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Homogeneous Besov Spaces associated with
the spherical mean operator

L.T.RAacHDI AND A.RoOUZ
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email: ahlemrouz@yahoo. fr

ABSTRACT

We define and study homogeneous Besov spaces associated with the spherical mean
operator. We establish some results of completeness, continuous embeddings and den-
sity of subspaces. Next, we define a discrete equivalent norm on this space and we give
other properties.

RESUMEN

Definimos y estudiamos los espacios homogneos Besov asociados con el operador esférico
medio. Se establecen algunos resultados de la exhaustividad, de inclusiones continuas y
de la densidad de subespacios. A continuacién, se define una norma equivalente discreta,
en este espacio y se dan otras propiedades.

Keywords and phrases:: Spherical mean operator, Besov space, Banach space, Fourier trans-

form.

Mathematics Subject Classification: 46E35 |, 44A35.
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1 Introduction

For a continuous function f on R x R™, even with respect to the first variable, the spherical mean
operator Z is defined as

A0 = | fmoxrE)don(n £ (nx) € Rx R,
Sn
where S™ is the unit sphere, i.e. S™ = {(1,&) € R x R™ ; n? 4 |§]*> = 1} and oy, is the surface

measure on S™ normalized to have total measure one.
The dual of the spherical mean operator '% is defined by
r(LH)
Blg)(rx) = 2 | aly/r k- ul )y,
T 2 n
where dy is the Lebesgue measure on R™.

The spherical mean operator % and its dual *% play an important role and have many
applications, for example, in image processing of so-called synthetic aperture radar (SAR) data
[14, 5], or in the linearized inverse scattering problem in acoustics [9].

Many aspects of such operator have been studied [T}, B [6 18, 2T]. In particular, in [I8] the first
author with the others associated to the spherical mean operator the Fourier transform defined by

N en F0N =[x et dvaln )
where
® @, > is the function defined by
V(r,x) e RxR"™, @ualr,x) =% (cos(u.)e*i“‘”) (r,x).

e v, is the measure defined on [0, +oo[ x R™, by

1
e~ o ™ dr ® dx.
277 (=) (2m) 2

an(T‘,X) =

e [ is the set given by

F=RxR"U{(ig,A); (1, A) € R x R™, [ <[A[}.

They have constructed the harmonic analysis related to the Fourier transform .# (Inversion for-
mula, Schwartz theorem, Paley-Wiener theorem, Plancherel theorem).

There are many ways to define Besov Spaces [4] 5l 13| [16] 20} 23]. Tt is well known that Besov
spaces can be defined for instance in terms of convolutions f x ¢ with different kinds of smooth
functions ¢ and that can be also described by means of differences A, f [10] [IT], 22].
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In this work, we define and study a class of homogeneous Besov spaces connected with the

spherical mean operator Z. More precisely, let ¢ be a smooth function on R xR™, even with respect
to the first variable. For all p, q € [1,+00] and v € R, we define the Besov space f@gﬁ( [0, +o0[ x
R“) to be the space of tempered distributions f on R x R™, even with respect to the first variable
such that

—+0o0
f:J fry# b L
0 t

where * is the convolution product associated with the spherical mean operator and ¢; t > 0 is
the dilated function of ¢ defined by

1

Virx) € 0,400l x B™,  i(r,x) = ooy (5, 7

(see Definition [I0] below).
The space %g;;" (10,400 x R™) is equipped firstly with the norm

1
+o00 T
(7 (A0l ) TS it < g < oo

P 0 Y
Mpq(f) =
[ % dellp v :
»Vn fq= .
ebtbslolp yev , i q =400
with
+o00 1
(J J |f>kd)t(T,X)|p d’Vn(T,X)) ) lfp S H,"‘OO[,
n O
[T el =

esssup [fx (T, %), if p =+oo0.
(r,x)€[0,+00[xR™
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Then we have established the coming results

e The Besov space )& (10, +o0o[ x R™) is independent of the choice of the function ¢ and
will be denoted by ﬂg q ( [0, +o0[ x R“). This means that for all smooth functions ¢ and
1, there exists a positive constant Cg, v, such that

vie B¢ (10,400l x R™), MY&(f) < Cq oy MUY ().

e The space %} q ( [0, +oo[ x R“) is homogeneous with degree equal to
(2n+1)/p—v—2n—1, that is for all f € B} 4 ( [0, +oo[ X R“) and t > 0, the distribution
f belongs to the space B 4 ([0, +0o[xR™)and we have

2n+1

MPG(f) =t

—y—2n—1 b
Yo My (f).
e The Besov space is a Banach one when v < (2n+1)/p.

We have also proved some continuous embeddings and density of subspaces.

Next, we define the following discrete norm on the space B} 4 ( [0, +oo[ x R“) by setting

<Z (If*d;ikylp,vnf) L i< q < +00;

b . keZ
Npg () =
Hf * d)zk”p,vn . -
esksglzlp e if g = +o0.

We show that this norm defines the same topology as the norm Mg:g’. We prove that this space is
homogeneous in a weaker sense when equipped with the norm Ngjg’, that is there exist two positive
constants C; and C; such that for all f € ¥ ([0, +oo[ x R™) and t >0

2n+1 2n+1

Cit e VTV NYE(F) SNYO(f) < Cot™r 2T NYP(f).

Finally, we establish some new continuous embedding.

2 Fourier transform associated with the spherical mean op-
erator

In this section, we recall some harmonic analysis results related to the Fourier transform associated
with the spherical mean operator.
Let @, (1,A) € C x C™, be the function defined by

V(ir,x) e RxR"™, @ua(r,x) =% (cos(u.)e‘w‘")) (r,x).

It’s well known ([18, 21]) that
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i. The function @, » is given by

V(rx) ERXRY, @ualr e N (r/i 4N+ +AZ),

where jn_1)/2 is the modified Bessel function defined by

Juoi(s) = —
) =21 (M ) T ”(T)émr((l{m(;)%’

and J(n_1)/2 is the Bessel function of first kind and index (n —1)/2 [7, 8, 17, 27].

ii. For all (u,A) € C x C™, @ is the unique infinitely differentiable function on R x R™, even
with respect to the first variable, satisfying

Dj'LL(T,X],...,Xn) :—i)\ju(T,X],...,Xn)) 1 <J <n,

Eu(r,m ) "')XT\) = —qu(r,X] ) "'vxn)v

u(0,...,0) =1, 2%(0,%1,...,xn) =0, V(X1, ..., Xn) € R™.

where

n

2 _ 2 nd )

O]

=1
iii. The function @, ) is bounded on R x R™ if, and only if (p,A) belongs to the set I' given by
F=RxR"U{(ig,A); (1,A) € R x R™, || < [A}. (2.2)
In this case, we have

sup  |Qua(r,x) =1
(r,x) ERXR"™

We denote by

e LP(dvy,), p € [1,+0o0], the space of measurable functions f on [0, +oo[ x R™, such that

1
+o00 =
(J' J If(r,x)|? dvn(r,x)> < +4oo, ifp € [1,4o0[;
= n O

esssup If(r,x)| < +o0, if p =+o0,
(r,x)€[0,4+00[xR™

[l

p YVII

where v,, is the measure defined in the introduction.

e [, the subset of T" given by

I =1[0,+ool x R™ U{(ip,A); (1,A) € R x R™, 0 < <A},
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e Br, the o-algebra on I'} defined by

Br, =0 " (Bo, roo[xrn),
where 0 is the bijective function defined on I'y by
O, A) = (V2 + A2 A). (2.3)
e v, the measure defined on I'y by

Yn(A) =vn(B(A)); A€ Br, .
e LP(dyn), p € [1,+00], the space of measurable functions on I'y satisfying
I, ., <+oo.

Then we have the coming properties

Proposition 1. 1) For all non negative measurable function f on I’y (respectively integrable on Ty
with respect to the measure dy,), we have

[ ftemarmmn o L o (02 43 ey
" H, Yk, Z%F(”T“)(Zn)% o H, 3 pap

Al n_1
+J J fip, A) (A2 — pu2) 2 udp.d?x}.
nJo
ii) For all non negative measurable function g on [0, +o00[ x R™ (respectively integrable on [0, +oo[ x
R™ with respect to the measure dv,, ), the function go 0 is measurable positive on 'y (respectively

integrable on 'y with respect to the measure dyy) and we have

J . ro g(r,x)dvn(r,x) :J' J g0 0(, A)dyn (1 A).

0 ry

In the following, we shall define the translation operator and the convolution product associ-
ated with the spherical mean operator. For this, we use the product formula for the function @ i,
for all (r,x),(s,y) € R x R™, we have

r n+1 7T
(pug\(r,x)(pp‘x(s,y)z)‘[ O (\/rz + 52+ 2rscos9,x +y) sin™~'(0)do (2.4)
VR (%) do

Definition 2. i) For all (r,x) € [0, +oco[xR™, the translation operator T(, ) associated with the
spherical mean operator is defined on LP(dvy,), p € [1,4+00], by

r(ntt 7
Tir ) (f)(s,y) = (Z)J f (\/rz + s2 + 2rscos 8,x+y> sin™~'1(0)de.
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ii) The convolution product of f,g € L'(dv,,) is defined by

+oo

Vi x) € 0,400l xR, Frglro) = | | flsulr, g (@)(s,u)dvalsv),

where
d(s,y) = gls,—y).

We have the following properties
e For all (r,x), (s,y) € [0,400[ x R™, the relation (Z4]) can be written

Tir ) (@A) (8, W)@ (1, %) @uals,y). (2.5)

o If f € LP(dvn), 1 < p < +oo, then for all (s,y) € [0,+oo[ x R™, the function (s y(f)
belongs to LP(dv,) and we have

< |Ifll

(s, ()| (2.6)

P, Vn PyVn *

e Let p, g, T € [1,+00] such that % = % + % — 1. Then for all f € LP(dvy) and g € L9(dvy,),
the function f x g belongs to L"(dv,,) and we have

159l v, <l lollg v, - (2.7)

Now, we will define the Fourier transform .% connected with the spherical mean operator and
we recall some properties that we need in the next section.

Definition 3. The Fourier transform associated with the spherical mean operator is defined on
L (dvn) by

+o00
WA €D FOWN) = | | 1) gualnx) dvalrx),
nJo
where I" is the set defined by the relation (2.2]).

The Fourier transform .% satisfies the properties

e For every f in L' (dv,,) and (r,x) € [0, 4+00[ x R™, we have
V(LA €l F (Tr,—x) () (I, M) @1, %) Z () (1, A). (2.8)
e For all f,g € L'(dvy,), we have

VimAD) el F (fxg) (1,A) = Z (1)1, A)F () (1, A). (2.9)

e For all f € L'(dvy), we have

Y(wA) €N Z () (LA)Z (f) 0O, A), (2.10)
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where

V(mA) R x R™, Z (f) (u,MZJ nj:zr,x)j%] (rp)e A% gy, (v, x) (2.11)

and 0 is the function defined by the relation (Z3]).

Theorem 4. (Inversion formula for .%) Let f € L'(dv,,) such that the function .% (f) belongs to
L'(dyn), then for almost every (r,x) € [0, +oo[ x R™, we have

f(r,x) :J L FE)(1A) Prunlr ) dyn ().

We denote by

e &, (R x R™) the space of infinitely differentiable functions on R x R™, even with respect to
the first variable.

e S, (R x R™) the subspace of &, (R x R™) consisting of functions rapidly decreasing together
with all their derivatives.

e S, (') the space of functions f : ' — C infinitely differentiable, even with respect to the
first variable and rapidly decreasing together with all their derivatives, i.e

0 \ k2
Vki,ks €N, Vo € N™, 14124202 D ,A‘< ,
1,k2 €N, Vo€ JSup (1S 4200 (a) A1, A)| < +oo

o

where
0 .
— (f(m,A)), ifu=reR
of or
ou 19
To .. e <
T3t (f(it,A)), ifp=1it,[t| <Al
and

0\« 0 \%n
Dy = () ()"
A\ MNn
° S; (RxR™) and S;(F) are respectively the topological dual spaces of S, (R x R™) and
S, ().
Each of these spaces is equipped with its usual topology.

Theorem 5. (Schwartz theorem)[2] [I8] i) The Fourier transform .% is a topological isomorphism
from S,(R x R™) onto S,(I"). The inverse mapping is given by

VX eRx R, (A = | jr A Pl x) dyn().  (212)

ii) (Plancherel formula) For all f, g € S,(R x R™), we have

“+o00 o -
J J f(r,x) 9(r,x) dvnlr,x) = H Z(E) (A Z@ N dyn(mA).
0 n Ty
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In particular

17 ()2, ll2,,, -

Theorem 6. (Plancherel theorem) The Fourier transform .# can be extended to an isometric iso-
morphism from L?(dv,,) onto L?(dyy).

For T € S;(R x R™), we put
(Z(1),0) = (TLF () ¢eS.N). (2.13)

Then from Theorem [l we get the following result

Corollary 7. The transform % defined by the relation ([ZI3)) is a topological isomorphism from
S.(R x R™) onto S_(T).

Proposition 8. i) Let f € & (R x R™), f slowly increasing and let g € S,(R x R™). Then the
function f * g belongs to the space &, (R x R™).

ii) For all f € S,(R x R™) and T € S_ (R x R™). The function T % f defined by
\V/(T,X) € R x an T x f(T)X) = <T) T(T‘,*X) (F»
belongs to the space &, (R x R™) and is slowly increasing. Moreover, we have

gf(TT*f) — Z(H).Z(T).

3 Besov spaces

This section contains the main result of this paper. Indeed, we define and study a class of Besov
spaces B ;g’ ( [0, +oo[ % R“), where ¢ is a smooth function. We show that this space is independant
of the choice of ¢ and is a Banach space for y < (2Zn+1)/p. Next, we prove that %g;;" ( [0, +ool x
R“) is an homogeneous space with degree equal to (2Zn+1)/p —y —2n—1.

Lemma 9. Let a, b, ay, by be real numbers such that 0 < a; < a < b < by. Then there exists
a function P € S, (R x R™) satisfying the following assumptions

Y V(A el F)(wA) =0.

i) V(wA) el a® <u?+202 <b? ZFW)(w,A)=C
where C is a positive constante.

i) ZW) (A =0 if p2+2A%>bF or p?+2A°2 < al.
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iv) For all (u,A) € T\{(0,0)},

1.

400
| (@i -

0

Proof. From Uryshon’s lemma, there exists an infinitely differentiable function w on R such that

e VteR;, O0< w(t)<1.
e Vte [a,b]; w(t)=1.

e supp(w) Clay, byl

Let g be the function defined on R x R™ by
w (/12 +[x]?)
Heo dt\ 3’
27
(], <)

then the function g belongs to the space S,.(R x R™). Since, the transform 7 defined by the
relation (ZI1]) is a topological isomorphism from the space S.(R x R™) onto itself [24] 25], then
there exists 1 € S, (R x R™) such that }fv(lb) = g. Thus, by the relation (ZI0), we deduce that the
function 1 satisfies the hypothesis of the lemma. O

g(r,x) =

We denote by

e 9,(T) the space of real infinitely differentiable functions g on I, even with respect to the first
variable such that, there exist two positive real numbers
0 < a < b verifying

g, A\) =0 if p2+2A%2<a® or p?+42A° > b2
o S.0(R x R™) the subspace of S,(R x R™) consisting of functions f such that .# (f) belongs
to the space Z,(I").

. Sl,o(R x R™) the subspace of S, o(R x R™) formed by the functions f such that

+o00 t

V(i) € T\ {(0,0)), Jo (Z O 0)* T = 1. (3.1)

These functions are known as wavelets on [0, +oo[ x R™ [19] 26].
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) Lp(%); p € [1,+00], the space of measurable functions on ]0, +oo[ such that

“+o0 dt %
<J ]f(t)’pt> <400, 1<p<+oo;
0

Il o 2y =

esssup [f(t)] < +oo, p = +oo.
t>0

e x the convolution product defined on the group (]0, +ool, ) by

+o00
feolsl = | e T (32)

e For all measurable function ¢ on [0, 400l x R™, the dilated ¢¢; t > 0 of ¢ is defined by

1
V(r,x) € 0,400l x B™,  di(r,x) = oy d(5, 1)

Then we have the following properties

e Let p, q, T € [1,4+00] such that % + 15 =1+ 1; Then for all f € Lp(%) and

d : r(d
g € L9(<), the function f « g belongs to L"(<!) and we have

%l o, < Iflloqasliglicaas)- (3.3)

e For every ¢ € LP(dvy); p € [1,4+0o0], the function ¢ belongs to LP(dv,, ) and we have

2n+1

[dell, ., =t floll, .. (3.4)
where p" =p/(p —1).
e For all ¢ € L'(dv,,) and for every (pu,A) €T,
F(d)(wA) = F()(tu, tA). (3.5)

Definition 10. Let p, q € [1,4o0], v € R and ¢ € Sl‘o(R x R™). We define the Besov space
%g:g)( [0, 400l x R“) to be the space of tempered distributions f on R x R™, even with respect to
the first variable and satisfying

e For all t > 0, the function f * ¢ belongs to the space LP(dv,).

e The function
LI
tY

t

belongs to the space L9 (%).

e The integral
+oo dt
(r,x) — f*cbt*d)t(T)X)T

0
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is convergent in S;(R x R™) and

+o00 dt
f o J; frdor S (3.6)

The space 93?;3?( [0, +oo[ x R“) is equipped with the norm

+o00 q %
(J (7””‘“”?'”) d:) , if1<q < +oo;

tY
v, ¢ _ 0
Mpyq (f)
[ % dellp v P
ests>sng e if ¢ = 4o0.

Lemma 11. let P € S, (R x R™) and let ¢ € S, o(R x R™). Then for all k € N, there exists
ok € S.0(R x R™) such that

Py = t7* (Akll)) * (i),
where A is the differential operator defined by
7 nod «,0.2
A=—(—+— — — 7).
(arz T3 or +j:1 (axj) )
Moreover, for all p € [1, +o0]

s ell, < £ [la%]

PyVn

d)kH],’Vn (37)

PyVn

and

_2n+1
7

s bl o, <t ol lle]

PyVn PyVn

Proof. The operator A is continuous from S, (R x R™) into itself and for all
f € S.(R x R™), we have

F (AN (A = (W +2A2) Z(F) (1 A). (3.9)
Let P € S, (R x R™) and let ¢ € S, o(R x R™). From the relations (2.9) and 3], we get

FW o)A = FZW) (A Z(d)(tu, tA)

tZ(HZ+2|)\|2) 9(11))“1,7\) /(43)(’[%0\)

t2 (2 +21A12)°

and from the equality ([3.9), we obtain

Z(¢)(tp, tA)

FEro)d) = EFANWA Gy

(3.10)
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Since, the function ¢ belongs to the space S, o(R x R™) then the function

Z(d) (1, A)
u? + 2/A)2

belongs to the space S, (I") and from Theorem Bl there exists ¢1 € S, (R x R™) such that

Z (o), A)
u? +2A12 -

In particular, ¢ lies in S, o(R x R™) and the relation BI0) leads to

F W d)(wA) = F(AP) (A F (1)) (1,1,

(L, A) —

F (1), A)

which implies that

Vxdy = t2 (A)* (1)

By induction, for all k € N*| there exists ¢y € S. o(R x R™) verifying

Py = 7 (AM) * (i) (3.11)
On the other hand, for every t > 0 and by the relation (34, we get
Hl‘l) * d)tH < ||ll)||1,vn ||(l)’t||‘p,v,1

PyVn

1

=t " Wl ldlp .

as the same way and using the relation (BII), it follows that

L VS TR T

Proposition 12. Let ¢ € sl,o(R x R™).
i) For all f € L?(dv,,) we have

“+o00 dt ) )
f= f*d)t*c])t?; in L“(dvy).
0

ii) Let y e R, vy < 2n+1)/p and f € S;(R x R™) such that for all t > 0, the function
f x ¢y belongs to LP(dvy) and the function

5 Pellpva
tY

t—

belongs to the space L4 (%). Then the integral

+o00 dt
J f*d)t*d)tT

0

converges in S;(R x R™).
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Proof. i) Let f € L?(dvy) and let Fo 1 (f) be the function defined by

b
Y(r,x) € [0, +oo[ x R™, Fa,b(f)(r,x):J f* e x de(r,x) %; 0<a<hb.

a

The function Fq p(f) is well defined and by the relation (3] we have

|Fa,b(f)(r,%)]

N

b
dt
[ 2 T 0,
a

ﬁ
t

N

b
1120, j Ibellt v [Dell2ivn
a

b
_2n+1

1fllzve (001 e [Bl2ve J gy

a

N

<  Ho0o.

Moreover, the function Fq p(f) belongs to L?(dvy ). Indeed by Minkowski’s inequality [12] and the
relation [34]) we get

b dt
[Fan(Bl,, < J [ by,
a
b dt
S N
a
b
= [z, 161, log(=)
< —+oo.

On the other hand, by Fubini’s theorem and the relation (3.1]), we have

b 24t

# (Fan )N = ZOwN) | (Flo)(tn o) T

a

Thus, by the Plancherel theorem

If=Faellz,, = |
° 2dt
(Z(@) i) T dvnluA).

I
—

Using the fact that
+oo 2 dt
| (Formm) ¢ =1,

we have b 2
(1, A) € M\(0,0)}, \PJ (7 (@)t ) % s

a

and applying the dominated convergence theorem, we deduce that

T =Pl =0
b— +o0
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ii) Let f be in S;(R x R™) satisfying the hypothesis, then the function Fq p(f) defined above is
bounded on R x R™. In fact

b dt
Fantfitr] < [ fcod,,, o, T
b Hf*q)tH _2na1 dt
= ol [ e e &
| adt13r(® awir dt
< Nl [ () ST oo ST
< —o00,

where ql is the conjugate exponent of q.
Thus for all a, b € R; b > a > 0, the function Fq p(f) defines an element of S;(R x R™).
Let 1 € S.(R x R™), by Fubini’s theorem, we have

Fantw) = [ [ [t o outro0 wirm Slavatrn

0 a
= ’ {d:oo . fx by * de(r,x) P(r,x) dvn(r,x)}%
= :’{d":oo "R'11b(1‘,x)”:ooj i fx de(s,4) Tir v (de)(s,Y) an(S,y)} dvn(r,x)}%
- ;:: {::OO Uan fxdils,y) ”:oo J N P(r,x) T(s,—y) (be)(r,%) dvn(r,x)} dﬂ/n(s,y)}%
—u": H:OOJ ) fxdels,y) de xW(s,y) an(S,y)] %

However,

J+oo ”:“’ JRn [f 5 dels,u)] |dexW(s, ) dﬂ/n(s,y)} %

0
+o0 . dt
<] leadl,, bl T
1 B dt +oo - dt
S O 2 O A S [ R W
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Using the relations (87) and (B.8]), we get
dt

J+m {J:oo J-Rn [+ di(s,y)] |dex (s, )| dvn(s,y)} -

0
! dt
<llaslly ol | 2 lFe T
+oo  2n+1 dt
Wl B0l | e,
oo fxd dt
850y, ol [ iy 1S
too Ly fxd dt
bl ol J e L I t’;Hp,vn a
Let k be sufficiently large. Using the hypothesis vy < (2n+ 1)/p and applying Holder’s inequality,
we obtain
Hoo e . dt
| ] [ e dsul fbos wis, )] avalsn}
0 o Jrn
I+ bell,
<Al Nl £ 1o La’(4t) o La(4y)
_2n+1 Hf*d)tH Y Vn
+Hw”hvn Hd) P Vn LR L0 ool La’(4t) tY = La(4dt)
< 4o0.

This shows that for all P € S, (R x R™), lim+ (Fa,b(f), ) exists and
a—0

b— +o0

J+Oo J+WJ nf*Cbt(S,y) b xW(s,y) dvals,y) %

lim  (Fau(f),b) = o s

a—0t
b— +oo

This means that the integral
+o00 dt
T dex b —
0 t
converges in S;(R x R™).
Lemma 13. 1) Let f € 48 (10, +ool x R™). Then
1) For all P € S, (R x R™), we have

f*lj):L fxdexdy x| %

ii) For all p € S] 5(R x R™),
“+00
f:J fx, b, de.
0 P
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2) For all g € S,(R x R™) and for all ) € Sl‘o(R x R™), we have
+o00 dp
[ oot @
0 p

Proof. 1) Let f € %3;3([0&00[ X R“) .
1) For every P € S, (R x R™), we have
fxh(r,x) = <f>T(r,fX)d’>

. b dt ;
= lim (| f*xde*dy T)T(r,fx)ll»
a

a—0"
b— +oo
+oo b dt .
= dm [ (] frecouts vl T)mieoblsy) dvals,v),
ba:jr)oo 0 " “

and by Fubini’s theorem, we obtain

b +o00 . dt
fxp(r,x) = lim J(J J fxde* dils,y) Tr, ) 0(s,y) d'Vn(S,y)>7
a—0" a 0 n t
b— +oo
b
= 1irn+ J f*d)t*d)t*lb(r,x)%
bajfoo @
= J fxdex G xP(r,x) T
0

i) Let P € Sl,o(R x R™). For all positive real number p, we have

Yo, = (P x),. (3.12)
Applying i) we get
+o0 dt
f*xbp*lppzj Ty Py xPp *Up e
0
Now, let a;, az, by, bz be positive real numbers such that

F(P)wA) =0 if u?+2A° <a? or u?+2A”° >b?

and
FW(A) =0 if w2 +20°<aZ or p?+2A2 > b3
then b
. t a
FAmNZ )N =0 iS¢ [¢h 2 ~fx, B,
p 2 Qa2

and consequently, by the relation ([2:9)) and Theorem [4]

Gr*xPp =0 if — &, B. (3.13)

o+
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Thus,

PP dt
Ty x Gy xPp kP T

pox

f*%wpzj

Soforalla, beR; 0 <a<b,
b b )
dp P dty dp
fxb, —:J J fxdexdyx,*xPp, —) —.
Ja ? ° p a( px ‘ ‘ ° ? t> p
By Fubini’s theorem, we get
b bp , L
dp « dp\ dt
J iy, 2 = J (J foe e x b xPp * D) —) @ (3.14)
a p ac 13 p t

On the other hand, we have

Rl

| oiroiewg alnn L

B

i “+o00 5 dp
- (J JRH bt *Pp xPp(s,y) T(T),X)(f*d)t)(s,y)dvn(S,y))?

L 0

B
+o0o

-] nm,x)(f*vdat)(s,y)(f b sy + Ppls,u) L) dvn(s,)
B

0
r+oo

= J § T(r‘_x)(f *Vd)t)(s,y)(l[:w bt xPp xPp(s,y) %)dvn(s,y).

JO

However by 1) of Proposition [I2] it follows that

i dp +o00 .
|7 Feoer porvp om0 = | [ delsiu) T (PR s W) dvalsy)
. .

0

= fx Py * P, x).

Replacing in the equality ([B.I4]), we obtain

b bp
d dt
J f*xpp*xpp?pzj f*‘bt*‘th-

ax

2) We know that for all g € S,(R x R™) and ¢ € Sl,o(R x R™), the function
g * 1, x P, belongs to the space S, (R x R™). By Theorem [ and the relation (31]), we have

g% D %y (1 %) :”r Z(9) (1 A) (F)(pr, oN) 2P dyn(p, A,

then

J:oo g p + Dy (r, %) %”

+oo

F(ONTa || (F@) o o0)* ] dval),

r. 0
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and by the relation ([B]) and Theorem [ we get

400 -
j T ) . H Z() (1) Pua(myx) dyn (i, A)
0 p r,

= g(r,x).
O

Theorem 14. Let p, q € [1,+00] and y € R, the space %gﬁ( [0, 400l x R“) is independent of the
choice of the function ¢ in Sl,o (R x R™) and will be denoted by 2 ([0, +oco[ x R™).

Proof. Let f € L@gjg)( [0, +00[ x R™) and let € S! o(R x R™). From Lemma [[3 and the relation
B13), we have

r+oo dt
fry = f*d)t*d)t*‘pr
Jo
rpB dt
= f*d)t*d)t*lpr
Jpx
B ds
= fxdos * Pps x Py e
J X

Thus, from Minkowski’s inequality and the relations (Z7)) and 34), we get
B ds
5 00l 0 < |15 G0 00 bl
X

d
Hll’p * q’psumn ?S

PyVn

B
SN

ds
PyVn g

4
<0l 19, |1 0]

and by Holder’s inequality, it follows that

R N T (S N (OIS

x

, (3.15)

x S

B rds ) o
< Il 9], My ([ o 2

< +o0,

where q/ is the conjugate exponent of q. Now, by the relation ([BI5), we have

[ Wol| . B e dosll, L. ds
oy <l el L P
1
Lol at
L I
] Il
= b ol [ s ()
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where % is the convolution product defined on 10, 4+oco[ by the relation (8.2]). By the relation (33]),
we obtain

P — o
MESO < (0l [0l [T 1] e MESD
< +oo,
and the proof is complete if we take into account Lemma, [I3] O

Proposition 15. Let p, q € [1,+00] and v € R. The Besov space

BY 4 (10,400[ x R™) is homogeneous of degree equal to (2n+1)/p —y —2n — 1, that is for every
feB)q ( [0, +oo[ x R“) and t > 0, the distribution f; belongs to the space

B q ([O, —I—oo[XR“)and we have

2n+41

M (f) = 75 2 My (),

where :
(fe, @) = (f, tz“ﬁ@%% @ € S,(RxR").

Proof. Let ¢ € Sl,o(R x R™), we have

ft * d)P(TvX) = <ft>T(T,fx)((bp)>
1 .
= <fv W(T(T,—x)((bp))

).

However,
1 . .
W(T(r,fx)(d)p))%(&y) = T(r,fx)(d)p)(tsaty)
1 .
T T —x)(de)(s,y)
consequently,
1 .
fexdp(r,x) = (f, 2Zne T({,—%)(d)%»
= (fxd2) (r,%). (3.16)
Hence, from the relation [3.4)), we get
_2n+1
||ft*¢p||D,Vn =t ! ||f*¢%”p>'\’n’

this shows that for all p > 0, the function f¢ * ¢, belongs to LP(dvy) and we have

HHft*d)pHPVn a _ 57 qroo (Hf*d}pHDVn)q dp
pY La() 0 pY P

_ B g J*“’ <||f*¢s||p,vn)q ds

B 0 sY S

_ ) My ()]

)



SEJ@BOB Homogeneous Besov Spaces associated with the spherical ... 21

which proves that the function

PrVn

p'Y

e

belongs to the space L4 (%) and that

2n+1

MY e () =t YT MY (),

On the other hand, from the relations (8:12) and (BI0), we have

Heo dp 1 Feo r x, ds

L ft*d)p*cbp(ﬂx)? WL f*(cb*d))s({,{)?
1T [ T X

= WL f*fbs*d)s({,;) S

and from the relation (3.6]), it follows

teo dp 1 X
Jo fex dp * Pp(r,x) o Wﬂﬂ*)

= ft (Tv X) .
This completes the proof. O

Proposition 16. Let p, q € [1,+00] and vy € R.
The space By q( (0,400 x R™) N &, (R x R™) is dense in By ([0,40c0[ x R™).

Proof. Let f € Y ¢(10,+00[ x R") and ¢ € S] ,(R x R™). For all t > 0, the function

(Y)X) — fx d)t(T,X) = <fvT(T,7X)(d5t)>

belongs to the space &% (R X R“) and is slowly increasing. From 1) of Proposition [8] we deduce
that the function f * ¢y * d¢ belongs to the space &, (R X R“). Thus, from derivative’s theorem it
follows that for all k € N*; the function

k

dt
fulr) = [ Frdos i
*
is infinitely differentiable on R x R™, even with respect to the first variable. On the other hand,
let P € Sl,o(R x R™), by Fubini’s theorem, we have
k
dt
frexp, = J] Ty * Py xP, T
13
And by the same way as the proof of Theorem [[4] we deduce that for all p > 0, the function
fi 1, belongs to L?(dvy ) and that the function

s ka * .q)pHp,Vn
p —py
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belongs to Lq(%). Again, by Fubini’s theorem, for all \ € Sl,o(R x R™),

+

! -1

o0 d
LRI R U ?p

and by Lemma [I3] and Theorem [[4] we obtain

+oo
J'O

d
fr x Py x P, ?p

dt

f*‘bt*‘bt*ﬂ’p*‘-l’p?

(. )<
) ¢

k

f*lbp*lbp*d)t*d)t

)

dp
P

k

dt
[ emoa &
1 t

fx.

