤ t(G)

and π(mi) = πi. These integers are called order components of G. The set of order components of

G is denoted by OC(G).

One of the other graphs which associated with a non-abelian group G is the noncommuting

graph that is denoted by ∇(G) and is constructed as follows: the vertex set of ∇(G) is G \ Z(G)

with two vertices x and y are joined by an edge whenever the commutator of x and y is not identity.

In [1] the authors put forward the following conjecture:

Conjecture A. Let S be a finite non-abelian simple group and G be a finite group such that

∇(G) ∼= ∇(S). Then G ∼= S.

The validity of this conjecture has been proved for all simple groups with non-connected prime

graphs. Also it is proved that some finite simple groups with connected prime graphs, say A10,

U4(7), L4(8), L4(4) and L4(9), can be uniquely determined by their noncommuting graghs (see

[19, 20, 21, 22]).

In this paper as the main result we prove that the almost simple group PGL(2, q), where

q = pn for a prime number p and a natural number n, is characterizable by its noncommuting

graph. As a consequence of our results we prove the validity of a conjecture of Thompson and

another conjecture of Shi and Bi for the group PGL(2, q).

Let G be a noncyclic group and Cyc(G) = {x ∈ G|〈x, y〉 is cyclic for all y ∈ G}. In [2], the

authors introduced the cyclic graph of G, which is denoted by Γ1(G) as follows: take G \ Cyc(G)

as the vertex set and join two vertices if they do not generate a cyclic subgroup. In this graph the

degree of each vertex x is equal to |G| \ |CycG(x)|, where CycG(x) = {y ∈ G|〈x, y〉 is cyclic}. It is
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proved that some finite simple groups, Sn, D2k , D2n ,where n is odd, are characterizable by the

noncyclic graph. We show that PGL(2, q) is uniquely determined by its noncyclic graph.

In this paper, all groups are finite and by simple groups we mean non-abelian simple groups.

All further unexplained notations are standard and refer to [6], for example.

2. Preliminary results

In this section we bring some preliminary lemmas which are necessary in the proof of the main

theorem.

Remark 2.1. Let N be a normal subgroup of G and p, q be incident vertices of Γ(G/N). Then p, q

are incident in Γ(G). In fact if xN is of order pq, then there exists a power of x which is of order pq.

Definition 2.2. ([8]) A finite group G is called a 2-Frobenius group if it has a normal series

1 � H � K � G, where K and G/H are Frobenius groups with kernels H and K/H, respectively.

Lemma 2.3. Let G be a Frobenius group of even order and let H, K be Frobenius comple-

ment and Frobenius kernel of G, respectively. Then t(G) = 2, and the prime graph components of

G are π(H), π(K) and G has one of the following structures:

(a) 2 ∈ π(K) and all Sylow subgroups of H are cyclic;

(b) 2 ∈ π(H), K is an abelian group, H is a solvable group, the Sylow subgroups of odd order of

H are cyclic groups and the 2-Sylow subgroups of H are cyclic or generalized quaternion groups;

(c) 2 ∈ π(H), K is an abelian group and there exists H0 ≤ H such that |H : H0| ≤ 2, H0 =

Z × SL(2, 5), π(Z) ∩ {2, 3, 5} = ∅ and the Sylow subgroups of Z are cyclic.

Also the next lemma follows from [8] and the properties of Frobenius groups [9]:

Lemma 2.4. Let G be a 2-Frobenius group, i.e., G has a normal series 1 � H � K � G, such that

K and G/H are Frobenius groups with kernels H and K/H, respectively. Then

(a) t(G) = 2, π1 = π(G/K) ∪ π(H) and π2 = π(K/H);

(b) G/K and K/H are cyclic, |G/K| | (|K/H| − 1) and G/K ≤ Aut(K/H);

(c) H is nilpotent and G is a solvable group.

Lemma 2.5. ([4, Lemma 8]) Let G be a finite group with t(G) ≥ 2 and let N be a normal

subgroup of G. If N is a πi-group for some prime graph component of G and m1,m2, . . . ,mr are

some order components of G but not πi-numbers, then m1m2 · · ·mr is a divisor of |N| − 1.

Lemma 2.6. ([3, Lemma 1.4]) Suppose G and M are two finite groups satisfying t(M) ≥ 2,

N(G) = N(M), where N(G)={n | G has a conjugacy class of size n }, and Z(G) = 1. Then



154 B. Khosravi, M. Khatami & Z. Akhlaghi CUBO
13, 2 (2011)

|G| = |M|.