This shows that for all k € N*| the function fx belongs to the space

B q ( [0, +ool x R“) N&, (R X R“). Moreover,

k
fux@p, = J

1
K

and by 1) of Lemma [T3] we get

JJroo
0

f* @,

Thus,

1
J’k
0

J[O,uu[k,+oo[

(f—fk) * Qo

Now using the relation (B13), we obtain

J([o 1

va

+oo
JO

Now Minkowski’s inequality leads to

(f—fk) * @

B
(=t =0l < |

B
s J Lo, 10t

dt
fr by e @p T+J

JU[E,+oo[) Nlec,B)

1([0,%9]U[%,+oo[)m[oc‘(5]

oot

for every ¢ € Sl,o(R x R™), we have

dt
f*(bt*d)t*(Pp T

dt
f*(bt*(bt*(pp T

“+o00 dt
fxbexdex@p —
k t
dt
fx e * Py *x @p T
ds

f*d)ps*d)ps*(()p Y

ds
(s) f= C')ps * C')ps *Qp ?

ds
B T T

ds

+Oo[)(8) Hf*(bpSHp,v“ s

B
< bl 10l | 2o o) ) 175 @sln,

$os * %Hm o

CUBO
13, 2 (2011)

ds
-
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Consequently;
f—fx)*@ fxd d
H( )py PHp‘vn < bl 19l J(X [)(ps) prij»"" ?S
< 1l Nl |1 2 oy [0 o, gt
< T (@Y | L]ulk,+o0l) ' ¢ (E)V t
[5 t
~ e 1y, e (o)
= Il Tl (77 1 4 T T ) P

Thus, by the relation [33]), we obtain

Mg:ap(fk_f) < ||d)||1y'vn H(p||1,'vn

<[ (e [ (e

L 1[1@‘];]HL‘(%]

al=

So,
lim M@ (fk —f) =0
k— 400
because
J+°° I+ @ell, oy, o at
0 tY t
and the proof is complete. O

dt
We denote by L9 (]O, +ool, LP(dvy), T) the space of measurable functions g on ]0, ool x
[0, ool x R™ such that for all t > 0, the function g(t, (.,.)) belongs to the space L?(dv,,) and the

function

t— |lg(t, (.,.)|

PyVn

belongs to L4 (%). This space is equipped with the norm

ol g, = (] oty &

La (10,400, LP (dvn), T)

n\—A

Then we have

Lemma 17. Let p,q € [1,400] and let v < (2n+ 1)/p. For all ¢ € Sl,o(R x R™), the mapping
F defined by

+o0
Flo)r,x) = J gt () * de(r) &

0

dt
is continuous from L4 (}O, +oo[, LP(dvy), T) into B 4 ( [0, +ool x R“).
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dt

<)

Proof. Let ¢ € Sl,o(R x R™) and g € Lq(]O,—I—oo[, LP(dvn),

e Let a, b be real numbers such that b > a > 0 and
FZ(O) AN =0 if p?+2AP <a® or p?+2A% > b
Let P € S, (R x R™) such that
FWA) =1 if a® <p? + 207 <b?
then from the relation (29), we deduce that for every t > 0
Pexde = b1 (3.17)

For every k € N*| the function F(g)yx defined by

Foh(rx) = | € glt (o)« dulrx) -

k

is bounded on R x R™. In fact, from the relations (27) and (B4, we deduce that for all (r,x) €
R x R™,

. dt
[Fgh(r,x)| < L ot oDy, el
3
o, dt
< H¢|p',vn J'1 tY 2 pﬂ ||g(t‘(”'))||‘p,\/n T
3
< K (y —2nt1y ¢ dt ﬁ
< 0l v 19l ot toann, ) | L (et &
< +o0.

Thus, for all k € N* the function F(g)x defines a tempered distribution on R x R™, even with
respect to the first variable. Moreover, for all h € S, (R x R"), we have

k [}
Forory = [ o [ nir ot () s il avalro] &

1 0

k

K
- J1 tY (g(t, (,,.)) * b, h) %»

and by the relation (BIT), it follows that

k
Floht) = [ 0 (ol c e vy §

k

k
= | 0 Gl ey T (3.18)

1
k
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However,

+o0
Jo ot () be s i) %

dt
1,vn T

+o0
<jo £ [lalt, () = b [Jhx e

+oo Y . dt
<| el ol el

d
— |l :

dt
1,vn T

= ¢

1
P’ vn {Lﬂi 7 [lalt, ()| [ e

P, Vn

+00 " dt
o el FUAPRITTN LSS WA

Applying the relations (31) and B8], we get

+o00
| oot o oo ned] T

0
k v ! 2k+y —2n+tl dt
<16l v, 185 W, |t w ot Gl
. +oo _2n dt
RO LY PPN PR s el TS RO

and by Holder’s inequality, we have

+o00
| oot o oo neb] §

0

1 /
- (2k —2ntl)
<ol . HQHU(]O‘M[) L7 (dwa), %){HAthmn bxll1 v, (JO g2ty =2y g @8

+oo a
~ n /dt /
M v b s (J e L
1

The last inequality together with the relation (3I8) show that for all h € S, (R x R™),
lim (F(g)k,h) exists and
k— 400

+oo dt
Jim Flohoh) = | e (ol () s gk S
Consequently, the function
+oo dt
Flaltnx) = | () = dulron)

defines an element of S;(]R x R™).

+oony .
o | et Dl el
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o Let @ € Sl,o(R x R™), we have

F(g) * (Pp(rﬂ() = <F(g))T(T,*X)¢)p>
= kLirJIrloo<F(g)k»T(r,fx)(bp>

= lim Fg)e @p(r,x)

i [ gl () e r oyl
- k—}IJIrloo 1? gty L., . t (pp ) t

However, the relation ([3.I3]) implies

“+o00 PR
J vwmntpn*¢t*@Anxwf§J € Jot,(,)) oy« @p(r )| &
0 px

PR Y dt
<[ e ottt e 0ally
px
PR _2n+1 dt
<l ol |75 ot (oDl
px
PR , hE
, (v —2m51) g E)w
<10 Il (€75 ol o, g, )
< +00.
Thus,
+o0 N dt
F(g) * (Pp(T»X) = t g(t)(v)) *d)t * (Pp(T»X) T
0
B v ds
= | (051 9005, 1)) % s () (3.19)
(o4

By Minkowski’s inequality, we obtain

B v ds
IFiahx @l < | (051" lllos, (1) 5 e 2 00, 5
x
B ds
< Nl ol n, | o lotos, (b, 5
< +o0
and
[F(9) * @], ., B ds
T <ol Dol | lates, ol S
[0 4
1
O p dt
= ol olly, e oSt

B

= 11lly v, ol (7205 7 *llot6 G )0,
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and by the relation ([B3]) it follows that

[F(9) * o]
P,Vn Y
H py Lq(Tp HCI)H'I,‘Vn H(p||1,’v“ t 1[%»];] L](%)HgHLq (]O,+Oo[,]_p(d\/n),%)
< +o0. (3.20)
e Let ¢ € Sl,o(R x R™), from the relation (8I9), we have
B v ds
Flg)x @p(rx) = | (ps)¥ g(ps, (.,.) * bps * @p(r,x) —=,
x
and by Fubini’s theorem, we get
B v ds
Flg) * @p * @p(r,x) = (ps)Y glps, (,.)) * bos * @p * @p(T,x) —
x
PR dt
= [ et o eprpnlnn ¢
px
Thus,
k k B
dp P dt7ydp
[P0 0o @otr 2 [ [0 ot (1 0k 0w 0alrin) T L
13 P JE Moo P
Bl o= dp7dt
P
:J' tV”t gt, (., ) * by *x @p * @p(r,%) ?}T (3.21)
3 7
However,
|7 ottt der 0p x gplrin)
B
é +o0
=[] ] st s ) o 00 @ols,u) dvals,y)
L 0 n

Again, by Fubini’s theorem, we have

|

olt, (., ) * be * @p % 0p(r,x) P

:J:OOJ “T(n—x)g(t,(-,-))(s,y) {J:Oo Gt * @p * Pp(s,y) % dva(s,y).

2|~

|

applying 2) of Lemma [I3] we obtain

+00
|7 ottt o oo ot < J 8L (0 )(5,9) bils,y) dva(s,v)

|

Rl
a %

o)) e (1 x).
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Replacing in the equality [B21)), it follows that

k Bk
d dt
[, Flo 0o @atr S = [ e gttt
* *
Hence,
+oo d
J Flg) % @p*0p — = F(g).
0 p

This shows that the function F(g) belongs to the space B 4 ( [0, +00[ X R“) and from the inequality

B20), we have

MEg(F@) < el llell .,

tﬂl[%,];] L1(%)||9HL‘1(]O,+00[, LP(dvy), 4t)

which means that the mapping F is continuous from L9 (]0, +ool, LP(dvn), %) into

BY 4 (10, +o00[ x R™). O

Theorem 18. Let p, q € [1,400] and lety € R, y < (2n+1)/p. Then the Besov space %}, q ( [0, +00[x
R“) is a Banach one.

Proof. Let ¢ € Sl,o(R x R™). We define the mapping G on the space %’g‘q([O,Jroo[ X R“) by

setting
fx Pe(r,x)

G, (rx)) = —F—-

The mapping G is continuous from %) 4 ( [0, +o0[ x R“) into L9 (]0, +oof, LP(dvn), %) and we

have

HG(f)HL‘* (]0,+oo[, LP(dva), %) - Mg:gj(f) (322)

Moreover, for all f € ) 4 ( [0, +o0o[ X R“), we have

+o00
FoB(nx) = [ € G () el T

0
_ J*mty Frdur pulrx) dt
o tY t

+o0
J fx by x Pe(r,x) ﬁ

0

and by i1) of Lemma [I3] we get
Fo G(f) =f.

This equality shows that

G(2 4 ([0, +00l x R™)) ker (GoF—1d, (10+oo, L7 (dva), ﬁ))).
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In particular, G(%’g,q ( [0, +oo[ x R“)) is a closed subspace of L9 (]0, +oof, LP(dvn), %)

Let (fx)keny be a Cauchy sequence in %g,q([0,+m[ X R“). From the relation ([322]), the
sequence (G(fk))k is a Cauchy’s one in L9 (]0, +oo[, LP(dvn), %)
Since G (%g‘q ( [0, —I—oo[xR“)) is a closed subspace of L9 (]O, +oo[, LP
a function f in %} 4 ( [0, +ool x R“) such that

(dvn), %), then there exists

dt

)

Jim G(fi) =G(f) i L9(10, 400, LP(dvy),

Again by the relation (3:22)),

lim fy=f in %%"q([o,—l—oo[xR“).

k— +o00
O
Proposition 19. 1) Let q € [1,+00], p1, p2 € [1,400]; p1 < pa and let v1,
Y2 € R such that
n+1 n+1
7= - Y2 (3.23)
P1 P2
Then
BY1 (10, +00[ x R™) = 2)2 ([0, +0oo[ x R™).

ii) For all p € [1,+0o0],
) 1 (10,+00[ x R™) < LP(dvy,).

Proof. 1) Let p1, P2, Y1, Y2, g be real numbers satisfying the hypothesis. Let p3 be an exponent
such that

1 1 1

—— = 14— (3.24)

P P3 P2
Finally, let f € 23] ¢([0,40c0[ x R™) and ¢ € Sl,o (R x R™) such that

FZ(P) (A =0 if p?+2A2>b% or p?+2A? <a’.
Let us take P € S, (R X R“) satisfying
VLA €5 a? <p? +2A7 <b?, Z() (1) =
Then for all t > 0, we have
b x P = P

and

MY (f) = (Ew (%)qﬁ)%

P2,9d ty2 t

- (] (et

tv2 t
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By the relations (7)), B4), (323) and B24) we get

+o00 1
Y2, Hf*d)thlfvn qﬁ q
M < bl || (Feee) '

< Rbllpa v, ME (D).

This shows that the space Y] q( [0, +oo[x R™) is contained in #}2 4 ( 10, +oo[x R™) and that the
canonical injection is continuous from %Y 4([0,4oc0[ x R™) into the space Zp?2 ¢ ([0, +ool x R™).

i) Let f € %8‘] ( [0, +oo[ x R“); p € [1,+00]. From 1i) of Lemma [I3] we have

+o0 dt ; N
f= f*(bt*(th, ([)ES*YO(RXR)
0

thus,

“+o00 dt
o < | b,
< bl MO

This completes the proof. O

In the following, we shall define a discrete norm on the Besov space %) 4 ( [0, +oo[ x R“) and
we will prove that it is equivalent to the norm M?,’jg); (ONS Sl,o (R X R“). More precisely, we have

Theorem 20. Let p, q € [1,400], v € R. Let a, b be real numbers such that
0<a<b and ¢ €S, (]R{ X R“) verifying

Z(@) A =1 if a® <p?+ 2 <b2

Then the mapping NY'® defined by

1

(Z(|f*d;iky|m)q>", if 1< q < +oo;

P o kKEZ
Npa(f) =
[+ doxllp v, : _
Rt L

is a norm on the Besov space %} q ( [0, +oo[ x R“) which defines the same topology as the norm
M b € ST o(R x BY).

Proof. @ From Lemma 9] there exists 1 € Sl,o (R X R“) such that

FWP) (A =0 if p?+2AP <a? or p?+2AP > b
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Then for all s € [1,2] and k € Z, we have

F($) (2851, 25sN) = F (D) (2851, 255A) F ()21, 2"N)

which leads to
WPoks = WPorg * P
and therefore, for all f € 2} 4 ( [0, +oo[ x R“)

f*ll)zks = f*d)zk *Il)zks. (325)

Then for all q € [1,4o0[

Jm (m)q dt);
0 tY t
_ 2 il dt) T
(gl ey
1
2 q
_ ||f*1b2ksH Vn qa ds
- (;ZL () s> ~

Using the relations (2.7), (84) and ([3.25), we obtain

1
[f* Poxllp v, |9 2 ds !
MUY < ] [Z( oy [ ds

kez 1
)

1_2—ay
qy

On the other hand, for ¢ = 400 and again by the relation ([B.25]), we deduce that for all k € Z and

se[1,2]

My =

al=

= ||1I)||1,'Vn ( Ng:g)(f)‘

I * Waxsllpva
(2ks)Y

Consequently, for all k € Z and t € [2F,2k+1]

[ orllpv

<427 [, T2

Hf*ll‘)th,'Vn —Y v,$
tiy < (] +2 ) ”q)”],vn Np,oo (f))

which shows that
MY () < (1427 [l v, NEE ().

e Let aj, by be two real numbers; 0 < a; < a < b < by such that
F(P)wA) =0 if > +2A% <af or u?+2A° > bi.
From Lemma [0 there exists P € Sl,o (]R X R“) such that

FW)(wA) =C, forall (wA)€T; af <p’+2A° <4bj
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where C is a positive constant. Then for all k € Z and s € [1, 2],

CF($)(2%1, 2XN) = F($)(251, 2°A) F (P) (2" s, 2€As)

SO
C.pox = dox *Poxs.
Hence, for all f € 2} 4 ([0, +oo[><R“)

Cfx d)zk = fx ’l.l)zks * d)zk (326)

and
If* doxllp v

| [+ Waxsllpva
T LA LR

<(+2Y) b1 s (2ks)Y

Integrating over [1,2] with respect to the measure %, we get for all q € [1,+o0],

(AL TR (1427 [l v.)* J (I el y ot
2ky = Cdlog2 2k tY t

which leads to 1
NY®(f) < C(logl) @ (142Y) (]l v, MY (f).

On the other hand, for g = 400 and using the relation [3:26]), we deduce that for all k € Z

[+ boxllp,ve _ (1 +2

P2 love < 2D g, My 00,

which implies that

(1 +2
NY& (f) < —=— ||d>||1 v MUY ().

This completes the proof of theorem. O

Remark 21. 1) From Theorem [[4land Theorem 20} we deduce that the Besov space %}, 4 ( [0, +o0[x
R“) is independent of the choice of the function ¢ € S, o (R X R“), when it is endowed with the

v, ¢
norm N{'g.

From Proposition [[5] and Theorem B0, we deduce the following proposition

Proposition 22. The Besov space By q ( [0, +oo[ x R“) is homogeneous in a weaker sense when
equipped with the norm Np ¢, that is there exist Cy, Cz > 0 such that for all f € %} ( [0, +oo[ x
R“) and t >0

2n+1 2n+1
P P

Crt ™5 2T NYE () SNYE(F) < Co t77 27 17Y NY&(f).

Proposition 23. Let p € [1,400] and v € R. Then for all q7, q2 € [1,400];
q1 < g2, we have the continuous embedding

B o, ([0,+00[ x R™) — Y

Y (0, +o0xR").
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Proof. Let f € A} 4, ([0,+oo[ X R“) and ¢ € S, o (R X R“). Since

Z(Hf*dmllp,vn)m < 4oo

2ky
keEZ

then,

and we have

However,

and consequently,

Received: October 2009. Revised: December 2009.
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ABSTRACT

In this paper we study the convergence properties of the Crandall-Liggett sequence
{‘/n(A)(x) = (I — %A) "™(x), n € N, for A a nonlinear operator on some important
non-locally convex F-spaces (called p-Fréchet spaces with 0 < p < 1) and the generation

of the corresponding strongly continuous one-parameter nonlinear semigroups.

RESUMEN

En este trabajo se estudian las propiedades de convergencia de la secuencia de Crandall-
Liggett ]I[‘/n(A)(x) = (I— %A)fn (x), n € N para A un operador lineal en algunos
importantes F-espacios no-localmente convexos (llamado p-Fréchet espacios con 0 <
p < 1) y la generacién de los correspondientes semigrupos fuertemente continuos no

lineales con un parametro.

Keywords and phrases:: p-Fréchet space, 0 < p < 1, Cauchy problem, affine semigroup, non-
linear semigroup, Crandall-Liggett type theorem.
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1. Introduction

It is well known that an F-space (X,+,-,] - |[) is a linear space (over the field K = R or
K = C) such that [[x + yl| < [[x|| + |lyl| for all x,y € X, |[x|| =0 if and only if x =0, |[Ax|| < [|x||, for
all scalars A with [A] < 1,x € X, and with respect to the metric d(x,y) = ||x — yl|, X is a complete
metric space (see e.g. [4, p. 52] or [7]).

In addition, if there exists 0 < p < 1 with [|Ax|| = |A[P|x]|, for all A € K, x € X, then || - || will be
called a p-norm and X will be called p-Fréchet space. (This is only a slight abuse of terminology.
Note that in e.g. [1] these spaces are called p-Banach spaces).

It is known that the F-spaces are not necessarily locally convex spaces. Three classical examples
of p-Fréchet spaces, non-locally convex, are the Hardy space HP with 0 < p < 1 that consists in
the class of all analytic functions f: D — C, D ={z € C;|z| < 1} with the property

1 27 X
Il = 5= Sup{J [f(re*)[Pdt;r € [0,1)} < +o0,

the sequence space

P = {x = (xn)n; IXll = Z xnlP < oo}
for 0 < p < 1, and the LP[0, 1] space, 0 < p < 1, given by

1
LP =LP[0,1] ={f:[0,1] = R;|If]| = J [f(t)[Pdt < o0.}

Some important characteristics of the F-spaces are given by the following remarks.

Remarks. 1) Three of the basic results in Functional Analysis hold in F-spaces too : the
Principle of Uniform Boundedness (see e.g. [4, p. 52]), the Open Mapping Theorem and the Closed
Graph Theorem (see e.g. [7, p. 9-10]).

2) The Hahn-Banach Theorem fails in non-locally convex F-spaces. More exactly, if in an F-
space the Hahn-Banach theorem holds, then that space is a necessarily locally convex space (see
e.g. [6, Chapter 4]).

The beginning of a theory of semigroups of linear operators on p-Fréchet spaces, 0 < p < 1,
was developed in the very recent paper [5]. One of the main result in [5] is the Chernoff-type
formula e*(x) = limn_, o (I — %A) "™ (x), for A a bounded linear operator on a p-Fréchet space
with 0 <p < 1.

The aim of the present paper is to look for similar results, that is for convergence properties
of the sequence ]?/n(A)(x) = ( — %A)_n (x),n € N, in the case when A is a nonlinear operator
on a p-Fréchet space with 0 < p < 1. A very careful examination of the proofs in [3] shows us that
because of the property [|Ax]| = |A|P||x|] with 0 < p < 1, the estimate for H]t/n( )(x) — t/m( (%)

does not converges to zero as m,n — oo and in fact the sequence JT, (A)(x),n € N, is not, in

t/n
general, a convergent one.
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However, by using techniques in Functional Analysis, we will be able to prove that the sequence

( ?/n(A)(x))neN contains some convergent subsequences in the spaces 1P and HP with 0 <p < 1,
while this kind of result seems to fail in the space LP[0,1], 0 < p < 1. Moreover, in the simplest
nonlinear case when A is an affine operator, we prove that the sequence ( ?/H(A)(x))neN is still
convergent and some results in the case of Banach spaces in [6] will be extended to p-Fréchet spaces

(0<p<1) too.

The plan of the paper goes as follows. In Section 2 we study the case when A is an affine
operator on an arbitrary p-Fréchet space, 0 < p < 1, Section 3 deals with the case when A is a
nonlinear Lipschitz operator on 1P, 0 < p < 1, while the Sections 4 and 5 deal with the similar
problem in the spaces HP and LP[0, 1], respectively, with 0 < p < 1.

2. Affine Semigroups

As we will see, the affine case is closely connected to the linear case.

First we need a result in operator theory on p-Fréchet spaces (well-known in the case of
classical Banach spaces).

Lemma 2.1 Let A,B : X — X be bounded linear operators on the p-Fréchet space (X, || - 1),
0<p<1.IfA is bijection and |[A~"B||| < 1 then A + B is bounded linear bijection on X.

Proof. Since A is a bijection, as a consequence of the Open Mapping Theorem it follows that
A~ is a bounded linear operator (see e.g. [1, Theorem 14, p. 20 and Corollary 2, p. 23]).

Next we reason as in the case of Banach spaces. Let y € X be arbitrary fixed and define
Ty(x) = A~ T(y) — (A""B)(x). Then the equation (A + B)(x) = y is equivalent to the equation
Ty(x) =x. But [[Ty(x1) — Ty (x2)]] < IA=TBJ|| - [Ix1 — x2||, which shows that T, is a contraction in
the complete metric space X (with respect to the metric d(x7,x2) = |[x1 — x2||). Therefore it has a
unique fixed point x, which shows that A + B is bijective and the lemma is proved.

The first result on affine semigroups is the following.

Theorem 2.2 Let (X, -]|) be a p-Fréchet space, 0 <p < 1, A(x) = B(x) + xo, where xo € X
is fized and B : X — X is a bounded, linear and strictly dissipative operator, i.e |[|[(I—AB)~ ||| <1,
for all A > 0 sufficiently small. Then B is invertible and if we define

JA(A)(x) = (I=2AA) T (x),
(here 1 defines the identity operator) then

T(t)(x) = Im J, (A)(x) = e'B(x) + B[P (xo)] = B~ (x0),

is a strongly continuous semigroup of nonlinear (affine) operators on X, (where according to [4],

e'B(x) = limn_, 100 ?/n(B)(x) is a strongly continuous semigroup of linear operators on X).
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Proof. By easy calculation we can write

JA(A)(x) = TA(B)(x + Axo) = (I—AB) ™" (x + Axo),
and in general

JX(A)(x) = (I—-AB)~

n

Z (I—AB)™ )] )
k=1

But it is easy to show that for any operator G we have the identity

I-G)(I+G+G?>+..+G" ) =1-G™

Replacing G by Ja(B), by Lemma 2.1 it follows that I—J,(B) is invertible and we immediately
obtain

lZ(I—ABJk(xO)l — ATA(B)II— Ja(B) (L — TR (B)] ™ (x0)-
k=1

But
JABII—TA(B)] ' = (I-AB) '[I—TJA(B)] ' =
{T—(I=AB)""I-AB]}"! =

1
— -1 = —— -1
(-AB) ! =B,

which implies that
[Z“ - AB)k(xO)] = BT AB) M (xo)-
k=1

Taking A = %, passing to limit with n — 400 and taking into account the important Remark
after the Theorem 2.11 in [4] which says that

t
e®(x)= lim (I——B)™
n—+oo n

we arrive at

lim_ T, (A)(x) = B + B~ [e'B(x0)] — B~ (xo0).

n— +oo
Also, simple calculations show that if we denote T(t)(x) = e'B(x) + B~ '[e*B(x0)] — B~ '(xo),
then T(0) = I, {T(t),t > 0} has the semigroup property, T()(x ) is continuous as function of t,
A(x) = limp o W7 for all x € X and T'(t)(x) = B[T(t)(x)] + x0, which proves the theorem.

Remarks. 1) According to Theorem 2.2, T(t)(up) is the unique solution of the Cauchy problem
w/(t) = Blu(t)] + %o, u(0) = uo.

(The uniqueness of the solution follows from Lemma 2.12 in [5] concerning the uniqueness of the
solution for the inhomogeneous Cauchy problem in p-Fréchet spaces, 0 <p < 1.)
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2) Let us give a simple example satisfying Theorem 2.2. Let (X, || - [|) be a p-Fréchet space,
0 <p <1, and define A : X — X by A(x) = B(x) + x¢, where B(x) = —x for all x € X and xo € X
is fixed. B obviously is strictly dissipative and A obviously is nonlinear, strictly dissipative, with

1
T4A

NI —=AA) MlLip = 1

)

for all A > 0.

We see that B~" =B, e'B(x) = xe ' and T(t)(x) = (x —xp)e~t 4+ xo and in this case T(t)(ug)
is the unique solution to the nonlinear Cauchy problem

du
il —u(t) + xo,u(0) = ug.

3) From the proof of Theorem 2.2, it easily follows the following.

Corollary 2.3 In the case when (X,||-]]) is a Banach space (i.e. a p-Fréchet space withp =1),
the statement of Theorem 2.2 still remains true.

In what follows, let us consider some concepts introduced in [6] for Banach spaces. They
remain unchanged for the case of p-Fréchet spaces too.

Definition 2.4 By an affine semigroup (S(t) : t > 0) on a p-Fréchet space X, 0 <p < 1, we
mean a family of continuous affine transformations on X with the properties :

(i) S(0)=I, S(t+s)=S(t)[S(s)], for all t,s >0 ;
(ii) For each x € X, t — S(t)(x) is a continuous function from [0, +o00) into X.

(iii) Any family (S(t) : t > 0) of affine transformations on X can be written in the form
S(t)(x) = T(t)(x) + z(t), for all t > 0, x € X, where T(t)(x) = S(t)(x) — S(t)(0) is its linear part
and z(t) = S(t)(0) is its translation part (z: [0, +00) — X).

(iv) Let us denote by X = X x R. It is a p-Fréchet space, endowed with the p-norm ||(x, 1)|| =
max{|[x|], [r[P}. If (S(t) : t > 0) is a family of affine transformations on X of the form S(t)(x) =
T(t)(x)+z(t), for all t > 0, x € X, where T(t)(x) is its linear part and z(t) is its translation part, the
augmented family associated with (S(t) : t > 0), is a family (T(t);t > 0) of linear transformations
on X, defined by

TV, vl = [T(t)(x) + rz(t), 7]

Having introduced these concepts, Propositions 1.1 and 1.2 proved in [6] for Banach spaces,
hold (with the same proofs) for p-Fréchet spaces too, summarized as follows.

Theorem 2.5 (i) Let (S(t) : t > 0) be a family of affine transformations on the p-Fréchet
space X, 0 < p < 1, with its linear part (T(t) : t > 0) and its translation part z(t);t > 0). Then
(S(t) : t > 0) is an affine semigroup on X if and only if (T(t) :t > 0) is a linear semigroup on X
and z(-) 1s a continuous map from [0,+00) into X satisfying

z(t+s) =T(t)[z(s)] + z(t),s, t > 0.
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(ii) Let (S(t) : t > 0) be a family of affine transformations on the p-Fréchet space X, 0 <p < 1,
and let (T(t) :t > 0) be the augmented family on X, associated with S(-). Then (S(t):t > 0) is an
affine semigroup on X, if and only if (T :t > 0) is a linear semigroup on X.

Remark. While Proposition 2.1 in [6] remains valid in the case of p-Fréchet spaces too,
0 < p < 1, the other results in [6, Section 2| (i.e. Corollary 2.2, Proposition 2.3, Proposition 2.4
and Corollary 2.5) seem to be not valid. The reason is that they use the Fundamental Theorem of
Calculus in Banach spaces, which, as it was pointed out in [5], does not hold in p-Fréchet spaces,
O<p<.

It would be of interest to see what other results for affine semigroups on Banach spaces in [6],
would remain valid for p-Fréchet spaces too, 0 <p < 1.

3. Nonlinear Semigroups on 1P, 0 <p < 1

Before to starting the study in the concrete 1P-case, 0 < p < 1, let us briefly recall the problem
and make a useful remark, valid in any p-Fréchet space, 0 <p < 1.

For (X, || -|lx) a p-Fréchet space, 0 < p <1 (the case p =1 means that X is a Banach space),
let A : X — X be a nonlinear operator and let us consider the abstract Cauchy problem

d
au(t) = Afu(t)], t >0,

u(0) = x,

where the solution is u: Ry — X and x € X is fixed. The nonlinear operator A is considered a
Lipschitz mapping, that is

IA(x) = Alix < IAlllLiplx —yllx, for every x,y € X,

where [[|AlllLip = sup{l|A(x)—AU)llx/Ix—vllx;x,y € X,x # y} < +oo. If we replace this differential
equation by the difference equation

%[ua(t) e (t—e)] = Aluc (8], £ > 0,

with initial condition u.(s) = x,—e¢ < s < 0, then we easily get by recurrence that u.(t) =
(I—XA) ™ (x), fore = L.

Remark. Without loss of generality, we may suppose A(0) = 0. Indeed, if we suppose that
A(0) # 0, then denoting B(u) = A(u) — A(0) we get B(0) = 0 and if v(t) is solution of the abstract

Cauchy problem
d

Frad
then u(t) = v(t)+tA(0) is a solution of the above (in A) mentioned problem. Moreover, if for a fixed

(t) = B[v(t)},v(O) = Uo,

w € R, the operator A — wl is dissipative, then B — w]I also is dissipative. Indeed, from B — wl =
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(A — wl) —A(0), since A — wl is injective and surjective, it easily follows that B — wl is injection
and surjection and , in addition, from the relationship (B — wI)~'(y) = (A — wI)~ ' (y + A(0)), we
get [I(B— wI) MlLip = (A —wD)Mip < 1.

In what follows, we denote the p-norm in 1P by || - [|,. The first main result of this section is
the following.

Theorem 3.1 Let A : 1P — 1P, 0 < p < 1, be nonlinear and Lipschitz, such that A(0) =0
and there exists w € R with A — wl dissipative. Then the sequence in 1P defined by ]t/n( x) =
(I— %A) "(x),meN,t>0,x € 1P, contains a subsequence ]t/n
for all x € 1P and all t € Ry = the set of all rational numbers > 0), convergent to an element of

(x),k € N (the same subsequence

P in the weak topology of 1P.

Proof. By A(0) =0 we get (I— %A)*“(O) =0, for all n € N. The dissipative property implies
IIT—t(A—wI)]! lLip <1, for all t > 0, which is equivalent to ||(I— 1+ttwA)4 lLip < 11 +tw|P, for
all t > 0 with T4+tw # 0. For A = 1+ttw we get [|(I—AA)"|Lip < (1—Aw)~P, in particular for all
A > 0 with Aw < 1. (Note that for n sufficiently great, depending on t and w, we have %w <1)

Therefore,

t t
1= =A) ip < (1 — =)
n n

and by mathematical induction

t t
I ——=A) MLy < (11— —w) ™.
n n

But it is known that the sequence (14 =)™ converges (for n — +00) to e*, and for any s € R it
is monotonically increasing, for all n > [|s[]4+1 (see e.g. [10, p. 263]), which implies that (1 f%w)’m9
converges to e*®P, monotonically decreasing, for all n > [|[tw|] + 1. Therefore, the greatest value of
(1— %w)*np is for n = [[tw]] + 1, which means that there exists M = M(t,p, w) > 0 (depending
only on t, p and w) such that

t .
I(I—=A)""Lip <M,
n
for all m € N.

We obtain
t
e () =T m Wl < (1= Ew) "Plx —yllp < Mlx —yllp, (3.1)

for all x,y € 1P. Taking y = 0 we have J"/, (0) = 0 and denoting J}},, (x) = (gn,r(t)(x))r € 1P, we
obtain [[J{,, (x)ll, < Mllx[ly, i.e.

Z Ign,+ (V) ()P < Mlxllp < +00, (3.2)

for all m € N.
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Now, since 1P, 0 < p < 1, has a Schauder basis (see e.g. [7, p. 20]), it follows that it is separable,

denote by Y a countable dense subset of 1P. Also, denote by R, the set of all positive nonnegative
rational numbers and define Gy, : Nx R4 xY — K (where K =R or C), by G (r,t,u) = gn +(t)(y).

Since E := N xR, xY is countable and by (2) the sequence (G )y is pointwise bounded on E,
by the Cantor’s diagonal process (see e.g. [11, p. 156-157]), there exists a subsequence Gn,,k € N,
pointwise convergent on E. Denote g (t)(y) = limy, 400 gn, +(t)(y), for all (r,t,y) € E.

We will show that in fact there exists the limit (in R ), limx_e0 gn, +(t)(x), for all T € N,
t € R4 and x € 1P. For this purpose, we will show that (gn, »(t)(x))k is a Cauchy sequence in R
(i.e. it is convergent).

For this purpose, let x € 1P and y € Y. We have
[gn,r (B (%) = gng v (V) (X)) < fgny 1 (1) (%) — gy r (V) (W)
Ign,r (DY) = gng r (DU F gn, + (B (1Y) = gn, + (D (X]].
Taking into account (1) too, we immediately obtain

(9, r(1)(X) = gy r (D)0 < 2MYP - i =yl + gy r (1) () = gny o (B (W)

Now, since Y is dense in 1P, for x € 1P and ¢ > 0, let y € Y such that 2M/?||x —yH;/p <5,
which implies
13
Igny,r(t) (%) = gn, +(t)(x)] < 5t 1gn, (1) (Y) — gn, r (E) (W)l

But for this y, the sequence (gn, +(t)(u))x is convergent, i.e. it is a Cauchy sequence, which
implies that there exists lg such that for all k,s > 1o we have

Gny (8 (Y) = gn, + () (W) < ;

This leads to
Ign,r () (X) = gn, (B (X)] < ¢,

for all k,s > 1o, i.e. (gn, r(t)(x))x is a Cauchy sequence in R. Therefore, we can write
gr(t)(x) = lm gn, +(t)(x),
k— o0

for all t € Ry and x € 1P.

By (2) it follows

m
> lgn, +()X)P < Ml < +oo,
r=1

for all k, m € N. Passing here to limit with k — oo, we get

m
> lgr(t)(x)P < MIxlly < +oo,
r=1
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for all m € N, which obviously implies

00
D g ()P < Mixlly < 400,
r=1

ie. g(t)(x) := (g+(t)(x))r belongs to 1P.

Now, we will show that for any x* € (11)*, i.e. of the form (see e.g. [8, pp. 36-37]) x*(z) =
Z;-X;] ujz;, for all z € 1", where (u); € m, with m denoting the space of all bounded sequences, we
have x*(]{‘/knk (x)) = x*(g(t)(x)), when k — oo, for any fixed t € R, ,x € IP. Note that x*(g(t)(x))
has sense for g(t)(x) € 1P, because 1P C 11.

It is obvious that each functional of the form x}(x) = xi, for all x = (xi); € 1, is linear
and continuous on 1!, since [xi(x)| = [xi] < Z;’L Ix;| = lIx[ly7 and for k — oo, xi*[]?/knk(x)] =
In,,i(B)(x) = gi(t)(x) =x{(g(t)(x)), for all i € N.

Mk

t/nk (XH -

Then, obviously that for any y* € span{xj,...,x},...,} = Y* we also have y*[J
y*[g(t)(x)], for k — oo.

We show that Y* is dense in (1')* in the weak topology on (1')*. Indeed, let x* € (1')* be
arbitrary, x*(u) = Y 2, aiuy, for all u = (u;); € U, where o = (oj); € m. Since zi(u) =
S aguy =3t X (u), it follows z, € Y* and we get

+o0 +o00 +o00
Krw =zl < Y logwl<lledlm ) il <Mo Y hwl =0,
j=n+1 i=n+1 i=n+1

for n — oco.

This implies that z, — x* in the weak topology (i.e. the density of Y* in (1')* in the weak
topology) and that for any e > 0 and any uy,u; € 11, x* € (1')*, there exists y* € Y*, such that
() —y*(y)l <ej=1,2

M

For uy = ]t/nk(x) and u; = g(t)(x), we get

s, (0] = [g (00| < b, (] — T, (3]

U, =y gt ()] + g (t) (x)] — x*[g(t) (x)]] <
2e+ [y [J7E ()] —y*lg(t)(x)]] < 3¢,

t/ny

for all k > ko, with ko depending on ¢, t and x.

This shows that for any x* € (1')*, if k — co then we have x* []:/“nk (x)] = x*[g(t)(x)], for any
fixed t € Ry and x € 1P.

Finally, since according to [7], p. 27, 1! is the so-called Banach envelope of 1P and (1')* = (1P)*
(with the same dual norms too), the theorem is proved.

Remarks. 1) We may repeat the reasonings in the proof of Theorem 3.1 for the sequence
( ?/n(x),n € N, # ny ), where ny is the subsequence in Theorem 3.1, so that by mathematically
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induction we easily obtain that the sequence (]{‘/n(x))neN has at most a countable set of limit

points in the weak topology of 1P, denote that set by T*(t)(x), where t € R, x € IP. For any fixed
t € Ry, an element a € T*(t) is in fact a mapping a : 1P — 1P.

2) From the proof of Theorem 3.1, we easily can derive that in addition, the functions gn »(t) :
P — R are Lipschitz functions, i.e. [gn +(t)(x) — gnr(t)(y)] < MV/P|x — yll:,/p, which implies
that the family (gn r(t))n reny is equicontinuous. Also, for any x € 1P, t € Ry, the sequence
(gn,+(t)(x))n ren is bounded . Unfortunately we cannot apply the classical Arzela-Ascoli theorem
in 1P, because 1P is not locally compact.

However, we may impose some additional properties to the nonlinear operator A, which could
imply better convergence results in Theorem 3.1, as follows.

Consider on 1P the so called lexicographic order, i.e. for x = (x;);,y = (yj); € 1P, we write
x <y if and only if x; < yj, for all j € N and x < y if and only if x <y and there is a j with
Xj < Yj.

The following simple result holds.

Lemma 3.2 Suppose that A : 1P — 1P is a dissipative nonlinear operator, A(0)=0, A is convex

and non-increasing with respect to the above order, i.e.
Alox + (1 — ay] < aA(x) + (T — a)Aly),

for allx,y € P, x € [0,1] and x <y implies A(x) > A(y). We have :
1) I —AA is concave and non-decreasing, for any A >0 ;
g Y
(ii) B := (I1—AA)~" is convexr and non-decreasing, for any A >0 ;
(iii) B™ is convexr and non-decreasing, for any A > 0.
The proof is an easy exercise and it is left to the reader.

Remark. Lemma 3.2 says that if A is convex and non-increasing, then so is ]?/n(x), which
obviously implies that the functions gn +(t) : 1P — R in the proof of Theorem 3.1 are convex and

non-decreasing.

Corollary 3.3 Denote by T(t)(x) € P the weak limit in 1P of the sequence (]f[l/“nk(x))k, for
allt € Ry and x € 1P, where (ny )y is the subsequence in Theorem 3.1. We have

(i) T(0) =1

(i) IT()(x) = T W)l < etlx—yly'™, for alit € Ry, x,y e P C U ;

(i) For any t,s € Ry and a € T*(t + s), there exist b € T*(t) and ¢ € T*(s) such that
a(x) = blc(x)], for all x € 1P.

Proof. (i) It is obvious by the definition of ]?/“nk (x) ;

(ii) First, passing to limit with k — 400 in the following inequality in the proof of Theorem
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3.1

t
I, 00 = T, Wl < (1= ) ™ =y,

we easily get

. . t
hmk—»oo“]?/knk(x) - I?/knk (y)Hp < h'Tnk—u)o(] - w) nkaX_UHp tprX_pr
1153

Let x* € (1P)* be with [[[x*[[[(1r)» < 1. According to [7, p. 27], it can be extended to a
x* € (1')*, preserving its norm, i.e. I*[[[ 11y« < 1. We have

X T(H) ()] = x [T ()l = K [T(t)(x) = T(t)(y)]] <
T () O] =0k, I+ s, (0] = XTI, (w)ll+
X0k, (W) =X [T ()] =
ax + I, 0 = x U (Il + by,

where limyg_, o ax = limg_, o b = 0 by the definitions of T(t)(x) and T(t)(y).
On the other hand,

T 0 = xR ()< = s, () = T, Wl <

T 00 =T (Wl < T, (0 = TR, (W)™,

Passing in the above two inequalities to limit with k — oo, we get
X*T(6) ()] = x* [T() (w)]] < e"llx — I/,

for all x* € (1')*, with lIIx*[[[(11)« < 1. Passing here to supremum with such x*, by a classical result
in functional analysis for normed spaces, it follows

SUP x| 1. <1 X ITR) ()] = x TR ()] = [T(E)(x) = T(t) (Yl < et lx —yl}/P.
(iii) Let g € N, t € R4, x € 1P be fixed. For any x* € (1P)*, we have

Himies oo X 5§, ()] =x"([T(at)](x)),
which immediately implies

WMics 00X (Tg/gn, (%)) = Wmis oo X" (T () = 1 X" ([T(6)]9(x).

Applying the same reasonings as in the proof of Theorem 3.1, there exists a subsequence of (qny)x,
let us denote it by (qk)k, such that

im0 =% (T(0]9(),
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which shows that for all t € R, if a € T*(qt), then there exists b € [T*(t)]9 with a = b.

Then, for 1,k,r,s € N, we easily get that for any a € T*( +3)=T (ls”k) there exists
d € [T*(L))*** with a = d. On the other hand, denoting ks = t, we have ]t/TLLHkT)(x) =(I—

A lerkT)( ) = (I—LA)™[(I—LA) ™ 7(x)], so for the above d, there exists a subsequence

?;T(lljerkT]( )) and there exist b € [T*(t)]'* and ¢ € [T*(1)]*" such that

d(x) = blc(x)]. The corollary is proved.

(ny); with d = lmj_, o0 x*(J

The next result shows that for some particular nonlinear operators, the whole sequence
( I‘/n(x))n is convergent in the 1P space.

Theorem 3.4 Let A : 1P — 1P, 0 < p < 1, be a nonlinear operator of the form A(x) =
(fr(xx))ken, for all x = (xx)kerr, where T : R — R are non-increasing continuous functions,
fx(0) = 0 and there exists M > 0 such that |fi () — fx(B)] < Ml — B, for allk € N, o, 3 € R.
Then, for anyt > 0 and x € 1P, the sequence ]t/n( x) = (If%A)fn(x),n € N is strongly convergent
to a limit in 1P.

Proof. First by definition it easily follows that A is a Lipschitz operator with respect to the
Il - [lpb-norm in 1P. Then, we can write ]t/n( x) = (gn k(t)(xx))x, where gn x(t) : R — R are given
by gnx(t)(u) =(I— %fk) ™(u). By the hypothesis, it follows that each sequence (gn i (t)(u))k is
convergent in the Banach space R, denote gy (t)(u) = limn_, 400 gn k() (1).

We know that 1P has the basis {e1, e2, ..., en, ..., }, where e; = (8in)nen. Due to the particular
form of ]t/n( ) (gn k(t)(xx))x, we have gn k(t)(0) = 0 for all k € N and it is obvious that if
x € spanfeq, ..., ei,...} = Y, then ]‘t‘/n( x) becomes a sequence with only a finite number of non-zero
elements. This means that for such x, J{! /n( x) is convergent in IP. Also, obviously Y is dense in 1P.

Let x € 1P and € > 0 be arbitrary. There exists y € Y such that [|[x —yll, < &. We get
T (%) = T (0l < I () = T (W)l + 1T (0) = T (W)l +

T (9) = T (Xl <

MU = yllp + 1T (9) = T (W)l < 2Me + 1T () = T (W)l

where [, llLip < M =1 (see the proof of Theorem 3.1, where we take w = 0).

Since (]} /n(y))n is convergent in 1P, it is a Cauchy sequence and therefore given & > 0, there is
a no such that H]t/n( )— {‘}m(y)Hp < b, for all m,n > ny. Together with the above inequality this

implies that (J7*,_(x))n is a Cauchy sequence in the complete metric space 1P, i.e. it is convergent

t/n
in P. The theorem is proved.

As an application of Theorem 3.1, we obtain the following

Corollary 3.5 Let A: 1P — 1P, 0 < p < 1, be nonlinear, Lipschitz, such that A(0) =0, there
exists w € R with A — wl dissipative and A is weakly continuous (that is for any x* € (1P)*, if
im0 X (an) = x*(a), then lim, o x*[A(an)] = x*[A(a)] ).
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Forx € 1P and t € R4, let us consider as in the statement and proof of Theorem 3.1, the

sequence in 1P, w (x)(t) = ]t/nk( x) = (gi.r(x)(t))ren, convergent (ask — oo) in the weak topology

of 7, to u(x)(t) = (gr(x)(t))ren-

Let us suppose that for allv € N, x € 1P the real functions g.(x)(t) are left differentiable with
respect to t € R4, that is there exists (finite)

9-(X)(t) —gr(x)(t —h)
h

[g+(x)]"_(t) = limn_0,her, ZteRy,

and that for all k,v € N, x € 1P, the real functions gi »(x)(t) are differentiable (in the classical
sense) with respect to t € [0, 0), satisfying in addition the relation

Ume, elgi,r (3] (ti) = [g9- ()] (1),

for all t € [0,
tion gr(x)(s)
[gk,r (X)) (s) =

Then, v(t) = u(x)(t) is a solution of the Cauchy problem

o) NRy and all t, € [0,0) with tx  t. Here, for s < 0 we take by conven-
= g+(x)(0), gkr(x)(s) = gi,r(x)(0), which gives sense to [g+(x)]_(0) = O and
0, s<0.

v (1) =At)],t€[0,0) N R,

v(0) =x,
where V'_(t) is defined componentwise as above and v(s)=v(0), for s <O0.

Proof. Let x* € (IP)* be arbitrary. According to [7, p. 27], it can be extended to a x* € (11)*,
preserving its norm. By the considerations from the beginning of this section, it follows that
Ui (x)(t) satisfies the difference equation

uie (%) () —wie (x) (t — /M)

Mk

= Alu(x)(t)], t = 0.

This obviously implies

. luk(x)m = t/ny) A(uk(x)m)] ot

But by Theorem 3.1 we have limy_, o x* [ (%) (t)] = x*[u(x)(t)], for all t € R, x € IP. Taking
into account the weak continuity of A, first we obtain limy_, . x* (Al (x)(t)]) = x* (Alu(x)(t)]).

Next we will show that

UMy 00 X*

[uk(x)(t) —wx)(t— t/“k)] () (1) 3)

Mk

forallte Ry, x € 1P.
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For this purpose, we reason as in the proof of Theorem 3.1, that is first we prove (3) for any
x¥ € (IP)*, r € N of the form x}(x) = x,, for all x = (x1,...,Xy,...) € IP. This one reduces to

Mo 9i,r (X (1) — gkt,r(x)(t —t/md) o (x)1"_(0),

Mk

forallte Ry, xe 1P, reN.

(XJ(t)*gk{r(X)(t*t/nk) _

By the mean value theorem, there exists &; x € (t—t/mny, t) such that 2&r

g
[gx,+(x)" (& k), which by the hypothesis immediately implies that at the limit with k — co we
obtain (3).

Also, it is clear that (3) holds for any y* € span{xj,...,x%, ...} = Y*. Reasoning now exactly
as at the end of proof in Theorem 3.1 (since Y* is dense in (1')* in the weak topology on (1')*),
we easily get that (3) is satisfied for all x* € (11)*.

In conclusion, we get

for all t € Ry and all x* € (1')*. Passing here to supremum with IIx*[[[(11)« < 1 and taking into
account a classical result in functional analysis (since 1! is a normed space), we obtain

()2 (1) = Alulx) ()l =0,t € Ry, x € 17,
which implies [u(x)]” (t) = A(u(x)(t)), for all t € R, x € IP. Also, obviously u(x)(0) = x, which
proves the corollary.

A consequence of Theorem 3.4 is the following

Corollary 3.6 For x = (x1,...,Xx,...) € P and 0 < p < 1, let us consider as in the statement
and proof of Theorem 8.4, the operator A, the sequence un (t) := ]fc‘/n(x) = (gnk(t)(xk))ken € 1P,
where gn k(t) : R — R are given by gn (1) (1) = (I — £fi) "™ () and u(t) = (gi(t)(xk))ken € 1P
with WMmn 0 lun (t) —u(t)ll, =0, for all t > 0.

If, in addition, u, (t), u(t) are differentiable with respect to t € [0, o] such that

W oe Y g (xic) — g ()P =0,
k=1
where [1gly 1 (xic) — gk (xic)ll == suPreo,01lg 1 (1) (xic) — G (D) (xi)l, then v(t) = u(t) represents the

unique solution of the nonlinear Cauchy problem

d

V(B = Ab()], t€[0,0],
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Proof. By the considerations from the beginning of this section, it follows that w, (t) = {‘/n(x)

satisfies the difference equation

Un(t) —up(t—t/n
nl8 22U A (1)), 1> 0.
n
Passing here to limit (with n — oo) in the [ - [[,-norm in 1P, since A is Lipschitz in 1P (see the

proof of Theorem 3.4 ), it follows that lim,_, . A(un(t)) = A(u(t)), for all t € [0, o].

For the left-hand side, we have

u(t) —u(t—t/n)

Un(t) —un(t—t/n)

uw(t) -

3l 3

u(t) —u(t—t/n) ~ Un(t) —ua(t—t/n)

u'(t) —

)

where lim,_, o |[W(t) —
value theorem we obtain

t t
n P n P

wultt/m) - — 0 by the definition of derivative, while by the mean

i
n

u(t) —u(t—t/n) - Un(t) —un(t—1t/n)

t t
n n

P
e | lgk (1) (x1) — gn k(1) (x5 )] — g (t — t/1) (xx) — g i (t — t/M) ()] P
Z —
= t/n
Z 9% (Ex ke ) (Xi) — G k(& en) (0P < Z llgk (xk) — g 1 (xi)IIP,
k=1 k=1

which by the hypothesis implies

u(t) —u(t—t/n) - Un(t) —un(t—1t/n)

1"i‘Tn'TL*)C)O H t t
n n
and proves the corollary.

Example. A simple example satisfying the conditions (and the conclusions) in Corollary 3.6
is given as follows. Define the non-linear strictly decreasing continuous function f : R — R, by
flx) = —xifx <0, f(x) = —2xifx>0and A :1° — 1? by A(x) = (f(x1),..., f(xx),...), for all
X = (X1, .0y Xpy oon) € 1P,

It is easy to check that |[f() — f(B)] < 2loc — B, for all &, € R, which implies that A is
Lipschitz nonlinear operator. Also, it is easy to check that for all A > 0, the operator I — AA is
invertible, with x = (x1,...,Xk,...), (I—=AA)"1(x) = (g(x1), ..., 9(xx), ...), g(xx) = {‘ﬁ if xx <0,
glxx) = 7355 if xk > 0, and

1 P
M) My < [ — ) <
I(T=AA) lLip < (1 +7\> <1,
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which shows that A is dissipative.

Simple calculation shows that w, (t) = (gn(t)(x1), ..., gn(t)(xx),...), where gn (t)(xx) = W
if % < 0, gn(xi) = Trramre i xi = 0, wlt) = (9(t)(x1), ., 9(t)(xi), ), where g(t)(xi) =
xre tif xi <0, g(t)(xx) = xxe 2t if xi > 0.

It is easy to prove that all the conditions in Corollary 3.6 are satisfied with o = 1, which shows
that u(t) defined as above is the unique solution of the nonlinear Cauchy problem

d
a\;(t) = A[\)(t)],t S [O) 1]»

v(0) = x.

4. Nonlinear Semigroups on HP, 0 <p < 1

In this section we consider the HP space, 0 < p < 1, where we denote its p-norm by || - [|,.
The main result is the following.

Theorem 4.1 Let A: (HP,||-|l,) — (HP,|l-1lp), 0 <p < 1, be nonlinear and Lipschitz, such
that A(0) = 0 and there exists w € R with A — wl dissipative. Then the sequence in HP defined
by ]{‘/n(x) =(I—-LA)™(x),n € N;t > 0,x € HP, contains a subsequence ]?/knk(x),k € N (the
same subsequence for all x € HP and all t € Ry = the set of all rational numbers > 0), uniformly

convergent on compacts in D.

Proof. By A(0) =0 we get (I— %A)fn(O) =0, for all n € N. The dissipative property implies
IT—t(A—wl)"lip < 1, for all t > 0, which is equivalent to ||(I— HﬁA)*1 lLip < 11 +twl?, for
all t > 0 with T4+tw # 0. For A = ﬁ we get [|(I—AA) M| ip < (1—Aw)~P, in particular for all
A > 0 with Aw < 1. (Note that for n sufficiently great, depending on t and w, we have %w <1)

Therefore,
t o to
I—=A)"ip < (1 — —w)
n n

and by mathematical induction

t t .
II—=—=A) "l < (1= —w) P,
n n

But it is known that the sequence (14 =)™ converges (for n — +00) to e*, and for any s € R is
monotonically increasing, for all n > [|s]]+1 (see e.g. [10, p. 263]), which implies that (1—Ltw) "P
converges to e'®“P monotonically decreasing, for all n > [[tw[] + 1. Therefore, the greatest value of
(1— %w)*”p is for n = [[tw]] + 1, which means that there exists M = M(t,p, w) > 0 (depending
only on t, p and w) such that

t _
I(I—==A)""Lip <M,
n

for all n € N.
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‘We obtain

t
7m0 =T Wllp < (1= )™l = wllp < Mibe =l @
for all x,y € HP. Taking y = 0 we have ]{L/n(O) — 0 and we obtain
T2 ()l < M(t, P, w)lxly < +o00, 5)

for all m € N.

Since HP, 0 < p < 1, has a Schauder basis (see e.g. [9]), it follows that it is separable,
denote by Y a countable dense subset of HP. Also, denote by R, the set of all nonnegative
rational numbers and define E = R4 X Y. Obviously E is a countable set, let us denote it by
E ={e1,..., €, ...,} with the distinct elements two by twos, e; = (1j,y;) and for each e = (t,y) € E,
denote S, (e) = {‘/n(y) € HP. Obviously, S (e) are analytic functions in I, for all n € N and all
ec k.

According to e.g. [7, p. 35, (3.4)], the point evaluations @,(x) = x(z), z € D, are linear and
bounded functionals on HP, 0 < p < 1 and the following inequality holds

Ix(re®)] < 2V/P|x||, (1 =)~ /P, for all x € HP and z = re'®.

Together with (5), this implies that for all z =re'®, |z <79 < 1,ie. 0 <1 <710, e = (t,y) € E, we

obtain
1

Sn(e)(z)] =lez[Sn(e)ll < Zl/pHSn(e)Hpm <

1
zl/pWM(t,p,w)llpr-

In other words, for any fixed e = (t,y) € E, the sequence of analytic functions (Sn(e))nen, is
uniformly bounded on each compact subset of ID, which by the classical Montel’s theorem implies
that it contains a subsequence uniformly convergent on compact subsets of .

For e; € E, there exists a subsequence of (Sn(e1))nen, denoted by (S1 n(e1))ncn, which is
uniformly convergent on compact subsets of D.

For e, € E, reasoning analogously, the sequence (St n(e2))nen contains in turn, a subsequence
denoted by (S2 n(e2))nen, which is uniformly convergent on compact subsets of D.

In general, for e, € E, there exists a subsequence of the previous one, (Sm n(€m))nen, uni-
formly convergent on compact subsets of D.

Continuing this process gives rise to the infinite array of analytic functions in D,
S0, S12, S13,.

S21, S22, S23,..,

S],1a 51,2) S3,3a"'a
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S],‘m.) Sz,m) S3,m»~--»

and so on, such that the first row means that (S1 n(e1))nen uniformly converges on compact subsets
of D, the second row means that (S2 n(ej))nen is uniformly convergent on compact subsets of D
for j = 1,2, the third row means that (S3 n(ej))nen is uniformly convergent on compact subsets of
D, for j =1,2,3, and so on.

As a consequence, we can consider the diagonal sequence (Sn n)nen, which has the prop-
erty that (Snn(ej))nen is uniformly convergent on compact subsets of D, for all j € N, that is
(Sn,n(€e))nen is uniformly convergent on compact subsets of D, for all e € E.

Now, let us denote A = R, x HP. We will show that in fact (Snn(e))nen is uniformly
convergent on compact subsets of D, for all e € A. Indeed, let e = (r,x) € A and since Y is dense
in HP, let yx € Y,k € N, satisfying [[x — yxll, — 0, when k — co. Denoting ax = (v,yx) € E, by
(4) we have

Hsn,n(e) - Sn,n(ak)”p < M(T’,p, ('U)HX _Uka)

for all k € N. It is enough to show that (Sy n(e)(z))nen is a Cauchy sequence with respect to the
uniform norm (denoted by || - [|) in each compact disk, D, in D. Indeed, this is immediate by the
inequalities

Hsn,n(e) _Sm,m(e)H < Hsn,n(e) _Sn,n(ak)H +Hsn,n(ak) _Sm,m(ak)H +||Sm,m(ak) _Sm,m(e)H <

2M(r,p, w)llx _Uka + Hsn,n(ak) - Sm,m(ak)H
and by the above properties.
The theorem is proved.

Remarks. 1) By relation (3.4) in [7, p. 35], it is evident that if limn_, o |IXn — XI[p = 0, then
(Xn )n is uniformly convergent on compact subsets of D. In general, the converse is not valid. As a
consequence, if we denote by x the uniform limit of (x )y, on compact subsets of D, then x is an

analytic function in I, but in general it does not belong to HP, 0 < p < 1.
2) We can repeat the reasonings in the proof of Theorem 4.1 for the sequence ( ]cl/n(x),n €
N,n # ny), where ny is the subsequence in Theorem 4.1, so that by mathematically induction

n
t/n

the locally convex topology of uniform convergence on compact subsets in . If we denote that
set by T*(t)(x), where t € R, ,x € HP, then for any fixed t € R,, an element a € T*(t) is in
fact a mapping a : H? — Hol(D), where Hol(DD) denotes the spaces of all holomorphic (analytic)

we easily obtain that the sequence ( (x))nen has at most a countable set of limit points in

functions in D.

Corollary 4.2. Let A : (HP,[|-[l,) — (HP,]]-1l,), 0 < p < 1, be nonlinear and Lipschitz, such
that A(0) = 0, there exists w € R with A—wl dissipative and A : (HP,7) — (HP,7T) is continuous,
where T represents the locally convex topology of uniform convergence on compact subsets in .
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Forx € HP and t € R4, let us consider as in the statement of Theorem 4.1, the sequence in

HP, ux(x)(t) = ]?/"nk (x),k € N, uniformly convergent on compacts in D (as k — o0) to u(x)(t).

Let us suppose that for x € HP and all z € D, the complex valued function [w(x)(t)](z) is left
derivable with respect to the real variable t € R, that is there exists (finite)

du(x) ;:)(z)], im0 ner. [u(x)(t)](z) — ][r(x)(t —h)](z)

and also suppose that

)t € R+v

’ [ () ()](2) — fuc () (t = t/mud)l(z) _ alu(x)(t)(z)]-
1Mk~ 00 t - ot )

Ny
forallte Ry NI0,0), x € H?, z € D.

Here, for s < 0 we take by convention [u(x)(s)](z) = [u(x)(0)](z), [ur(x)(s)](z) = [uk(x)(0)](z),
for all z € D, which gives sense to %, for all z € D.

Then, v(t) = u(x)(t) is a solution (analytic in D but not necessarily in HP ) of the Cauchy
problem

% =Ab(t)(z),t€0,0)NR+,z€D

v(0)(z) =x(z),z €D,

where a[v(ta# is defined as above and v(s)=v(0), for s <0.

Proof. By the considerations from the beginning of the Section 3, it follows that w(x)(t)
satisfies the difference equation

e (%) (1) — wie (%) (t — t/my)

M

= Alu(x)(t)],t > 0.

But by Theorem 4.1 and by the continuity assumption on A, we have limy oo Aluk (x) (t)](z) =
Alu(x)(t)](z), for all z € D.

Therefore, passing to limit with k — oo in the above difference equation, by the hypothesis
we immediately obtain

= A[u(x)(t)}(z),t € [Ov G) N R+)Z € ]D)v
z € D.

Also, obviously u(x)(0) = x, which proves the corollary.

5. Nonlinear Semigroups on [P[0,1], 0 <p < 1

In this section we consider the LP[0, 1] space, 0 < p < 1, where we denote its p-norm by || - [|,.
The main result is the following.
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Theorem 5.1. Let A : (LP[0, 11,1 - ll,) — (LP[0, 1,11 - llp), 0 < p < 1, be nonlinear and
Lipschitz, such that A(0) =0 and there exists w € R with A — wl dissipative. Then, for any fized
t > 0,x € LP[0, 1], the sequence in LP[0,1] defined by ]{‘/n(x) =(I— %A)*“(x),n € N, contains a

subsequence ay(t,x) = ]?/knk (x),k € N, such that

k
. 1
im0 am Z ai(t,x)(s) =0,

i=1
a.e. s €[0,1].

Proof. Reasoning exactly as in the proof of Theorem 4.1, relations (4)-(5), we get that

1TE/m () < M(t, p, w)[x[lp,

where || - ||, is the p-norm in LP[0,1]. In other words, for any fixed t > 0 and x € LP[0,1], the

sequence ( 1‘/n(x))rL is bounded in the p-norm of LP[0,1, 0 <p < 1.

According to [2], this implies that for any t > 0 and x € LP[0, 1], there exists a subsequence
ai(t,x) =], (x),1 € N, such that

. 1«
limns o0 ey Z ai(t,x)(s) =0,

i=1
a.e. s € [0,1].

Remark. Unfortunately, a sequence (a;(t,x))ien, satisfying the relation proved by Theorem
5.1, can satisfy (in the sense that does not produce a contradiction) limi_, ai(t,x, w)(s) = oo,
a.e. s € [0,1], which is the worst possible divergence result. If to this fact we add that the dual
space of LP[0,1], 0 < p < 1, is {0}, then it seems that in this space, in general we cannot derive

any result on the convergence of some subsequences of ( ?/n(x))n.

Acknowledgement. The author thanks the referee for the very useful remarks.
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1. Introduction

We deal with logics gotten by strengthening of first order logic by generalized quantifiers, in
particular compact ones. We continue [Sh:199] (and [Sh:43])
A natural quantifier is the cofinality quantifier, QCSf}\ (or QY), introduced in [Sh:43] as the first

3

example of compact logic (stronger than first order logic, of course). Recall that the “uncountably

many x’s” quantifier Q¥ , is No-compact but not compact. Also note that L(Q%,) is a very nice

logic, e.g. with a nice axiomatization (in particular finitely many schemes) like the one of IL( C;{f} )
of Keisler. By [Sh:199], e.g. for A = 2¥¢ its Beth closure is compact, giving the first compact logic

with the Beth property (i.e. implicit definition implies explicit definition).

Earlier there were indications that having the Beth property is rare for such logic, see e.g.
in Makowsky [Mak85]. A weaker version of the Beth property is the weak Beth property dealing
with implicit definition which always works; H. Friedman claim that historically this was the
question. Mekler-Shelah [MkSh:166] prove that at least consistently, L( CZ‘*{{i]) satisfies the weak
Beth property. Vad4nénen in the mid nineties motivated by the result of Mekler-Shelah [MkSh:166]
asked whether we can find a parallel proof for L( C<f)\) in ZFC.

A natural property for a logic L is

Definition 1. A logic £ has the (strong) homogeneous model existence property when every theory
T C L(7), (so has a model) has a strongly (£, Xy)-homogeneous model M, so tm = T and M is
a model of T and M satisfies: if @,b € “>M realize the same £(T)-type in M then there is an
automorphism of M mapping a to b.

This property was introduced in [Sh:199] being natural and also as it helps to investigate the
weak Beth property.

In §1 we prove that IL(QCCf) has the strongly Np-saturated model existence property. The
situation concerning the weak Beth property is not clear.

Question 2. 1) Does the logic L(QY) have the weak Beth property?
2) Does the logic L( %fm , %f)\z) has the homogeneous model existence property?
The first version of this work was done in 1996.

Notation 3. 1) T denotes a vocabulary, £ a logic, £(t) the language for the logic £ and the
vocabulary T.

2) Let L be first order logic, L(Q.) be first order logic when we add the quantifier Q..

3) For a model M and ultrafilter D on a cardinal A, let M*/D be the ultrapower and ju p = jﬁA,D
be the canonical embedding of M into M?/D; of course, we can replace A by any set.

4) Let LST (theorem/argument) stand for Lowenheim-Skolem-Tarski (on existence of elementary
submodels).
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Concerning [Il more generally

Definition 4. 1) M is strongly (£, 0)-saturated (in £ =L we may write just 8) when

(a) it is O-saturated (i.e. every set of L£(tm )-formulas with < 6 parameters from M and < 0 free
variables which is finitely satisfiable in M is realized in M

(b) if < 0 and a,b € M realize the same £(Tm)-type in M, then some automorphism of M
maps a to b.

2) M is a strongly sequence (£, 0)-homogeneous when clause (b) above holds.

3) M is sequence (A, k)-homogeneous when: A C L(tm) and if { < x,a € °M,b € M and
tpa(@,®,M) = tp(b,0, M) then for every c € M for some d € M we have tpa(b™(d), 0, M) =
tpA(dA<C>)M)-

3A) Z;(7) is the set of formulas of the form @(x) = (Fy)d(x,y) where d(x,y) is quantifier free first
order formula in the vocabulary T.

4) We may omit “sequence”.

Definition 5. 1) The logic £ has “the strong k-homogeneous existence property” when every theory
T C £(17) has a strongly (L, k)-homogeneous model.

2) Similarly “the strong k-saturated existence property”, etc.

2. On strongly saturated models

We prove that any theory in IL(QCCf) has strongly (]L(ch),e)—saturated model when C\0 ¢
{0, Reg\O} of course.

Definition 6. Let 1 € {1,2} and C be a class of regular cardinals such that C # ), Reg.
1) The quantifier Qccfm is defined as follows:

syntactically: it bounds two variables, i.e. we can form (Qccfmx,y)(p, with its set of free variables
being defined as FVar(¢@)\{x,y}.

semantically: M = (Q’Scf“)x,y)cp(x,y, a) iff (a) + (b) holds where

(a) relevancy demand:

the case L = 1: the formula @ (—, —; @)™ define in M a linear order with no last element called
gﬁya on the non-empty set Dom(g",\;l‘a) ={beM:ME (Jy)(e(b,y;a)}

The case L = 2: similarly but <f, 5 is a quasi linear order on its domain
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(b) the actual demand: <@,
which belongs to C.

. has cofinality cf(<{) ;), (necessarily an infinite regular cardinal)

Convention 7. 1) Writing ch we mean that this holds for Qccf“) for t=1 and for « = 2.

2) Let t-order mean order when ¢ = 1 and quasi order when t = 2; but when we are using Q(gm

then order means t-order.

Definition 8. 1) As {{ € IL(QCCf) : 1 has a model} does not depend on C (and is compact, see
[Sh:43]) we may use the formal quantifier Q.f, so the syntex is determined but not the semantics,
i.e. the satisfaction relation |=. We shall write M =c 1 or M ¢ T for the interpretation of Q¢
as QY but also can say “T C L(Qc¢)(T) has model/is consistent”.

2) If C is clear from the context, then Q%f stands for QCCf if {=1and Q%feg\c if{=0.

Convention 9. 1) T* is a complete (consistent = has models) theory in L(Q.) which is closed
under definitions i.e. every formula @ = @(x) is equivalent to a predicate Py, (%) so P, € T(T*), i.e.
T* F (V2)[@(Z) = Py (Z)].

2) Let T =T*N (first order logic), i.e. T=T* NL(t7-), it is a complete first order theory.
3) C C Reg, we let C; = C and Co = Reg\C, both non-empty.

Theorem 10. Assume x = cf(x),u = u=€ > 2T 4 x + «,0 < A, cf(0) < min{x, k},X # k = cf(k)
and

Then there is a T(T)-model M such that

(a) M ET|M| =unand M is B-saturated

(b) if @(z) = ( ‘gf)lb(x,y;i) then: M |= P, (5 lal iff @(y,z;a) define in M a linear order with no
last element and cofinality g

(c) M is strongly@ 0-saturated model of T*.

Remark 11. 1) We can now change x,k,p and |[M]| by LST. Almost till the end instead p >
2T x + « just pu > [T| + x + k suffice. The proof is broken to a series of definitions and claims.
The “> 2IT1” is necessary for No-saturativity.

3) We can assume V satisfies GCH high enough and then use LST. So pt = 2* below is not a real
burden.

2as T* has elimination of quantifiers, doing it for ]L(Qccf) or for L is the same



SEJ@BOB On A strong homogeneity existence for cofinality logic 63

Definition 12. 0) Modr is the class of models of T.
1)

(a) K={(M,N): M < N are from Modr}
(b) Ko ={M: M = (M; :i< «) satisfies My € Modt and i <j = M; < M;} (so K =K3)
(¢) K¥ ={M € Kq : [M;]| < p for i < o}, but then we (naturally) assume o < p*

(d) let T = T U{Pg : B < &} U{Rp(x,y.z).p : ©(x,9,2) € L(t1),B < a}, each Pg a unary
predicate and each Ry, (x y, z),p is an (£g(z)+1)-place predicate and no incidental identification
(so Py ¢ T, etc.)