Lemma 2.7. ([3, Lemma 1.5]) Let G1 and G2 be finite groups satisfying |G1| = |G2| and

N(G1) = N(G2). Then t(G1) = t(G2) and OC(G1) = OC(G2).

Lemma 2.8. ([11]) Let G be a finite group and M be a finite group with t(M) = 2 satisfy-

ing OC(G) = OC(M). Let OC(M) = {m1,m2}. Then one of the following holds:

(a) G is a Frobenius or 2-Frobenius group;

(b) G has a normal series 1 � H � K � G such that G/K is a π1-group, H is a nilpotent π1-group,

and K/H is a non-abelian simple group. Moreover OC(K/H) = {m ′
1,m ′

2, . . . ,m ′
s,m2}, where

m ′
1m ′

2 . . . m ′
s|m1. Also G/K ≤ Out(K/H).

Lemma 2.9. ([1]) Let G be a finite non-abelian group. If H is a group such that ∇(G) ∼= ∇(H),

then H is a finite non-abelian group such that |Z(H)| divides

gcd(|G| − |Z(G)|, |G| − |CG(x)|, |CG(x)| − |Z(G)| : x ∈ G \ Z(G)).

Lemma 2.10. ([18]) Let G be a non-abelian group such that ∇(G) ∼= ∇(PSL(2, 2n)), where n is

a natural number. Then G ∼= PSL(2, 2n).

Lemma 2.11.([7, Remark 1]) The equation pm −qn = 1, where p and q are primes and m,n > 1

has only one solution, namely 32 − 23 = 1.

Lemma 2.12. ([2]) Let G be a finite noncyclic group. If H is a group such that Γ1(G) ∼= Γ1(H),

then H is a finite noncyclic group such that |Cyc(H)| divides

gcd(|G| − |Cyc(G)|, |G| − |CycG(x)|, |CycG(x)| − |Cyc(G)| : x ∈ G \ Cyc(G)).

Lemma 2.13. ([2]) Let G and H be two finite noncyclic groups such that Γ1(G) ∼= Γ1(H). If

|G| = |H|, then πe(G) = πe(H).

3. Main Results

We note that if q = 2n, then PGL(2, q) = PSL(2, q) and we know that PSL(2, q) is characterizable

by its noncommuting graph (see [18]). Therefore throughout this section we suppose M is the

almost simple group PGL(2, q), where q = pn for an odd prime number p and a natural number

n.

Theorem 3.1. Let G be a group such that ∇(G) ∼= ∇(M). Then |G| = |M|.

Proof. First note that G is a finite non-abelian group. Since ∇(G) ∼= ∇(M), we have |G|− |Z(G)| =

|M| − |Z(M)|. Then it is enough to prove that |Z(G)| = |Z(M)|.



CUBO
13, 2 (2011)

Some New Characterizations for PGL(2, q) 155

By Lemma 2.9, |Z(G)| divides |M| − |Z(M)|. Since |Z(M)| = 1, we have |Z(G)| divides q(q2 −

1) − 1. Let P be a Sylow p-subgroup of M. We know that Z(P) 6= 1. So there exists 1 6= x ∈ Z(P).

We claim that CM(x) = P. It is obvious that P ≤ CM(x), since x ∈ Z(P). On the contrary

we suppose that y ∈ CM(x) \ P. So we can conclude that o(xy) = o(x)o(y). Without lose of

generality we suppose |y| = r, where r 6= p is a prime number. Then M has an element of order

rp. But p is an isolated vertex in Γ(M), a contradiction. Therefore our claim is proved.

By Lemma 2.9 we have |Z(G)| divides |CM(x)| − |Z(M)|. Then |Z(G)| divides q − 1. We know

that Z(G) divides q(q2 − 1) − 1, which implies that |Z(G)| = 1 and so |G| = |M|. 2

Theorem 3.2. Let G be a group such that ∇(G) ∼= ∇(M), where M = PGL(2, q). Then

OC(G) = OC(M).

Proof. Since ∇(G) ∼= ∇(M), the set of vertex degrees of two graphs are the same. Therefore

{|G| − |CG(x)| | x ∈ G} = {|M| − |CM(y)| | y ∈ M}.

On the other hand Theorem 3.1 implies that |G| = |M|, and so N(G) = N(M). Now using Lemma

2.7 we have OC(G) = OC(M). 2

Theorem 3.3. Let G be a finite group and OC(G) = OC(M). If q = pn 6= 3 then G is nei-

ther a Frobenius group nor a 2-Frobenius group. If q = 3 and G is a 2-Frobenius group, then

G ∼= S4.