(e) for M € Ky let m(M) be the T4-model M with
e universe UM : f < o}
e MtT = U{MB B < af

o P[];A:Mﬁ

. Rmx,y,i],ﬁ ={{c)"a: @(x,y,a) alinear order, a € fg(iJ(Pf’;ﬂ such that M= P qery 4 al

)ya x,y,i)[
and ¢ € Dom(<{{ o) and [b € Dom(<@ ;) NP = b <@ , cl}

(f) let mo(M) be the T-model UMg : B < a} so my(M) = m(M)|T.

2) Assume (MY N € K for £ =1,21et (M',N") < (M? N?) mean that clauses (a),(b),(c) below
hold and let (M',N1) <y (M? N?) mean that in addition clause (d) below holds, where:

(a) M' < M?
(b) M2AN' = M!
(c) NT <N?

. 1
(d) if M¥ = Plosx y)olx,

.z la,ce N' ce Dom(<{, 4) and in N' the element ¢ is <@, -
above all d € Dom(<

v,z a
AL ,C_l)’ then in N2 the element c is §1‘{]2’a—above all d € Dom(g;@lzya).

3) For M M? € Ky let M! < M? means vy < B < « = (ML,ME) < (Mf,,Mé); similarly
M! <x, M? means M! M? c Ky and y < B < x = (M;,M}S) <k (M%,Mé)

4) For M € K4, D an ultrafilter on A we define N = MA/D,jM’D :jﬁ—/l p naturally: Ng = M?S/D
for B < o and jy p = U{jm,,p 1 B < o, recalling 3
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Fact 13. 0) For M', M? € K we have

(@) M' <, M2 iff m(M') € m(M?)
(b) (m(MY)[PMe) 1 = MY

(c) M! <k, M implies M! < M2.

1) (Kg, <) and (Kq, <k, ) are partial orders.
2a) If M! <y, M? in Ky and 0 < y < B < athen (J M!, U M]) < (U M2, U M?)

e<y e<fP e<y e<pP

moreover ( |J M!:1+e<a) <y, ( U MZ:1+¢e<a) where & is aif o < w and is o+ 1 if
i<l+e i<l+e
x> Ww.

2b) If (M': 1 < §) is a <y -increasing sequence (of members of K, ) and we define M® = (M? : ¢ <
o) by M = UMl :1 < §) then i < § = M <y, M® and the sequence (M':1i < 8) is continuous
in 0.

3) In part (2b), if in addition i < & = M! <x_ N so N € K, then M® < N.
4) In part (2b), if 8 < put andi< &= Mt ¢ Kt then M? ¢ K-

5) If M <g, N and Y. C N, for ¢ < o and Z{|[Mc| + |Ye| : € < o} + |1] + | < A then there is
N’ e K§ such that M <y, N’ <g, Nande<ax=Y CN.L

6) Assume M' € Kﬁm for i < & < p't, (i) : i < 8) is a non-decreasing sequence of ordinals and
i<j<b= M <k, Mafi) and we define a(8) = U{x(i) : i < 8},M® = (M} : B < x(8))
where M§ = U{Mj; : B < 6 satisfies f < (i)} then M?® € Kff(é) and 1 < § = M" <y, M®«(i).

7) I ME <x, Nfor £ =12 and [a € m(M'") = a € m(M?)] then M'! <y, M2.
8) Parts (2)-(7) holds also when we replace <x_ by <.

Demostracion. Check. Org

Fact 14. 1) If (Mo, M4) € Kﬁ and (Mo, Mj) € Kﬁ then there are Mj, f such that

((1] M{ <M, e Ku
(b) fis an elementary embedding of M7 into M;
(c) fIMo = idm,

(d) (Mo, Mj) <k, (f(M1),M3).
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2) If M € Ko, X = (x¢ : € < () and T is a set of first order formulas from L(t{) in the variables X with

parameters from the model m(M) finitely satisfiable in m(M) such that ¢ < (= \ Pg(x.) €T,

B<ax

then there is N € K4 such that M <y, N and T is realized in m(N).
3) If T is a type over mo(M) of cardinality@ < cf(e) then it is included in some I’ as in part (2).
4HIfMe K&, D an ultrafilter on 8 and Mé = (Mp)®/D for B < « then

(a) M'=(Mp: B <) € Ky

(b) jg—AD = U{jﬁAB,D : B < o} is a <k _-embedding of M into M/, i.e.

(0)" (Ra,,p(Mp) i B <o) =M’ <k, (Mg : B <a), s0

(¢) for many Y € [U{I\/l[’3 : B < o}]* we have j,e\—/lyDU\f/l) <k, (M[’S[Y: B < o) € Kfy; see [L3(5),
I7(3).

Demostracion. 1) See [Sh:199) §4]; just let D be a regular ultrafilter on A > ||[M]| + |7, let g an
elementary embedding of M; into (Mg)*/D extending j = j?{,lo‘D, necessarily exists.

Lastly, let Mz < (M7)*/D include ji, p(M7) U g(My) be of cardinality . Identifying Mj
with jﬁA;,D(M{) < (M3)*/D we are done.

2) Similarly.
3) Trivial.
4) Should be clear. Ot

Definition 15. K is the class of M € K such that: if M <x_, N € K4, then m(M) <y, m(N),
i.e. (*) below and K§%* =K N Ky where

(%) if a1,...,an € m(M),by,..., b € m(N),@ € L(t}) is quantifier free and m(N)

¢lay,...,an,by,..., byl then forsomebs,..., by € |J Mg wehavem(M) E olas,...,an,b],...

B<ax
Claim 16. 1) K{®* is dense in K{f when p > |t7|+ |« of course.
2) K¢>* is closed under union of increasing chains of length < p*.

3) In Definition [ if |o| + [t1| < wand M € K{t then without loss of generality N e Ki-

Demostracion. 1) Given My € K{i we try to choose M, € K{ by induction on & < ut such that
(M¢ : ¢ <€) is <g_-increasing continuous and ¢ = (+ 1 = m(M;) £5, m(M,). For ¢ = 0 the
sequence is given, for € limit use [[3(2), for ¢ = ¢+ 1 if we cannot choose then by [I3[5) we get

3also if cf() =1, i.e. « is a successor ordinal

, bl



66 Saharon Shelah CUBO
13, 2 (2011)

M, € Kio* is as required. But if we succeed to choose (M¢ : e < pt) we get contradiction by

Fodor lemma.

2) Think on the definitions.

3) By LST. g
Claim 17. 1) If M,N € K¥ and M <z, N and N € K then M € K.

2) If N € Ko, Y C mo(N) and A = |t7| + | + Y| then there is M € K$®* such that M <k. N

and Y C my(M).

3) Assume M* € K{ and MO <y M! and M® < M2 TIf M° ¢ Ky, MO <y, M? or m(M®) <5,
m(M?), then we can find (N, f,) such that:

M! <x,  N¢€ K{l, moreover N e Ko and f; is a < -embedding of M? into N over MP.

Demostracion. 1) By part (3).
2) By part (1) and the LST argument.

3) By the definition of M° € Kio® in both cases we can assume MO <y, M?. Let a=(a;:¢e< ()
list the elements of m(M?) and let I' = tqu(é,(l),m(i\_/lz)) ={@(Xeg,-- -y Xen 1, 0) 1@ € L(TL) is
quantifier free, b C m(M°) and m(M?) = ¢lae,,...,ac, _,,bl}; note that PB(XE))“E*B) € I when
B < &, e < Cand t(e, B) is the truth value of a, € M§.

Now let D be a regular ultrafilter on A = ||m(M?)|| and use [4(2),(3). This is fine to get
(f2,N) with N € K, and by [[3(5) without loss of generality N € K& and by [6(1) without loss of
generality N € K&, O
Claim 18. 1) (Kﬁc‘“,gKﬁ) has the JEP.

2) Suppose M, M? ¢ K, B < o, f is an elementary embedding of (J MJY into | M%Y such that

Y<p Y<p
(f(My) 1y < B) <x, <M$ ;v < B), equivalently f is an embedding of m(M' | ) into m(M?[pB)

(so if B =0 then f = and there is no demand).
Then we can find M3, f+ such that:

(c) f* is an elementary embedding of | J Ml, into (J M3

y<o y<o

(d) (Fr(M])):y <) <k, (M3 :y < ).

Demostracion. 1) A special case of part (2) recalling [T6(1).
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2) By induction on «.

a« = 0: nothing to do.

3 = «: nothing to do.

o =1: so 3 = 0 which is trivial or f = &, a case done above.

o successor: by the induction hypothesis and transitive nature of conclusion replacing M? without
loss of generality = o — 1, then use [[4(1).
a limit: By o — 3 successive uses of induction hypothesis using [I3|(2b). Wy

Conclusion 19. (K¢, <x_ ), or formally &€ = (K¢, <¢) defined by K¢ := {m(M) : M € K&}, m(M'") <,

o=

m(M?) & m(M') C m(M?), is an a.e.c. with amalgamation, the JEP and LST(¢) < |t7|4]|o|+Xo.

Demostracidn. By the above, on a.e.c. see [Sh:hl, Ch.I], i.e. [Sh:88r] and history there. Oy

Fact 20. Assume A = A<* > |t1| + Xo + |a|. Then there is M such that

(a) M € K is universal for (K, <y ) in cardinality A
(b) m(M) is model homogeneous for (K, <y ) of cardinality A

(c) m(M) is sequence (Z7(T%),A)-homogeneous, see H(3).

Demostracion. Clause (a) + (b) are straight by [ + [I8(1), or use [[9 and see [Sh:hl, Ch.I,§2] =
[Sh:88rl, §2]. Now clause (c) follows: just think. Ol
N, c

Fact 21. Af;sume 7\:/1 €KL B+1<ate{0,1}and Mg = P(Q%fxyy)‘p(x)yyi)[d} then there are
such that M <y, N € KIf and:

(x)1 if £ =1 then c € Dom(<{, ;) and c is gﬁ%a—above de Dom(gﬁy‘a) for any vy € [, &)

g,a

(%) if £=0then c € Dom(gfﬁm1 a) and is Sﬁﬁﬂya—above any

de Dom(<g, o)-

Demostracion. First assume { = 1, without loss of generality p =0 as we can let N|p = M|B.

By 13(2a) wlog M is increasing continuous; we prove by induction on « so easily without loss
of generality o = 2. Now this is obvious by [Sh:43], [Sh:199]; in details by [Sh:43] there is a p*-
saturated model M, of T such that My < M, and M, E=c, T* whenever, e.g. ut+ € C,Au" ¢ C,.
Let {@i(x,u,a}) :i < pflist {o(x,u,a’) : @ € L(t1), Mo = P(ngx,y)‘p(x‘lﬂ)[a’]}7 and for eachi < pn
let (cic:e < p')be <P ,.-increasing and cofinal. For ¢ < u* let f. be an elementary embedding
of M into M, over My suclh that:
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() if c € Dom(<Fy ;) is a <P ,.-upper bound of Dom(<{! .., then ¢ o < .- c.

i T

Let c, € M, be a gﬁ*‘a—upper bound of Dom(gf{’/lo’a). Choose Ng < M, of cardinality p be such
that Mo U{c.} C No and choose ¢ < ut large enough such that:

() ifi<pand d € Npisa <y ; -upper bound of Dom(<yy

a then d S&‘* a. Cie-

iyai)

Let N7 < M, be of cardinality p be such that No U f.(M;) C Ny. Renaming, f. is the identity
and (Ng, N;) is as required.

Second, assume { = 0 is even easier (again without loss of generality first, « = # + 2 and
second B = 0,x =2 and use Ny = My, N satisfies M7 < N7 and ||[N¢|| = 1 and N; realizes the
relevant upper). o7

Conclusion 22. In 20 the model M* = m(M*) = J Mg, satisfies

B<ax

(a) if M* = P(Q?fx‘y](p[(_l] then the order <f,. ; has cofinality A

(b) if « is a limit ordinal and M* = P(ngx’y)(p[d] then the linear order <%-.a has cofinality
cf(a)

(c) M* is cf(a)-saturated

(d) if A € C and cf() € Reg\C then M* is a model of T*.

Claim 23. Assume M € K. If ¢ < p and @,b € ¢(M}) realize the same type (equivalently q.f.
type) in Mo then they realize the same Z;-type in m(M).

Demostracion. We choose (Ng,fg, gg,hg) by induction on 3 < o such that:

(a) Ng is a model of T

(b) Npg is <-increasing continuous with

(c) fp,gp are <, ,-embedding of MI(1+B) into (Ny iy < T+ B) € Kisp
(d) fola) = go(b)

(e) if y < B then fy - ffg,gY Cgp-
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For 3 = 0 this speaks just on Modr.

For B successor use [I4l
For B limit as in the successor case, recalling we translated it to the successor case (by[I3|(2a)).

Having carried the induction f = U{fg : B < o} and g = U{gp : B < a} are <k, -embedding of
M into N = (Ng : B < ). By [[6(1) there is N’ € K¢ which is <k_-above N. Now as M € K%,
the Z;-type of @ in m(M) is equal to the Z;-type of f(a) in m(N’), and the Z;-type of b in m(M)

is equal to the Z1-type of f(a) in m(N’). But f(a) = fo(a) = go(b) = g(b), so we have gotten the
promised equality of X;-types. U3l

Observation 24. 1) If M € K& and B < o then M’ : MJ[B, &) = (Mp4y : ¥ < & — B) belongs to
Kee .

2) If M € Ky, B < « and MJ[B, x) Keap N’ then for some N € K, we have M <x_ N and
NI[B,«) =N’

Demostracion. 1) If not, then there is N’ € K4_p such that M/ e g N’ but m(M’) £5, m(N’).
Define N = (N, :y < &) by: Ny is M, if y < B and is N/ if y € [B, «). Easily M <y, N € K,
but m(M) %5, m(N), contradiction to the assumption M € K.

2) The proof is included in the proof of part (1). Cog

Claim 25. In[20) for each f < o we have

(@) (M3, 1Y <a—p) is homogeneous universal for Kff(5

(b) if « = c— B, i.e. B+ o = « then there is an isomorphism from M* onto (Mp 1y iy < o—B),
in fact, we can determine f(a) = bif a € ¢(M}),b € C(ME) and tp(a, ), Mj) = tp(b, 0, M3).

Demostracion. Chase arrows as usual recalling (g

Demostracion. Proof of Theorem

Without loss of generality there is 0 = ¢® > p such that 2° = ot (why? let 0 = o°

+ 9o
2

>
be regular, work in VIev(o ) and use absoluteness argument, or choose set A of ordinals such
that P(u) € L[A] hence T,T* € L[A] and regular 0 large enough such that L[A] i “2° = o',
work in L[A] a little more; and for the desired conclusion (there is a model of cardinality p such
that ...) it makes no difference). Let « = k and let M* € K5 be as in B0 for A := ot and let
M, = U{ME B < ol

Now

(¥)1 M, is a model of T* by the {u" }-interpretation.
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[Why? By 2]

(¥)2 M, is O-saturated.

[Why? Clearly M is O-saturated for each B < 6. As 0 is regular and (M?5 1 B < 0) is increasing
with union M, also M, is B-saturated.]

(¥)3 M., is strongly Np-saturated and even strongly 0-saturated, see Definition [{(1).

[Why? Let ¢ < 0 and a,b € ¢(M,) realize the same q.f.-type (equivalently the first order type) in
M.. As { < 0 for some 3 < 6 we have d,l_z € ¢(Mp). Now by 25 we know that (Mp 1y v < 9) =
(M3, 1y < 0), and by 23] the sequences @, b realize the same Z;-type in m({M}, 1y < 0)) hence
by clause (c) of 20 there is an automorphism 7t of it mapping @ to b. So 7t is also an automorphism
of M, mapping a to b as required.]

Lastly, we have to go back to models of cardinality pu = p<® > A+ k4 2/7/, this is done by the
LST argument recalling

More fully, first let (M€ : e < A) be <xeyx-increasing continuous sequence with union M*. For
(<0andabe¢M,)let fa 5 be an automorphism of M, mapping a to b. Now the set of § < A
satisfying ®s below is a club of A hence if ¢f(8) = x then M = U{M§ : B < A} is as required except
of being of cardinality u, where

®s (a) ife<d,(<Oandabe é(U{ME 1 B < «}) realize the same Xq-type
in M® then U{M3 : B < o} is closed under f ¢ and under f_%

(b)  the witnesses for the cofinality work, i.e.

o1 if <o ae @ (MR), My = Piosy,zip0y,zm]
and for every v € (B, «) thereis c =cgp,ay € M5, which is a <. | ,a-upper bound
v
of Dom(<{;. 5), hence this holds for any ¢’ € [e,A)
<,

al then for some ¢ < & we have a C Mg

o, fp<aac ‘”>(ME) and M% = Pqer
we have @ C My and there is ¢ = c¢,a € MEH which is a (<Y, ..y _)-upper bound of
AR

v.z)o(y.zx) Al then for arbitrarily large e < &

Dom(<{. o) for every y € [B, «).

By a similar use of the LST argument we get a model of T* of cardinal p. Ul

Remark 26. If you do not like the use of (set theoretic absoluteness) you may do the following.
Use 27 below, which is legitimate as
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(a) the class (K, <k_) is an a.e.c. with LST number < |T| + Ny and amalgamation, so 27](1)
apply

(b) using Z;-types, it falls under [Sh:3] more exactly [Sh:54], so 27(3) apply

(c) we can define K(Zf(s) by induction on ¢ < w

e =0: Kqg
e=1: K§

e=n+1: KM oM e K™ if M C N € K™ then m(M) <5, ., m(N)}

n+1

£ = w: K& — e < ).

On K& apply R27(2).

Remark 27. 1) Assume € = (K, <¢) is a a.e.c. satisfying amalgamation and the JEP with A >
LST() and p = pu=*. For any M € K,, there is a strongly model A-homogeneous N € K,, which
<g-extend M, which means: if M € K; has cardinality < A and fq, f; are <g-embedding of M into
N then for some automorphism g of N we have f; = go f;.

2) Let D be a good finite diagram as in [Sh:3] and let Kp be as below in part (3) for A = L(T).
If A = A<® > |D| and M € Kp has cardinality A then there is N € Kp of cardinality A which
<-extend M and is strongly (D, 8)-homogenous, i.e.

(a) if (< 8,d,b € °N realizes the same type then some automorphism f of N maps a to b

(b) D ={tp(a,®,N):a e ®>N}L

3) Assume A C LL(7), not necessarily closed under negation, D is a set of A-types, Kp is the class
of T-models such that @ € *>M = tp,(a,d,M) € D and M <p N iff M C N are from Kp and
a€ “M = tpala,®,M) =tpp(a,@,N). Assume further D is good, i.e. for every M € Kp and
A there is a sequence (D, A)-homogeneous model N € Kp which <p-extends M. Then for every
A=A<% > T|+ Xy and M € Kp of cardinality A there is a strongly sequence (A, A)-homogeneous.

Conclusion 28. 1) The logic L(QY) has the strong No-saturated model existence property (hence
the strong No-homogeneous model existence property).

2) If k = cf(x) < Min(C) and k < Min(Reg\C) then in part (1) we can replace Xy by k.

Demostracion. Choose x € C,k € Reg\C and apply Ly
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ABSTRACT

We prove, in a Hilbert space setting, that all targets of the minimum norm optimal
control problems reachable with inputs of minimum norm p are support points for the
the set reachable by inputs with norm bounded by p. This amount to say that the
Maximum Principle always holds in Hilbert Spaces.

RESUMEN

En este articulo se demuestra que, para el problema de control éptimo a un nivel
minimo en los espacios de Hilbert, todos los estados alcanzables con un nivel minimo
de entrada de p son puntos de apoyo para el conjunto de estados alcanzables por la
norma de entrada inferior o igual a p. Esto es equivalente a decir que el Principio
Méximo siempre es valido en los espacios de Hilbert.
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1. Introduction

Arguing in a Hilbert space setting, suppose that the minimum norm of inputs, which steer
the origin to a state ¢ in a finite interval of time [0,T] is p. That the Maximum Principle holds,
seen through the convex analysis optics, means that the target ¢ is a support vector for the set R,
of all vectors reachable under an input of norm less than or equal to p. In other words the normal
cone to R, at ( is non-trivial. In the literature vectors in the normal cone, which live in the dual
space, are also called multipliers, a term that has a more general meaning.

To verify that R, has support at , one might hope to apply to R, and {C} the celebrated
Separation Theorem for linear topological spaces, stating that, given two non-void convex sets A
and B, and assuming that A has interior, they can be can be separated by a continuous linear
functional if and only if BN Al = ¢.

Unfortunately, this application is not possible in the infinite dimensional case because it is not
true in general that R, has interior.

It is very well known, and easy to show, that the set of support points S is contained and is
dense in the set R‘/)\ of target points reachable with minimum input norm p. This might suggest
that some of the above targets are not support point. On the other hand the cited Separation
Theorem above is indeed a sufficient condition, in view of the presiding hypothesis (one of the sets
has interior), so that it leaves open the problem of determining if separation holds for all targets
or if, instead, the dense subset of support points is proper.

Much attention (see [I]) has been devoted to more sophisticated Banach space settings, ob-
taining a generalization of the Maximum principle, thanks to the definition of a larger linear space
of multipliers, which contains the dual space. Similarly, this leaves to determine which multipliers
are in the dual space, although sufficient conditions are known.

For details as well as for accurate historical remarks and proper credits, reference can be made
to the vast and outstanding work by Fattorini, which covers a variety of Banach space settings.
Recent work is, besides [1], [6] and [7].

The purpose here is to answer for Hilbert spaces the question connected to the aforementioned
density results: are there vectors of R{,\ at which R, has no support?

The question remained open for quite a long time. And the answer is "no”. The argument lean
on a (very general) result of the theory of cones and on strict convexity of Hilbert space norms.
Thus generalization are possible (although beyond the present purposes), but our technique cannot
pass the barrier of the requirement of strict convexity of norms.

More specifically, we will show that the tangent cone to R, at any C € R‘/)\ is pointed. That
some vector ( € R{J\ is not a support point for R, is equivalent to say that the polar cone to the
tangent cone to R, at ¢ is trivial. This is in turn equivalent to say that the closure of the tangent
cone is the whole space. That the closure of a pointed cone be the whole space is a rather counter-
intuitive proposition, and in fact we prove that this is not the case, in any linear topological space.
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From this fact it follows, as an immediate consequence, that all ¢ € Rg\ are support points for R,.

No assumptions will be made on either separability or full control. More might be said in the
separable case, but this is not dealt with here.

With an apology, our exposition covers some well known basic facts and complements, in order
to enhance readability. A more succinct exposition would result in a choppy and difficult to follow
narration.

2. Setting

We refer to the Cauchy problem with u € L,([0,T], H;) as given in [2]. The abstract differential
equation has the form:
x(t) = Ax(t) + Bu(t)

where the spaces Hy, H are real Hilbert spaces, B is an operator (bounded linear transformation)
H; — H, A is the infinitesimal generator of a strongly continuous semigroup {T(t)} on H and
x(0) = X is given. The equation is intended in weak sense and its unique solution is expressed by
the formula of variation of constants:

x(t) =T(t)x + J T(t—s)Bu(s)ds
[0,t]

which formally recurs also in other settings, like that of differential equations in Banach Spaces.
In our specific case the integral is a Pettis integral. The case Hy = H and B = I is referred to as
full control case, but here we do not make any assumption in this respect. For simplicity, dealing
with norm optimal control problems, we assume X = 0. The general case is a variant of this and
can be obtained along the lines of [I].

It is assumed that we can reach a certain target vector ¢ € H at time I' > 0 or:

(= J T(I —s)Bu(s)ds = Lru
[0,1]

and we look for the minimum norm input that does the job of reaching ¢. The linear transformation
Lr: L2([0,T],H;) — H is well known to be continuous. This is all we will need in the sequel as to
the properties of this operator.

If the control steering the system from the origin at time O to ¢ at time I is unique, because
the operator Lr is one to one, then, according to Fattorini, who introduced this concept in sixties,
the system is called rigid. Fattorini constructed an example of rigid system showing that this
phenomenon can actually occur (see e.g. [1] and references therein). In this case, characterizing the
optimum control, becomes obviously pointless. We note that our arguments hold good even when
Lr is one to one. In this case though, exploiting the fact that ( is a support point, can only lead
to retrieving the unique control that solves the reachability problem.
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It is immediate to show that the minimum norm control exists and is unique, since this is a

straightforward consequence of the Projection Theorem.

3. Lemmata and Definitions

The environment is, unless otherwise stated, a real Hilbert space H. The symbols £(C) and
L7 (C) denote, respectively, the linear and closed linear hull of the non-void set C, whereas Co(C)
and Co~ (C) denote, respectively, its conical and closed conical hull.

Given a convex cone C in H its polar cone is the (always closed) cone:
CP={y:(y,x) <0: ¥x € C}

Definition 1. The tangent cone to C at y € C is the cone Co(—y + C), The normal cone to C at y
is the polar of the tangent cone to C at y.

Consider a convex set C and ¢ € C. We say that ( is a support point for C if there exists a
nonzero vector n (which can be taken with unit norm) such that:

(m,¢) > (n,z),vze C

This is equivalent to say that C is contained in the closed half-space defined by the continuous
linear functional (n,.):

y:(ny) < (n, 0}
whose limiting (closed) hyperplane contains {C}. In still another equivalent terminology, this is
equivalent to say that the tangent cone to C at ¢ has a non-trivial polar cone (because 1 is in such
cone).

Let n be an unit norm vector. The closed convex set:
{x:a<(n,x) <b}

(with b > a) is called a sandwich. The number b — a is the thickness of the sandwich. If the
thickness is zero, the sandwich is a closed hyperplane. The sandwich is symmetrical if it has the
form

{x:—a<(n,x) <a}

for some a > 0.

The next Lemma regards closed cones in Hilbert spaces

Lemma 2. A closed cone in a Hilbert space H is proper if and only if it is contained in a closed
half-space.

Demostracion. Let C be a closed proper cone. Then there is a singleton {y} disjoint from C.
Singletons are convex and compact and therefore the Strong Separation Corollary 14.4 in [4]
applies. The rest is immediate. O
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We recall briefly some other relevant notions about cones in infinite dimensional Hilbert Spaces.
Incidentally, the literature on this topic tend to be either finite dimensional or infinite dimensional,
but typically on the footsteps of the seminal work of Choquet, aiming at extending the Krein
Milman Theorem in a measure theory setting.

Definition 3. A (convex) cone C is pointed if CN—C ={0}. A cone C is blunt if L~(C) =H

The following Lemma well known.

Lemma 4. If a closed C cone is pointed, its polar cone is blunt, that is, L~ (CP) = H.

Demostracion. The proof is simple and based on elementary computations that, for brevity, are
taken for granted here, but, on the other hand, are rather intuitive, since polarization is the
analogous for cones of orthogonal complementation for subspaces. We can write:

{0} =CN—-C=[CP + (=CP)]? =L(CP)P

and, taking polars of the first and last cone the desired conclusion follows. O

If a pointed cone is not closed what can we say of its polar cone? Notice that according to
Lemma 3, if the closure of the cone is proper, then the cone has a nontrivial polar cone. For the
polar to be trivial instead, again in view of the same Lemma, the closure of the cone must be the
whole space, despite the fact that the cone is pointed. But we prove here that this cannot happen
even in general, as stated by the following:

Theorem 5. The closure of a pointed cone in a linear topological space is a proper cone.

Demostracion. Suppose that it is not true, that is there is a pointed cone C in a linear topological
space E, such that C~ = E. Consider a finite dimensional subspace F, which intersect C in a
non trivial, necessarily pointed, cone. Actually we can take instead of F, its subspace L(F N C),
without restriction of generality. For simplicity we leave the symbol F unchanged, and equip F with
the relative topology. Next notice that, as is well known, because F is the finite dimensional, the
pointed convex cone Y = FN C has interior. Thus it can be separated by a continuous linear
functional from the origin and therefore it is contained in a closed semi-space. It follows that
the closure of Y in F is contained in a closed half-space and therefore is a proper cone. But by
Theorem 1.16 in [5], such closure is C~ N'F. By the initial assumption C" NF=ENF =F. This is
a contradiction and therefore the proof is finished. O

4. Existence and uniqueness in [,(H;)

Assume that for some ¢ € H, Ju,; such that x = ¢ = Lr(u¢). The set of all u satisfying
¢ = Lr(u) is given by u¢ + N (Lr). This is a closed affine space, because Lr is continuous. If
N (Lr) is trivial, the unique u; solving { = Lr(u¢) is already optimum. Optimization in this case
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is pointless, but the arguments below hold good anyway. To obtain the minimum norm solution we

can apply the projection theorem and project the origin on this closed convex set. Moreover, we
know, from the celebrated Projection Theorem for Hilbert spaces, that this projection exists and
is unique and hence the minimum norm solution always exists and is unique. We call this unique

minimum norm control u,.

We can put:

||u0||Lz(H1) =p

which is the optimum value of the norm. In particular we can say that the optimum control belongs
to the closed sphere S, of radius p, around the origin in L,([0,T],Hy) (briefly L(Hy)):

Uo € Sp

and so:

C€ELr(Sp) CR(Lr)

It is immediate to verify that:

Lr(Sp) = {z :min{[[uf| : Lr(u) =z} < p}}

For notational simplicity we put Lr(S,) = R,.

5. Reachability

In this section we recast a few well known facts of reachability theory.

We noted that ¢ € Lr(Ly(Hy)) = R(Lr) = Ry. This is the reachable set at time I' and is a
linear subspace of H, which is in general not closed. However, we can always argue in the Hilbert
space Lr(L2(H1))” and thus assume, without restriction of generality, that Rr is a dense linear
subspace in H. This is equivalent to N'(L}.) = {0}. To streamline the exposition this assumption
will be in force thoroughly.

Note that L} is the map x — B*T*(I' — .)x. Thus x € N(L}) if and only if the continuous
function B*T*(T" — .)x is identically zero. Next notice that:

N(LY) = N(LLT)
for N(L}) C N(LpLy) is obvious and, on the other end:
Lrlix=0= (x,LrLix) = ||Lix||? =0
Therefore, under the present hypothesis that N (E,*-)L = R = H, the selfadjoint operator

Gr = Lr L
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has a trivial kernel, and so it is one to one.

Moreover, obviously R(Gr) C R(Lr) = Rr.
Indeed, R(Gr)~ =R, for:

R(Gr)” = N(Gr)* = N(L)E =Ry

Thus both R(Gr) and R(Lr) are dense, so that for any x € R(Gr) and ¢ > 0 there is an
Yy € R(Lr) such that |[x —y| < e and vice-versa.

Notice that, by a change of variables, Vx € H:

r
Grx = J-T(O‘)BB*T* (o)xdo
0

We claim that we can define the integral as a Riemann integral. In fact we can prove that
the integrand is a continuous function. To this purpose first note that the function BB*T*(o)x is
continuous. Then, to show that the integrand function is continuous, apply the exponential growth
property of the semigroup and following well known:

Theorem 6. Consider a set 7 C LC(H,H) and suppose that it is bounded in the norm operator
topology. Then the evaluation map is jointly continuous in 7 xH where 7 is equipped with the
(relativized) pointwise topology.

If the state y is reachable and y € R(Gr) ,
Yy = GrX

has solution in x, so that
r r
y= JT(O‘)BB*T*(O')dO'X = JT(F —1)Bw(T)dT
0 0

where w(t) = B*T*(I" — 1)x. In this case, there is a smooth control that solves the problem.

6. The Quasi-Topology of R, and Main Theorem

There are a number of interesting properties of R, = L1(S,), which depend both on the
environment (Hilbert space), on continuity of L1 and on the fact that the closed sphere S, is
convex and weakly compact. In particular recall that s — s (strong-strong) continuity is equivalent
tow —w (weak-weak) continuity and, therefore, L1 is w —w continuous.

The set R, is obviously:
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Convex (as image under an operator of a convex set) with 0 € Ry, and symmetrical.

Weakly compact, as image of a weakly compact set under a w —w continuous linear trans-
formation

Weakly closed + convex and hence strongly closed

Bounded (as image under an operator of a bounded set)

= Not a convex body in general.

We now describe what we mean with the quasi-topology of R,, adding to the above list the
fact that R, has a ”quasi-interior”, at whose points it is densely radial and circled, and a quasi-
boundary, which is the complement in R, of the quasi-interior. These terms are justified because
this quasi-topology can be realized as an actual topology, using the topology introduced by Fattorini
for R,, based on the norm:

p(z) = mf{jju] : Lru =2z}

This concept is of primary importance in more general and complex Banach space settings, but it
will not be used here.

Definition 7. The set of all vectors x in Ry, such that the minimum norm control to reach x has
norm p, is called quasi-boundary of R, and denoted by R{)\. The set of all vectors x in R,, such
that the minimum norm control to reach x has norm p’ < p, is called quasi-interior of R, and
denoted by Rg/.

It is well known that no point of the quasi-interior can be a support point for R,.

Consider the origin, which belongs to R?,/. The set R, is densely radial at the origin. In fact
consider any point z € Rp and let 1 be the minimum norm of the unique control u that reaches z.
If n < p the whole segment [0 : z] C Lr(S,). Otherwise take the point z' reached by the control
%u, and [0 : 2] C Lr(S,). Observe that ¥z € Rr is positively proportional to a vector in Lr(S,).
In other words:

U{Oéﬁr(sp) X > O} =Rr

Moreover it is clear that «Lr(S,) C Lr(S,) for any positive « < 1, so that Lr(S,) is also circled.

On the other hand, if for { € Lr(S,) the minimum norm of the corresponding control to reach
C is p, by a very well known argument, see e.g. [1], (1+¢){ & Lr(S,) for Ve > 0.

All the points of the quasi-interior have the same dense radiality property as the origin. In
fact, if & € R},/, & # 0, then the minimum norm of the control that steers the origin to the state to
& is some p’ with 0 < p’ < p. Let ug be the corresponding minimum norm control. Radiality in
the direction of the origin or of & itself is obvious. Next consider any z € Rp with z # 0 and z not
proportional to &, and let w, be corresponding the minimum norm control. It will be ||u,| =y > 0.
Then it is immediate that & + «z € R, for any o, such that: 0 < o < p%d.

The role of the dense radiality is emphasized by the proof of the anticipated well known result:
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Theorem 8. No point of RB/ can be a support point of R,.

Demostracion. Suppose that a point y € RX is a support point. Then the projection of some vector
z ¢ R, on R, is y. By the Projection Theorem we have:

(z—y,x—y) <0, Vx € Ry

If equality holds for all x € R, then R, and hence also Rr would be contained in a closed hyperplane,
contradicting that Rr is dense in the space. So 3x € R, such that (z —y,x —y) < 0. Because of
the radiality property at y we can take in lieu of x, a state w =y + «(y —x) € R, for some « > 0.
But then (z—y,w—y) = «(z —y,y — x) > 0 contradicting the Projection Theorem. O

At this point we know that any support point is in Ré\.
It is well known that support points are dense in the quasi-boundary of R, (e.g.[2]).

To show this, one may use the following sequence of support points converging to an arbitrary
Ce R{,\. For any positive integer 1, (1 + %)C & Ry. Because the projection Pr, on R, is continuous,
the sequence {Pg_((1 + %)C)} converges strongly to ( and obviously, because the points in the
sequence are projections, they are all support points (and hence also lie on the quasi-boundary of

R,).
However, more is true for arbitrary vectors of the quasi-boundary of R, in the present Hilbert

space setting, as we show in the next:

Theorem 9. All vectors in Rg\ are extreme. No other point of R, can be extreme

Demostracion. Suppose that for the quasi-boundary vector ( it is true that ¢ = 612# with (3
and (; in Ry, and let p; < p be the norm of the minimum norm control u; that steers the system
to ¢; and p2 < p be the norm of the minimum norm control u, that steers the system to (5.
The control % has norm strictly less than p, because the norm of a Hilbert space is strictly
convex, and steers the system to ¢. But this contradicts that ¢ € R{)\, and so the proof of the first
statement is finished. Points of the quasi-interior cannot be extreme in view of the specific dense
radiality property we have illustrated. Therefore we are done. O

Corollary 10. The tangent cone to R, at any ¢ € R{,\ is pointed
Demostracion. Obviously if it were not so it would be contradicted that ( is an extreme point. O

At this point, putting together this Corollary with Lemmata[f] and[2 we have established the
following main

Theorem 11. Any point ( € Ré\ is a support point of R,. In other words

VCERY, IneH* =H, |In| =1
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such that

(m,0) > (n,z),vVze C

Given this result we may expect all the more a large normal fan for R,. Indeed the normal
fan is the whole space, but this fact is independent on the main Theorem, as we illustrate in the
next section.

7. The Set of Support Points and the Normal Fan

In this Section we collect some, mostly well known, facts about the set of support points S
(which we now know to be the same as Rg\) and the normal fan. At each support point ( the
tangent cone has a non-trivial polar cone, also called the normal cone at (. The union of these
cones is the normal fan of R,. Naturally, it is often convenient to normalize vectors in the normal
fan.

Suppose ( is a support point of R,. Using the pairing in H and the CBS inequality, we have
a well known expression for (. Let n a unit norm vector in the normal cone at (. Then it must be

for any y € Ry:
('n-»U - C) = (nv‘cruy - Eruc) S 0

or

(n, Lruy) < (n, Lrug)

or

(L, uy) < (Lrn,ug)
so that, by the CBS inequality, the optimal control corresponding to ( has the expression:

m
[LEn]”

=P a.e.

and:

n= LGrn

p
C:‘cr * L *
ICnl ™" JLEn]

On the other hand, for an arbitrary unit norm vector n consider the linear program:
max{(n,z) 1z € Ry}

The existence of solutions of this linear program derive from the fact that R, is convex and weakly
compact and the functional is continuous (and hence also weakly continuous). Let { be a solution,
then for any y € Rp:

so that ( is a support point and has the above expression.
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Thus

S={¢:¢= Grn, n =1}

P
[1£rn]
Notice that because Gr is one-to-one, to each support ( there corresponds a unique normal n. In
other words, all normal cones are rays. We collect these facts and more in the following:

Theorem 12. The normal fan of R, less the origin, is the whole space H\{0}. All normal cones at
support vectors ( are rays, under the correspondence between unit normal vectors n and support

points (:
p

[£n

The correspondence between unit vectors in the normal fan and the corresponding support points

C:

GrTl

is one-to-one. If ¢ is a support point {C} is an exposed face of R,. Equivalently , for any pair
normal-support point it is true that:

(n>y_C) <07 Vy GRD

Consequently (since 0 € R,,) the value of the functional (n,.) at ¢ is always positive.

Demostracion. It remains to be proved the last statement. Suppose a ¢ € R, is a support point, so
that it is necessarily a quasi-boundary and extreme point. Suppose that for some normal n there
is z such that:

(n,z—¢) =0

then z is a support point as well with normal n. In fact, Yy € R:
(nvy_z) = (n)y_C)—I_(nyC_Z) S 0

Therefore z is a support point and hence it is an quasi-boundary point, so that the minimum norm
control that steers the system to z has norm p. Denote by u, the minimum norm control to reach
z and by u; the minimum norm control to reach ¢. By the same argument above all points in
[¢ : z] are support points with normal n. In fact for 0 < & < 1, Yy € R;:

(ny—(C+a(z—0))) <0

But the point 3% can be reached by the control *¢3= and || *<*=|| < p. This means that <=
is a quasi-interior point, which is a contradiction and the proof is finished.

O

Returning to the linear program:
méx{(n,z) 1z € Ry}

Call the maximum m, then

m=—P (n,Grn) = p(n, Grn)"/2 = p|Lin /2
Cin]
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Recall that m > 0. Because R, is symmetric, it is contained in the symmetrical sandwich:

Ro Cly:—m < (n,y) <mj

and the limiting hyperplanes of the sandwich meet R, only in the two points  and —(. Also the
sandwich cannot degenerate to a hyperplane, because its thickness is 2m > 0.
Received: October 2009. Revised: January 2010.
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ABSTRACT

Similarities are shown between the algebras of complex differential forms and of complex
Clifford algebra-valued multi-vector functions in an open region of Euclidean space of

even dimension.

RESUMEN

Se presentan las similitudes entre las dlgebras de formas diferenciales complejas y de las
funciones de dlgebras de Clifford complejas con valores de multiples vectores aplicados
en una regién abierta del espacio euclidiano de dimensién par.
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1 Introduction

Usually Clifford analysis is understood to be the study of the solutions of the Dirac equation for
functions defined on the (anti-)Euclidean vector space R®™ and taking values in the correspond-
ing Clifford algebra Rp m. It thus offers a proper analogue to the Cauchy-Riemann equations for
holomorphic functions in the complex plane. For a thorough study of the so-called monogenic
functions of Clifford analysis we refer to the standard textbooks [5] 15l [I7) 18].

The symmetry group of the Dirac equation is either SO(m) or Spin(m), according to the
definition of the group action on the values taken by the functions under consideration. If these
values are in the Clifford algebra with left multiplication, the symmetry group is Spin(m), which
then usually is realized inside the Clifford algebra. In the case of functions with values in the
Clifford algebra with both side action, it is more natural to identify the Dirac equation with the
equation (d+ d*)f =0, and to identify the space of values, in casu the Clifford algebra, as a vector
space, with the Grassmann algebra of R™. This Grassmann algebra may then be decomposed
into the direct sum of its homogeneous parts, which is a decomposition into irreducible parts
under the action of SO(m). In this framework it was shown (see [I3]) that, on the polynomial
level, the space of monogenic functions can be split into a direct sum of solutions of the Hodge-de
Rham equations for homogeneous differential forms. This entails a finer structure of the space of
monogenic functions, which manifests itself explicitly in a finer form of the corresponding Fischer
decomposition (see [14]).

An important ingredient in the latter approach is the translation of spaces and operators from
the language of multivector functions with values in a Clifford algebra to the language of real dif-
ferential forms, as was described in detail in [6]. Let us give a very brief overview. On the one hand
we have the Cartan algebra A(G) of smooth real differential forms in an open subset G of Euclidean
space R™, endowed with exterior multiplication. A fundamental operator on A(G) is the exterior
derivative d with its important property that for any differential form w, d?w = d(dw) = 0.
Introducing the Hodge co-derivative d* leads to the differential operator D = d 4+ d*, by means
of which the so-called ”harmonic” r-forms (0 < r < m) are characterized as smooth differential r-
forms w" satisfying Dw™ = 0. On the other hand we have the algebra £(G) of smooth multi-vector
functions in G. Multi-vector functions arise in a natural way when considering functions defined
in G and taking values in the universal real Clifford algebra R¢ m constructed over RO™ je R™
equipped with an anti-Euclidean metric. If RS m (0 < r < m) denotes the space of r-vectors, then
the Clifford algebra Rg 1, is precisely the associative algebra Rp m = @10 RS 1, and an r-vector
function F; is a map F; : G — R ;. A fundamental operator on the space of smooth multi-vector
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functions, is the rotation-invariant Dirac operator 0x, by means of which the so-called monogenic
functions are characterized as the smooth functions f satisfying 0xf = 0, as already mentioned
above. The spaces of smooth differential forms and of smooth multi-vector functions were shown to
be isomorphic in a natural way: a smooth r-form is identified with a smooth r-vector function, and
the action of the differential operator d + d* on the space A\"(G) of smooth r-forms, is identified
with the action of the Dirac operator dx on the space &:(G) of smooth r-vector functions. Also
other correspondences were studied in detail in [6].

When the dimension is taken to be even (m = 2n), one can make the framework of Clifford
analysis closer to complex analysis by introducing on R?™ a complex structure J. The symmetry
group then reduces to the subgroup U(n) € SO(2n) preserving the chosen complex structure J.
This is the basic setting for so-called Hermitean Clifford analysis, which recently has emerged as
a new and successful branch of Clifford analysis, offering yet a refinement of the Euclidean case.
The functions studied are defined in open regions of C™ and take their values in the complex
Clifford algebra C,,,. More particularly Hermitean Clifford analysis focusses on the simultaneous
null solutions, called Hermitean (or h—) monogenic functions, of two Hermitean Dirac operators
0, and 0,+. A systematic development of this function theory, including the invariance proper-
ties with respect to the underlying Lie groups and Lie algebras, is still in full progress, see e.g.
[9, 1, 2, 7, 8, B, 4, 23, 12]. Part of this program also concerns the study of the finer structure
induced on the space of monogenic functions by the choice of the complex structure J.

When studying the Dirac equation for functions with values in a Clifford algebra, it is well
known that the Clifford algebra can be split into the direct sum of a number of isomorphic copies
of the basic spinor representation. Accordingly, the set of equations will split into a number of
independent subsets of equations for functions with values in the various copies of spinor space. It
is a trivial observation that all these subsystems are equivalent to each other and their solutions
will have the same properties, whence, without any loss of generality, we can restrict the study to
functions with values in the space of spinors (or half-spinors in even dimension). In the standard
situation, this space of values cannot be split further since they are already irreducible under the
(left) action of the Spin(m) group. However, after having fixed the complex structure J, the sym-
metry group is reduced, as explained above, and the spinor space decomposes further into smaller
pieces. If it is realized in a standard way as the Grassmann algebra over the maximal isotropic
subspace in C2™, then this splitting is just the splitting into homogeneous components; for details
see e.g. [2].

Our final aim is to understand the finer structure of the space of monogenic functions induced
by this splitting. A first step towards that goal is to establish a scheme for the translation of spaces
and operators between the language of complex Clifford algebra and the language of complex dif-
ferential forms. In fact this is the complex analogue of the translation in the Euclidean situation



88 F. Brackz, H. De Schepper and V. Soucek CUBO

13, 2 (2011)

mentioned above, see [6]. The purpose of the underlying paper is precisely to describe in a rather
formal, yet detailed, way the similarities between complex differential forms in open regions of C™
on the one hand and multivector functions in the Hermitean Clifford analysis setting on the other.
Crucial to this description is the detailed analysis of the structure of complex Clifford algebra as
carried out in [I0]. The Hermitean Dirac operators 0, and 9,+ and the associated operators 0.e,
0.\, 0,18 and 0,+/\, originating by splitting the Clifford or geometric product into its “inner”
or “dot” and “outer” or “wedge” parts, are identified with well-known differential operators for
complex differential forms on Ké&hlerian manifolds in C™. However it should be emphasized that,
in this paper, we restrict ourselves to the flat Kéhlerian metric on C™ with fundamental form
Q= % 00|z/?. The more general approach of Hermitean Clifford analysis on complex Hermitean
manifolds and its comparison with complex analysis on Kéhlerian manifolds is the subject of the
forthcoming paper [I1].

The paper is structured as follows. Sections 2 and 3 are introductory, fixing our definitions
and notations. An identification of all differential operators and forms under consideration in both
pictures is described in Section 4. The relation to the operators which are standard in Kéahlerian
geometry is clarified in Section 5. The last section adds some remarks on the Hodge operator.

2 Multi-vector functions: preliminaries

In this section we recall some basic notions and results from Clifford algebra and Clifford analysis.

The construction of the universal real Clifford algebra is well-known; for an in-depth study
we refer the reader to e.g. [22]. Here we restrict ourselves to a schematic approach. Let R®™ be
the real vector space R™ (m > 1) endowed with a non-degenerate symmetric bilinear form B of
signature (0, m), and let (eq,...,em) be an associated orthonormal basis, i.e.

B(ei,ej)—{; ?i T?, (1<ij<m)
if i

then the anti-Euclidean metric on R®™ is induced by the scalar product
(ei,e5) = —Blei,e5) =845, 1<i,j<m
We first introduce the anti-symmetric outer product by the rules

egNeg = 0, 1T<i<m
egNej+e;ANey = 0, 1<i#j<m
and for each A = {i1,12,...,i,} C M ={1,...,m}, with 1 < 1i; <1i; < ... <1i, < m, ie. ordered in
the natural way, we put
€A = €4, N\ €i, AN /\eir
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while ey = 1. Then for each r = 0,1,...,m, the set {ea : A C M and |A| = 1} is a basis for the
space Rg ., of so-called r-vectors. Next, we introduce the inner product

ei*ej=—(ei,¢) =Blei,e5) = by, T<ij<m
leading to the so-called geometric product of vectors in the Clifford algebra:
eiej=e;*e +egANej, 1<i,j<m

The respective definitions of the inner, the outer and the geometric product are then extended to
r-vectors as follows: for the inner product, we have

T

ej*ea=¢j° (611 AN /\ei,-) = Z(*1 )kéjikeA\{ik}
k=1

with
eA\ﬁk} = ey, VAN /\eik71 N\ [eik/\} i1 VAN /\eir

while for the outer product
ejNea = ejAfey, A ... Ney,)=¢eNey, A ... Ney,, ifjgA
ejNea = 0, ifjeA
and finally, for the geometric product (or product for short)
ejea =¢j®*ea +ejNea

Finally, these definitions are linearly extended to the whole of the Clifford algebra Ro m, which is
the associative algebra

m
Ro,m = @ Rg‘m
r=0

If [ -]y : Ro,m — R{ ,,, denotes the projection operator from Ry m onto Ry, then each Clifford

number a € Ro ;,, may be written as
m

a:Z [al,

r=0

Note that in particular for a T-vector u and an r-vector v, one has

Uvy =ue*vy +uAv,

<uvr — (=1, u)

(uvr + (=1, u)

with
uev, = [uvlg =

UAvV: = uvlep =

Nl = N —
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Usually R and R™ are identified with Rg‘m and Ré‘m respectively. An element X = (X1,...,Xqm) €
R™ is thus identified with the T-vector X = 3, Xje;.

Now let G be an open region in R™. A smooth r-vector function F, is a map

Fr:G =Ry, X Z Fra(X)ea
[Al=1

where for each A, Fr o is a smooth real valued function in G. We denote by &£:(G) the space of

smooth r-vector functions in G, and we put

The projection operator from £(G) onto &,(G) is denoted by [ . .

A fundamental operator in Clifford analysis is the so-called Dirac operator, a first order vector

valued differential operator given by
m
Ox = Z Ox;

Since the multiplication in the Clifford algebra is non-commutative, operators can act from the

left or from the right on a function. For the Dirac operator and a function F = Z eaFa € £(G),

A
these actions are given by

oxF =

W'I\/]a

Z (S1.% XFA and Fa iz €ACj XFA
A i=1 A

A function F € £(G) is called left (resp. right) monogenic in G if and only if it satisfies in G the
equation 0xF =0 (resp. Fox =0).

Restricting the Dirac operator 0x to the space &:(G), we find for an r-vector function F, that
0xFr and F.0x split into an (r — 1)-vector part and an (r 4 1)-vector part:

m
e ® anFT + Zej /\anFr
=1

m
+) 0xFrAe
j=1

m
OxFr = Z j0x,Fr =

M

Il
-

'I\/]g [
M3

-
—_
—_

Fdx =

axi F. ey =
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It readily follows that

=
X

o
2
5

|

|
M3

—_

m
e 2 0xFr = (1)) dxFree = (1) [Fax],
j=1

[OxFe],.y = D e AdxF = (-1)7 ) dxFAe = (1) [Fdx]
j=1

T+1

—.
—_

Usually one introduces the notations

al . Fr = [aXFT}T,], 65/\FT = [aXFT]T+]

Fr.al = [Frax}rfly Fr/\aﬁ

[F‘raX]r+1

The action of the Dirac operator 0x on &.(G) thus gives rise to two auxiliary differential operators

aX/\:gT(G)_)gr-H(G); Fr = (a /\)Fr = al/\Fr = [0

Oxe: & (G) = & 1(G); Fr = (ax. B = ox* Fr = [alFr]r71
F

T]r-H

for which it holds that

Their action on &.(G) is two-fold in the sense that they act on the multi-vector by means of the

inner and outer product with basis vectors, and at the same time on the function coefficients

by partial differentiation. We thus have that, for a smooth r-vector function F,, the notions of

left monogenicity and right monogenicity coincide, and moreover that F, is left as well as right

monogenic in G if and only if in G

axFr =0 <= Fdx=0 < {

As the Dirac operator dx factorizes the Laplace operator, viz

3% = dx * dx + dx Adx = dx * Ix = —(dx,0x) = —Am

a monogenic function in G is also harmonic in G, but the converse clearly is not true. As moreover
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we have that

—Am = (3x @ +3x/A)? = dx @ dx A\ +0x A dxe

the two second order differential operators (0x ® 9x/\) and (dx /A dxe) arising above being scalar
operators in the sense that they keep the order of the multi-vector function invariant. However the
function coefficients, while being differentiated, are interchanged w.r.t. the basis multi-vectors.

When allowing for complex constants and moreover taking the dimension to be even: m = 2n,
the same generators (e1,...,en,€ni1,...,e2n) produce the complex Clifford algebra Cj,,, which
is the complexification of the real Clifford algebra Rg s, i.e. Con = Rpn @ iR 2n. Any com-
plex Clifford number A € C,,, may thus be written as A = a +1ib, a,b € Ry 2, an observation
leading to the definition of the Hermitean conjugation AT = (a + ib)T = @ — ib, where the bar
notation stands for the usual Clifford conjugation in Ry 7y, i.e. the main anti-involution for which
€ =—ej,j=1,...,2n. This Hermitean conjugation also leads to a Hermitean inner product and
its associated norm on Cay given by (A, ) = A plo and Al = /AN = (3~ 5 Aal?)1/2.

This is the framework for so—called Hermitean Clifford analysis, a refinement of Euclidean
Clifford analysis. An elegant way of introducing this setting consists in considering a so—called
complex structure, i.e. a specific SO(2n;R)-element ] for which it holds that J? = —1 (see [I} [2]).
Here, ] is chosen to act upon the generators e, ..., ez of the Clifford algebra as

][e]] = —€n+j and Henﬂ} = €j, J = 1»"'»“

With ] one may associate two projection operators %(1 + 1J) which produce the main objects
of the Hermitean setting by acting upon the corresponding objects in the Euclidean framework.
First of all, the so—called Witt basis elements (fj,f})}‘:1 for C,;, are obtained through the action
of i%(l +1J) on the original orthogonal basis:

1

o= 0+l = sle—teny), j=1....n
1 1

fi = —3(1-Ule) = —3lej+iensy), j=1,..m

The Witt basis elements satisfy the Grassmann identities
fihe + hefy = AfL + L =0, j,k=1,...,n

2
including their isotropy: sz = ﬂL =0,j=1,...,n, as well as the duality identities

B+ =6k , Jk=1,...,n

The Witt basis of the complex Clifford algebra C;;, is then obtained, in much the same way as is
done for the basis of the real Clifford algebra, by taking all possible products of Witt basis vectors.
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Introducing the inner and outer products for the Witt basis vectors we have, see also [9],

fef = flefl =0 jk=1,...n
, 1 .
fefk = flef = 38k  gk=T...n
and
f]/\fk = _fk/\f)) jvk:]y-")n
eventually yielding
fifk = fiefk+iAfk = fj Nk, jhk=1,...,mn
fif. = fefl+fiiAf = AR, jk=1,...,n
1 .
Bl = Bef+HARL = 8+ HARL k=1..n

This leads to the Grassmann structure of the complex Clifford algebra
NN A P
Can =P DA,
p=0 q=0

where
P,d . . .
/\2T1 :Spanc{f;r1 /\.../\f}p/\fk] AN i <i2 <. <ip, ki <k2<...<kq}

A vector (Xi,...,X2n) in R%?™ is now denoted by (x1,...,Xn,Y1,...,Yn) and is identified with
the Clifford vector X = Z;; (€5 %5 + en+j Yj); the action of the complex structure ] on X yields
the twisted vector

Xl =JIX] ZZ(ejyj —en+jXj)
i=1

Note that X and X| anti-commute, since they are orthogonal w.r.t. the standard Euclidean scalar
product; more precisely they satisfy the following properties.

Lemma 2.1. One has

(i) XeX|=0
(i) XAXI =23k XjUk(€jex — enikenti) — 25 i €entk(Xxi + Yjyx)
(iif) XIAX =35y Xjyxlexe; — enijenik) — 2\ en+kej(XyXk +Yjyx)

(iv) XX[+X|X =XAX[+ X[AX =0
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The actions of the projection operators on the Clifford vector X then produce the mutually

Hermitean conjugate Hermitean Clifford variables z and z', i.e.

1 1
z = AU = SX+iX)
1 1
T — - 1 = —— —1
z (1 -1)X 7 (X—1X))
which may also be rewritten in terms of the Witt basis elements as
n n
=Y fz and zt = (2)f = ) flzf
j=1 j=1
where n complex variables z; = xj 4+ iy; have been introduced, with complex conjugates z{ =
xj —1yj, j = 1,...,n. Finally, the Hermitean Dirac operators 9, and 0,+ are obtained from the
Euclidean Dirac operator 0x:
1 . 1 .
1 . 1 .
0, = *1(1 —1iJ)ox] = *1(65* i0x)

where also the so—called twisted Dirac operator arises:
n
Ox; =T0x] = D (edy; — ens;Ox;)
j=1

As for 0x, a notion of (twisted) monogenicity may be associated in a natural way to 0x| as well.
Passing to the Witt basis, the Hermitean Dirac operators are expressed as

aézifjazj and 9, = (d T—Zf] s

involving the classical Cauchy—Riemann operators azjc = %(ax,. +i0y, ) and their complex conjugates
0z, = %(6xi —10y, ) in the complex zj-planes, j = 1,...,n. As a consequence of the isotropy of the
Witt basis vectors, the Hermitean vector variables and Dirac operators are isotropic, i.e.

(2)?=(2)>=0 and (9.)% =(9,1)* =0

whence the Laplacian Ay, = 762& = 7a§(| allows for the decomposition
Apn =4(9,0,1 + 0,19,) =4(d, + 0,1)2
while also

(z+z")2 =zzl +2lz =2 = |21]? = [X]* = 1X|I?

The central notion in Hermitean Clifford analysis is that of Hermitean monogenicity. A
continuously differentiable function g on an open region G of R*™ = C™ with values in the complex
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Clifford algebra Cyy, is called (left) Hermitean monogenic (or h-monogenic for short) in G if and
only if it simultaneously is dx— and dx;-monogenic in G, i.e. it satisfies in G the system

0xg=0=0x9

which is equivalent with the system
0,g=0=0,:¢g

Now the multivector functions in the Hermitean Clifford analysis setting are smooth functions
defined in an open region G of R?™ = C™ and taking their values in the Grassmann subspaces
A5:3. They thus take the form

n
PP, Xm, Uty Un) = D 5y kg 1y A AT Afig A A,

where the scalar functions &j,. j, k.., are assumed to be smooth functions in G. The space of
these multivector functions is denoted by P 9(G), and we have

£'(6) = P €96

pt+q=r

Similarly to what was done for the Euclidean Dirac operator dx (and holds for dx, as well),
also the Hermitean Dirac operators may be split into their scalar or ”dot” part and their bivector
or "wedge” part, leading to

RN = iazlﬂ/\
i=1

aé. = ialiﬂ.
i=1

for which it thus holds that
0, \N+0,0=0;, 0,t/\+0,10=0,:

These operators have a two-fold action on £P°9(G) in the sense that they act on the multi-vector
by means of the inner and outer product with Witt basis vectors, and at the same time on the
function coefficients by partial differentiation. They enjoy the following properties, which can be
obtained through direct calculation.

Property 2.2. The Hermitean Dirac dot and wedge operators are interrelated by complex conjuga-
tion as follows:
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(i) (0N)® = =0

(i) (0,0)¢ = —0,re

Property 2.3. The Hermitean Dirac dot and wedge operators act as follows on the spaces EP>9:

(i) 9,A:EPT — gPFLa
(ii) 0 0: &P — gPa-]
(iif) 9\ :EP A — EPrat]
(iv) 0 r0:EP A — g T
Property 2.4. The Hermitean Dirac dot and wedge operators are isotropic:
(i) (0/\)? = (0,0)* = (0,1A)* = (0,10)2 =0
and they show the following anticommutation relations:
(ii) (ag/\)(ag.) + (a;.)(ag/\) =0
(ili) (0,+/\)(0, 1) + (0,10)(0,/\) =0
(iv) (02/A\)(044/\) + (0,1A)(92/\) =0
(v) (020)(0re) + (0,re)(0,0) =0

Property 2.5. Composition of the Hermitean Dirac dot and wedge operators yields the following
actions on the spaces EP9:

(i) WZ —(0,A)(0,0) = (0,0)(0,A\) : EP 9 — gp+l,a-1
(ii) (0, A)(0yr0) = —(9,1A)(Dzr0) = (D,10) (D A) : EPd — £P—Tha]
(iif) (9A)(0,0A) = —(0,:A) (D N) : P29 — gPFTat]

(iv) (0,0)(0,18) = —(,10)(Dz0): EP29 — gP-Toa- T

Property 2.6. The Hermitean Dirac dot and wedge operators establish a decomposition of the
Laplacian in the following ways:

(i) (32A)(0zr@) + (3,10)(3N) = § Azn

(i) (3,4A)(3z0) + (020)(34A) = § Ao
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Property 2.7. The Hermitean Dirac dot and wedge operators establish decompositions of the cor-
responding Euclidean ones as follows:

(1) (9,4/) — (92/\) = JOxA, (9 18) — (0,0) = J0xe

(i) (3A) + (02A) = $0x A, (9,10) 4 (0.0) = L0xe
whence they also decompose the actual Euclidean Dirac operators as follows:

(iii) (9,1A) — (32A) + (35r0) — (3.0) = L3x

(iv) (021/A) + (0z/\) + (0,10) + (0z0) = 70

N e
X

Now, let us come back for a moment to the notion of Hermitean monogenicity for multivector
functions. A multivector function FP9 is h-monogenic if and only if simultaneously 9,F”9 =
(0. ® +0 . A)FP9 = 0 and 0,iF?9 = (0,1 ® +0,+/\)JFP°9 = 0, which, due to Property 2.3 is
equivalent with the system

{0, FP9 =0, 9, AF»9 =0, 3, o F»'9 =0, 9,y AFP9 =0}

In view of Property 277l we then obtain the following remarkable result.

Proposition 2.8. For a multivector function F?9 the notions of dx-monogenicity, dx-monogenicity
and Hermitean monogenicity coincide.

Remark 2.9. Obviously the system of equations describing Hermitean monogenicity will take par-
ticular forms according to the values of the functions considered. In [2] we have shown e.g. that, if
the function takes its values in the subspace of spinor space corresponding to minimal or maximal
degree of homogeneity, then Hermitean monogenicity reduces to (anti-)holomorphy for a function of
several complex variables. In that sense Proposition 2.8 now reveals that one particular Grassmann
cell /\51’1q can not be considered as an appropriate value space to study Hermitean monogenicity,
since in that case it coincides with Euclidean monogenicity. It remains an interesting problem
to discover appropriate value spaces in order to see the Hermitean monogenicity system reduce
to a significant system of differential equations. To that end we have investigated in [10] how
the complex Clifford algebra C,,, decomposes into subspaces leading to exact sequences for the
multiplicative action of the Witt basis vectors.

3 Differential forms: preliminaries

There exists a vast literature on differential forms; in particular we refer to e.g. [19] 24] for real
differential forms and to |20} 21] for complex differential forms. Here we will only recall the basic
concepts needed.
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Let R™ be endowed with the standard Euclidean metric. Denoting by A" R™ the space of
alternating (or skew multilinear) real valued r-forms (0 < r < m), the Grassmann algebra or

exterior algebra over R™ is the graded associative algebra
m T
A\R™ =D A R™
=0

endowed with the exterior multiplication. A basis for A" R™ is obtained as follows. Let {dX', ..., dX™}
be a basis for the dual space (R™)* of R™. If, as before, the set A ={iy,...,i,} c M ={0,1,...,m}
is ordered in the natural way, put

dXA = dxbh AdxB2 A L AdXE

and dX? = 1. Then for each r = 0,1,...,m, the set {dX* : A C M and |A| = 1} is a basis for
A"R™. Note that in particular

dX* AdXt =0, i=0,1,...,m

and
dX* A dX) +dxI AdXt =0, 0<i#j<m

A smooth r-form in an open region G of R™ is a map

WG ARY X o Y wh(Xi, Xp) dXA
[A]=r

where, for each A, w is a smooth real valued function in G. We denote by A"(G) the space of

ANe =DAG
r=0

The projection operator from /A (G) onto A" (G) is denoted by [ - ]". A fundamental linear operator

smooth r-forms in G and we put

on the space of smooth forms is the exterior derivative d. It is first defined as d : \"(G) — /\YH (G)
(r<m), by

=) wadX? — do"=) ) oxwhdX Adx?
[Al=r A

a definition which is then extended to A(G) by linearity. A second fundamental linear operator on
the space of smooth forms is the Hodge co-derivative d*. For A = {ii,...,i;} € M we denote

dXAE = gxit A L AdXE T ATAXYA] dXB A L AdXE

and in a first step we put

a*(whdX?) = Z ) 0x,, wp AXAN
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Then d* is defined as d*: A\"(G) — /\ri] (G) (r>0), by

w' =Y wihdX* — df(w") =) d(whdX?)
|Al=r |A[=r

and this definition again is extended to the whole of A(G) by linearity. A smooth r-form w” in G
is called closed if and only if dw"™ = 0; it is called co-closed if and only if d*w"™ = 0; and it is called
harmonic (in the sense of Hodge) when it is at the same time closed and co-closed. Introducing
the operator D = d + d*, a necessary and sufficient condition for a smooth r-form w” in G to be
harmonic thus reads

(%)

do™ = 0
Dwf—(d+d*)wf—o<:>{ @ )

d*w”
The system (@) is called the Hodge-de Rham system. Note that if w" is harmonic in an open region
G of R™ then automatically w" satisfies A,w"™ =0 in G, since

D2=(d+d) =dd"+d*d=—-An
The converse, however, is not true.
The action of the operators d and d* on differential forms is two-fold in the sense that they
act on the form itself as well as on the function coefficients by partial differentiation. In order to

make this double action explicit we introduce the following symbolic notations for the operators d
and d*:

I
gE

(AX’A) dx,

—_

dr = (dX' *) dx,

hE

1

with

.
dX) e dXt = dX o (dXT A A dX) = ) (—1)F 8y, dXANME
k=1

In this last action we recognize the contraction operators 9x; |, j = 1,...m, given by

Ox, JdXM = 0x, | (dXV A L AdX) = (=) ey, XA
k=1

acting only on the basis elements of the differential form, and not on the function coefficients.
Apparently the contraction operator dx; ] coincides with the "inner product”-operator dX) ¢ up to
a minus sign:

Ax,] =(—dX’*), j=0,1,...,m
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However bear in mind that contractions are more fundamental than dot products. Indeed, they

can be introduced independently of a scalar product, and their behaviour is invariant under dif-
feomorphisms, which is not the case for the dot product. We then indeed have for the operators d
and d*

> (dXIA)ax, > wpdxt| = ) Y (dxwh)dX AdXY = dw'

j=1 |Al=r A= j=1

Y(aX oy | [ D whdxM | = > 3 (—1)¥(0x,, wh) dXM B = drwr
j=1 |Al=r [A]=r k=1

At this moment we make the transition from the Euclidean to the Hermitean Clifford setting,
which, as above, is established by the introduction of the complex structure J, forcing the dimension
to be even: m = 2n. We may now also consider a twisted exterior derivative d| and a twisted
co-derivative d*|, satisfying the following identities.