Proof. If G is a Frobenius group, then by Lemma 2.3, OC(G) = {|H|, |K|} where K and H are

Frobenius kernel and Frobenius complement of G, respectively. Therefore OC(G) = {q, q2 −1} and

since |H| | (|K| − 1) it follows that |H| < |K| and so |H| = q and |K| = q2 − 1. Also q | (q2 − 2)

implies that q = 2, which is a contradiction, since q is odd. Therefore G is not a Frobenius group.

Let G be a 2-Frobenius group. Hence G = ABC, where A and AB are normal subgroups of G;

AB and BC are Frobenius groups with kernels A, B and complements B, C, respectively. By Lemma

2.4, we have |B| = q and |A||C| = q2 − 1. Also |B| | (|A| − 1) and so |A| = qt + 1, for some t > 0.

On the other hand, |A| | (q2 − 1), which implies that q2 − 1 = k(qt+ 1), for some k > 0. Therefore

q | (k + 1) and so q − 1 ≤ k. If t > 1, then q2 − 1 = k(qt + 1) ≥ (q − 1)(qt + 1) > (q − 1)(q + 1),

which is a contradiction. Hence t = 1 and |A| = q + 1 and |C| = q − 1.

If there exists an odd prime r such that r | (q + 1), then let R be a Sylow r-subgroup of

A. Since A is a nilpotent group, it follows that R is a normal subgroup of G. Now Lemma 2.5,

implies that q | (|R| − 1) and |R| | (q + 1)/2, which is a contradiction. Therefore q + 1 = 2α, for

some α > 0. Similarly Z(A) 6= 1 is a characteristic subgroup of A and hence A is abelian. Let

X = {x ∈ A|o(x) = 2} ∪ {1}. Then X is a non-identity characteristic subgroup of A. Therefore A

is an elementary abelian 2-subgroup of G and |A| = 2α = q + 1. By Lemma 2.11, if q = pn such

that n > 1, then the equation 2α − q = 1 does not have any solution.
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Now let n = 1. Suppose F = GF(2α) and so A is the additive group of F. Also |B| = q =

p = 2α − 1 and so B is the multiplicative group of F. Now C acts by conjugation on A and

similarly C acts by conjugation on B and this action is faithful. Therefore C keeps the struc-

ture of the field F and so C is isomorphic to a subgroup of the automorphism group of F. Hence

|C| = 2α − 2 ≤ |Aut(F)| = α. Therefore α ≤ 2. If α = 2, then G = S4, the symmetric group on 4

letters. 2

Lemma 3.4. Let G be a finite group and M = PGL(2, q), where q > 3 or q = 3 and M is

not a 2-Frobenius group. If OC(G) = OC(M), then G has a normal series 1 � H � K � G such

that H and G/K are π1-groups and K/H is a simple group. Moreover the odd order component

of M is equal to an odd order component of K/H. In particular, t(K/H) ≥ 2. Also |G/H| divides

|Aut(K/H)|, and in fact G/H ≤ Aut(K/H).

Proof. The first part of the lemma follows from Lemma 2.8 and Theorem 3.3, since the prime

graph of G has two components. If K/H has an element of order pq, where p and q are primes,

then by Remark 2.1, K has an element of order pq. Therefore G has an element of order pq. So by

the definition of prime graph component, the odd order component of G is equal to an odd order

component of K/H. Also K/H � G/H and CG/H(K/H) = 1, which implies that

G/H =
NG/H(K/H)

CG/H(K/H)
∼= T , T ≤ Aut(K/H). 2

Theorem 3.5. Let G be a finite group such that OC(G) = OC(M), where M = PGL(2, q).

Then G ∼= PGL(2, q).

Proof. If q = 3 and G is a 2-Frobenius group, then Theorem 3.3 implies that G = S4
∼= PGL(2, 3),

as desired. Otherwise Lemma 3.4 implies that G has a normal series 1 � H � K � G such that H

and G/K are π1-groups and K/H is a simple subgroup and t(K/H) ≥ 2.

Now using the classification of finite simple groups and the results in Tables 1-3 in [10], we

consider the following cases.

Case 1. Let K/H ∼= Am, where m = p ′, p ′ + 1 or p ′ + 2 and p ′ ≥ 5 is a prime number and

m and m − 2 are not primes at the same time.

Then q = p ′, and consequently n = 1 and q = p = p ′. On the other hand, |Am| | |G| =

p(p2 − 1). If m > p, then |Am| > (p + 1)p(p − 1), which is a contradiction. Therefore m = p and

|Ap| | |G| = p(p2 − 1), and so |Ap| = p!/2 ≤ p(p2 − 1). Hence (p − 2)!/2 ≤ p + 1. But p ≥ 7,

since p − 2 is not a prime. So (p − 2)(p − 3) < (p − 2)!/2 ≤ p + 1, which is a contradiction. This

completes the proof.

Case 2. Let K/H ∼= Ap ′ , where p ′ and p ′ − 2 are primes.
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If p = p ′, for p ′ ≥ 7, then we can get a contradiction similarly to the previous case. So

p = 5 and K/H ∼= A5
∼= PSL(2, 5). Since K/H ≤ G/H ≤ Aut(K/H), we have PSL(2, 5) ≤ G/H ≤

PGL(2, 5). Hence G/H is isomorphic to PSL(2, 5) or PGL(2, 5). If G/H ∼= PSL(2, 5), then |H| = 2.

But H � G, which implies that H ⊆ Z(G) and we get a contradiction. So G/H ∼= PGL(2, 5), which

implies that H = 1 and G ∼= PGL(2, 5).

Let p = p ′ − 2. Since p ′ | |Ap ′ |, we have p ′ | |G| = p(p2 − 1). But we know that p = p ′ − 2 is

the greatest prime divisor of |G|, which is a contradiction.

Case 3. Let K/H be a sporadic simple group.

Using the tables in [10] we see that the odd order components of sporadic simple groups are

prime.

Let S be a sporadic simple group and K/H ∼= S. Since q is equal to the greatest odd order

component of K/H, we have q = mi, such that mi = max{m2,m3, ...,mt(S)}. So q is a prime

number.

If S = J4, then q = p = 43. Since 112 | |K/H|, we have 112 | (p2 − 1) = 432 − 1, which is a

contradiction.

If S = Co2, then q = p = 23. Since 7 | |K/H|, we have 7 | (232 − 1), which is a contradiction.

The proof of other cases are similar and we omit them for convenience.

If K/H is isomorphic to 2A3(2), 2F4(2) ′, A2(4), 2A5(2), E7(2), E7(3) or 2E6(2), then similarly

we get a contradiction.

In the sequel of the proof we consider simple groups of Lie type. Since the proofs of these

cases are similar we state only a few of them.

In all of the following cases p ′ is an odd prime number and q ′ is a prime power.

Case 4. Let K/H ∼= Ap ′−1(q ′), where (p ′, q ′) 6= (3, 2), (3, 4). By hypothesis we have q =

(q ′p ′

− 1)/((q ′ − 1)(p ′, q ′ − 1)). Hence q < q ′p ′

− 1 < q ′p ′

. Then q2 − 1 < q ′2p ′

. On the other

hand, we know q ′p ′(p ′−1)/2 | (q2 − 1) and therefore q ′p ′(p ′−1)/2 < q ′2p ′

. So p ′(p ′ − 1)/2 < 2p ′

and hence p ′ < 5. So p ′ = 3 and q = (q ′2 + q ′ + 1)/(3, q ′ − 1), which implies that q < 2q ′2.

Therefore q2 − 1 < 4q ′4 − 1. On the other hand, q ′3(q ′2 − 1)(q ′ − 1) | (q2 − 1) and consequently

q ′3(q ′2 − 1)(q ′ − 1) < 4q ′4 − 1. So q ′ = 2, 3 or 4. Since (p ′, q ′) 6= (3, 2), (3, 4), we have q ′ = 3

and q = 13. Then 33(32 − 1)(3 − 1) | (132 − 1), which is a contradiction.

Case 5. Let K/H ∼= 2Ap ′(q ′), where (q ′ + 1) | (p ′ + 1) and (p ′, q ′) 6= (3, 3), (5, 2). In this

case we have q = (q ′p ′

+ 1)/(q ′ + 1). Therefore q < q ′p ′

+ 1 < 2q ′p ′ ≤ q ′p ′+1 and hence

q2 − 1 < q ′2(p ′+1). On the other hand, we have q ′p ′(p ′+1)/2 | (q2 − 1). So we conclude that

q ′p ′(p ′+1)/2 < q ′2(p ′+1). Hence p ′(p ′ + 1)/2 < 2(p ′ + 1), which implies that p ′ = 3. Then

(q ′ + 1) | 4 and hence q ′ = 3. So (p ′, q ′) = (3, 3), which is impossible.
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Case 6. Let K/H ∼= Bn(q ′), where n = 2m ≥ 4 and q ′ is odd. Therefore q = (q ′n + 1)/2.