Property 3.1. It holds that
(i) dd|+d|ld=0=d*d|*+d[*d* =0
(ii) dd*+dl*d =0=d*d|+dld* =0

Appropriate complex linear combinations of these real operators will give rise to complex
exterior derivatives and co-derivatives, but we will first consider the traditional complex differential
forms in C™ or in an open region G of C™. We call A""9(G) the space of complex differential forms
of bidegree (p, q) in G; it contains elements w? 9 of the form

whd= 3 Y wyklzzh) dzy Adzg

[TI=p IK|=q
where wx 1(z1,...,2n,2§,...,25) are smooth functions in G and
dZ] = de1/\.../\dep, j1<j2<...<jp
dzg = dzg, A Adzg,, ki <k <...<kp

The traditional derivatives in this setting are 9, 0¢, 0* and 0*¢. They are defined as follows on a
complex differential form of bidegree (p, q), definition which is then extended by linearity to an
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arbitrary complex differential form:
dwPd = 3 3 dwyk Adz Adz
IJI=p |K|=q
wr = 3 Y dwykAdz Adzg
IJI=p |K|=q
o*wP 9 = Z Z 0" (wy xdzy A dzg)
[JI=p [K|=q
0" wP T = Z Z 0" (wy xdzy A dzg)
JI=p |K|=q
with
n
aw]‘K = Z(aziwI,K) dZi
i=1
n
0wk = Z(azgw],K) dz{
i=1
n
0" (wykdzy Adzg) = ) (zcwy k) dzf e (dzy Adzf)
i=1
n
0*¢ (wy kdzy Adzg) = Y (3z,wyx)dzi e (dzy Adz)
i=1
Here we have introduced, for j = 1,...,n, the not commonly used operators dz;e and dz§e, which,

via their Euclidean counterparts, are in fact complex contraction operators. We have indeed, for

allj =1,...,n, that

dz;e (dx; + idy;)e

dzSe

: (dx; — idy;)e

- (anJ —I'ianJ)
- (axiJ B iayiJ)

dx; e +idyje

de L] *ldy] [

The four complex derivatives may thus be written symbolically as

aC

a*

a*C

n
> 0., dz A
i=1

n
D 0. dzf A
i=1

n

D 0.cdzfe
i=1

n

> 0., dzie
i=1

= 20,
= 20, |

where it is explicitly shown that 0 and 0¢ act with a wedge product and 0* and 0*¢ with a dot

product or contraction. They enjoy the following properties.
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Property 3.2. The complex derivatives 9, 9¢, 3* and 9*¢ act as follows on the spaces A"’(G) of

complex differential forms of bidegree (p, q) in G:

(1) 3: APUG) — APTHI(G)
(i) 9 : AP9(G) — AP (G)
(iii) 9*: AP9(G) — AP "9(G)
(iv) 2°¢: AP 9(G) — AP1(6)
Property 3.3. The complex derivatives 9, 0¢, 0* and 0*¢ satisfy the Kéahler identities
(i) 00*¢ 4+0*€0 =0=0%0° + 0°0*
(ii) 00¢+0°0 =0 =0%"0*° 4 0*°0*
(iii) 00* 4+ 9*0 = —%AZn = 0°0*¢ + 0*¢0°
In a very similar way as the Hermitean variables and Dirac operators are linked to their Eu-

clidean counterparts, the Kéhlerian derivatives 0, 0¢, 0* and 9*¢ are linked to the exterior derivative
and co-derivative and their twisted analogues.

Property 3.4. It holds that

(i) ¢+ 09 =4d, 0° — 0 =1id|

(ii) 0* +0*¢ =d*, 0* —9*¢ =1id|*
whence we may also write

(iii) 9¢ = J(d+1d|), d = 1(d—1d|)

(iv) o*

L(d* +1id*), 9*¢ = 3(d* —id")

4 Differential forms and multi-vector functions: an identi-
fication

In [6] it is shown how the world of real differential forms in an open region G of R™ and the world of
Clifford algebra valued multi-vector functions in G may be naturally identified. The fundamental
identification, adapted to the Hermitean setting, reads

ei «—— dx', enyi ¢ dyt, i=1,...,n

resulting in the identifications listed in Table 1. Note that we have listed here only a few of these
identifications; for more details we refer the reader to [6].
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(dxi/\)a +(dy'A)dy, | IXA =) (ei\)dy, + (ensiA)Dy,

o
I
:H I\/I:

Z *)ox, + (dy' *)3y, | 9xe =) (ei *)dx, + (ensi *)0y,

(dx*A)dy, — (dy*A)dy, | dxA =D (eiN)dy, — (en4iA)dy,

0
I\/]:H

dI* = (dX )a (dyi °)axi a&' = Z(ei .)ayl (en-H ')am

'I\’Iﬁﬂ

-
Il
o
o
Il
-

Table 1: Identification of the Euclidean Dirac operators

This identification is now further developed in the Hermitean setting. For the Witt basis

vectors one explicitly obtains the identifications

1 1 1 1
f}/\zfi(ej +ien )\ =—5(e AtenyA) E(dx’/\—i—ldy’/\) —5(dz;A)

1 . 1 . 1 1
ijo = —E(ej +ientj)e = —E(ej o +ienyje) «— z(dx’ o Fidye) = E(dz) o)

1 1 1 : ) 1

and
1 . 1 ) 1 j 1 1
fjo = E(ej —ienyjle = E(ej e —ienje) «— E(dx o —idy'e) = z(dz o)

listed in Table 2. The so-called inflation operator, denoted -], is introduced below.

A | —5ldzA) = 0]
flo | —aldgel = 0]
A | 3(dzA) = 0.
fio | pldzfe) = 0.

Table 2: Identification of the Witt basis vectors
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In the same order of ideas one explicitly obtains for the Hermitean Dirac operators

AN\ = Zach]/\ — Za;EdZC/\ 7(aC/\)

—‘N

— S(0)

N \

agazz(“az; fio Za

1 1
t
0N = Za fIN Zaz) —5)(dziA) = (=35)(3A)
T ke
:Zazjf}. — Za 5)(dzje) = (—3)(0*)
—
as summarized in Table 3.
0,+/\ 1(a°/\)
zt 2
0,1 1(6*0)
zt 2
1
AN 72(6/\)
3.0 | —2(0")
[ )
z 2

Table 3: Identification of the Hermitean Dirac operators

Through these identifications it becomes clear that the properties of the Hermitean Dirac
operators on multivector functions listed in Section 2 and those of the Kéhlerian differential op-
erators on complex differential forms listed in Section 3 are two faces of the same coin. This also
implies that it suffices to prove a property in only one of these two worlds, automatically gaining
the similar property in the other. To give an example, Proposition 2.12 is transposed as follows.
Proposition 4.1. A (p,q)-form wP9 € AP’%(G) is harmonic in an open region G of C™, i.e. it
satisfies the Hodge-de Rham system {dw? 9 = 0,d*w? 9 = 0}, if and only if in G it is Hermitean
monogenic, i.e. it satisfies the system {dw? 9 = 0,0°w? 9 = 0,0*w?P 9 = 0,0*“wP 9 = 0}, which
implies that for a (p, q)-form w9 € AP'9(G) the notions harmonic, twisted harmonic and Her-

mitean monogenic coincide.

Another nice illustration of this identification is procured by the Euler operators. The Her-
mitean Euler operators
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have shown their importance in constructing the Fischer decomposition of homogeneous polyno-

mials in terms of Hermitean monogenic polynomials and the corresponding Howe dual pair (see
[16,[7]). They have a natural close connection with the traditional Euclidean Euler operators, since

1 i
Eg EEK—FiXan
1 i
El = EEK—l—EanK
whence
E.+El = ) (50 +y;dy,) = Ex = Exy = —Xedx = —X|edy
j=1
n
E:—El = 1) (%0, +y;dy) = iXedx = ~iX/edx

It thus becomes clear that the Hermitean Euler operators are mutually complex conjugated scalar
operators; note that they have the same expression in both worlds. In the world of differential
forms we now focus on the contraction operators associated to the Hermitean Euler operators. To
that end recall that we tend to denote contraction of a differential form by means of a ”dot”, more
specifically 0x, | = —dXye, yielding

alj = i ex 0x, ] =— i e dX o = —dXe
a=1 x=1

and also

@

N

—
I

§ T _ § T Co)l —
< f) asz = f] (—z dZ] .) = —2 d;T [ )

n n ] .I
0] = ) f0x] = ) fi(—5dze) = —5dze
j=1

For the contracted Hermitean Euler operators we then obtain

I~

—_

E.] = szaZjJ:(_]i)

zj(dzje) or E,|=2zed,|=-ze dz' e
j

I~

Il
=

z§ (dzje) or El|=2z1e0,i| =—zedze

N

j=1
B = szcazjcjz(_i)
j=1

)

We could as well, for symmetry’s sake, have introduced a so-called inflation operator (see [6]),
denoted by a "wedge”, i.e. 0x, | = —dX4/\, yielding

m m
0x] = Y eadx,]=— ) exdXuA=—dXA
ax=1 a=1
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and

1
i _ T —
fj az,-—| = § fj (—5 deC/\) =73 dZT A

&
&

Il
M-

\_a
Il
-
-

0] = ij 0z¢] = Zf)‘ (_2 dzi/\) = 3 dz A

E.] = szazj]:(—%)z.zj(dzjc/\) or EJ:Z;.@Z}:—;od;f/\
El] = szcazc]:(—%)sz(dzj/\) or El]=2z"e0,1]=—2zledzA

These four contracted and inflated Hermitean FEuler operators enjoy the properties summarized in

the following two propositions.

Proposition 4.2. One has
(i) E.] + El] =Ex]| = X e dXe
(ii) E.] 4+ EL] = Ex] = X @ dXA
(i) E;] —El| =iX| o dXe = —iX e dX|e

(iv) Ez] — El] =1X| @ dXA = —iX e dXIA

1 n
() Eo] +E] = (=3) ) zdzf = —zedz
j=1

(i) ELJ+EL = (-2)) 2 dzj =2 e dz
j=1

Proposition 4.3. One has
2
() (EJ+EL)) = (Ex))* =0

i) (£ +EL) = (Ex])’ =0
(iii) (EZJ + Ezhz =0
2

(iv) (Elj+EH) =0

(v) (E] +E2]) (EL)+EDT) + (EL) + ELT) (Bo) + Eu]) = 122
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(vi) (EZJ + ELJ) (EJ + Ei]) + (EJ + Ei]) (Ez | +EL j) — 12|

These properties may be proven by direct calculation, but things become more transparent
after identification in the multivector setting; to that end we look at the analogues of the operators
involved, given by

E| - (;)gmdzg-)H(;)izmzh-)zz-
B = (—l)izi(dzr)H(—l)iz?(—Zﬂ-)—zT-
j= j=
El = (3) gzj (4Z5A) ¢ (;)gzj (25A) = —2A
EL] = (-1 2 (dmAl e (01 3 5 (21 —2'A

Il
=
-
Il
-

Propositions [4.2] and [£.3] now take a rather trivial form and are easily proven (see also [6]), as may
be observed from their reformulation in the propositions below.

Proposition 4.4. One has
(i) (—ze) + (zfe) = —Xe
(i) (—2zA) + (2fA) = =XA
(iil) (—ze) — (zfe) = —iX|e
(iv) (—2zA) = (2! A) = —XIA
(V) (—zo) + (—2N\) =~z
(vi) (zfe) + (zfA) =2

Proposition 4.5. One has

(i) (—Xe)(Xe) =0
(i) (=XA)XA) =0
(iii) (—zo—2A)* = (-2)* =0
(iv) (2t e +2'A)? = (1) =0
(v) (—2) (z') + (2F) (—2) = —I2*|
(vi) (—ze+zle) (—zA+zIA) + (—z A +2IA) (—z o +2fe) = —|22|
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In the same order of ideas, starting from the operators d and d*, we introduce the contraction

and inflation operators

3

4

|
.I\/]B‘

(AX’A)dx,| = ) (AXA)(—dX *)

—_
—_

d*] (X7 ) ox,] = ) (aX ¢)(—=dX'A)

s

Il
-

I
.I\/]E

Il
=

)

The operators d] and d*] have £7(Q) as an eigenspace since
djw"=rw"” and d*lw"=(m-r)w’

In other words: they measure the order of a differential form. They are sometimes called fermionic

Euler operators. In the Clifford analysis setting they read

m m

OIxA| =) (ejA)(—ej*) and dxe] =) (e *)(—e;A)

X a 2
for which it indeed holds that
OxN\|Fr =1F, and 0xel]F, =(m—1)F,

Note that d], d*],dx/A] and 0xe| are zero operators. The same can be done now with the

Kahlerian derivatives, leading to

] n

0] = (—3))_dzAdze
j=1
] n

o¢] = (_E)Zdz;—/\ dz;
j=1
] n

0" = (_E)Z dzj e dz; e
j=1

*C | - c

0*¢] = (_E)Z dzj e dzj e

j=1
and

1 n

0] = (—3))_dzAdfA
j=1
1 n

0] = (—3))_dzf Adz A
j=1
1 n

0] = (_E)Z dzj e dz; A\
j=1
1 n

o] = (_E)Z dzj e dzi N\

-
—_
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while their Hermitean multivector analogues are given by

Al = =) fiAfe
j=1
0N = Zfi/\f;'

and by
LAl = =) HARHA
j=1
Al = D HAFA
j=1

el = Y efiA
n
0] = =) flefiA
The spaces EP°9 of smooth vector functions of bidegree (p,q) are eigenspaces of the operators

0:/\],0,1/\],0 1] and 0 e]. More precisely we have the following.

Proposition 4.6. For FP>9 € £P»9_ one has
: pa_ (_P)pr.a
() (22A) PPt = (<5 F
(i) (A PP = (§) PP
(i) (0z10]) FP9 = (“2p> FPea

(iv) (3z0]) FP9 = (—T‘;‘*) —

Note that, by similarity, the same eigenvalue equations hold for the operators 9],0¢|,9*] and
0*¢]. Moreover observe that the eigenvalue equations for the operators d| or 9x/A| and d*] or
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Oxe] are refined by the ones of Proposition 6] and may be recovered from them:

(al/\J)Fp’q = Z(ag/\J—ag/\J)Fp*q = 2<%+%) FP.a
= (p+q)Fe
(3xo]) FP9 = 2(3,0] — d,07) FP = z(“z—p_—“;q> —_

= (2n—(p+q) P

Furthermore, it may be verified that 9x/\| and 0xe| indeed are zero operators:

WAl = 2(04A1=A]) =2 Y HATA+Y IAFA] =0
j=1 j=1

@

X
°

| I—
I

2(62T0J—850J) = 2 ijof;fo +Zf;fofjo =0
=1 =1

Finally, also the original expressions for 0x/\| and 0xe| as obtained in [6] may be recovered:

A = 2N —A]) = 2D AT e+ ) I Afe
j=1 j=1
n 2n
= _Zei/\ei°+en+j/\en+j° = —Ze(x/\e(xo

j=1 =1

Oxe] = 2(d 0] —0.0]) =2(> fieff A+) flefA
=1 =1

n 2n
= —E e]-oe)-/\—l—enﬂ-oenﬂ/\:—g ex ® ex/\
j=1 =1

We shall encounter the operators 0,/\] and 0,e] again in the next section in a different context.

5 The Kahlerian metric

We will now use known results from Kéahlerian geometry, however restricted to the flat Kéahlerian
manifold C™, and transpose them to obtain results, not yet known in the Hermitean Clifford
analysis setting. Our guides are [21, 20]. Each K&hlerian metric induces a fundamental form Q,
which is a 2-form derived from the corresponding Kéhler potential U, i.e.

i Cc
QA =300°U

The potential of the flat metric or the canonical Hermitean metric is given by

L S I S PSRN IO SR
U=z =5l j;zlzﬁ;-; = 5z +2'2) = 5IX1? = SIXI
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yielding the flat fundamental form

ON

N e

(—20.N) (20,1 A)l2? = (=20) | )3, fIA (Z azﬁka> 22
j=1 k=1

= (20)) fIAFA = 2i0.A]

j=1

or, in terms of the original basis vectors,

n
QA=) e AeniA
i=1
Introducing the so-called spin-Euler operator, which is a parabivector valued multiplicative con-
stant, i.e. the sum of a scalar and a bivector,

n

B=Y fih=> (Hen+finf)=3+X A
=1 =

j=1

we find that the fundamental form appears as the bivector part of that spin-Euler operator, meaning
that we may write

B="+-0

2

N -

Its complex conjugate is then given by

BC_;ij}—;(ijf}—l—ﬁ/\f}T)_;_Zf;r/\fj_;_;Q

j= j=1
Usually, one also introduces the associated fundamental form

1 n n
@ 7 B=BF"—3

I

Il
-

f Afl
)

For the sake of completeness we recall the following intertwining relations of the spin-Euler operator
and its complex conjugate with the Witt basis vectors; for more of these intertwining relations we
refer to [9].

Proposition 5.1. One has
(i) [, B = fi, [fL, B = —fL
(i) [fL, B<] =1L, [fx, B] = —fx

An important operator in Ké&hler geometry is the so-called L-operator, which is defined by
means of the fundamental form.
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Definition 5.2. The L-operator is defined as L : EP9 — gptha+l . fp.a s O AFP:9, where,

explicitly

QAFPY =3 e Aenyy AFPS =(=2i) ) fIAf AF9 =200, ATF4
j=1 j=1

The L-operator enjoys the properties listed in the proposition below (see also [21]).
Proposition 5.3. One has

(i) [L,0xAl =0, [L,dxe] = —dx /A

and also
(ii) [L, ag/\] =0, [L,0, A =0
(iii) [L, 0 10] =101/, [L,0,0] = —i0,A

The counterpart of the L-operator is the A-operator.

Definition 5.4. The A-operator is defined as A : EP4 —y EP~1a=1 . FP.d )y AFP.9 where,
explicitly

n n
AFp‘q:ZGjOenJrj.Fp’q_ Z ‘f o P9 =2i0 .Jqu
=1 =1
It shows the following properties (see also [21]).
Proposition 5.5. One has

(1) [/\, 65/\] = —6&0, [/\, aXO] = O
and also

(ii) [A,0,+A]l =10 10, [A,0,\] = —i0 e
(iii) [A,0,1] =0, [A,0,0] =0

A rather tedious computation leads to the commutator of the L and A operators.
Proposition 5.6. One has
L, Al FP9=(n—p—q)F"9

n n
Finally, putting for an arbitrary multivector function F = Z Z

ii Mm—p—q)F"%=Mn-20uA]—0A]))F

=0
we obtain the following relations (see also [20]).
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Proposition 5.7. One has

(i) [L, A]=H
(i) [H, Al =2A

(ii) [H, L] = —2L

meaning that the operators (L, A, H) generate the Lie algebra slc(2)

6 The Hodge “star”-operator

The Hodge #-operator for smooth real differential forms in R™ may be defined as follows (see e.g.
[19, 24]).

Definition 6.1. Let {j1,...,5rx} U {rsr, .. dm) = {1,...,m} and {1, .., 3v} 0 fria, oo dmd = 0,
with j; < ... <jr. Then

«(dX;, A AdX;,) = odX;, A dX

Jr+1 Jm

where ¢ is the signature of the permutation (jri1,...,Jm,J1,-+,Jr)-
It constitutes an isomorphism *: A" — A™ ', its inverse being given by
*71 _ (_1)r(m7r)*

which implies that
*2 _ (_])r(mfr]

By means of this x-operator the Hodge co-derivative d* may be expressed in terms of the derivative
d as
d* w" = (_])r % d el w' = (_] )r(m-Hfr) xdx w'

In the actual case of even dimension (m = 2n) we find that the Hodge star-operator is an isomor-
phism * : A% — A" TP for which +~! = (—1)P+9)* & and thus 2 = (—1)PT9* For the

Hodge derivative and co-derivative we then obtain

d*=xd*x and d==xd"x
and similarly for the twisted versions

d*=x*d * and dl ==xd*|*

Simply applying the conversion rules of the foregoing section we obtain the counterparts of these
relations in the setting of multivector functions, involving then the Dirac operators.

Proposition 6.2. One has
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(1) 0xe =* (0x/\) * and dxA\ = (dxe) *

(if) dxj® =+ (xA) * and dx A = * (dxje) *
and also

(iii) 0,0 = (92A\) * and 0, A = * (0,8) *
(iv) O 1@ =+ (9,4A) * and I\ = (018) *

Clearly, we may convert Proposition back to the differential form setting.

Proposition 6.3. One has
(i) 0*¢e =% (0A) *x and 0\ = x (0*e) x
(ii) 0*e =% (0°A\) x and 9\ = x (0%e) x

Of course, it is also possible to express the Hodge star operator in R™ directly in the Clifford
algebra setting; Definition is then converted as follows (see [6]):

r(r+1)

«(ej, -6 ) =(=1)"7 emej ---¢j,
where ep is the so-called pseudoscalar given by epm = ej---em, of which the square equals
m(m+1
e%vl =(-1) S Tt follows that for 1-vectors the x-operation reduces to a multiplication from

the left by —enp. Also x1 =epm and xep = 1.

In the Hermitean case with even dimension m = 2n, let us compute ep in terms of the Witt
basis vectors. We consecutively obtain

2n n
em = [Jex=T106—-1T05+
a=1 j=1

(F =i +1) = =D T 1)

j=1 j=1

A AR ATLA AT AT

—.

j=1

3

— v (1)

showing that the pseudoscalar has bidegree (n,n).

As an example we have, for m = 4,n = 2, that the images under the x-operation of the
Fuclidean basis vectors are 3-vectors given by

* €1 = —ezes3e,, *e) = ejezey, *e3 = —ejeye,, *xeq4 = €1€2€3
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The Witt basis vectors f; and {2, of bidegree (0, 1), transform into (1, 2)-multivectors:

xf1 = —2f1 AR AT
s = 2R AT AR

while ﬂ and f;, of bidegree (1,0), transform into (2, 1)-multivectors:

«fl = 2l ARAT
1, = 2 ARAT

7 Afterword

In the previous sections we established and illustrated a "natural” isomorphism between on the
one hand the algebra of complex differential forms (extended with the Hodge star operator and the
inner product or dot product) with the underlying structure of a Grassmann algebra, and on the
other hand the algebra of multi-vector functions in Hermitean Clifford analysis with the underlying
structure of a complex Clifford algebra. The Hermitean Dirac operators, underlying the notion
of Hermitean monogenicity, may well be identified with the K&hlerian derivatives for complex
differential forms, one of which is the famous 0 operator from several complex variables theory. It
should be emphasized, as was done from the beginning, that only differential forms in C™ or in
open regions thereof were considered, and that actually Hermitean Clifford analysis was developed
only in flat space C™. As was also mentioned Hermitean Clifford analysis on curved K&ahlerian
manifolds is the subject of the forthcoming paper [II]. Finally this paper is by no means a plea
for substituting Hermitean multivector functions for complex differential forms. Both worlds, how
convincing the similarities might be, have their own interest en properties; this paper intended to
illustrate the very close connections between Hermitean Clifford analysis and complex analysis and
the benefits obtained from exchanging knowledge between both.
Received: December 2009. Revised: April 2010.
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ABSTRACT

Let Q C R™ be an open bounded domain, f: Q — R™ a VMO map, and T : D(T) C
R™ — R™ a maximal monotone map with D(T) N Q # (. We construct a degree for
the sum of f 4+ T, which can be viewed as a generalization of the degree both for VMO

maps and maximal monotone maps.
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RESUMEN

Sea QO C R™ un dominio abierto, f : Q — R™ un mapa VMO, y T: D(T) € R™ — R™
un mapa monotono maximal con D(T) N Q # (. Construimos un grado por la suma de
f+T, que se puede ver como una generalizacion de la medida, tanto para los mapas de
VMO y para los mapas monotono maximal.

Keywords and phrases: Degree theory, Maximal monotone map.
Mathematics Subject Classification: 47TH11, 47H05

1. Introduction

Degree theory for continuous maps in finite dimensional spaces has a long history and has
been extensively studied. In the early 80’s of the last century a degree for some classes of non-
continuous maps was established (see [8,1,17,18] and the references therein). In 1995 and 1996, H.
Brezis and L. Nirenberg [12], [13] invented a degree theory for VMO maps; see [2-6,9-11,19,21,22].
Generally, VMO functions need not be continuous. Another important class of non-continuous
maps is the class of maximal monotone maps, and there is no relation between the VMO maps and
the maximal monotone maps. In this paper, we consider the sum of a VMO map and a maximal
monotone map, and we will define a degree theory for such a map. First we recall some definitions.
Let Q be an open bounded domain in R™. The class of bounded mean oscillation functions (see
[20]) are defined as

BMO(Q) ={f: Q — R™ is locally integrable, and [flgmo < oo},

where |flgmo = su‘pgcgﬁ g [f(x)—fldx, f = ﬁ J' f(x)dx (here m(-) represents the Lebesgue
measure), and the class of vanishing mean oscillation functions (see [23]) are defined as

1

VMO(Q) ={f: Q — R™ is locally integrable, and limm(BHoW

| 1700 = Tlax =0,

B

where B C R™ is an open ball with its closure contained in Q. It is well known that if f € VMO,
then fc(x) = m IBE(X) f(y)dy is continuous in € and x where it is defined. Let T : D(T) C
R™ — R™ be a function. If (h — g,x —y) > 0 for all x,y € D(T) and h € Tx,g € Ty, then T is
said to be monotone. If T is monotone and T has no monotone extension in R™, then T is said to
be maximal monotone. It is well known that T is maximal monotone iff T is monotone and T + €l
is surjective for all € > 0. If T is maximal monotone, we use Te = (T~! + eI)~! to represent the
Yosida approximation, and R¢ = I — €T, the resolvent with respect to T. For maximal monotone
maps we refer the reader to [7]. Let f: Q — R™ be a VMO map, T: D(T) C R™ — R™ a maximal
monotone map, p € R™, and D(T) N Q # (. Under appropriate assumptions, see (2.1) below, we
define the degree deg(f+ T, QN D(T),p). If T = 0, this degree coincides with the degree for VMO
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maps in [13], and if f = 0, then it coincides with the degree for maximal monotone maps (see
[14-16]).

2. Results

In this section, Q C R™ is an bounded open domain, f € VMO(Q), T: D(T) CR™ - R" is a
maximal monotone map, p € R™, and Q N D(T) # 0. Suppose there exists an open neighborhood
U of 9Q in Q and a constant 3 > 0 such that

munmnjmw)“”+gdeZB (2.1)

for all 0 < e < %d(y,aQ), g € Tz, z € D(T)N Be(y), where Bc(y) is an open ball centered at y
with radius € such that B¢(y) C U, and d(y,0Q) is the distance between y and 0Q).

We remark that if T =0, then (2.1) was first used in [13]. If f = 0, then (2.1) is equivalent to
lg—p|l>p forall z€ D(T)NU and g € Tz, and in this case Proposition 2.1 below shows that the
assumption p ¢ T(0Q N'D(T)) will guarantee (2.1) holds.

Proposition 2.1. If p ¢ T(0QND(T)), then there exists dg > 0, xg > 0 such that d(p, Tx) >
do for all x € QN D(T) with d(x,0Q) < «p.

Proof. Suppose the conclusion is not true. There exist x, € QN D(T), gn € Tx, such that
d(xn,0Q) — 0, and gn — p — 0. Without loss of generality, we may assume that x,, — xo € 0Q.

Since (gn — g,xn —x) > 0 for all x € D(T), g € Tx, we have
(p—g,x0 —x) >0, for all x € D(T), g € Tx.

Therefore xg € 9Q N D(T), p € Txp, which is a contradiction.

As in [13], we define Q. = {x € Q : d(x,0Q) > 2¢} for each € > 0. By definition of VMO
functions, there exists €y > 0 such that

j f(y) — Tldy < & (2.2)
Be(x)

m(Be(x)) 2

foralle < €g,x € Qand € < W. We may also take €g such that {x € Q : d(x,9Q) < 3eo} C U,

where U is the same as in (2.1). Now for 0 < € < €p, and x € 9Q. N D(T), g € Tx, by (2.1) and
(2.2), we obtain

et +g—pl 2 5, (23)

where fe(x) = BT fBe(X)) f(y)dy.
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Lemma 2.2. Suppose [fc(x) +g—p|l > %, for x € 0Q ND(T), g € Tx. Then there exists
Ao(€) > 0 such that

p # fe(x) + Ta(x), for all x € 0Q,A € (0,Ao(€)).

Proof. If this is not true, there exist A, — 01, x,, € 0Q, with x,, — xo € 9Q,, such that
fexn +T7\,1XT1. =p, n S {1>2)' : }

Since fexn — fexo, Ry, Xn = Xn — AnTa, Xn — X0, the maximal monotonicity of T implies that
xo € D(T), and p — fexo € Txg, which is a contradiction.

Now, assume that (2.1) holds. In view of (2.3) and Lemma 2.2, we define the degree deg(f +
T,QND(T),p) by

deg(f+ TTOND(T),p) = lime_, 0+ im0+ deg(fe + Ta, Qc,p). (2.4)

We claim this definition is reasonable. First, for each € < €g, and A1,A2 € (0,Ao(€)), since
Tia, +(1—1), X is continuous in (t, x) (see Corollary 2.8 in [15]) we know that {fe+Tin, +(1-t)a, Jte(0,1]
is a homotopy, so

deg(fec +Ta;,Qe,p) = deg(fe + Ta,, Qc, P).

Now, for any € € (0, ), by the continuity of fi(x) in (t,x) and (2.3), there exists & > 0 such that

B

4 )

for [t — €| < 6 and x € 0Q, and g € Tx. The same proof as in Lemma 2.2 guarantees that there
exists Ay > 0 such that

Ife(x) +9—pl>

p # fo(x) + Ta(x), for all x € 0Q, [t — €| < 6,A € (0,A1),

so deg(fy + Ta, Qc,p) is well defined for A € (0,A1), and [t — €| < 8. By homotopy invariance, we
have
deg(ft + T)\)QE)p) = deg(fe +T7\yQ€)p))

so the degree in (2.4) is well defined.

For a measurable function f: QO — R™, we recall that the essential range of f is defined as the
smallest closed subset essR(f) such that f(x) € essR(f) a. e. x € Q (see [12]).

Proposition 2.3. If deg(f + T, QN D(T),p) #0, then p € essR(f) + T(Q N D(T)).

Proof. Suppose the conclusion is not true. Then exists v > 0 such that B(p,r) N essR(f) +
T(QND(T)) =0. Set £ =R™\ (B(p,r) —T(QND(T))). Clearly, essR(f) C L. Also f(x) € essR(f),
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a.e. x € Q, and f € VMO(Q), so we deduce that lim¢_,o+d(fc(x), L) = 0 uniformly. Therefore,
there exists €1 € (0, €9) such that

.
el —p o>,
forallx € Q,zeD(T)NQ, ge Tz, e € (0,e7).

Thus deg(fe + Ty, Q,p) = 0 for all A € (0,A ( )), and € € (0,€7). Consequently, it follows
from the definition that deg(f + T, Q N D(T),p) = 0, which is a contradiction.

Proposition 2.4. Let {h¢(:)}te[o,17 be a family of functions in VMO(Q), and h¢(-) depends
continuously on the parameter t in the topology of BMO N LIOC( ). Assume that there exists an
open neighborhood U of 0Q) in Q) and a constant 3 > 0 such that

NMJ'Be(y)ht(X)+9PdXZ B (2.5)

for all 0 < € < 1d(y,9Q), g € Tz, z € D(T) N Be(y), t € [0,1], where B¢(y) is an open ball
centered at y with radius € such that B¢ (y) C U. Then deg(ht +TOND(T),p) does not depend
onte[0,1].

Proof. Since h¢(-) depends continuously on the parameter t in the topology of BMOﬁLlOC( ),

we have :

lime ot | el Rl =0, (2.6)
uniformly in t. From (2.5), (2.6), and using the same proof as in (2.3), we know that there exists
€o > 0, such that

Ihie(x)+g—pl = (2.7)

for all x € 90Q. ND(T), g € Tx, t € [0,1], € € (0, €0). By using the same proof as in Lemma 2.2,
we know that there exists A(e) > 0, such that

- B
2

p?éhte( + Tax,

for all x € 9Q,, t € [0,1], A € (0,A(€)). Thus deg(ht e + Ta, Qc,p) does not depend on t for each
€€ (0,e0), A € (0,A(€)). Thus deg(hy + QN D(T),p) does not depend on t € [0, 1].

Corollary 2.5. Let fq,f; € VMO(Q) satisfying (2.1). Suppose there exists 0 < By <  such
that

1
WL If1.(x) — f2(x)ldx < Bo,

for all B C U. Then deg(f; + T,QND(T),p) = deg(f2 + TQND(T),p).

Proof. Set hy(x) = tf1(x) + (1 — t)f2(x) for t € [0,1], x € Q. Then it is easy to see that hy
depends continuous on t in the topology of BMO N LLOC( ). Also we have

m JBe(y) [he(x) + g —pldx > B — Bo
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forall0 < e < %d(g, 00Q),g €Tz, ze D(T)NBc(y), t € [0, 1], where B¢ (y) is an open ball centered
at y with radius € such that B¢ (y) € U. Therefore the conclusion follows from Proposition 2.4.

Proposition 2.6. Let T; : D C R™, i =1, 2, be two maximal monotone maps. If tT; +(1—1)T;
is maximal monotone for each t € [0, 1], and there exist an open neighborhood U of 9Q) in Q and
a constant 3 > 0 such that

m JBC(‘J) [f(x) + gt —pldx > B (2-8)

forall0 < e< %d(y,aQ), gt € tTH1 +(1—1)T2]z, z € DNBc(y)), t € [0, 1], where B¢ (y) is an open
ball centered at y with radius € such that B.(y) € U. Then deg(f + [tT; + (1 —t)T2],Q N D, p)
does not depend on t € [0, 1].

Proof. By (2.8), using the same proof as in (2.3), we know that there exists €y > 0, such that
felx) + g0 —pl 2 2, (29)

forall x € 0Q.ND, gy €tTix+1—1)Tox, t € [0,1], € € (0, €p). From (2.9), and using the same
proof as in Lemma 2.2, we know that there exists A(e) > 0, such that

p # fe(x) + T}EX)

for all x € 0Qc, t € [0,1], A € (0,A(€)), where T} is the Yosida approximation of tT; + (1 —t)T>.
From Lemma 2.7 in [15], we know
deg(fe —I_T)E)Qe)p)

does not depend on t € [0,1], A € (0,A(€)). Therefore, deg(f + [tT; + (1 —1)T2], QN D, p) does not
depend on t € [0, 1].
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ABSTRACT

We study the module amenability of Banach modules. This is a natural generalization
of Johnson’s amenability of Banach algebras. As an example we show that for a discrete
abelian group G, (P(G) is amenable as an £'(G)-module if and only if G is amenable,
where £'(G) is a Banach algebra with pointwise multiplication.