So q < 2q ′n < q ′n+1. Therefore q2 − 1 < q ′2(n+1). On the other hand, we have q ′n2

| (q2 − 1)

and consequently q ′n2

< q ′2(n+1). So n2 < 2(n + 1), which implies that n = 2, and this is a

contradiction.

Case 7. Let K/H ∼= Cn(q ′), where n = 2m ≥ 2. Then q = (q ′n + 1)/(2, q ′ − 1). Therefore

q ≤ q ′n + 1 < 2q ′n ≤ q ′n+1, which implies that q2 − 1 < q ′2(n+1). On the other hand, we have

q ′n2

| (q2 − 1), which implies that q ′n2

< q ′2(n+1). So we have n2 < 2(n + 1) and hence n = 2.

Therefore q < 2q ′2 and so q ′4(q ′2 − 1) < q2 − 1 < 4q ′4, which is impossible.

Case 8. Let K/H ∼= 2Dp ′(3), where p ′ = 2n + 1 ≥ 5. So we have q = (3p ′

+ 1)/4 or

q = (3p ′−1 + 1)/2.

If q = (3p ′

+ 1)/4, then q < 3p ′+1. On the other hand, we have 3p ′(p ′−1) | (q2 − 1), which

implies that 3p ′(p ′−1) ≤ q2 − 1 < 32(p ′+1). Therefore p ′(p ′ − 1) < 2(p ′ + 1), and hence p ′ ≤ 3,

which is impossible.

If q = (3p ′−1 + 1)/2, then q < 3p ′

. On the other hand, 3p ′(p ′−1) | (q2 − 1), which implies

that 3p ′(p ′−1) < 32p ′

, and so p ′(p ′ − 1) < 2p ′, which is impossible.

Case 9. Let K/H ∼= 2B2(q ′), where q ′ = 22n+1 > 2. In this case we have q = q ′ ±
√

2q ′ + 1 or

q = q ′ − 1.

If q = q ′ ±
√

2q ′ + 1, then q2 − 1 = q ′2 + 4q ′ ± 2
√

2q ′(q ′ + 1). On the other hand, we have

q ′2 | (q2 − 1) and so q ′ | (q ′2 + 4q ′ ± 2
√

2q ′(q ′ + 1)), which implies that q ′ ≤ 2
√

2q ′. Hence

q ′2 ≤ 8q ′. Therefore q ′ = 8 and so q = 5 or 13, which is a contradiction by q ′2 | (q2 − 1).

If q = q ′ − 1, then q ′2|(q ′2 − 2q ′), which is a contradiction.

Case 10. Let K/H ∼= 2F4(q ′), where q ′ = 22n+1 > 2. In this case we have q = q ′2 ±
√

2q ′3 +

q ′ ±
√

2q ′ + 1. Therefore q < 4q ′2 < q ′3 and so q2 − 1 < q ′6. On the other hand, q ′12 | (q2 − 1),

which is a contradiction.

Case 11. Let K/H ∼= A1(q ′), where 4|q ′. By hypothesis we have q = q ′ − 1 or q = q ′ + 1.

If q = q ′ − 1, then q2 − 1 = q ′2 − 2q ′. But we know q ′(q ′ + 1) | (q2 − 1), which is a

contradiction.

If q = q ′ +1, then q2 −1 = q ′2 +2q ′. Since q ′(q ′ −1) | (q2 −1), we conclude that (q ′ −1) | 3.

So q ′ = 4 and hence K/H ∼= A1(4) ∼= A5. By the proof of Case 2 we have K/H ∼= PGL(2, 5).

Case 12. If K/H ∼= A1(q ′), where 4|(q ′ − 1), then q = (q ′ + 1)/2 or q = q ′.

If q = (q ′ + 1)/2, then q2 − 1 = (q ′2 − 3 + 2q ′)/4. On the other hand, q ′(q ′ − 1) | (q2 − 1)
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and hence q ′(q ′ − 1) ≤ (q ′2 − 3 + 2q ′)/4. So q ′2 − 2q ′ + 1 ≤ 0, which is a contradiction.