RESUMEN

Se estudia el médulo de receptividad de los médulos de Banach. Esta es una general-
izacion natural de la receptividad de Johnson de las dlgebras de Banach. Como ejemplo
se muestra que para un grupo abeliano discreto G £P(G) es receptivo como un G £? (G)-
médulo, si y sélo si G es receptivo, donde {'(G) es un élgebra de Banach con producto
punto.
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1. Introduction

The concept of amenability for Banach algebras was introduced by B.E. Johnson in [J]. The
main example in [J] asserts that the group algebra L' (G) of a locally compact group G is amenable
if and only if G is amenable. This is far from true for semigroups. If S is a discrete inverse semigroup
with the set of idempotents Es, £'(S) is amenable if and only if Eg is finite and all the maximal
subgroups of S are amenable [DN]. For an arbitrary discrete semigroup S, £'(S) is amenable if and
only if the minimum ideal of S exists and is an amenable group and S has a principal series whose
corresponding quotients are regular Rees matrix semigroups of special form [DLS, 10.12].This
failure is partly due to the fact that €'(S) is equipped with two (related) algebraic structures. It is
a Banach algebra and a Banach module over {'(Eg). This consideration was the motivation of the
second named author to study the concept of module amenability for Banach algebras which have
an extra Banach module structure (with compatible actions) in [A]. In particular it is shown in
[A] that for an inverse semigroup S, ¢'(S) is module amenable as a Banach module over £'(Es) if
and only if S is amenable. The authors introduced the concept of weak module amenability in [AE]
and showed that for a commutative inverse semigroup S, £'(S) is always weak module amenable
as a Banach module over (' (Eg).

The present paper investigates module amenability from a different angle. There are many
examples of Banach modules which do not have any natural algebra structure. One example is
LP(G) which is a left Banach L'(G)-module, for a locally compact group G [D, 3.3.19]. As another
example of this sort, one may consider a Banach algebraic bundle over a locally compact group G
[FD]. Then the fibers on elements of G are Banach modules over the fiber on the identity. Crossed
products of Banach algebra by groups are special cases of Banach algebraic bundles. The theory of
module amenability developed in [A] does not cover these examples. There is one thing in common
in these examples and that is the existence of a module homomorphism from the Banach module
to the underlying Banach algebra. For instance in the case of crossed products, X is a Banach
algebra, G is a topological group, and Xg = X x {g}, for g € G, and {Xg} is a Banach algebraic
bundle over G. In this case we have a module homomorphism Ag4 : Xg — Xe which sends (x, g) to
(x, e), where e is the identity of G. Also if G is a compact group and f € L9(G), then one has the
module homomorphism A¢ : LP(G) — L'(G) which sends g to f * g.

In this paper, the concept of module amenability (more precisely A-amenability) is defined
for a Banach module E over a Banach algebra A with a given module homomorphism A : E — A.
The next section gives the basic properties of module amenability and in particular establishes
the equivalence of this concept with the existence of module virtual (approximate) diagonals in an
appropriate sense. Section 3 covers the weak A-amenability. A few examples are discussed in the
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last section.

2. Module Amenability

Let A be a Banach algebra and E be a Banach space with a left A-module structure such that,
for some M > 0,
la.x] <Mllall|lx]| (a€A,xeE),

then E is called a left Banach A-module. Right and two-sided Banach A-modules are defined
similarly. Throughout this section E is a Banach A-bimodule and A: E — A is a bounded Banach
A-bimodule homomorphism.

Definition 2.1. Let X be a Banach A-bimodule. A bounded linear map D : A — X is called a
module derivation (or more specifically a A-derivation) if

D(A(a.x)) = a.D(A(x)) + D(a).A(x), D(A(x.a)) = D(A(x)).a + A(x).D(a),
For each a € A and x € E. Also D is called inner (or A-inner) if there is f € X such that

D(A(x)) = f.A(x) — A(x).f = D¢(A(x)) (x €E).

When A has a dense range, D¢ extends uniquely to a A-derivation from A to X.

Definition 2.2. A bimodule E is called module amenable (or more specifically A-amenable as a
A-bimodule) if for each Banach A-bimodule X, all A-derivations from A to X* are A-inner.

It is clear that A is A-module amenable (with A = id) if and only if it is amenable as a Banach
algebra. A right bounded approximate identity of E is a bounded net {as} in A such that for each
x € E, |A(x).ax —A(x)|| = 0, as & — oco. The left and two-sided approximate identities are defined

similarly.

Proposition 2.3. If E is module amenable, then E has a bounded approximate identity.
Proof Consider the double conjugate space A** as a Banach A-module with
(F.a,f) = (F a.f),{(a.f,b) =f(ba),a.F=0 (a,be A, fe A" Fe A™).

Then the canonical embedding D : A — A** is a module derivation, hence D = D¢ on A(E),
for some F € A**. Choose a net {ay} in A which is w*-convergent to F in A**. Clearly {ay} is a
left bounded approximate identity of E. Right and two sided approximate identities now could be
constructed similar to the classical case [D]. O

Definition 2.4. A Banach A-module X is called right A-essential if for each x € X there is a € A(E)
and y € X such that x = y.a. The left A-essential and (two sided) A-essential modules are defined

similarly.
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The following two results are proved as in the classical case [J]. We just include the proof of

Lemma 2.5(1), as it involves a variation of the Cohen factorization theorem.

Lemma 2.5. (i) If A has a dense range and E has a (right) bounded approximate identity, then E
is module amenable iff for each (right) A-essential Banach A-bimodule X, all A-derivations from
A to X* are A-inner.

(ii) If E and E’ are Banach A-modules with module homomorphisms A and A" and 8 : E — E’
is a bounded module map with dense range such that Aof = A, then A-amenability of E implies
A'—amenability of E'.

(iii) If J is a closed submodule of E and Ja is the closed ideal of A generated by A(J), and
q: A — A/Ja and q : E — E/J are the corresponding quotient maps, then E is A amenable
whenever | is Ajj-amenable and E/J is A-amenable, where A : E/] — A/JA is the unique A/Ja-
module map with Ao § = qo A.

Proof We prove part (i) as promised. We just need to check the necessity. Let {ay} C A be a
right bounded approximate identity for E. Let X be a Banach A-bimodule. Consider Ty : X* — X*
defined by T(f) = aq.f, for f € X*, where a.f(x) = f(x.a), for a € A, x € X. Since {ay} is bounded
in A, {Ty} is bounded in B(X*). Hence it has a w*-cluster point T. We may assume that Ty — T
in w*-topology.

For each e € E,x € X, f € X*, we have

(x,Ale), Tf) = lim(x, A(e), T f) = li;n(x,A(e), Qq.f)

x
= lim(x, A(e)aq, f) = (x,A(e), ).
X
Hence T—1: X* — (X.A(E))* is a bounded projection and we have the admissible short exact

sequence
0— (X.A(E)*T = X* = (X.A(E)* =0

of Banach A-bimodules. But A(E).(X/(X.A(E))) = 0 and A has a dense range, hence each bounded

il
A-derivation Dy : A — (X.A(E))t = (X/(X.A(E)))* is zero. On the other hand, each bounded
A-derivation D : A — (X.A(E))* is A-inner, by assumption. Therefore each bounded A-derivation
D:A — (X.A(E))* is A-inner, and we are done. O

Lemma 2.6. Assume that A and B are Banach algebras, ] is a closed ideal of A, E is a Banach
A-module, and A: E — A is an A-module homomorphism.

(1) If F is a Banach A-module and @ : E — F is an A-module homomorphism with dense range,
then A-amenability of E implies A o ®@-amenability of F.

(il) f ¥ : A — B is a Banach algebra epimorphism with
E.Ker(¥) = Ker(¥).E = {0},
and E is considered as a B-module via

bx:=ax,x.b:=x.a (beB,xeE),
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where a € A on the right hand side is any element with b = W(a). Then A-amenability of E, as an

A-module, implies ¥ o A-amenability of E as a B-module.

(iii) In (ii), if B = A/], ¥ : A — A/J is the quotient map, and E.J] = J.E = {0}, then
A-amenability of E, as an A-module, implies ¥ o A-amenability of E as a A/J-module.

(iv) If T is a closed ideal of A, E’ is the closed submodule of E generated by IE, and AE 1
is the restriction of A: E — A, then E’ is A'-amenable whenever E is A-amenable and E  has a
bounded approximate identity.

Proposition 2.7. If T is a closed ideal of A which contains a bounded approximate identity (of
itself), E is a Banach A-bimodule with module homomorphism A : E — A, and X is an essential
Banach I-module, then X is (canonically) a Banach A-module and each Ajj-derivation D : T — X*
uniquely extends to a A-derivation D : A — X* which is continuous with respect to the strict
topology of A (induced by I) and w*-topology of X*.

Proof Each x € X decomposes (not uniquely) as x = a.y, for some a € I and y € X. It is easy
to see that X is a left Banach A-module under the action

bx=bay (ael,beA x,y€ X x=ay).

This is well defined, as I has a bounded approximate identity. Define D : A — X* by

D(b) =w*- h’gcn(D(be‘x) —b.D(es)),

where {e,} is a bounded approximate identity of I. Now be, — b strictly, for each b € A. Hence,
given b € A and e € E, we have

D(A(b.e)) = D(bA(e)) = w*—liglw*—liénD(beaA(e)eﬁ)

=w"limw*- lfén[beaD(A(e)eB) + D(bey).Ale)eg]

04

bD(A(e)) + D(b).Ale).

Hence D is a A-derivation. The rest of the proof is similar to [Ru, 2.1.6]. O

Proposition 2.8. If A: E — A has a dense range, then A-amenability of E is equivalent to amenabil-
ity of A.

Proof If E is A-amenable, then each derivation D : A — X*, where X is a Banach A-module, is
a module derivation and so inner on A(E). By continuity, D is inner on A. Conversely each module
derivation D : A — X* is a derivation. Indeed, given b € A, there is a sequence {x,} C E such that
A(xn) — b, and so
D(ab) =lim D(aA(xn)) = lim(D(a).A(xn) + a.D(A(xn))) = D(a).b + a.D(b),
n

n

for each a € A. Hence, if A is amenable, then E is A-amenable. O
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Definition 2.9. Let m: A®A — A be the continuous lift of the multiplication map of A to the
projective tensor product AQA. A module approzimate diagonal of E is a bounded net {e,} in AQA
such that

lex-Alx) — A(x).ex| = 0, ||t(ex).Alx) — A(x)|| = 0 (x €E),

as o0 — 00. A module virtual diagonal of E is an element M in (A®A)** such that

M.A(x) — A(x).M =0, m*(M).A(x) —A(x) =0 (x € E).

It is clear that if E has a module virtual diagonal, then A contains a bounded approximate
identity.
Theorem 2.10. Consider the following assertions.

(i) E is module amenable,

(i) E has a module virtual diagonal,

(iii) € has a module approximate diagonal.

We have (1) — (i) < (iil). If moreover A has a dense range, all the assertions are equivalent.

Proof (i) — (il). By Proposition 2.3, we may choose a bounded approximate identity {ey} for
E. We may assume that {e, ® ey} is W*-convergent to a point P € (A®A)**. Then for each x € E
and f € A*,

(*((Dp o A)(x), f) = w*- ligl(n*(f).A(x) —A(x).T(f),eq @ ex)

=w"-lim f(A(x.eq)ex — exA(ex.x)) = 0.
X

Hence Im(Dp o A) C Ker(mt**). Now Ker(7t**) is isometrically isomorphic to X*, where X =
(A(E)®A)**/Im(m*)L, so by assumption, there is Q € Ker(n**) with Dp o A = Dg o A. It is
easy to see that M := P — Q is a module virtual diagonal for E.

(il) — (iii). Let M be a module virtual diagonal and let {e4} be a net in AQ&A which w*-
clusters to M. Then clearly ey .A(x) —A(x).eq — 0, Aom(ey).A(x) —A(x) — 0 as « — oo for each
x € E in the w*-topology of (A®A)**. A standard argument based on Mazur’s theorem shows that
the same holds in the norm topology for a net consisting of appropriate convex combinations of

elements of {ey}.
(iil) — (ii). Just take any w*-cluster point.

(ii1) — (i). Now assume that A has a dense range. Let {my} be a module approximate diagonal
for E with w*-cluster point M, then {rt(my)} is a bounded approximate identity for E. By Lemma
2.5(1), it is enough to show that for each essential A-module Y, all module derivation D from A to
Y* are inner. Each y € Y could be regarded as a bounded linear functional §j on A®A via

(0, p®a):=(b.D(a),y) (a,beA).
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Then for each x,x/ €E,aeA,andy ey
(U-AKX) — AX) YK AK) @ a) = (§.A(x) — AX).0,A(x) ® a) + (A(x)a.D o A(x),y).

It follows that

(Y-A(x) = Ax).yfm) = (§.A(x) — A(x).g, m) 4 (m(m).D o A(x), y),
for each m € A®A. If we identify M with an element of Y* with M(y) = (§j, M), for y € Y, then
(Dm o A(x),y) =w*- 1igl<y.A(x) — A(x).y, my)
= (M,0.A(x) — A(x).0) + w*-lig(n(m“).D o A(x),y).
Now in the last equation, the first term is zero, as M is a module virtual diagonal, and the second

term is easily seen to be equal to (D o A(x),y), using the fact that y = z.A(x"), for some z € Y and
x' € E. Therefore D = Dy on A(E), as required. O

3. Weak Module Amenability

In this section we study weak module amenability of Banach modules. All over this section E
is a commutative Banach A-module (that is a.x = x.a, for each a € A,x € E) and A: E — A is
a bounded Banach A-module homomorphism. A Banach A-module X is called A-commutative (or
more specifically A(E)-commutative) if

ax=x.a (aeA(E),xeX).

Definition 3.1. E is called weak module amenable (or more specifically weak A-amenable as an
A-module) if each A-derivation from A to A(E)* is inner on A(E).

Clearly A is weak A-module amenable (with A = 1id) if and only if it is weakly amenable as a
Banach algebra. The following result could be proved as in the classical case.

Proposition 3.2. (i) If E' is a commutative A-module and ® : E* — E is a module homomorphism
with dense range, and E is weak A-amenable then E’ is weak A o ®-amenable.

(ii) If T is a closed ideal of A with IE = EI ={0} and q : A — A/I is the quotient map, then
E is weak q o A-amenable as an A/I-module if it is A-amenable as an A-bimodule.

Proposition 3.3. If E is weak A-amenable, then the closed linear span F of AA(E) is dense in A(E).

Proof If not, there is a nonzero bounded linear functional A in A(E)* which vanishes on F.
By Hahn-Banach Theorem A extends to an element of A*, which we still denote by A. Define D :
A — A(E)* by D(a) = A(a)A. This is a module derivation which is not inner, a contradiction. [

Now if A is a (commutative) Banach algebra with maximal ideal space Ma and ¢ € Ma,
then C is a Banach A-module with respect to the module action

az=z.a=d¢(a)z (a€A,zeC),
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which is denoted by Cg. Each module derivation D : A — Cyg is called a module point derivation

(at ¢). Clearly when a commutative Banach A-module E is A-weak amenable, all module point
derivations vanish on A(E). This holds in general.

Proposition 3.4. If E is weak A-amenable, there is no nonzero point derivation on A.

Proof Let d : A — Cg be a nonzero module point derivation. Let 1\ be the restriction
of ¢ to A(E) and define D : A — A(E)* by D(a) = d(a)y. Then D is a A-derivation and so
D = D, on A(E), for some A € A(E)*. Choose e,f € E so that P(A(e)) = 1, P(A(f)) = 0, and
d(A(f)) = 1. Then for a = A(e)+ (1—d(A(e)))A(f), we have P(a) = d(a) = 1, hence D(a)(a) =1,
a contradiction. O

Theorem 3.5. If E is a commutative A-module and there is a A-commutative A-module X and
a module derivation Do : A — X which is not identically zero on A(E), then there is a nonzero
module derivation D : A — A(E)*.

Proof We consider two cases. First assume that AA(E) is not dense in A(E). By Hahn-Banach
Theorem, there is a nonzero functional A € (A(E))* whose kernel contains AA(E). Extend A to an
element of A* (still denoted by A) and define D : A — A(E)* by

D(a) =A(a)A (a€eA),

Next consider the case where AA(E) is dense in A(E). We know that there is a A-commutative
A-module X and a module derivation Do : A — X which is not identically zero on A(E). Choose
ac€ A, e€k, and A € X* such that Do(aA(e)) # 0 and A(Do(aA(e))) # 0. Define D : A — A(E)*
by

(D(a),A(e)) =A(A(e).Do(a)) (e€E,a€eA).

In both cases D is a nonzero module derivation. O

4. Examples

In this sections we give three examples in which strong and weak module amenability of some
Banach modules are demonstrated.

Example 4.1. Let S be an inverse semigroup and Es be the commutative sub-semigroup of idem-
potents in S. Then A = (' (Eg) is a commutative Banach algebra and E = £'(S) is a commutative
Banach A-bimodule with the module actions

0e.0x = 0x.0ce =0ex (e € Es,x€S).
Also there is a surjective module homomorphism A : ¢'(S) — ¢! (Es) defined by

A(dx) = dxxx  (x €8S).
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We show that ¢'(S) is always module weakly amenable. If D : £'(Eg) — £ (Eg) is a A-derivation,
then for each e € Eg,

D(ée) = D(‘See*) = D(A(ée))
= D(A(ée-ée)) = A(ée)'D(ée) + 6e-D(A(6e)) = ZSeD(ée)-

Applying the same formula to the right hand side,
8e.D(8e) = 20¢.(8e.D(8e)) = 2(8¢ * 0¢).D(8e)) = 20¢.D(8e),
hence D(4.) = 0..D(6.) = 0.

Ezample 4.2. In the above example, if {' (S) is A-amenable, then ¢'(Es) is amenable (Proposition
2.8). Hence Eg is finite, £ (S) is weakly amenable, and it has a bounded approximate identity [DN].

Ezample 4.3. It is well known that the disk algebra A(D) is non amenable [BD]. A(D) is a C-
module with respect to the scalar product. Now evaluation at zero defines a module epimorphism
A:A(D) - C and A(D) is A-amenable.

Example 4.4. If A is an amenable Banach algebra, the canonical map 7 : AQA — A is an A-
module epimorphism (it is surjective, since A has a bounded approximate identity) and A®A is
m-amenable.

Example 4.5. For a locally compact group G, L'(G) is a closed two sided ideal in M(G), so we can
consider it as a Banach M(G) module. Now if G is a non discrete amenable group, M(G) is not
amenable [DGH] but L'(G) is i-amenable, where i: L'(G) — M(G) is the canonical injection.

Ezample 4.6. Let 1 < p < oo and % + % = 1. Then {' is a Banach algebra and (P is a Banach
¢'-bimodule, both with respect to pointwise multiplication. Also each f € {9 defines a module
homomorphism A¢ : P — €' by A¢(g) =g f. Iff=33 lkék, then A¢ has dense range(as
its range contains all finitely supported element) and £P is A¢-amenable, by Proposition 2.8. This
example could also be stated for any discrete group G, where {P(G) is considered as a Banach
¢'(G)-bimodule. Same is true for LP(G) with convolution, when G is a compact group [D, 3.3.19].
In this case we have the module homomorphism A¢ : LP(G) — L'(G) defined by A¢(g) = g * f,
where f € L9(G). If Af has a dense range, then LP(G) is A¢ -amenable. This is always the case
when G is an abelian compact group. We illustrate this for G = T. The same proof basically works
%ezmu € L9(T) (which is basically
the Fourier transform of the above function f used in the discrete case). Then, for each g € LP(G),

for arbitrary abelian compact groups as well. Take f = Y 7

— 1
Af(g) = —g(k)e? ™k
k=—o00
where § € c¢ is the Fourier transform of g. In particular, range of A¢ includes all trigonometric
functions which are dense in L' (G).

Ezample 4.7. If G is a discrete group (with identity e) which acts on a C*-algebra A, then A x {e}
could be identified with A and A x {g} is a Banach A-module under

a.(b,g) = ((g.a)b,g), (b,g).a=(ba,g) (a,bcA,gecG),
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and there is a natural surjective module homomorphism Ag : A x {g} — A which sends (a, g) to

a. The crossed product C*-algebra A x G is nuclear iff A is nuclear and G is amenable [Ro] iff G
is amenable and modules A x {g} are Ag-amenable, for each g € G.

Ezxample 4.8. If A is a Banach algebra such that A* C A and A* is a dense subspace of A, then
A* is a Banach A-bimodule (with canonical Arens actions) and A =1id : A* — A has dense range.
Therefore A* is A-amenable as a Banach A-bimodule iff A is amenable as a Banach algebra. There
are many examples of this type. If G is a compact group, then the Fourier algebra A(G) is dense
in the group C*-algebra C*(G). Indeed

A(G) C C(G) CL'(G) C C*(G),

and each space in this chain is dense in the subsequent space (with respect to the norm of the
bigger space). But the norms of the last three spaces satisfy [|.||c«(g) < [|.]l1 < |-l [Ey]. Hence
A(G) is dense in C*(G). Also, since G is compact, A(G) = B(G) =~ C*(G)*, where B(G) is the
Fourier-Stieltjes algebra [Ey]. But C*(G) is amenable when G is compact [Ru]. Hence A(G) is id-

amenable in this case. This becomes more interesting when we recall that there are compact groups
for which the Fourier algebra A(G) is not amenable [J2]. Another example is {' which is dense
in co. It follows that ¢' ~ ¢y is id-amenable as a co-bimodule. Finally, for a compact group G,
L'(G) is an amenable Banach algebra with convolution, and so L'(G) is id-amenable as a Banach
L'(G)-bimodule.
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1 Introduction

This paper deals with the existence of solutions for boundary value problems (BVP for short) for
fractional order differential inclusion of the form

‘D*y(t) € F(t,y(t)), te]:=[0,T], T<a<2, (1.1)

y(0) =vo, y(T)=vyr (1.2)

where D% is the Caputo fractional derivative, F: ] x IR™ — P(IR™) is a Carathéodory multifunc-
tion, Yo,y € IR™. Here P(IR™) denotes the family of all nonempty subsets of P(IR™).

Differential equations of fractional order have recently proved to be valuable tools in the
modeling of many phenomena in various fields of science and engineering. Indeed, we can find
numerous applications in viscoelasticity, electrochemistry, control, porous media, electromagnetic,
etc. (see [111 16} 20, 24], 27) 28]). There has been a significant development in fractional differential
equations and inclusions in recent years; see the monographs of Kilbas et al [21], Lakshmikantham
et al. [22], Miller and Ross [25], Podlubny [28], Samko et al [29] and the survey by Agarwal et al.
[1], Benchohra et al. [5 6} [7], Chang and Nieto [I0], Diethelm et al [II} [12], Ouahab [26], Yu and
Gao [30] and Zhang [31] and the references therein. Very recently, in [4, 8] the authors studied the
existence and uniqueness of solutions of some classes of functional differential equations with infinite
delay and fractional order, and in [3] a class of perturbed functional differential equations involving
the Caputo fractional derivative has been considered. These papers have relied on different methods
such as Banach fixed point theorem, Schaefer’s theorem, Leray-Schauder nonlinear alternative.

In this paper we use a powerful method due to Granas [I7] to prove the existence of solution
to BVP ([LI))-(T2). Granas’ method is commonly known as topological transversality and relies on
the idea of an essential map. The method has been highly useful for proving existence of solutions
for initial and boundary value problem for integer order differential equations, see for example
[9, 14, 18, [19].

This paper is organized as follows: in Section 2 we introduce some backgrounds on fractional
calculus and the topological transversality theorem. In Section 3 we present our main results
and an illustrative example will be presented in Section 4. This paper initiates the application of
the topological transversality method to boundary value problems for fractional order differential

inclusions.

2 Preliminaries

We now introduce notations, definitions, and preliminary facts that will be used in the remainder
of this paper.
We denote by ||y|| the norm of any element y € IR™.
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C(J,IR"™) is the Banach space of all continuous functions from J into IR™ with the usual norm

Yl =sup{ly(t)[: 0 <t <T}.

AC'(J,IR™) is the space of differentiable functions y : ] — IR™, whose first derivative, y’ is
absolutely continuous.

L'(J,IR™) denote the Banach space of functions y : ] — IR™ that are Lebesgue integrable with
the norm

}
Il :L lu(tlat.

2.1 Some Properties of Fractional Calculus

Definition 1. ([211 28]). Given an interval [a,b] of IR. The fractional (arbitrary) order integral of
the function h € L'([a,b],R) of order € R, is defined by

Pt —s)x!

Tah(t) = J Mo

where I is the gamma function. When a = 0, we write I%h(t) = [h * @4](t), where @4(t) =

a—1

M)

Definition 2. ([21I]). For a given function h on the interval [a,b], the Caputo fractional-order

h(s)ds,

for t >0, and @4(t) =0 for t <0, and @, — 6(t) as « — 0, where b is the delta function.

derivative of h, is defined by

cryo 1 t n—a—11(n)
( Da+h)(t) - m] (t—S) h- (S)ds,

where n = [o + 1.

Lemma 3. (Lemma 2.22 [21]). Let « > 0, then the differential equation
‘Dn(t) =0
has solutions
h(t) =co+cit+crt? +...+cnt™ eieR, i=0,1,2,...,n—1, n=[o] + 1.
Lemma 4. (Lemma 2.22 [21]). Let « > 0, then
I Dh(t) = h(t) +co+crt+cat? + ... +enit™ T,

for arbitrary ¢ € IR, 1=0,1,2,...,n—1, n=[a] + 1.
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2.2 Set-valued maps.

Let X and Y be Banach spaces. A set-valued map G : X — P(Y) is said to be compact if
G(X) = L]{G(y)_;y € X} is compact. G has convex (closed, compact) values if G(y) is convex(closed,
compact) for every y € X. G is bounded on bounded subsets of X if G(B) is bounded in Y for every
bounded subset B of X. A set-valued map G is upper semicontinuous (usc for short) at zop € X if
for every open set O containing Gz, there exists a neighborhood V of zy such that G(V) C O. G
is usc on X if it is usc at every point of X if G is nonempty and compact-valued then G is usc if
and only if G has a closed graph. The set of all bounded closed convex and nonempty subsets of
X is denoted by bee(X). A closed valued set-valued map G : ] — P(X) is measurable if for each
y € X, the function t — dist(y, G(t)) is measurable on J. If X C Y, G has a fixed point if there

exists y € X such that y € Gy. Also, ||G(y)||p = sup{lxl;x € G(y)}.
Definition 5. A multivalued map F:J x IR™ — P(IR") is said to be L'-Carathéodory if

(i) t—— F(t,y) is measurable for each x € R™;
(ii) y — F(t,y) is upper semicontinuous for almost each t € J;
(iii) for each q > 0, there exists @4 € L'(J,IR,) such that

[F(t,u)|lp =sup{||v] : v € F(t,y)} < @q(t) for all |ly|| < q and for a.e. t € [0,1].

For each y € C(J,IR™), define the set of selections of F by
S}‘y —{vell(J,R"):v(t) € F(t,y(t)) ae. t €]},

denotes the set of selections of F.

Remark 6. Note that for an L'-Carathéodory multifunction F: ] x IR™ — P(IR") the set S}’y is
not empty (see [23]).

For more details on set-valued maps we refer to [2] [13].

2.3 Topological transversality theory.

Let X be a Banach space, C a convex subset of X and U an open subset of C. Kay(U,P(C))
denotes the set of all set-valued maps G : U — P(C) which are compact, usc with closed convex
values and have no fixed points on 9U (i.e., u € Gu for all u € 0U). A compact homotopy is a
set-valued map H : [0,1] x U — P(C) which is compact, usc with closed convex values.

If u e H(A,u) for every A € [0,1], u € 0U, H is said to be fixed point free on oll.

Two set-valued maps F, G € Kay (U, P(C)) are called homotopic in Kay (U, P(C)) if there exists
a compact homotopy H : [0, 1] x U — P(C) which is fixed point free on 09U and such that H(0,.) = F
and H(1,.) = G. The function G € Kay (U, P(C)) is called essential if every F € Kyy (U, P(C))
such that G |au=F |au, has a fixed point. Otherwise G is called inessential.
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Theorem 7. [IT] Let G : U — P(C) be the constant set-valued map G(u) = uo. Then, if up € U,
G is essential.

Theorem 8. (Topological transversality theorem) [17]. Let F, G be two homotopic maps in Kay (U, P(C))).
Then F is essential if and only if G is essential.

For further details of the Topological Transversality Theory we refer the reader to [I§].

3 Main results

In this section, we are concerned with the existence of solutions for the problem (II)-(LZ). Con-
sider the following spaces

ACLJ,IR™) ={y € AC'(J,R™); y(0) =vyo, y(T)=1yT},

;
ACT¥(J,R™) = [y € ACL(J, R"); L Dy (1)]dt < oo,

ACH%(J,IR™) is a Banach space with norm

Wllact« =max{[[ylleo, [[ylleo, [“Dyl[L1 .
For the existence of solutions for the problem ([I)-(L2), we have the following result which is
useful in what follows.

Definition 9. A function y € ACT%(J,IR"™) is said a solution to BVP (I)-(L2) if there exists a
function v € L'(J,IR) with v(t) € F(t,y(t)), for a.e. t € J, such that
‘Dxy(t) =v(t),aete], 1 < a <2 and the function y satisfies condition (L2)).

Let h: ] — IR™ be continuous, and consider the linear fractional order differential equation
‘D*y(t) =h(t), te], T<a<2 (3.1)

We shall refer to (BI)-(L2) as (LP). For the existence of solutions for the problem (II)-(L2), we
have the following result which is useful in what follows.

Lemma 10. Let 1 < « < 2 and let h: ] — IR™ be continuous. A function y is a solution of the
fractional integral equation

1 (" (Yt —yolt
t)==——1| G(t,s)h(s)d - 2
() = g | Gl sImfs)ds +uo + IO, (32)
if and only if y is a solution of (LP), where G(t,s) is the Green’s function defined by
ox—1

(t—s) ! -5 — 0<s<t<T,
G(t,s) = o T 3.3
o {”TTS) - 0<t<s<T 33
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Proof. Assume y satisfies (), then Lemma [ implies that

_ ] t ax—1
y(t)—Co+C1t+mJ'o(t—s) h(s)ds.

From (2)), a simple calculation gives

Co = Yo,

and

1 (" o YT — Yo
C17_TF(0<)J‘O(T_S) h(s)ds + T

Hence we get equation ([B2)). Inversely, it is clear that if y satisfies equation ([B.2]), then equations
BI)-[T2) hold.

Our main result is

Theorem 11. Assume the following hypotheses hold:

(A7) The function F:J x IR™ — bee(IR™) is a L'-Carathéodory multi-valued map;

(A3) There exist a function p € L'(J, IR, ), and a continuous nondecreasing function 1 : [0, co) —
(0, 00), such that

[F(t,y)ll» <p)d([lyl) for each (t,y) €] x R™

T
A3) limsup —— = +oo.
As) s

Then, the fractional BVP (LI)-(T2]) has a least one solution on J.
Proof. This proof will be given in several steps.
Step 1: Consider the set-valued operator F : C(J,IR™) — P(L'(J,IR™)) defined by

(Fy)(t) = F(t,y(t)).

F is well defined, upper semicontinuous, with convex values and sends bounded subsets of C(J,IR™)
into bounded subsets of L' (J,IR™). In fact, we have

Fy:={u:J] — IR"™, measurable u(t) € F(t,y(t)), a.e.tcJh.
Let z € C(J,IR"™). and u € Fz. Then
[u(®)] < pw(lz(t)]) < pt)b(llzlo).

Hence [Ju|l;1 < ko :=|lp|li1¥(]|z]]o). This shows that F is well defined.
It is clear that F is convex valued.
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Now, let B be a bounded subset of C(J,IR™). Then, there exists k > 0 such that |[uljo < k for
u € B. So, for w € Fu we have |[w||p1 < ky, where ki = ||p|lL1 (k).
Also, we can argue as in [15] to show that F is usc.

Step 2: A priori bounds on solutions.

We shall show that if y be a possible solution of (IT])-(2]), then there exists a positive constant
R*, independent of y, such that

lyllact.« <R

Let y be a possible solution of (LI)-(L2]), by Lemma [I0, there exits v € S}yy such that, for each
te]

1 (" t 1
yﬁ)—rde(HtﬂWﬂd&—<T—4>yo+Tyn (3.4)
where G is given by (B.3]). Let
Go :=sup{[|G(t,s); (t,s) €] x ]},
Po =sup{p(t) : t € Jh

Hence for t € ]

1 T ¢ 1
[y < o ). G(t,s)|v(s)||ds<T]>||yo||+TyT|
Go (" ¢ :
< wc)“op(s)w(lm(s”)dH’(T_])‘90”+T”‘JT”
< S (s)b(fly(s)[Dds + | ||+1H I
= Ta) Jo PO voll + vl

Since 1 is nondecreasing we have

GoY([[ylleo JPoT 1
< 207 Pl PO — [yt
Iyl < ZERETRO 4y -+
Thus GopaT
[[Ylloo < oPo [[yol + [yl —-R
V(lylleo) = Tle)  (llylleo)  Th(flYlleo)
> Iyl
y 00 D
—2 = _ <R 3.5
llylle) 39
Now, the condition 1 in (A3) shows that there exists R} > 0 such that for all R > R}
R ~
—— >R 3.6
PR (30)

Comparing these last two inequalities (3.5]) and (3.0 we see that Ry < R3. Consequently, we obtain

lu(t)| <R forallte].
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From (34) we have for each t € ]

m»wmk—$, (3.7)

1 JT dG(t,s)

y/(t):W o Ot

Using a similar argument as before we can show that there exists R5 > 0 such that

ly'(t)]] <R} forallt€]. (3.8)
Now from (1) and (A1) we have
T T
[ED%y(t)dt < W(R}) | pls)ds = R;. (3.9)
0 0

Hence
lvllact.« < max{R},R3,R3}:=R".

Step 3: Existence of solutions.

For 0 < A <1 consider the one-parameter family of problems

‘D*y(t) € AF(t,y(t)), ae. te], T<a<2, (1))

y(0) =Ayo, y(T)=Ayr (2x)

which reduces to (LI)-(L2) for A =1. For 0 <A < 1, we define the operator
Fr:C(,R™) — P(L'(J,IR™)) by (Fay)(t) = AF(t, y(t)).

Step 1 shows that F, is usc, has convex values and sends bounded subsets of C(J,IR™) into
bounded subsets of L' (J, IR™) and if y is a solution of (15)—(2x) for some A € [0, 1], then [[y|lacr.« <
R*, where R* does not depend on A.

For A € [0, 1], we define the operators

J:ACH(J,R") — C(J,IR™) by (Jy)(t) =ylt),
L:ACh¥(J,IR™) = L'(J,IR"™) by (Ly)(t) = D*y(t).

It is clear that J is continuous and completely continuous and L is linear, continuous and has a

bounded inverse denoted by L~". Let
Vi={y e AC"*(J,R"); |lyllacr.« <R*+ 1
Define a map H:[0,1] x V — AChH*(],IR™) by

HAy) = (L' o Fr o T)(v).
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We can show that the fixed points of H(A, -) are solutions of (1)) —(2x). Moreover, H is a compact

homotopy between H(0,-) = 0 and H(1,-). In fact, H is compact since J is completely continuous,
Fy is continuous and L~ is continuous. Since solutions of (1y) satisfy

lullact.« <R

we see that H(A,.) has no fixed points on 0V. Now H(O0,-) is essential by Theorem [l Hence by
Theorem 8 H(1,-) is essential. This implies that L' o Fj 0 J has a fixed point which is a solution

to problem (LII)-(T2]).

4 An Example

As an application of our results we consider the following boundary value problem
‘D*y(t) e F(t,y), te]:=1[0,1], T<a<2, (4.1)

y(0) =1, y(1)=2, (4.2)

where D% is the Caputo fractional derivative. Set

F(t»y) :{V € IR,Zf] (tvy) <v< fZ(tay)}v

where 1,2 : ] x IR — IR are measurable in t. We assume that for each t € J, f1(t,-) is lower
semi-continuous (i.e, the set {y € IR : f;(t,y) > p} is open for each p € IR), and assume that for
each t € J, f2(t,-) is upper semi-continuous (i.e the set {y € IR : f2(t,y) < p} is open for each
u € IR). Assume that there exists p € L'(J,IR") and & € (0,1) such that

max(|fi (t,y)l, If2(t,y)) <p(H)yl®, te], andally € R.

It is clear that F is compact and convex valued, and it is upper semi-continuous (see [13]). Since
assumptions (A7) — (A3z) hold, Theorem [Tl implies that the BVP ([I)-(2]) has at least one
solution.

Received: November 2009. Revised: July 2010.

References

[1] R.P AGARwAL, M. BENCHOHRA AND S. HAMANI, A survey on existence result for boundary
value problems of nonlinear fractional differential equations and inclusions, Acta. Appl. Math.

109 (3) (2010), 973-1033.

[2] J. P. AuBIN AND A. CELLINA, Differential Inclusions, Springer-Verlag, Berlin-Heidelberg,
New York, 1984.



148 Mouffak Benchohra and Naima Hamidi SEJ@BOE))

[3] A. BELARBI, M. BENCHOHRA, S. HAMANI AND S.K. NTOUYAS, Perturbed functional dif-
ferential equations with fractional order, Commun. Appl. Anal. 11 (3-4) (2007), 429-440.

[4] A. BELARBI, M. BENCHOHRA AND A. OUAHAB, Uniqueness results for fractional functional
differential equations with infinite delay in Fréchet spaces, Appl. Anal. 85 (2006), 1459-1470.

[5] M. BENCHOHRA, J. R. GRAEF AND S. HAMANI, Existence results for boundary value prob-
lems of nonlinear fractional differential equations with integral conditions, Appl. Anal. 87 (7)

(2008), 851-863.

[6] M. BENCHOHRA AND S. HAMANI, Nonlinear boundary value problems for differential in-
clusions with Caputo fractional derivative, Topol. Methods Nonlinear Anal. 32 (1) (2008),
115-130.

[7] M. BENCHOHRA, S. HAMANI AND S.K. NTOUYAS, Boundary value problems for differential
equations with fractional order, Surv. Math. Appl. 3 (2008), 1-12.

[8] M. BENCHOHRA, J. HENDERSON, S.K. NTOUYAS AND A. OUAHAB, Existence results for
fractional order functional differential equations with infinite delay, J. Math. Anal. Appl. 338
(2) (2008), 1340-1350.

[9] A. BoUCHERIF, AND N. CHIBOUB-FELLAH MERABET, Boundary value problems for first
order multivalued differential systems. Arch. Math. (Brno) 41 (2005), 187-195.

[10] Y.-K. CHANG AND J.J. NIETO, Some new existence results for fractional differential inclu-
sions with boundary conditions, Math. Comput. Model. 49 (2009), 605-609.

[11] K. DIETHELM AND A.D. FREED, On the solution of nonlinear fractional order differential
equations used in the modeling of viscoplasticity, in “Scientifice Computing in Chemical Engi-
neering II-Computational Fluid Dynamics, Reaction Engineering and Molecular Properties”
(F. Keil, W. Mackens, H. Voss, and J. Werther, Eds), pp 217-224, Springer-Verlag, Heidelberg,
1999.

[12] K. DIETHELM AND N. J. FORD, Analysis of fractional differential equations, J. Math. Anal.
Appl. 265 (2002), 229-248.

[13] K. DEIMLING, Multivalued Differential Equations, Walter De Gruyter, Berlin-New York, 1992.

[14] P. W. ELOE AND J. HENDERSON, Nonlinear boundary value problems and a priori bounds
on solutions. SIAM J. Math. Anal. 15 (1984), 642-647.

[15] M. FRIGON, M., Application de la transversalite topologique a des problemes non lineaires
pour des equations differentielles ordinaires, Dissertationnes Math. 292, PWN, Warsaw 1990.

[16] W. G. GLOCKLE AND T. F. NONNENMACHER, A fractional calculus approach of self-similar
protein dynamics, Biophys. J. 68 (1995), 46-53.



SEJ@BOB Fractional Order Differential Inclusions via the Topological ... 149

[17] A. GRANAS, Sur la méthode de continuité de Poincaré. C. R. Acad. Sci. Paris Sr. A-B 282
(1976), 983-985.

[18] A. GRANAS AND J. DuGUNDJI, Fixed Point Theory, Springer Verlag, New York, 2003.

[19] J. HENDERSON AND C.C. TISDELL, Topological transversality and boundary value problems
on time scales. J. Math. Anal. Appl. 289 (2004), 110-125.

[20] R. HILFER, Applications of Fractional Calculus in Physics, World Scientific, Singapore, 2000.

[21] A.A. KiLBAS, HARI M. SRIVASTAVA, AND JUAN J. TRUJILLO, Theory and Applications of
Fractional Differential Equations. North-Holland Mathematics Studies, 204. Elsevier Science
B.V., Amsterdam, 2006.

[22] V. Lakshmikantham, S. Leela and J. Vasundhara, Theory of Fractional Dynamic Systems,
Cambridge Academic Publishers, Cambridge, 2009.

[23] A. Lasota and Z. Opial, An application of the Kakutani-Ky Fan theorem in the theory of
ordinary differential equations, Bull. Acad. Pol. Sci. Ser. Sci. Math. Astronom. Phys. 13 (1965),
781-786.

[24] F. Metzler, W. Schick, H. G. Kilian and T. F. Nonnenmacher, Relaxation in filled polymers:
A fractional calculus approach, J. Chem. Phys. 103 (1995), 7180-7186.

[25] K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Differential Equa-
tions, John Wiley, New York, 1993.

[26] A. Ouahab, Some results for fractional boundary value problem of differential inclusions,
Nonlinear Anal. 69 (11) (2008), 3877-3896.

[27] K.B. Oldham and J. Spanier, The Fractional Calculus, Academic Press, New York, London,
1974.

[28] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.

[29] S. G. Samko, A. A. Kilbas and O. I. Marichev, Fractional Integrals and Derivatives. Theory
and Applications, Gordon and Breach, Yverdon, 1993.

[30] C. Yu and G. Gao, Existence of fractional differential equations, J. Math. Anal. Appl. 310
(2005), 26-29.

[31] S. Zhang, Positive solutions for boundary-value problems of nonlinear fractional diffrential
equations, Electron. J. Differential Equations 2006, No. 36, 12 pp.






CUBO A Mathematical Journal
Vol.13, N°02, (151-161). June 2011

Some New Characterizations for PGL(2, q)

B. KHOSRAVI 2, M. KHATAMI? AND Z. AKHLAGHI?
1 School of Mathematics,
Institute for Research in Fundamental Sciences (IPM),
P.O. Box: 19395-57/6, Tehran, Iran.
email: khosravibbb@yahoo. com
and
2 Dept. of Pure Math., Faculty of Math. and Computer Sci.,
Amirkabir University of Technology (Tehran Polytechnic),
424, Hafez Ave., Tehran 15914, IRAN.

ABSTRACT

Many authors introduced some characterizations for finite groups. In this paper as
the main result we prove that the finite group PGL(2, q) is uniquely determined by its
noncommuting graph. Also we prove that PGL(2, q) is characterizable by its noncyclic
graph. Throughout the proof of these results we prove that PGL(2,q) is uniquely
determined by its order components and using this fact we give positive answer to a
conjecture of Thompson and another conjecture of Shi and Bi for the group PGL(2, q).

RESUMEN

Muchos autores introdujeron algunas caracterizaciones de los grupos finitos. En este
trabajo como principal resultado se demuestra que grupo finito PGL(2, q) es determi-
nado nicamente por su grafica no conmutativa. También se demuestra que PGL(2, q)

1The First author was supported in part by a grant from IPM (no. 89200113).
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es caracterizable por su grafico no ciclico. A lo largo de la prueba de estos resultados se

demuestra que PGL(2, Q) es determinado tinicamente por los componentes de su orden
y con ello damos respuesta positiva a una conjetura de Thompson y otra conjetura de
Shi Bi y para el grupo PGL(2, q).

Keywords and phrases: Noncommuting graph, prime graph, noncyclic graph, order components.

Mathematics Subject Classification: 20D05, 20D60.

1 Introduction

If n is an integer, then we denote by 7t(n) the set of all prime divisors of n. If G is a finite group,
then 7t(|G|) is denoted by 7t(G). We construct the prime graph of G which is denoted by I'(G) as
follows: the vertex set is 7t(G) and two distinct primes p and q are joined with an edge if and only
if G contains an element of order pq. Let t(G) be the number of connected components of I'(G)
and let 717,72, ...,y (g) be the connected components of I'(G). If 2 € 7(G), then we assume that
2em.

Now we can express |G| as a product of coprime natural numbers my, such that 1 <1 < t(G)
and 7t(m;) = 7;. These integers are called order components of G. The set of order components of
G is denoted by OC(G).

One of the other graphs which associated with a non-abelian group G is the noncommuting
graph that is denoted by V(G) and is constructed as follows: the vertex set of V(G) is G \ Z(G)
with two vertices x and y are joined by an edge whenever the commutator of x and y is not identity.
In [I] the authors put forward the following conjecture:

Conjecture A. Let S be a finite non-abelian simple group and G be a finite group such that
V(G) = V(S). Then G = S.

The validity of this conjecture has been proved for all simple groups with non-connected prime
graphs. Also it is proved that some finite simple groups with connected prime graphs, say Ao,
U4(7), La(8), Lg(4) and L4(9), can be uniquely determined by their noncommuting graghs (see
19, 20, 211 22)).

In this paper as the main result we prove that the almost simple group PGL(2, q), where
g = p" for a prime number p and a natural number n, is characterizable by its noncommuting
graph. As a consequence of our results we prove the validity of a conjecture of Thompson and
another conjecture of Shi and Bi for the group PGL(2, q).

Let G be a noncyclic group and Cyc(G) = {x € G[{x,y) is cyclic for all y € G}. In [2], the
authors introduced the cyclic graph of G, which is denoted by 't (G) as follows: take G \ Cyc(G)
as the vertex set and join two vertices if they do not generate a cyclic subgroup. In this graph the
degree of each vertex x is equal to |G|\ |[Cycg(x)|, where Cycg(x) ={y € G|(x,y) is cyclic}. It is
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proved that some finite simple groups, Sy, Dyx, D2y ,where n is odd, are characterizable by the

noncyclic graph. We show that PGL(2, q) is uniquely determined by its noncyclic graph.

In this paper, all groups are finite and by simple groups we mean non-abelian simple groups.
All further unexplained notations are standard and refer to [6], for example.

2. Preliminary results

In this section we bring some preliminary lemmas which are necessary in the proof of the main

theorem.

Remark 2.1. Let N be a normal subgroup of G and p, q be incident vertices of I'(G/N). Then p, q
are incident in I'(G). In fact if xN is of order pq, then there exists a power of x which is of order pq.

Definition 2.2. ([8]) A finite group G is called a 2-Frobenius group if it has a normal series
1 <H 9K <9 G, where K and G/H are Frobenius groups with kernels H and K/H, respectively.

Lemma 2.3. Let G be a Frobenius group of even order and let H, K be Frobenius comple-
ment and Frobenius kernel of G, respectively. Then t(G) = 2, and the prime graph components of
G are 7t(H), 7t(K) and G has one of the following structures:

(a) 2 € m(K) and all Sylow subgroups of H are cyclic;

(b) 2 € m(H), K is an abelian group, H is a solvable group, the Sylow subgroups of odd order of
H are cyclic groups and the 2-Sylow subgroups of H are cyclic or generalized quaternion groups;
(c¢) 2 € n(H), K is an abelian group and there exists Ho < H such that [H : Ho| < 2, Ho =
Z x SL(2,5), m(Z) Nn{2,3,5} = @ and the Sylow subgroups of Z are cyclic.

Also the next lemma follows from [8] and the properties of Frobenius groups [9]:
Lemma 2.4. Let G be a 2-Frobenius group, i.e., G has a normal series 1 <H <K < G, such that
K and G/H are Frobenius groups with kernels H and K/H, respectively. Then

(a) t(G) =2, my =n(G/K)Um(H) and m, = 7(K/H);
(b) G/K and K/H are cyclic, |G/K]| | ([K/H|—1) and G/K < Aut(K/H);
(c) H is nilpotent and G is a solvable group.
Lemma 2.5. ([4, Lemma 8]) Let G be a finite group with t(G) > 2 and let N be a normal

subgroup of G. If N is a 7i-group for some prime graph component of G and my, m,..., m, are
some order components of G but not 7tj-numbers, then mym,; ---m, is a divisor of [N| — 1.

Lemma 2.6. ([3, Lemma 1.4]) Suppose G and M are two finite groups satisfying t(M) > 2,
N(G) = N(M), where N(G)={n | G has a conjugacy class of size n }, and Z(G) = 1. Then
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Gl =M.

Lemma 2.7. ([3, Lemma 1.5]) Let G; and G be finite groups satisfying |G;| = |G2| and
N(G7) = N(G3). Then t(G7) = t(G2) and OC(G;) = OC(G3).

Lemma 2.8. ([II]) Let G be a finite group and M be a finite group with t(M) = 2 satisfy-
ing OC(G) = OC(M). Let OC(M) = {my, my}. Then one of the following holds:

(a) G is a Frobenius or 2-Frobenius group;

(b) G has a normal series 1 <H <K < G such that G/K is a my-group, H is a nilpotent 7t;-group,
and K/H is a non-abelian simple group. Moreover OC(K/H) = {mf,m},..., m}, my}, where
mimj ... mfmy. Also G/K < Out(K/H).

Lemma 2.9. ([I]) Let G be a finite non-abelian group. If H is a group such that V(G) = V(H),
then H is a finite non-abelian group such that |Z(H)| divides
ged(IGl = 1Z(G), 1G] = ICc ()|, ICc (x)| = [Z(G)| : x € G\ Z(G)).

Lemma 2.10. ([I8]) Let G be a non-abelian group such that V(G) = V(PSL(2,2")), where 1 is
a natural number. Then G = PSL(2,2™).

Lemma 2.11.([7, Remark 1]) The equation p™ — g™ = 1, where p and q are primes and m,n > 1
has only one solution, namely 3% — 23 =1.

Lemma 2.12. (]2]) Let G be a finite noncyclic group. If H is a group such that 't (G) = I (H),
then H is a finite noncyclic group such that |Cyc(H)| divides
gcd(|G] = [Cyc(G), |Gl = [Cyca (x)],|Cycg (x)| — [Cyc(G)] : x € G\ Cyc(G)).

Lemma 2.13. (]2]) Let G and H be two finite noncyclic groups such that I''(G) = I'(H). If
|G| = [H], then 7 (G) = 7e(H).

3. Main Results

We note that if ¢ = 2™, then PGL(2, q) = PSL(2, q) and we know that PSL(2, q) is characterizable
by its noncommuting graph (see [I§]). Therefore throughout this section we suppose M is the
almost simple group PGL(2, q), where g = p™ for an odd prime number p and a natural number
n.

Theorem 3.1. Let G be a group such that V(G) = V(M). Then |G| = |[M|.

Proof. First note that G is a finite non-abelian group. Since V(G) = V(M), we have |G|—|Z(G)| =
IM| — |Z(M)|. Then it is enough to prove that |Z(G)| =|Z(M)].
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By Lemma 2.9, |Z(G)| divides [M|— |Z(M)|. Since |Z(M)| =1, we have |Z(G)| divides q(q? —
1) —1. Let P be a Sylow p-subgroup of M. We know that Z(P) # 1. So there exists 1 # x € Z(P).

We claim that Cpq(x) = P. It is obvious that P < Cp(x), since x € Z(P). On the contrary
we suppose that y € Cyp(x) \ P. So we can conclude that o(xy) = o(x)o(y). Without lose of
generality we suppose [y| = r, where T # p is a prime number. Then M has an element of order
1p. But p is an isolated vertex in I'(M), a contradiction. Therefore our claim is proved.

By Lemma 2.9 we have |Z(G)| divides |Cp (x)] —|Z(M)]. Then |Z(G)| divides q — 1. We know
that Z(G) divides q(q? — 1) — 1, which implies that |Z(G)| =1 and so |G| = |[M|. O

Theorem 3.2. Let G be a group such that V(G) = V(M), where M = PGL(2,q). Then
OC(G) =0C(M).

Proof. Since V(G) = V(M), the set of vertex degrees of two graphs are the same. Therefore
{IGl=ICc(x])| | x € G} ={IM| = [Cm(y)l [ y € M}

On the other hand Theorem 3.1 implies that |G| =|M|, and so N(G) = N(M). Now using Lemma
2.7 we have OC(G) = OC(M). O

Theorem 3.3. Let G be a finite group and OC(G) = OC(M). If g = p™ # 3 then G is nei-
ther a Frobenius group nor a 2-Frobenius group. If ¢ = 3 and G is a 2-Frobenius group, then
G=S,.

Proof. If G is a Frobenius group, then by Lemma 2.3, OC(G) = {|H|,|K|} where K and H are
Frobenius kernel and Frobenius complement of G, respectively. Therefore OC(G) = {q, q?> —1} and
since [H| | (K| — 1) it follows that [H| < |[K| and so [H| = q and [K| = q* — 1. Also q | (q* —2)
implies that q = 2, which is a contradiction, since q is odd. Therefore G is not a Frobenius group.

Let G be a 2-Frobenius group. Hence G = ABC, where A and AB are normal subgroups of G;
AB and BC are Frobenius groups with kernels A, B and complements B, C, respectively. By Lemma
2.4, we have |B| = q and |A||C| = q®> — 1. Also |B|| (|JA]—1) and so |A| = qt + 1, for some t > 0.
On the other hand, |A| | (g% —1), which implies that q? —1 = k(qt+ 1), for some k > 0. Therefore
ql(k+1)andsoq—1<k.Ift>1,theng?—1=k(qt+1)>(q—1)(qt+1)>(q—1)(q+ 1),
which is a contradiction. Hence t =1 and |[A|=q+ 1 and |C|=q — 1.

If there exists an odd prime 1 such that r | (q + 1), then let R be a Sylow r-subgroup of
A. Since A is a nilpotent group, it follows that R is a normal subgroup of G. Now Lemma 2.5,
implies that q | (][Rl — 1) and [R| | (q + 1)/2, which is a contradiction. Therefore q + 1 = 2%, for
some « > 0. Similarly Z(A) # 1 is a characteristic subgroup of A and hence A is abelian. Let
X ={x € Alo(x) = 2} U{1}. Then X is a non-identity characteristic subgroup of A. Therefore A
is an elementary abelian 2-subgroup of G and |A| = 2% = q + 1. By Lemma 2.11, if g = p™ such
that n > 1, then the equation 2* — q = 1 does not have any solution.
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Now let n = 1. Suppose F = GF(2%) and so A is the additive group of F. Also [B|] = q =
p = 2% — 1 and so B is the multiplicative group of F. Now C acts by conjugation on A and

similarly C acts by conjugation on B and this action is faithful. Therefore C keeps the struc-
ture of the field F and so C is isomorphic to a subgroup of the automorphism group of F. Hence
|IC| = 2% — 2 < |Aut(F)| = «. Therefore o« < 2. If « = 2, then G = Sy4, the symmetric group on 4
letters. O

Lemma 3.4. Let G be a finite group and M = PGL(2,q), where ¢ > 3 or q = 3 and M is
not a 2-Frobenius group. If OC(G) = OC(M), then G has a normal series 1 <H <K < G such
that H and G/K are my-groups and K/H is a simple group. Moreover the odd order component
of M is equal to an odd order component of K/H. In particular, t(K/H) > 2. Also |G/H| divides
|Aut(K/H)|, and in fact G/H < Aut(K/H).

Proof. The first part of the lemma follows from Lemma 2.8 and Theorem 3.3, since the prime
graph of G has two components. If K/H has an element of order pq, where p and q are primes,
then by Remark 2.1, K has an element of order pq. Therefore G has an element of order pq. So by
the definition of prime graph component, the odd order component of G is equal to an odd order
component of K/H. Also K/H < G/H and Cg,n(K/H) =1, which implies that

~ Ng/u(K/H)

/M= o kM)

=T, T<Aw(K/H). O

Theorem 3.5. Let G be a finite group such that OC(G) = OC(M), where M = PGL(2,q).
Then G = PGL(2,q).

Proof. If ¢ = 3 and G is a 2-Frobenius group, then Theorem 3.3 implies that G = S4 = PGL(2, 3),
as desired. Otherwise Lemma 3.4 implies that G has a normal series 1 <H < K < G such that H
and G/K are my-groups and K/H is a simple subgroup and t(K/H) > 2.

Now using the classification of finite simple groups and the results in Tables 1-3 in [I0], we
consider the following cases.

Case 1. Let K/H = A, where m = p’,p’+ 1 or p’+ 2 and p’ > 5 is a prime number and
m and m — 2 are not primes at the same time.

Then q = p’, and consequently n = 1 and q = p = p’. On the other hand, |A..| | |G] =
p(p? —1). If m > p, then |An| > (p 4+ 1)p(p — 1), which is a contradiction. Therefore m =p and
IApl | 1Gl = p(p? — 1), and so |A,| = p!/2 < p(p? —1). Hence (p—2)I/2<p+1. Butp>7,
since p — 2 is not a prime. So (p —2)(p —3) < (p —2)!/2 < p + 1, which is a contradiction. This
completes the proof.

Case 2. Let K/H = A/, where p” and p’ — 2 are primes.
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If p = p’, for p’ > 7, then we can get a contradiction similarly to the previous case. So
p =5 and K/H = As = PSL(2,5). Since K/H < G/H < Aut(K/H), we have PSL(2,5) < G/H <
PGL(2,5). Hence G/H is isomorphic to PSL(2,5) or PGL(2,5). If G/H = PSL(2,5), then [H| = 2.
But H < G, which implies that H C Z(G) and we get a contradiction. So G/H = PGL(2,5), which
implies that H =1 and G = PGL(2,5).

Let p =p’ — 2. Since p’ | [A,/], we have p’ | |G| = p(p? —1). But we know that p =p’ —2 is
the greatest prime divisor of |G|, which is a contradiction.

Case 3. Let K/H be a sporadic simple group.

Using the tables in [10] we see that the odd order components of sporadic simple groups are
prime.

Let S be a sporadic simple group and K/H = S. Since q is equal to the greatest odd order
component of K/H, we have g = m;, such that m; = max{m,, ms, ..., mys)}. So g is a prime
number.

If S =J4, then @ = p = 43. Since 112 | [K/H|, we have 112 | (p? — 1) = 432 — 1, which is a

contradiction.
If S = Coy, then q = p = 23. Since 7 | |[K/H|, we have 7 | (232 — 1), which is a contradiction.
The proof of other cases are similar and we omit them for convenience.

If K/H is isomorphic to 2A3(2), 2F4(2), A2(4), 2A5(2), E7(2), E7(3) or 2E¢(2), then similarly
we get a contradiction.

In the sequel of the proof we consider simple groups of Lie type. Since the proofs of these

cases are similar we state only a few of them.

In all of the following cases p’ is an odd prime number and ¢’ is a prime power.

Case 4. Let K/H = A,/_1(q’), where (p’,q’) # (3,2),(3,4). By hypothesis we have q =
(@ =1)/((q"=1)(p’,q’ —1)). Hence g < q»" —1 < q’?". Then g% — 1 < q’??". On the other
hand, we know g’ (®'=1/2 | (q2 — 1) and therefore q’? (P'=1)/2 < q/2¢" So p’(p’ —1)/2 < 2p’
and hence p’ < 5. Sop’ =3 and q = (q’2 +q’ +1)/(3,9" — 1), which implies that q < 2q'?.
Therefore q> — 1 < 4q’* — 1. On the other hand, q’3(q’> —1)(q’ — 1) | (q> — 1) and consequently
q3(q”? —=1)(q"—=1) <4q"* —1. So q’ = 2,3 or 4. Since (p’,q’) # (3,2),(3,4), we have q' =3
and q = 13. Then 33(32 —1)(3—1) | (13?2 — 1), which is a contradiction.

Case 5. Let K/H = 2A,,,(q’), where (q’ +1) | (p’ +1) and (p’,q’) # (3,3),(5,2). In this
case we have ¢ = (@’ 4+ 1)/(q’ +1). Therefore q < g’ +1 < 2q’®" < q’®'*! and hence
g2 —1 < q2'*1_ On the other hand, we have q’P ' *1/2 | (42 —1). So we conclude that
qP' ' +1/2 2"+ Hence p’(p’ + 1)/2 < 2(p’ + 1), which implies that p’ = 3. Then
(g’ + 1) |4 and hence q’ = 3. So (p’,q’) = (3,3), which is impossible.
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Case 6. Let K/H = B,,(q’), where n = 2™ > 4 and q’ is odd. Therefore q = (g™ + 1)/2.
So q < 2q™™ < q™*1. Therefore q> — 1 < q’2*+1). On the other hand, we have ™ | (g% — 1)
2 < 2(n+ 1), which implies that n = 2, and this is a

and consequently q™ < q2+1). So n

contradiction.

Case 7. Let K/H = C(q’), where n = 2™ > 2. Then q = (¢’ + 1)/(2,q’ — 1). Therefore
q<q™+1<2q™ < g™ which implies that g> — 1 < q’2("*1). On the other hand, we have
q’TL2 | (g% — 1), which implies that q’nz < @+t So we have n? < 2(n + 1) and hence n = 2.
Therefore q < 2q’? and so q’*(q’?> — 1) < q> — 1 < 4q’*, which is impossible.

Case 8. Let K/H = sz/(3), where p’ = 2™ +1 > 5. So we have q = (3" + 1)/4 or
q=(3"""T+1)/2

If ¢ = (37" +1)/4, then q < 3" *'. On the other hand, we have 37" (P'=1) | (q2 — 1), which
implies that 30" (P =1) < g2 —1 < 32(p"+1) Therefore p’(p’ — 1) < 2(p’ + 1), and hence p’ < 3,
which is impossible.

If ¢ = (37"~ 4+1)/2, then q < 3P". On the other hand, 37" (»"=1) | (g2 — 1), which implies
that 37" (®' =1 < 320" ‘and so p’(p’ — 1) < 2p’, which is impossible.

Case 9. Let K/H = ?B,(q’), where q’ = 2°™*! > 2. In this case we have q = q’ = v/2q” + 1 or
q=q'—1.

If q=q’++2q" +1, then q> — 1 =q"*> +4q’ +2v2q’(q’ + 1). On the other hand, we have
q”? | (g>2—1)and so q’ | (q”* +4q’ £2v2q"(q’ + 1)), which implies that q’ < 2v/2q’. Hence
q’? < 8q’. Therefore q’ =8 and so q =5 or 13, which is a contradiction by q’* | (q? —1).

If g =q’ —1, then q"%|(q"* — 2q’), which is a contradiction.

Case 10. Let K/H = 2F4(q’), where q’ = 2?™*1 > 2. In this case we have q = q'? +1/2q'3 +
q’++/2q’ + 1. Therefore q < 4q’> < q’3 and so q> — 1 < q’°. On the other hand, q’'? | (q*> — 1),
which is a contradiction.

Case 11. Let K/H = A;(q’), where 4|q’. By hypothesis we have q=q’' —1orq=q’ + 1.
If q=q’'—1, then g —1 = q’2 — 2q’. But we know q’(q’ + 1) | (q> — 1), which is a

contradiction.

If q=q’+1, then g*>—1=q’>+2q’. Since q’(q’—1) | (q>—1), we conclude that (q’—1) | 3.
So q’ =4 and hence K/H = A;(4) = As. By the proof of Case 2 we have K/H = PGL(2,5).

Case 12. If K/H = A;(q’), where 4/(q’ — 1), then g =(q’+1)/20or q=4q’.
If q=(q’ +1)/2, then g> —1 = (q’* —3+2q’)/4. On the other hand, q’(q’ — 1) | (q*> — 1)
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and hence q’(q’ —1) < (q’* —=3+4+2q’)/4. So q’> —2q’ +1 < 0, which is a contradiction.

If g = q’, then K/H = A;(q) = PSL(2,q). Since K/H < G/H and |G| = 2|PSL(2, q)|, we
conclude that [H =1 or 2. Let |H| = 2. Since H <1 G we have H C Z(G), which is a contradiction.
SoH=1.

By Lemma 2.8, G/K < Out(K/H) and |G/K| = 2. If G/K contains a field automorphism, then
2p € m.(G), which is a contradiction. If G/K contains a diagonal-field automorphism, then G is

the non-split extension of PSL(2,q) by Z; and we know that the prime graph of G is the prime
graph of PSL(2, q) (see [12]), which is a contradiction. So a diagonal automorphism generates G/K
and consequently G = PGL(2, q).

If K/H = A;(q’), where 4/(q’ + 1), then similarly we conclude that G = PGL(2,q). O

Theorem 3.6. Let G be a group such that V(G) = V(M), where M = PGL(2,q) and ¢ is a
prime power. Then G = M.

Proof. If g = 2™, where n is an integer, then PGL(2,q) = PSL(2,q) and so Lemma 2.10 im-
plies that G = M. If q is odd, then obviously the theorem follows from Theorems 3.2 and 3.5. O

Remark 3.7. It is a well known conjecture of J. G. Thompson that if G is a finite group with
Z(G) =1 and M is a non-abelian simple group satisfying N(G) = N(M), then G = M.

We can give a positive answer to this conjecture for the group PGL(2, q) by our characteriza-
tion of this group.

Corollary 3.8. Let G be a finite group with Z(G) = 1 and M = PGL(2,q), where q is a
prime power. If N(G) = N(M), then G = M.

Proof. By Lemmas 2.6 and 2.7, if G and M are two finite groups satisfying the conditions of
Corollary 3.8, then OC(G) = OC(M). So using Theorem 3.5 we get the result. O

Remark 3.9. W. Shi and J. Bi in [I6] put forward the following conjecture:

Conjecture. Let G be a group and M be a finite simple group. Then G = M if and only if
(i) Gl = M, and,

(ii) 7 (G) = (M), where 7. (G) denotes the set of orders of elements in G.

This conjecture is valid for sporadic simple groups [I3], alternating groups [I7], and some
simple groups of Lie type [14] [I5, [I6]. As a consequence of Theorem 3.5, we prove the validity of
this conjecture for the almost simple group PGL(2, q), where q is a prime power.

Corollary 3.10. Let G be a finite group and M = PGL(2, q), where q is a prime power. If
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|G| = M| and 7. (G) = (M), then G = M.

Proof. By assumption we have OC(G) = OC(M). Thus the corollary follows from Theorem
3.5. 0

Proposition 3.11. Let G be a group such that I'1(G) = (M), where M = PGL(2,q) and
g is a prime power. Then G = M.

proof. First we show that |G| = [M|. By Lemma 2.12 we have |Cyc(G)| divides IM| — |[Cyc(M)|.
Since Cyc(M) < Z(M) = 1, it follows that |Cyc(G)| divides [M|—1. On the other hand, by Lemma
2.12, |Cyc(G)] divides |Cycm (x)| — |Cyc(M)|, where x € M\ Cyc(M). Let x be a p-element of
M. We claim that (x) = Cycm(x). We know that (x) C Cycm(x) and so it is enough to prove
that Cycm(x) C (x). On the contrary let y € Cycm(x) \ (x) and hence (y,x) is cyclic. If y is a
p-element, then we know that (y,x) has only one subgroup of order p and so (x) = (y), which is
a contradiction. Therefore y is not a p-element. So we have an element of order po(y), which is
a contradiction by the structure of I'(M). So p = [(x)| = |Cycm(x)|. Therefore |Cyc(G)| divides
p—1and p — 1 divides I[M|. We know that |Cyc(G)| divides IM| — 1 and so |Cyc(G)| = 1 and
|G| = IM|. Now using Lemma 2.13 we conclude that 7.(G) = m.(M) and by Corollary 3.10 the

proof is complete. O

Remark 3.12. We note that in the main theorem of [5] it is proved that PGL(2, q) is uniquely
determined by 7. (G).
Received: February 2009. Revised: August 2010.
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