If q = q ′, then K/H ∼= A1(q) = PSL(2, q). Since K/H ≤ G/H and |G| = 2|PSL(2, q)|, we

conclude that |H| = 1 or 2. Let |H| = 2. Since H � G we have H ⊆ Z(G), which is a contradiction.

So H = 1.

By Lemma 2.8, G/K ≤ Out(K/H) and |G/K| = 2. If G/K contains a field automorphism, then

2p ∈ πe(G), which is a contradiction. If G/K contains a diagonal-field automorphism, then G is

the non-split extension of PSL(2, q) by Z2 and we know that the prime graph of G is the prime

graph of PSL(2, q) (see [12]), which is a contradiction. So a diagonal automorphism generates G/K

and consequently G ∼= PGL(2, q).

If K/H ∼= A1(q ′), where 4|(q ′ + 1), then similarly we conclude that G ∼= PGL(2, q). 2

Theorem 3.6. Let G be a group such that ∇(G) ∼= ∇(M), where M = PGL(2, q) and q is a

prime power. Then G ∼= M.

Proof. If q = 2n, where n is an integer, then PGL(2, q) ∼= PSL(2, q) and so Lemma 2.10 im-

plies that G ∼= M. If q is odd, then obviously the theorem follows from Theorems 3.2 and 3.5. 2

Remark 3.7. It is a well known conjecture of J. G. Thompson that if G is a finite group with

Z(G) = 1 and M is a non-abelian simple group satisfying N(G) = N(M), then G ∼= M.

We can give a positive answer to this conjecture for the group PGL(2, q) by our characteriza-

tion of this group.

Corollary 3.8. Let G be a finite group with Z(G) = 1 and M = PGL(2, q), where q is a

prime power. If N(G) = N(M), then G ∼= M.

Proof. By Lemmas 2.6 and 2.7, if G and M are two finite groups satisfying the conditions of

Corollary 3.8, then OC(G) = OC(M). So using Theorem 3.5 we get the result. 2

Remark 3.9. W. Shi and J. Bi in [16] put forward the following conjecture:

Conjecture. Let G be a group and M be a finite simple group. Then G ∼= M if and only if

(i) |G| = |M|, and,

(ii) πe(G) = πe(M), where πe(G) denotes the set of orders of elements in G.

This conjecture is valid for sporadic simple groups [13], alternating groups [17], and some

simple groups of Lie type [14, 15, 16]. As a consequence of Theorem 3.5, we prove the validity of

this conjecture for the almost simple group PGL(2, q), where q is a prime power.

Corollary 3.10. Let G be a finite group and M = PGL(2, q), where q is a prime power. If
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|G| = |M| and πe(G) = πe(M), then G ∼= M.

Proof. By assumption we have OC(G) = OC(M). Thus the corollary follows from Theorem

3.5. 2

Proposition 3.11. Let G be a group such that Γ1(G) ∼= Γ1(M), where M = PGL(2, q) and

q is a prime power. Then G ∼= M.

proof. First we show that |G| = |M|. By Lemma 2.12 we have |Cyc(G)| divides |M| − |Cyc(M)|.

Since Cyc(M) ≤ Z(M) = 1, it follows that |Cyc(G)| divides |M|−1. On the other hand, by Lemma

2.12, |Cyc(G)| divides |CycM(x)| − |Cyc(M)|, where x ∈ M \ Cyc(M). Let x be a p-element of

M. We claim that 〈x〉 = CycM(x). We know that 〈x〉 ⊆ CycM(x) and so it is enough to prove

that CycM(x) ⊆ 〈x〉. On the contrary let y ∈ CycM(x) \ 〈x〉 and hence 〈y, x〉 is cyclic. If y is a

p-element, then we know that 〈y, x〉 has only one subgroup of order p and so 〈x〉 = 〈y〉, which is

a contradiction. Therefore y is not a p-element. So we have an element of order po(y), which is

a contradiction by the structure of Γ(M). So p = |〈x〉| = |CycM(x)|. Therefore |Cyc(G)| divides

p − 1 and p − 1 divides |M|. We know that |Cyc(G)| divides |M| − 1 and so |Cyc(G)| = 1 and

|G| = |M|. Now using Lemma 2.13 we conclude that πe(G) = πe(M) and by Corollary 3.10 the

proof is complete. 2

Remark 3.12. We note that in the main theorem of [5] it is proved that PGL(2, q) is uniquely

determined by πe(G).

Received: February 2009. Revised: August 2010.
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